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Abstract 

 

The concept of two-fold algebras is generated by merging some special sets such as fuzzy sets, 

neutrosophic sets or plithogenic sets with various algebraic structures. The main objective of this 

research paper is to provide a strict mathematical definition and a general study of two-fold fuzzy 

vector spaces defined over the real numbers and also two-fold fuzzy vector spaces defined over the 

complex numbers, as well as two-fold fuzzy algebraic modules defined over commutative rings with 

unity. The elementary properties and algebraic operations of those structures will be explained through 

many theorems and mathematical proofs. 

 

Keywords: two-fold fuzzy algebra; two-fold fuzzy vector space; two-fold fuzzy module 

  

1. Introduction  

The study of mathematical algebras defined by fuzzy sets and their various generalizations is one of the 

most recent and important diverse studies in both commutative and non-commutative algebras alike [1-

2, 6-8, 15]. 

We notice in previous studies the application of fuzzy, neutrosophic, and plithogenic sets in 

generalizing many classical algebraic structures with wide applications, such as matrices, algebraic 

rings, vector spaces, and also modules [3-5, 9-12]. 

Smarandache presented the concept of two-fold algebras [14], where he combined the neutrosophic 

sets with the three parts that symbolize truth, falsity, and indeterminacy with some traditional algebraic 

structures to form new algebraic structures, as his distinguished study opened a new research door of 

algebraic nature, both theoretical and applied. 

Abobala in [16] studied two-fold fuzzy algebras by combining it with the standard fuzzy number 

theoretical system, where many results related to this new type were proven through its algebraic 

operations and its connection to number theory. 

These previous studies have prompted us to use vector spaces and combine them with fuzzy sets, in 

order to build new algebraic structures that we called two-fold fuzzy vector spaces and two-fold fuzzy 

modules and then study the basic properties related to these algebraic structures and the partial 

structures related to them. 

On the other hand, we presented many theories and related mathematical proofs to describe the desired 

basic algebraic properties. 

Main Discussion 

Real Two-Fold Fuzzy Vector Spaces: 

Definition: 

Let S be a vector space over the field ℝ, and 

{
𝑔: 𝑆 →  [0.1]

𝑓: ℝ → [0.1]
  such that:   {

𝑔(𝑥 + 𝑦) = 𝑚𝑎𝑥(𝑔(𝑥). 𝑔(𝑦))

𝑔(𝑥 ∙ r) = min(𝑔(𝑥). 𝑓(𝑟))

𝑔(0) = 0 . 𝑓(1) = 1 

 

For 𝑥. 𝑦 ∈ 𝑆 𝑎𝑛𝑑 𝑟 ∈ ℝ  

We define the two- fold fuzzy vector space 𝑆(𝑓.𝑔) as follows: 

https://doi.org/10.54216/JNFS.070205
mailto:kollnaar5@gmail.com
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𝑆(𝑓.𝑔) = {𝑥𝑔(𝑥) ; 𝑥 ∈ 𝑆} 

Definition: 

We define the following binary operations on 𝑆(𝑓.𝑔): 

{
  ∗: 𝑆(𝑓.𝑔) × 𝑆(𝑓.𝑔) → 𝑆(𝑓.𝑔)

○: 𝑆(𝑓.𝑔) × ℝ𝑓 → 𝑆(𝑓.𝑔)
 

{
 𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)𝑔(𝑥+𝑦) =  (𝑥 + 𝑦)max (𝑔(𝑥).𝑔(𝑦))

𝑥𝑔(𝑥) ○ 𝑟𝑓(𝑟) = (𝑥𝑟)𝑔(𝑥𝑟) =  (𝑥𝑟)min (𝑔(𝑥).𝑓(𝑟))
 

Theorem:  

Let 𝑆(𝑓.𝑔) be the two-fold vector space defined above, then: 

1] *,○ are abelian. 

2] * is associative. 

3] 𝑜○ is the identity of * , 11 is the identity of ○. 

4] 𝑟 ○ (𝑥 ∗ 𝑦) = (𝑟 ○ 𝑥) ∗ (𝑟 ○ 𝑦)    .        𝑟 ○ (𝑡 ○ 𝑥) = (𝑟𝑡) ○ 𝑥 ∶ 𝑥 ∈ 𝑆 . 𝑟. 𝑡 ∈ ℝ 

5] 𝑥 ∗ (−𝑥) = 0 

Proof: 

1] Let 𝑥𝑔(𝑥). 𝑦𝑔(𝑦) ∈  𝑆(𝑓.𝑔). 𝑟 ∈ ℝ . 𝑡ℎ𝑒𝑛: 

𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)max(𝑔(𝑥).𝑔(𝑦)) =  (𝑦 + 𝑥)max(𝑔(𝑥).𝑔(𝑦)) = 𝑦𝑔(𝑦) ∗ 𝑥𝑔(𝑥)  

𝑥𝑔(𝑥) ○ 𝑟𝑓(𝑟) = (𝑥𝑟)𝑔(𝑥∙𝑟) = (𝑟 ∙ 𝑥)𝑔(𝑟∙𝑥) =  𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥) 

