TWO TRIANGLES WITH THE SAME
ORTHOCENTER AND A VECTORIAL PROOF OF
STEVANOVIC’S THEOREM

ION PATRASCU® and FLORENTIN SMARANDACHE’

Abstract. In this article we’ll emphasize on two triangles and provide a vectorial
proof of the fact that these triangles have the same orthocenter. This proof will,
further allow us to develop a vectorial proof of the Stevanovic’s theorem relative

to the orthocenter of the Fuhrmann’s triangle.

Lemma 1. Let ABC an acute angle triangle, H its orthocenter, and
A',B',C' the symmetrical points of H in rapport to the sides
BC,C4,AB. We denote by X,Y,Z the symmetrical points of
A,B,Cin rapport to B'C',C'A',A'B'. The orthocenter of the
triangle XYZ is H .

Proof. We will prove that XH | YZ, by showing that XH -YZ =0.

—_— — — —

We have (see Figurel) VH = AH — AX , BC=BY+ﬁ+7C",
from here YZ = BC — BY — ZC.

o

Figure 1
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Because Y is the symmetric of B in rapportto 4'C' and Z is the
symmetric of C in rapport to A4'B’, the parallelogram’s rule gives
us that: BY = 55”+B_A;, CZ = CB'+CA' . Therefore

YZ=BC—(BC'+BA)+B'C+A4'C
But, BC'=BH-+HC', BA'=BH+HA', CB'=CH+HB'
CA'=CH+HA'" By substituting these relations in the YZ , we find:

YZ=BC+C'B’

We compute

XH-YZ = (AH — 4X)-(BC+C'B") =

AX BC+ AH -C'B'—AX -BC—AX -C'B’
Because 4AH | BC we have AH -BC = 0, also AX L B'C' and
therefore AX-B'C'=0. We need to prove also that
XH-YZ = AH C'B'—AX-BC. We note: {U}=4XNBC and
{r}=4HNB'C". Then
AX - BC = AX - BC- cos(<AUC)

AH-C'B'= AH-C' A" cos(<AVC")

We observe that <AUC =<4VC' (angles with the sides
respectively perpendicular). The point B' is the symmetric of H in
rapport to AC, consequently <HAC = <CAB', also the point C'
is the symmetric of the point H in rapport to AB, and therefore
<HAB = <BAC".

From these last two relations we find that <B'AC'=2<4. The
sinus theorem applied in the triangles AB'C' and ABC gives:

B'C'=2R-sin24

BC =2Rsin 4
We’ll show that

AX-BC=AH-C'B',
and from here '
AX -2Rsin A= AH -2R-sin24
which is equivalent to
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AX =2AHcos A
We noticed that <B'AC'=24.Because AX L B'C', it results that
<TAB=<4, we noted {T}=AXNB'C'. On the other side

AC'= AH, AT=—;—AY, and AT = AC'cosA= AH cos 4,

therefore XH -YZ =0.
Similarly, we prove that YH | XZ, and therefore H is the
orthocenter of triangle XYZ .

Lemma 2. Let 4BC a triangle inscribed in a circle, I the
intersection of its bisector lines, and A',B',C' the intersections of
the circumscribed circle with the bisectors 41,BI,CI respectively.
The orthocenter of the triangle 4'B'C'is I .

Proof.

Figure 2
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We’ll prove that 4'7 L B'C" (see Figure 2). Let azn(g'\an(A'B),

B=m(B'C)=m(B'A),y=m(C'4)=m(C'B). Then
1

m(<{A'IC')=5(a +B+7y). Because 2(a+ 3+ ) =360° it results

m(<A'IC") =90°, therefore 4'1 L B'C".
Similarly, we prove that B'I L A'C', and consequently the
orthocenter of the triangle 4'B'C"' is I.
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Definition. Let ABC a triangle inscribed in a circle with the center in

O and A',B',C' the middle of the arcs 1”9?', 6?1, @ respectively.
The triangle XYZ formed by the symmetric of the points 4',B",C"
respectively in rapport to BC,CA,AB is called the Fuhrmann
triangle of the triangle ABC .

Note. In 2002 the mathematician Milorad Stevanovic proved the
following theorem:

Theorem (M. Stevanovic). In an acute angle triangle the
orthocenter of the Fuhrmann’s triangle coincides with the center of
the circle inscribed in the given triangle.

