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Abstract
All researches, under classical statistics, are based on determinate, crisp data to estimate the mean of the population when
auxiliary information is available. Such estimates often are biased. The goal is to find the best estimates for the unknown
value of the population mean with minimummean square error (MSE). The neutrosophic statistics, generalization of classical
statistics tackles vague, indeterminate, uncertain information. Thus, for the first time under neutrosophic statistics, to overcome
the issues of estimation of the populationmean of neutrosophic data, we have developed the neutrosophic ratio-type estimators
for estimating the mean of the finite population utilizing auxiliary information. The neutrosophic observation is of the form
ZN � ZL + ZU IN where IN ∈ [IL , IU ], ZN ∈ [Zl , Zu]. The proposed estimators are very helpful to compute results when
dealing with ambiguous, vague, and neutrosophic-type data. The results of these estimators are not single-valued but provide
an interval form in which our population parameter may have more chance to lie. It increases the efficiency of the estimators,
since we have an estimated interval that contains the unknown value of the population mean provided a minimum MSE. The
efficiency of the proposed neutrosophic ratio-type estimators is also discussed using neutrosophic data of temperature and
also by using simulation. A comparison is also conducted to illustrate the usefulness of Neutrosophic Ratio-type estimators
over the classical estimators.
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Introduction

Data in classical statistics are known and formed by crisp
numbers. Many authors worked on several estimators for
estimating the mean of the finite population in the existence
of auxiliary information under classical statistics. “The study
suggested that in the presence of high correlation between the
study variable and auxiliary variable, we get significantly low
sampling error for ratio, instead of taking the study variable
only and hence, we may need less sampling for ratio esti-
mation method or the ratio estimation method reduces the
sample size providing equal precision [13]”. A detailed dis-
cussion on ratio estimation and its properties and examples
were present in one study ([14], pp. 150–186). Furthermore,
one study discussed the applications of a ratio-type estimator
for multivariate k-statistics [23]. More studies and various
uses and types of ratio-type estimation techniques devel-
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oped as time passed. The use of auxiliary information with
the coefficient of variation was also studied [22, 28]. The
known parameters or other known statistics were used as
auxiliary variables by various researchers [18, 24, 25]. The
transformations of the auxiliary variables were also studied
[31]. The performance of ratio-type estimators was improved
when using different types of auxiliary information [24]. One
suggested an exponential-type of ratio estimation [8]; oth-
ers try to improve the exponential-type ratio estimators [32].
One studied the estimation ofmean by exponential ratio-type
estimators in the presence of non-response [24]. A study pro-
posed that their estimator using complete information is a
better version of the exponential ratio-type estimator [19].

“Classical statistics deal with determined data when there
is no uncertainty inmeasurements of the observations. There-
fore, we need new methods to deal with the data which are
not determined. The fuzzy logic is one solution to tackle data,
where we might not have exact measurements of the variable
under study. Fuzzy statistics are used to analyze the data hav-
ing fuzzy, ambiguous, uncertain, or imprecise parameters/
observations, but it ignores the measure of indeterminacy.
Whereas, neutrosophic logic is characterized as the general-
ization of fuzzy logic, and it allows tomeasure indeterminacy
along with determinate part of the observations and used to
analyze under vague/ uncertain observations [2, 3].”

Methods under fuzzy logic are being developed rapidly
and used widely in the decision-making environment [1, 17].
Further advancement in the fuzzy sets is complex fuzzy sets,
and its generalized form is a complex neutrosophic set [21].
A study provided a detailed flow chart of fuzzy sets and their
generalizations, along with a discussion on some properties
and operations, including interval-valued neutrosophic sets
[20].