2] 𝑥𝑔(𝑥) ∗ (𝑦𝑔(𝑦) ∗ 𝑧𝑔(𝑧)) = 𝑥 ∗ ((𝑦 + 𝑧)𝑔(𝑦+𝑧)) = (𝑥 + 𝑦 + 𝑧)𝑔(𝑥+𝑦+𝑧) = (𝑥 + 𝑦)𝑔(𝑥+𝑦) ∗  𝑧𝑔(𝑧) =

(𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) ∗ 𝑧𝑔(𝑧)  

3] 𝑥𝑔(𝑥) ∗○𝑔(○)= (𝑥 +○)𝑚𝑎𝑥(𝑔(𝑥).○) = 𝑥𝑔(𝑥) 

    𝑥𝑔(𝑥) ○ 1𝑓(1) = (𝑥 ∙ 1)𝑚𝑖𝑛(𝑔(𝑥).1) = 𝑥𝑔(𝑥) 

4] 𝑟𝑓(𝑟) ○ (𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) = 𝑟𝑓(𝑟) ○ (𝑥 + 𝑦)𝑔(𝑥+𝑦) = (𝑟𝑥 + 𝑟𝑦)𝑔(𝑟𝑥+𝑟𝑦) = (𝑟𝑥)𝑔(𝑟𝑥) ∗ (𝑟𝑦)𝑔(𝑟𝑦) =

(𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥)) ∗ (𝑟𝑓(𝑟) ○ 𝑦𝑔(𝑦)) 

𝑟𝑓(𝑟) ○ (𝑡𝑓(𝑡) ○ 𝑥𝑔(𝑥)) = 𝑟𝑓(𝑟)((𝑡𝑥)𝑔(𝑡𝑥)) = (𝑟𝑡𝑥)𝑔(𝑟𝑡𝑥) = (𝑟𝑡)𝑓(𝑟𝑡) ○ 𝑥𝑔(𝑥) 

5]  𝑥𝑔(𝑥) ∗ (−𝑥)𝑔(−𝑥) = (𝑥 − 𝑥)𝑔(𝑥−𝑥) = ○○ 

Definition: 

Let T be a subspace of S, then: 

𝑇(𝑓.𝑔) =  {𝑥𝑔(𝑥) ;  𝑥 ∈ 𝑇}    is called a two-fold fuzzy subspace of 𝑆(𝑓.𝑔) 

Theorem: 

Let T be a non-empty subset of S, then 𝑇(𝑓.𝑔) is a two-fold fuzzy subspace of 𝑆(𝑓.𝑔) if and only if: 

{
𝑥 ∗ 𝑦 ∈ 𝑇(𝑓.𝑔)

𝑟 ○ 𝑥 ∈ 𝑇(𝑓.𝑔)
   for all 𝑟 ∈ ℝ.      𝑥. 𝑦 ∈ 𝑇 

Proof: 

𝑇(𝑓.𝑔) is a two-fold fuzzy subspace of 𝑆(𝑓.𝑔) if and only if T is a subspace of S, which is equivalent to: 

{
𝑥 + 𝑦 ∈ T

𝑟𝑥 ∈ T
 for all 𝑥. 𝑦 ∈ 𝑇.      𝑟 ∈ ℝ 

So that, {
𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)𝑔(𝑥+𝑦)  ∈  𝑇(𝑓.𝑔)

𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥) = (𝑟𝑥)𝑔(𝑟𝑥) ∈  𝑇(𝑓.𝑔)
 

Definition: 

Let 𝑆(𝑓.𝑔). 𝑊(𝑓.ℎ) be two. two-fold fuzzy vector spaces over ℝ, and 𝐻: 𝑆 → 𝑊 be a classical linear 

transformation, then: 

𝐻𝐹 : 𝑆(𝑓.𝑔) → 𝑊(𝑓.ℎ) ∶ 𝐻𝐹(𝑥𝑔(𝑥)) = (𝐻(𝑥))ℎ(𝐻(𝑥))is called the two-fold fuzzy linear transformation. 

We define: 

𝑘𝑒𝑟(𝐻𝐹) = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) ;    𝐻𝐹(𝑥𝑔(𝑥)) =○○} 

𝐼𝑚(𝐻𝐹) = {𝑍ℎ(𝑧) ∈ 𝑊(𝑓.ℎ) ; ∃ 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) ;  𝐻𝐹(𝑥𝑔(𝑥)) = 𝑍ℎ(𝑧)} 

Theorem: 

Let  𝐻𝐹: 𝑆(𝑓.𝑔) → 𝑊(𝑓.ℎ) be a two-fold fuzzy linear transformation, then we have: 

1] 𝐻𝐹(𝑥 ∗ 𝑦) = 𝐻𝐹(𝑥) ∗ 𝐻𝐹(𝑦),        𝐻𝐹(𝑟 ○ 𝑥) = 𝑟 ○ 𝐻𝐹(𝑥) . 
2]   𝑘𝑒𝑟(𝐻𝐹) = (𝑘𝑒𝑟(𝐻))(𝑓,𝑔),   𝐼𝑚(𝐻𝐹) = (𝐼𝑚(𝐻))(𝑓,ℎ) . 