Proof We note A'B'C' the given triangle and let 4,B,C

respectively the middle of the arcs E\C', @', 4'B' (see Figure
1). The lines AA4',BB',CC" being bisectors in the triangle 4'B'C"
are concurrent in the center of the circle inscribed in this triangle,
which will note H, and which, in conformity with Lemma 2 is the
orthocenter of the triangle ABC . Let XYZ the Fuhrmann triangle of
the triangle A4'B'C', in conformity with Lemma 1, the orthocenter
of XYZ coincides with H the orthocenter of ABC, therefore with
the center of the inscribed circle in the given triangle A'B'C".
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GRESELI “ LA LIMITA”

FLORIN ZGAVIRDICE®

Vom prezenta, in acest articol, o problemi aflatd la intersectia
celor trei domenii studiate in matematica de liceu: geometrie,
algebri si anliza matematica. Aceasta problema este publicati in [1].
Asa cum vom constata, solutia problemei amintite, contine erori,
datoritd utilizarii insuficient de atent a unor notiuni de geometrie,
algebra, si, mai ales, de analizi matematici.

Problema 9438 ([1]). Fie C(O;1) cercul unitate i A 4,...A,
un poligon regulat inscris in acest cerc. Dacd Pe C(O;1), sd se

> P42

calculeze lim—"—=‘n—1———. (N. Stanciu)
min
o)

»oolutia” autorului.
i) Daca P este unul dintre varfurile poligonului A4, 4,...4,, atunci,

fard a restringe generalitatea presupunem cd P =4,. Se stie ci:
| 4,4, +| 4,4 +..+|44,] =20R*>. Cum P=4, si R=1, rezulta

§":|PA,.|2 =i|A,Ak]2 =2n (1). Din inegalitatea mediilor rezulta:
=11 k=2

1 1 > n—l)z,

2 2 2 1
AA| HAAl +..HAA X >+ >+ 5)
A A e
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1 1 1 _(n-1)
sau >+ s+t 22 5
44| |44 4,4, Zn
(e 1 (e 1 (n—1)’ o .
min —— |=min = 2). Din relatiile (1) si
(glmr] [§|A1AAZJ TR

(2) avem:

de unde obtinem:

2lPaf -

2l =1lim =4.

n—oo ) n 1 n—soo (n_1)2
mll’l[zlPA,lz] 2n

lim

=1

ii) Daca punctul P este diferit de varfurile poligonului 4,4,...4,,
n 2 n 2

utilizand egalitatea »_|P4,| =2nR* (3), obtinem S|4 =2n 4).
i=1 i=1

Din inegalitatea mediilor avem:

2 2 2| 1 1 1 )
(IPA,I +PA[ +...+|PA) )[|PA,|2+|PAZ|2 +...+lm’,|2}2n ,

z n’ SU | n
sau > —, de unde rezultad cd min( )=— (5). Din
S |PAl 2n Zl PA["" 2
(4) si (5) rezultad
n 2
2.|PA4]
lim _=‘__T— = Hm&n’l =
min(d——) 72
Z‘ P4 2

Deci pentru orice punct Pe C(0;1) limita ciutats este egald cu 4.
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Comentarii la “solufie”: Inca din enunt constatim ci minimul de la
numitor este dintr-un numdr adicd estc... el insusi, iar calculul
limitei este... incorect, deoarece relatiile (2) si (5) nu rezultd din
inegalitatea mediilor decdt daci segmentele amintite ar fi egale.
Egalitatea acestor segmente este insa imposibili... daci mai mult de
doud astfel de segmente sunt egale rezultdi ci P este... centrul

cercului. Totodati ,,cazul (i)” nu existi deoarece daci P = 4, , atunci

Semnalez probabila confuzie

PA} =0, deci nu exista raportul —— .
. 1
intre notiunea de minim i cea de margine infericardi a unei
submultimi nevide a corpului total si complet ordonat R . De fapt
aceste sume sunt minorate si de sirul constant 0 sau de sirul -3. Cum
ar arita enuntul in aceste situatii? In rest totul este...”adevarat”.
Deoarece ne intereseazd fenomenul si nu autorul am expus cele de
mai sus avand convingerea ci responsabilitatea cuvantului scris este
obligatorie. Grija trebuie sa fie cu atit mai mare cand “cuplam”
notiuni din domenii diferite ale matematicii cu conditionari specifice,
chiar dacid intelegem matematica ca pe un domeniu “unitar” .
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