In decision-making problems, if the fuzzy set fails to
handle uncertainty, then the neutrosophic set is a better alter-
native. Neutrosophic sets are classified into many types. One
study presented a trapezoidal bipolar neutrosophic number
and its classification for decision-making problems [11].
One study introduced generalized spherical fuzzy numbers
and established a detailed analysis scheme and more related
methods formulti-criteria groupdecisionmaking (MCGDM)
[16].Another study suggested arithmetic andgeometric oper-
ations under pentagonal neutrosophic numbers alongwith the
application based onMCGDMinmobile communication [9].
The neutrosophic numbers are gaining much interest of the
researchers as time passes, for instance, anMCGDM scheme
was proposed under the cylindrical neutrosophic domain
[10].

Thus, in problems when the data have some indetermi-
nacy, neutrosophic statistics are used. Neutrosophic statistics
is an extension of classical statistics, used when there is
neutrosophy in data or a sample. When observations in the

population or the sample are imprecise, indeterminate, and
vague, then neutrosophic statistics are applied [29].

Neutrosophic data

Neutrosophic data refer to a data set that is indeterminate to
some degree, and neutrosophic statistical methods are used
to analyze such data. The sample size, in neutrosophic statis-
tics, may not be known as the exact number [29]. Researchers
discussed that neutrosophic statistics are very effective and
suitable for applying them in the uncertainty system [2, 30].
In rock engineering, to study the scale effect and anisotropy
of joint roughness coefficient, Neutrosophic numbers had
been used, which results in a better and effective method
to overcome the loss in information giving sufficient fitted
functions [12]. New neutrosophic analysis of variance tech-
nique presented under neutrosophic data [3]. The area of
neutrosophic interval statistics (NIS), neutrosophic applied
statistics (NAS), and neutrosophic statistical quality control
(NSQC) were developed by [4–7].

Research gap

All previous researches on survey sampling are on the type
of data that are determined, certain, and clear. These meth-
ods provide a single crisp result, which may have chances of
being wrong, over, or underestimated, which is a drawback
sometimes. However, inmany cases, data are of neutrosophic
nature under some circumstances; this is the point, where
Neutrosophic statistics is applied, and old classical methods
failed. Data of neutrosophic nature are uncertain and ambigu-
ous observations, non-clear arguments, and vague interval
values. Thus, the information obtained from experiments
or populations may behave as interval-valued neutrosophic
numbers (INN). The actual observation, which is indetermi-
nate at the time of collection, was believed to be a value
that belongs to that interval. In real life, more indeterminate
data are available than the determinate data. Therefore, more
neutrosophic statistical techniques are required.

In life, many study variables are available for whom the
collection of information is very expensive, especially when
the information is ambiguous. Therefore, it will be risky and
costly to compute the unknown true value of the population
by the old classicalmethods for indeterminate data.When the
study variable and auxiliary variables are of neutrosophic
nature, there is no method available to solve the problem
using ratio estimation. Thus, a neutrosophic ratio-type esti-
mation method is proposed in this study.

After exhaustive research of the published studies, no
research has been found in survey sampling for the ratio-
type estimation methods to estimate the unknown population
mean in the presence of auxiliary variables under neutro-
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sophic data. This field of statistics is yet to be filled with
promising articles. This study is the first step in this area.

Scope of the study

Neutrosophic Statistical analysis helps deal with the data
containing a certain amount of indeterminacy or incomplete
information. In addition, this method allows for inconsistent
beliefs as well. Data collection through some tools might
present some observations in a range of uncertain values
with the chance of inclusion of an actual measurement in that
range. In the case of indeterminacy, classical statistics failed
to analyze data. Hence, neutrosophic statistics is applied
under the uncertain environment, which is the alternative and
generalization of Classical Statistics and more flexible. Con-
siderable researches have been done so far in the field of
survey sampling under the Neutrosophy, in which the ratio
estimation is still fresh and requires a great deed of atten-
tion for the uncertain system of data. For example, if we take
measurements of a machine’s product (say produces nuts or
bolts), it might manufacture items with minor measurement
errors or manufacturing errors, and we can accept that prod-
uct if it lies in the particular range of measurement. In these
cases, if we use classical statistics providing a single-valued
result will cause lots of loss by rejecting the items even these
are usable. Thus, neutrosophic statistics can cover these prob-
lems by providing the best estimate of interval results with
the least MSE.