3] 𝑘𝑒𝑟(𝐻𝐹) is a two-fold fuzzy subspace of 𝑆(𝑓.𝑔). 

4] 𝐼𝑚(𝐻𝐹) is a two-fold fuzzy subspace of  𝑊(𝑓.ℎ). 

 

 

https://doi.org/10.54216/JNFS.070205
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Proof: 

1] 𝐻𝐹(𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) = 𝐻𝐹  ((𝑥 + 𝑦)𝑔(𝑥+𝑦)) = (𝐻(𝑥 + 𝑦))ℎ(𝐻(𝑥+𝑦)) = (𝐻(𝑥) + 𝐻(𝑦))ℎ(𝐻(𝑥)+𝐻(𝑦)) =

𝐻𝐹(𝑥𝑔(𝑥)) ∗ 𝐻𝐹(𝑦𝑔(𝑦)) 

Also, 𝐻𝐹(𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥)) = 𝐻𝐹((𝑟𝑥)𝑔(𝑟𝑥)) = (𝐻(𝑟𝑥))ℎ(𝑔(𝑟𝑥)) = (𝑟 ∙ 𝐻(𝑥))ℎˋ(𝑔(𝑟𝑥)) = 𝑟𝑓(𝑟) ○ 𝐻𝐹(𝑥𝑔(𝑥)) 

2] 𝑘𝑒𝑟(𝐻𝐹) = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔);  𝐻(𝑥) = 0} = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔); 𝑥 ∈ 𝑘𝑒𝑟(𝐻)} = (𝑘𝑒𝑟(𝐻))(𝑓.𝑔) 

    𝐼𝑚(𝐻𝐹) = {𝑍ℎ(𝑍) ∈ 𝑊(𝑓.ℎ); ∃ 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔); 𝐻(𝑥) = 𝑍} = {𝑍ℎ(𝑍) ∈ 𝑊(𝑓.ℎ); 𝑍 ∈ 𝐼𝑚(𝐻)} =

 𝐼𝑚(𝐻))(𝑓.ℎ) 

3] Since 𝑘𝑒𝑟(𝐻) is a subspace of S, then 𝑘𝑒𝑟(𝐻𝐹) = 𝑘𝑒𝑟(𝐻))(𝑓.𝑔) is two-fold fuzzy subspace of 𝑆(𝑓.𝑔). 

4] The proof is similar to 3. 

Definition: 

Let 𝐸 = {𝑠1, … , 𝑠𝑛 } be a basic of S over ℝ, then: 

𝐸𝐹 = {𝑠1𝑔(𝑠1) , … , 𝑠𝑛𝑔(𝑠𝑛)
} is called a two-fold basis of 𝑆(𝑓.𝑔)over ℝ𝑓 

Theorem: 

Let 𝐸 = {𝑠1, … , 𝑠𝑛 } be a basic of S, and 𝐸𝐹  be the corresponding two-fold  fuzzy basis of 𝑆(𝑓.𝑔). 

Assume that: 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) . then there exists 𝑟1𝑓(𝑟1)
. … . 𝑟𝑛𝑓(𝑟𝑛)

∈  ℝ𝑓 

Such as: 𝑥𝑔(𝑥) =  𝑟1𝑓(𝑟1)
○ 𝑠1𝑔(𝑠1) + ⋯ + 𝑟𝑛𝑓(𝑟𝑛)

○ 𝑠𝑛𝑔(𝑠𝑛)
= ∑ 𝑟𝑖𝑓(𝑟𝑖)

𝑛
𝑖=1 ○ 𝑠𝑖𝑔(𝑠𝑖)  

Proof:  

𝑥 ∈ 𝑆 , then 𝑥 =  ∑ 𝑟𝑖  𝑠𝑖  ; 
𝑛
𝑖=1 𝑠𝑖 ∈ 𝐸. 𝑟𝑖 ∈ ℝ so that: 

𝑥𝑔(𝑥) = (∑ 𝑟𝑖  𝑠𝑖  

𝑛

𝑖=1

)𝑔(∑ 𝑟𝑖 𝑠𝑖 𝑛
𝑖=1 ) = ∑(𝑟𝑖)𝑓(𝑟𝑖)

𝑛

𝑖=1

○ (𝑠𝑖)𝑔(𝑠𝑖)
 
  

Remark: 

If dim S= n , then dim(𝑆(𝑓.𝑔) ) = 𝑛 

Remark: 

If ∑ (𝑟𝑖)𝑓(𝑟𝑖)
𝑛
𝑖=1 ○ (𝑠𝑖)𝑔(𝑠𝑖)

 
=○𝑔(○) . 𝑡ℎ𝑒𝑛 𝑟𝑖 = 0  

Complex Two-Fold Fuzzy Vector Spaces: 

Definition: 

Let S be a vector space over the field C, and 

{
𝑔: 𝑆 →  [0.1]

𝑓: C → [0.1]
  such that:   {

𝑔(𝑥 + 𝑦) = 𝑚𝑎𝑥(𝑔(𝑥). 𝑔(𝑦))

𝑔(𝑥 ∙ r) = min(𝑔(𝑥). 𝑓(𝑟))

𝑔(0) = 0 . 𝑓(1) = 1 

 

For 𝑥. 𝑦 ∈ 𝑆 𝑎𝑛𝑑 𝑟 ∈ C  

We define the two- fold fuzzy vector space 𝑆(𝑓.𝑔) as follows: 

𝑆(𝑓.𝑔) = {𝑥𝑔(𝑥) ; 𝑥 ∈ 𝑆} 

Definition: 

We define the following binary operations on 𝑆(𝑓.𝑔): 

{
  ∗: 𝑆(𝑓.𝑔) × 𝑆(𝑓.𝑔) → 𝑆(𝑓.𝑔)

○ : 𝑆(𝑓.𝑔) × C𝑓 → 𝑆(𝑓.𝑔)
 

{
 𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)𝑔(𝑥+𝑦) =  (𝑥 + 𝑦)max (𝑔(𝑥).𝑔(𝑦))

𝑥𝑔(𝑥) ○ 𝑟𝑓(𝑟) = (𝑥𝑟)𝑔(𝑥𝑟) =  (𝑥𝑟)min (𝑔(𝑥).𝑓(𝑟))
 

Theorem:  

Let 𝑆(𝑓.𝑔) be the two-fold vector space defined above, then: 

1] *,○ are abelian. 

2] * is associative. 

3] 𝑜○ is the identity of * , 11 is the identity of ○. 

4] 𝑟 ○ (𝑥 ∗ 𝑦) = (𝑟 ○ 𝑥) ∗ (𝑟 ○ 𝑦)    .        𝑟 ○ (𝑡 ○ 𝑥) = (𝑟𝑡) ○ 𝑥 ∶ 𝑥 ∈ 𝑆 . 𝑟. 𝑡 ∈ ℝ 

5] 𝑥 ∗ (−𝑥) = 0 

Proof: 

1] Let 𝑥𝑔(𝑥). 𝑦𝑔(𝑦) ∈  𝑆(𝑓.𝑔). 𝑟 ∈ C . 𝑡ℎ𝑒𝑛: 

𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)max(𝑔(𝑥).𝑔(𝑦)) =  (𝑦 + 𝑥)max(𝑔(𝑥).𝑔(𝑦)) = 𝑦𝑔(𝑦) ∗ 𝑥𝑔(𝑥)  

𝑥𝑔(𝑥) ○ 𝑟𝑓(𝑟) = (𝑥𝑟)𝑔(𝑥∙𝑟) = (𝑟 ∙ 𝑥)𝑔(𝑟∙𝑥) =  𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥) 

2] 𝑥𝑔(𝑥) ∗ (𝑦𝑔(𝑦) ∗ 𝑧𝑔(𝑧)) = 𝑥 ∗ ((𝑦 + 𝑧)𝑔(𝑦+𝑧)) = (𝑥 + 𝑦 + 𝑧)𝑔(𝑥+𝑦+𝑧) = (𝑥 + 𝑦)𝑔(𝑥+𝑦) ∗  𝑧𝑔(𝑧) =

(𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) ∗ 𝑧𝑔(𝑧)  
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3] 𝑥𝑔(𝑥) ∗○𝑔(○)= (𝑥 +○)𝑚𝑎𝑥(𝑔(𝑥).○) = 𝑥𝑔(𝑥) 

    𝑥𝑔(𝑥) ○ 1𝑓(1) = (𝑥 ∙ 1)𝑚𝑖𝑛(𝑔(𝑥).1) = 𝑥𝑔(𝑥) 

4] 𝑟𝑓(𝑟) ○ (𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) = 𝑟𝑓(𝑟) ○ (𝑥 + 𝑦)𝑔(𝑥+𝑦) = (𝑟𝑥 + 𝑟𝑦)𝑔(𝑟𝑥+𝑟𝑦) = (𝑟𝑥)𝑔(𝑟𝑥) ∗ (𝑟𝑦)𝑔(𝑟𝑦) =

(𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥)) ∗ (𝑟𝑓(𝑟) ○ 𝑦𝑔(𝑦)) 

𝑟𝑓(𝑟) ○ (𝑡𝑓(𝑡) ○ 𝑥𝑔(𝑥)) = 𝑟𝑓(𝑟)((𝑡𝑥)𝑔(𝑡𝑥)) = (𝑟𝑡𝑥)𝑔(𝑟𝑡𝑥) = (𝑟𝑡)𝑓(𝑟𝑡) ○ 𝑥𝑔(𝑥) 

5]  𝑥𝑔(𝑥) ∗ (−𝑥)𝑔(−𝑥) = (𝑥 − 𝑥)𝑔(𝑥−𝑥) = ○○ 

Definition: 

Let T be a subspace of S, then: 

𝑇(𝑓.𝑔) =  {𝑥𝑔(𝑥) ;  𝑥 ∈ 𝑇}    is called a two-fold fuzzy subspace of 𝑆(𝑓.𝑔) 

Theorem: 