Neutrosophic observation

Several types of neutrosophic observations, including quan-
titative neutrosophic data, were presented, which stated that
a number might lie in the interval [a, b] (unknown exactly).
[30]. The interval value of neutrosophic numbers can be
exhibit in many ways. We have taken neutrosophic interval
values as ZN � ZL +ZU IN with IN ε[IL , IU ]. Thus, we used
notation for our neutrosophic data, which are in the interval
form ZN ε[a, b], where ‘a’ is lower value and ‘b’ is the upper
value of the neutrosophic data.

First, this study proposed several neutrosophic estima-
tors for estimating the mean of the finite population in the
presence of auxiliary information, which is very suitable to
overcome the problem of sample indeterminacy.

Terminology

Consider a neutrosophic random sample of size nN ∈
[nL , nU ], which is drawn from a finite population of ‘N ’
units (T1, T2, . . . , TN ). Let yN (i) is the ith sample obser-

vation of our neutrosophic data, which is of the form yN
(i) ∈ [yL , yU ] and similarly for auxiliary variable xN
(i) ∈ [xL , xU ]. Let ȳN (i) ∈ [ȳL , ȳu] is our neutrosophic
variable of interest, and x̄N (i) ∈ [x̄L , x̄U ] is our auxil-
iary neutrosophic variable which is correlated to our study
variable ȳN . In addition, YN ∈ [YL , YU ] and XN ∈ [XL ,
XU ] are the overall averages of the neutrosophic set of data.
CyN ∈ [CyNL , CyNU ] and CxN ∈ [CxNL , CxNU ] are
neutrosophic coefficients of variation for YN and XN , respec-
tively. ρxyN is the neutrosophic correlation between XN and
YN (neutrosophic variables). In addition, β2(x)N ∈ [β2(x)L ,
β2(x)U ] is the neutrosophic coefficient of kurtosis for auxil-
iary variable XN . ēyN ∈ [ēyL , ēyU ] and ēx N ∈ [ēx L , ēyU ] are
the neutrosophic mean errors. These terms can be computed
by the following relations. Similarly, Bias(ȳN ) ∈ [BiasL ,
BiasU ] and MSE, MSE(ȳN ) ∈ [MSEL , MSEU ] belong to
the neutrosophic sets were also computed for the analysis:
ēyN (i) � ȳN (i) − ȲN ; ēx N (i) � x̄N (i) − X̄ N ;

E(ēyN ) � E(ēx N ) � 0

E
(
ē2yN

)
� θN Ȳ

2
NC

2
yN ; E(

−
e
2

xN ) � θN X̄2
NC

2
xN

E(ēyN ēxN ) � θN X̄N ȲNCxNCyNρxyN

where ēyN ∈ [
ēyL , ēyU

]
; ēx N ∈ [ēx L , ēxU ]; eyN exN ∈[

ēx L ēyL , ēxU ēyU
]

e2yN ∈
[
e2yL , e

2
yU

]
; e2xN ∈ [e2xL , e

2
xU ]

C2
xN � σ 2

xN

X̄2
N

;C2
xN ∈

[
C2
xL , C

2
xU

]
;C2

yN

� σ 2
yN

Ȳ 2
N

;C2
yN ∈

[
C2
yL , C

2
yU

]

ρxyN � σxyN

σxNσyN
; ρxyN ∈ [ρxyL , ρxyU ]

∴ θN � 1 − fN
nN

; θN ∈ [θL , θU ]; nN ∈ [nL , nU ]

σ 2
xN ∈

[
σ 2
xL , σ

2
xU

]
; σ 2

yN ∈
[
σ 2
yL , σ

2
yU

]
; σxyN ∈ [σxyL , σxyU ]
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Flow chart

The following flow chart explains the path of using proposed
methods under neutrosophic numbers.
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Proposed neutrosophic estimators

Here, several existing estimators were transformed into
neutrosophic estimators to overcome the problem of data
indeterminacy and neutrosophic data.