Let T be a non-empty subset of S, then 𝑇(𝑓.𝑔) is a two-fold fuzzy subspace of 𝑆(𝑓.𝑔) if and only if: 

{
𝑥 ∗ 𝑦 ∈ 𝑇(𝑓.𝑔)

𝑟 ○ 𝑥 ∈ 𝑇(𝑓.𝑔)
   for all 𝑟 ∈ C.      𝑥. 𝑦 ∈ 𝑇 

Proof: 

𝑇(𝑓.𝑔) is a two-fold fuzzy subspace of 𝑆(𝑓.𝑔) if and only if T is a subspace of S, which is equivalent to: 

{
𝑥 + 𝑦 ∈ T

𝑟𝑥 ∈ T
 for all 𝑥. 𝑦 ∈ 𝑇.      𝑟 ∈ C 

So that, {
𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)𝑔(𝑥+𝑦)  ∈  𝑇(𝑓.𝑔)

𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥) = (𝑟𝑥)𝑔(𝑟𝑥) ∈  𝑇(𝑓.𝑔)
 

Definition: 

Let 𝑆(𝑓.𝑔). 𝑊(𝑓.ℎ) be two two-fold fuzzy vector spaces over C, and 𝐻: 𝑆 → 𝑊 be a classical linear 

transformation, then: 

𝐻𝐹 : 𝑆(𝑓.𝑔) → 𝑊(𝑓.ℎ) ∶ 𝐻𝐹(𝑥𝑔(𝑥)) = (𝐻(𝑥))ℎ(𝐻(𝑥))is called the two-fold fuzzy linear transformation. 

We define: 

𝑘𝑒𝑟(𝐻𝐹) = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) ;    𝐻𝐹(𝑥𝑔(𝑥)) =○○} 

𝐼𝑚(𝐻𝐹) = {𝑍ℎ(𝑧) ∈ 𝑊(𝑓.ℎ) ; ∃ 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) ;  𝐻𝐹(𝑥𝑔(𝑥)) = 𝑍ℎ(𝑧)} 

Theorem: 

Let  𝐻𝐹: 𝑆(𝑓.𝑔) → 𝑊(𝑓.ℎ) be a two-fold fuzzy linear transformation, then we have: 

1] 𝐻𝐹(𝑥 ∗ 𝑦) = 𝐻𝐹(𝑥) ∗ 𝐻𝐹(𝑦),        𝐻𝐹(𝑟 ○ 𝑥) = 𝑟 ○ 𝐻𝐹(𝑥) . 
2]   𝑘𝑒𝑟(𝐻𝐹) = (𝑘𝑒𝑟(𝐻))(𝑓,𝑔),   𝐼𝑚(𝐻𝐹) = (𝐼𝑚(𝐻))(𝑓,ℎ) . 

3] 𝑘𝑒𝑟(𝐻𝐹) is a two-fold fuzzy subspace of 𝑆(𝑓.𝑔). 

4] 𝐼𝑚(𝐻𝐹) is a two-fold fuzzy subspace of  𝑊(𝑓.ℎ). 

Proof: 

1] 𝐻𝐹(𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) = 𝐻𝐹  ((𝑥 + 𝑦)𝑔(𝑥+𝑦)) = (𝐻(𝑥 + 𝑦))ℎ(𝐻(𝑥+𝑦)) = (𝐻(𝑥) + 𝐻(𝑦))ℎ(𝐻(𝑥)+𝐻(𝑦)) =

𝐻𝐹(𝑥𝑔(𝑥)) ∗ 𝐻𝐹(𝑦𝑔(𝑦)) 

Also, 𝐻𝐹(𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥)) = 𝐻𝐹((𝑟𝑥)𝑔(𝑟𝑥)) = (𝐻(𝑟𝑥))ℎ(𝑔(𝑟𝑥)) = (𝑟 ∙ 𝐻(𝑥))ℎˋ(𝑔(𝑟𝑥)) = 𝑟𝑓(𝑟) ○ 𝐻𝐹(𝑥𝑔(𝑥)) 

2] 𝑘𝑒𝑟(𝐻𝐹) = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔);  𝐻(𝑥) = 0} = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔); 𝑥 ∈ 𝑘𝑒𝑟(𝐻)} = (𝑘𝑒𝑟(𝐻))(𝑓.𝑔) 

    𝐼𝑚(𝐻𝐹) = {𝑍ℎ(𝑍) ∈ 𝑊(𝑓.ℎ); ∃ 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔); 𝐻(𝑥) = 𝑍} = {𝑍ℎ(𝑍) ∈ 𝑊(𝑓.ℎ); 𝑍 ∈ 𝐼𝑚(𝐻)} =

 𝐼𝑚(𝐻))(𝑓.ℎ) 

3] Since 𝑘𝑒𝑟(𝐻) is a subspace of S, then 𝑘𝑒𝑟(𝐻𝐹) = 𝑘𝑒𝑟(𝐻))(𝑓.𝑔) is two-fold fuzzy subspace of 𝑆(𝑓.𝑔). 

4] The proof is similar to 3. 