Neutrosophic ratio estimator

The following is a proposed neutrosophic ratio estimator for
estimating the mean of the finite population in the presence
of auxiliary variables:

ȳRN � ȳN
x̄N

X̄N (1)

ȳRN � (
ȲN + ēyN

)(
1 +

ēx N
X̄N

)−1

(2)

where ȳRN ∈ [ȳRL , ȳRU ], ȳN ∈ [ȳL , ȳU ], x̄N ∈ [x̄L , x̄U ],
X̄ N ∈ [

X̄ L , X̄U
]
, ȲN ∈ [ȲL , ȲU ]

and ēyN ∈ [
ēyL , ēyU

]
; ēx N ∈ [ēx L , ēxU ].

The bias and MSE of ȳRN up to first-order approximation
are given by

Bias(ȳRN ) � θN ȲN

[
C2
xN − CxNCyNρxyN

]
(3)

MSE(ȳRN ) � θN Ȳ
2
N

[
C2
yN + C2

xN − 2CxNCyNρxyN

]
(4)

where θN ∈ [θL , θU ]; nN ∈ [nL , nU ]

C2
xN ∈

[
C2
xL , C

2
xU

]
,

C2
yN ∈

[
C2
yL , C

2
yU

]
, ρxyN ∈ [ρxyL , ρxyU ]
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Several modified neutrosophic ratio estimators

Motivated by [28], we have developed a modified neutro-
sophic ratio estimator, where we used the coefficient of
variation as an auxiliary variable:

ȳSDrN � ȳN
X̄N + CxN

x̄N + CxN
(5)

ȳSDrN � (
ȲN + ēyN

)(
1 +

ēx N
X̄N + CxN

)−1

(6)

where ȳSDrN ∈ [ȳSDr L , ȳSDrU ], ȳN ∈ [ȳL , ȳU ], x̄N ∈
[x̄L , x̄U ], X̄ N ∈ [

X̄ L , X̄U
]
, ȲN ∈ [ȲL , ȲU ] and ēyN ∈[

ēyL , ēyU
]
; ēx N ∈ [ēx L , ēxU ], CxN ∈ [CxL , CxU ]

Expressions of bias and MSE of ȳSDrN up to first-order
approximation are given as

Bias(ȳSDrN )

� θN ȲN

[(
X̄ N

X̄N + CxN

)2

C2
xN −

(
X̄ N

X̄N + CxN

)
CxNCyNρxyN

]
(7)

MSE(ȳSDr N )

� θN Ȳ
2
N

[
C2
yN +

(
X̄ N

X̄N + CxN

)2

C2
xN − 2

(
X̄ N

X̄N + CxN

)
CxNCyNρxyN

]
(8)

where θN ∈ [θL , θU ]; nN ∈ [nL , nU ]

C2
xN ∈

[
C2
xL , C

2
xU

]
,

C2
yN ∈

[
C2
yL , C

2
yU

]
, ρxyN ∈ [ρxyL , ρxyU ]

Now, another neutrosophic estimator is suggested, where
we have considered the coefficient of kurtosis as an auxiliary
variable:

ȳSKrN � ȳN
X̄N + β2(x)N

x̄N + β2(x)N
(9)

ȳSKrN � (
ȲN + ēyN

)(
1 +

ēx N
X̄N + β2(x)N

)−1

(10)

where ȳSKrN ∈ [ȳSKr L , ȳSKrU ], ȳN ∈ [ȳL , ȳU ], x̄N ∈
[x̄L , x̄U ], X̄ N ∈ [

X̄ L , X̄U
]
, ȲN ∈ [ȲL , ȲU ] and β2(x)N ∈[

β2(x)L , β2(x)U
]
, ēyN ∈ [

ēyL , ēyU
]
, ēx N ∈ [ēx L , ēxU ]

The bias and MSE of ȳSKrN correct up to first-order
approximation are given by

Bias(ȳSKrN ) � θN ȲN

[(
X̄ N

X̄N + β2(x)N

)2

C2
xN

−
(

X̄ N

X̄N + β2(x)N

)
CxNCyNρxyN

]
(11)