Definition: 

Let 𝐸 = {𝑠1, … , 𝑠𝑛 } be a basic of S over C, then: 

𝐸𝐹 = {𝑠1𝑔(𝑠1) , … , 𝑠𝑛𝑔(𝑠𝑛)
} is called a two-fold basis of 𝑆(𝑓.𝑔)over C𝑓 

Theorem: 

Let 𝐸 = {𝑠1, … , 𝑠𝑛 } be a basic of S, and 𝐸𝐹  be the corresponding two-fold  fuzzy basis of 𝑆(𝑓.𝑔). 

Assume that: 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) . then there exists 𝑟1𝑓(𝑟1)
. … . 𝑟𝑛𝑓(𝑟𝑛)

∈  C𝑓 

Such as: 𝑥𝑔(𝑥) =  𝑟1𝑓(𝑟1)
○ 𝑠1𝑔(𝑠1) + ⋯ + 𝑟𝑛𝑓(𝑟𝑛)

○ 𝑠𝑛𝑔(𝑠𝑛)
= ∑ 𝑟𝑖𝑓(𝑟𝑖)

𝑛
𝑖=1 ○ 𝑠𝑖𝑔(𝑠𝑖)  

Proof:  

𝑥 ∈ 𝑆 , then 𝑥 =  ∑ 𝑟𝑖  𝑠𝑖  ; 
𝑛
𝑖=1 𝑠𝑖 ∈ 𝐸. 𝑟𝑖 ∈ C so that: 

𝑥𝑔(𝑥) = (∑ 𝑟𝑖  𝑠𝑖  

𝑛

𝑖=1

)𝑔(∑ 𝑟𝑖 𝑠𝑖 𝑛
𝑖=1 ) = ∑(𝑟𝑖)𝑓(𝑟𝑖)

𝑛

𝑖=1

○ (𝑠𝑖)𝑔(𝑠𝑖)
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Remark: 

If 𝑑𝑖𝑚 𝑆 =  𝑛, then dim(𝑆(𝑓.𝑔) ) = 𝑛 

Remark: 

If ∑ (𝑟𝑖)𝑓(𝑟𝑖)
𝑛
𝑖=1 ○ (𝑠𝑖)𝑔(𝑠𝑖)

 
=○𝑔(○) . 𝑡ℎ𝑒𝑛 𝑟𝑖 = 0  

Two-Fold Fuzzy Modules: 

Definition: 

Let S be a module over the ring R with unity 1, and 

{
𝑔: 𝑆 →  [0.1]

𝑓: R → [0.1]
  such that:   {

𝑔(𝑥 + 𝑦) = 𝑚𝑎𝑥(𝑔(𝑥). 𝑔(𝑦))

𝑔(𝑥 ∙ r) = min(𝑔(𝑥). 𝑓(𝑟))

𝑔(0) = 0 . 𝑓(1) = 1 

 

For 𝑥. 𝑦 ∈ 𝑆 𝑎𝑛𝑑 𝑟 ∈ R  

We define the two- fold fuzzy module 𝑆(𝑓.𝑔) as follows: 

𝑆(𝑓.𝑔) = {𝑥𝑔(𝑥) ; 𝑥 ∈ 𝑆} 

Definition: 

We define the following binary operations on 𝑆(𝑓.𝑔): 

{
  ∗: 𝑆(𝑓.𝑔) × 𝑆(𝑓.𝑔) → 𝑆(𝑓.𝑔)

○ : 𝑆(𝑓.𝑔) × R𝑓 → 𝑆(𝑓.𝑔)
 

{
 𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)𝑔(𝑥+𝑦) =  (𝑥 + 𝑦)max (𝑔(𝑥).𝑔(𝑦))

𝑥𝑔(𝑥) ○ 𝑟𝑓(𝑟) = (𝑥𝑟)𝑔(𝑥𝑟) =  (𝑥𝑟)min (𝑔(𝑥).𝑓(𝑟))
 

Theorem:  

Let 𝑆(𝑓.𝑔) be the two-fold module defined above, then: 

1] *,○ are abelian. 

2] * is associative. 

3] 𝑜○ is the identity of * , 11 is the identity of ○. 

4] 𝑟 ○ (𝑥 ∗ 𝑦) = (𝑟 ○ 𝑥) ∗ (𝑟 ○ 𝑦)    .        𝑟 ○ (𝑡 ○ 𝑥) = (𝑟𝑡) ○ 𝑥 ∶ 𝑥 ∈ 𝑆 . 𝑟. 𝑡 ∈ R 

5] 𝑥 ∗ (−𝑥) = 0 

Proof: 

1] Let 𝑥𝑔(𝑥). 𝑦𝑔(𝑦) ∈  𝑆(𝑓.𝑔). 𝑟 ∈ R . 𝑡ℎ𝑒𝑛: 

𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)max(𝑔(𝑥).𝑔(𝑦)) =  (𝑦 + 𝑥)max(𝑔(𝑥).𝑔(𝑦)) = 𝑦𝑔(𝑦) ∗ 𝑥𝑔(𝑥)  

𝑥𝑔(𝑥) ○ 𝑟𝑓(𝑟) = (𝑥𝑟)𝑔(𝑥∙𝑟) = (𝑟 ∙ 𝑥)𝑔(𝑟∙𝑥) =  𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥) 

2] 𝑥𝑔(𝑥) ∗ (𝑦𝑔(𝑦) ∗ 𝑧𝑔(𝑧)) = 𝑥 ∗ ((𝑦 + 𝑧)𝑔(𝑦+𝑧)) = (𝑥 + 𝑦 + 𝑧)𝑔(𝑥+𝑦+𝑧) = (𝑥 + 𝑦)𝑔(𝑥+𝑦) ∗  𝑧𝑔(𝑧) =

(𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) ∗ 𝑧𝑔(𝑧)  

3] 𝑥𝑔(𝑥) ∗○𝑔(○)= (𝑥 +○)𝑚𝑎𝑥(𝑔(𝑥).○) = 𝑥𝑔(𝑥) 

    𝑥𝑔(𝑥) ○ 1𝑓(1) = (𝑥 ∙ 1)𝑚𝑖𝑛(𝑔(𝑥).1) = 𝑥𝑔(𝑥) 

4] 𝑟𝑓(𝑟) ○ (𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) = 𝑟𝑓(𝑟) ○ (𝑥 + 𝑦)𝑔(𝑥+𝑦) = (𝑟𝑥 + 𝑟𝑦)𝑔(𝑟𝑥+𝑟𝑦) = (𝑟𝑥)𝑔(𝑟𝑥) ∗ (𝑟𝑦)𝑔(𝑟𝑦) =

(𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥)) ∗ (𝑟𝑓(𝑟) ○ 𝑦𝑔(𝑦)) 

𝑟𝑓(𝑟) ○ (𝑡𝑓(𝑡) ○ 𝑥𝑔(𝑥)) = 𝑟𝑓(𝑟)((𝑡𝑥)𝑔(𝑡𝑥)) = (𝑟𝑡𝑥)𝑔(𝑟𝑡𝑥) = (𝑟𝑡)𝑓(𝑟𝑡) ○ 𝑥𝑔(𝑥) 

5]  𝑥𝑔(𝑥) ∗ (−𝑥)𝑔(−𝑥) = (𝑥 − 𝑥)𝑔(𝑥−𝑥) = ○○ 

Definition: 

Let T be a submodule of S, then: 

𝑇(𝑓.𝑔) =  {𝑥𝑔(𝑥) ;  𝑥 ∈ 𝑇}   is called a two-fold fuzzy submodule of 𝑆(𝑓.𝑔) 

Theorem: 

Let T be a non-empty subset of S, then 𝑇(𝑓.𝑔) is a two-fold fuzzy submodule of 𝑆(𝑓.𝑔) if and only if: 

{
𝑥 ∗ 𝑦 ∈ 𝑇(𝑓.𝑔)

𝑟 ○ 𝑥 ∈ 𝑇(𝑓.𝑔)
   for all 𝑟 ∈ R.      𝑥. 𝑦 ∈ 𝑇 

Proof: 

𝑇(𝑓.𝑔) is a two-fold fuzzy submodule of 𝑆(𝑓.𝑔) if and only if T is a submodule of S, which is equivalent 

to: 

{
𝑥 + 𝑦 ∈ T

𝑟𝑥 ∈ T
 for all 𝑥. 𝑦 ∈ 𝑇.      𝑟 ∈ R 

So that, {
𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦) = (𝑥 + 𝑦)𝑔(𝑥+𝑦)  ∈  𝑇(𝑓.𝑔)

𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥) = (𝑟𝑥)𝑔(𝑟𝑥) ∈  𝑇(𝑓.𝑔)
 

Definition: 

Let 𝑆(𝑓.𝑔). 𝑊(𝑓.ℎ) be two two-fold fuzzy modules over C, and 𝐻: 𝑆 → 𝑊 be a classical homomorphisms. 
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, then: 

𝐻𝐹 : 𝑆(𝑓.𝑔) → 𝑊(𝑓.ℎ) ∶ 𝐻𝐹(𝑥𝑔(𝑥)) = (𝐻(𝑥))ℎ(𝐻(𝑥))is called the two-fold fuzzy homomorphisms. 

We define: 

𝑘𝑒𝑟(𝐻𝐹) = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) ;    𝐻𝐹(𝑥𝑔(𝑥)) =○○} 

𝐼𝑚(𝐻𝐹) = {𝑍ℎ(𝑧) ∈ 𝑊(𝑓.ℎ) ; ∃ 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) ;  𝐻𝐹(𝑥𝑔(𝑥)) = 𝑍ℎ(𝑧)} 

Theorem: 

Let  𝐻𝐹: 𝑆(𝑓.𝑔) → 𝑊(𝑓.ℎ) be a two-fold fuzzy homomorphisms, then we have: 

1] 𝐻𝐹(𝑥 ∗ 𝑦) = 𝐻𝐹(𝑥) ∗ 𝐻𝐹(𝑦),        𝐻𝐹(𝑟 ○ 𝑥) = 𝑟 ○ 𝐻𝐹(𝑥) . 
2]   𝑘𝑒𝑟(𝐻𝐹) = (𝑘𝑒𝑟(𝐻))(𝑓,𝑔),   𝐼𝑚(𝐻𝐹) = (𝐼𝑚(𝐻))(𝑓,ℎ) . 

3] 𝑘𝑒𝑟(𝐻𝐹) is a two-fold fuzzy submodule of 𝑆(𝑓.𝑔). 

4] 𝐼𝑚(𝐻𝐹) is a two-fold fuzzy submodule of  𝑊(𝑓.ℎ). 

Proof: 

1] 𝐻𝐹(𝑥𝑔(𝑥) ∗ 𝑦𝑔(𝑦)) = 𝐻𝐹  ((𝑥 + 𝑦)𝑔(𝑥+𝑦)) = (𝐻(𝑥 + 𝑦))ℎ(𝐻(𝑥+𝑦)) = (𝐻(𝑥) + 𝐻(𝑦))ℎ(𝐻(𝑥)+𝐻(𝑦)) =

𝐻𝐹(𝑥𝑔(𝑥)) ∗ 𝐻𝐹(𝑦𝑔(𝑦)) 

Also, 𝐻𝐹(𝑟𝑓(𝑟) ○ 𝑥𝑔(𝑥)) = 𝐻𝐹((𝑟𝑥)𝑔(𝑟𝑥)) = (𝐻(𝑟𝑥))ℎ(𝑔(𝑟𝑥)) = (𝑟 ∙ 𝐻(𝑥))ℎˋ(𝑔(𝑟𝑥)) = 𝑟𝑓(𝑟) ○ 𝐻𝐹(𝑥𝑔(𝑥)) 

2] 𝑘𝑒𝑟(𝐻𝐹) = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔);  𝐻(𝑥) = 0} = {𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔); 𝑥 ∈ 𝑘𝑒𝑟(𝐻)} = (𝑘𝑒𝑟(𝐻))(𝑓.𝑔) 

    𝐼𝑚(𝐻𝐹) = {𝑍ℎ(𝑍) ∈ 𝑊(𝑓.ℎ); ∃ 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔); 𝐻(𝑥) = 𝑍} = {𝑍ℎ(𝑍) ∈ 𝑊(𝑓.ℎ); 𝑍 ∈ 𝐼𝑚(𝐻)} =

 𝐼𝑚(𝐻))(𝑓.ℎ) 

3] Since 𝑘𝑒𝑟(𝐻) is a subspace of S, then 𝑘𝑒𝑟(𝐻𝐹) = 𝑘𝑒𝑟(𝐻))(𝑓.𝑔) is two-fold fuzzy submodule of 𝑆(𝑓.𝑔). 

4] The proof is similar to 3. 

Definition: 

Let 𝐸 = {𝑠1, … , 𝑠𝑛 } be a basic of S over R, then: 

𝐸𝐹 = {𝑠1𝑔(𝑠1) , … , 𝑠𝑛𝑔(𝑠𝑛)
} is called a two-fold basis of 𝑆(𝑓.𝑔)over R𝑓 

Theorem: 

Let 𝐸 = {𝑠1, … , 𝑠𝑛 } be a basic of S, and 𝐸𝐹  be the corresponding two-fold fuzzy basis of 𝑆(𝑓.𝑔). 

Assume that: 𝑥𝑔(𝑥) ∈ 𝑆(𝑓.𝑔) . then there exists 𝑟1𝑓(𝑟1)
. … . 𝑟𝑛𝑓(𝑟𝑛)

∈  R𝑓 

Such as: 𝑥𝑔(𝑥) =  𝑟1𝑓(𝑟1)
○ 𝑠1𝑔(𝑠1) + ⋯ + 𝑟𝑛𝑓(𝑟𝑛)

○ 𝑠𝑛𝑔(𝑠𝑛)
= ∑ 𝑟𝑖𝑓(𝑟𝑖)

𝑛
𝑖=1 ○ 𝑠𝑖𝑔(𝑠𝑖)  

Proof:  

𝑥 ∈ 𝑆 , then 𝑥 =  ∑ 𝑟𝑖  𝑠𝑖  ; 
𝑛
𝑖=1 𝑠𝑖 ∈ 𝐸. 𝑟𝑖 ∈ R so that: 

𝑥𝑔(𝑥) = (∑ 𝑟𝑖  𝑠𝑖  
𝑛
𝑖=1 )𝑔(∑ 𝑟𝑖 𝑠𝑖 𝑛

𝑖=1 ) = ∑ (𝑟𝑖)𝑓(𝑟𝑖)
𝑛
𝑖=1 ○ (𝑠𝑖)𝑔(𝑠𝑖)

 
 . 

4. Conclusion 

In this paper is we provided a strict mathematical definition and a general study of two-fold fuzzy 

vector spaces defined over the real numbers and also two-fold fuzzy vector spaces defined over the 

complex numbers, as well as two-fold fuzzy algebraic modules defined over commutative rings with 

unity. 

The elementary properties and algebraic operations of those structures are explained through many 

theorems and mathematical proofs. 
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