MSE(ȳSKrN ) � θN Ȳ
2
N

[
C2
yN +

(
X̄ N

X̄N + β2(x)N

)2

C2
xN

−2

(
X̄ N

X̄N + β2(x)N

)
CxNCyNρxyN

]
(12)

Motivated by [31], using both coefficient of variation and
kurtosis in neutrosophic ratio-type estimator given as

ȳU SrN � ȳN
X̄Nβ2(x)N + CxN

x̄Nβ2(x)N + CxN
(13)

ȳU SrN � (
ȲN + ēyN

)(
1 +

β2(x)N ēxN
X̄Nβ2(x)N + CxN

)−1

(14)

Where ȳU SrN ∈ [ȳU Sr L , ȳU SrU ], ȳN ∈ [ȳL , ȳU ], x̄N ∈
[x̄L , x̄U ], X̄ N ∈ [

X̄ L , X̄U
]
, ȲN ∈ [ȲL , ȲU ] and β2(x)N ∈[

β2(x)L , β2(x)U
]
, CxN ∈ [CxL , CxU ], ēyN ∈ [

ēyL , ēyU
]
,

ēx N ∈ [ēx L , ēxU ]
The bias and MSE of ȳU SrN to the first order of approxi-

mation are given by

Bias(ȳU SrN ) � θN ȲN

⎡
⎣

(
X̄ Nβ2(x)N

X̄Nβ2(x)N + CxN

)2

C2
xN

−
(

X̄ Nβ2(x)N

X̄Nβ2(x)N + CxN

)
CxNCyNρxyN

]
(15)

MSE (ȳU SrN )

� θN Ȳ
2
N

⎡
⎣C2

yN +

(
X̄ Nβ2(x)N

X̄Nβ2(x)N + CxN

)2

C2
xN

− 2

(
X̄ Nβ2(x)N

X̄Nβ2(x)N + CxN

)
CxNCyNρxyN

]

(16)

where θN ∈ [θL , θU ]; nN ∈ [nL , nU ]

C2
xN ∈

[
C2
xL , C

2
xU

]
, C2

yN ∈
[
C2
yL ,

C2
yU

]
, ρxyN ∈ [ρxyL , ρxyU ].

123



Complex & Intelligent Systems

Neutrosophic exponential estimators

Here, a neutrosophic exponential-type estimator for esti-
mating the mean for a finite population in the presence of
auxiliary variables is suggested:

ȳBTr N � ȳN exp

(
X̄ N − x̄N
X̄N + x̄N

)
(17)

ȳBTr N � (
ȲN + ēyN

)
exp

[
− ēx N
2X̄ N

(
1 +

ēx N
2X̄ N

)−1
]

(18)

where ȳBTr N ∈ [ȳBTr L , ȳBTrU ], ȳN ∈ [ȳL , ȳU ], x̄N ∈
[x̄L , x̄U ], X̄ N ∈ [

X̄ L , X̄U
]
, ȲN ∈ [ȲL , ȲU ] and ēyN ∈[

ēyL , ēyU
]
, ēx N ∈ [ēx L , ēxU ].

The bias and MSE of ȳBTr N up to first-order approxima-
tion are given by

Bias(ȳBTr N ) � θN ȲN

[
3

8
C2
xN − 1

2
CxNCyNρxyN

]
(19)

MSE(ȳBTr N ) � θN Ȳ
2
N

[
C2
yN +

1

4
C2
xN − CxNCyNρxyN

]

(20)

where θN ∈ [θL , θU ]; nN ∈ [nL , nU ]

C2
xN ∈

[
C2
xL , C

2
xU

]
, C2

yN ∈
[
C2
yL ,

C2
yU

]
, ρxyN ∈ [ρxyL , ρxyU ]

Motivated by ([26], we have developed a new neutro-
sophic exponential ratio-type estimator for estimating the
mean of a finite population:

ȳRr N � ȳN exp

[(
a X̄N + b

) − (ax̄N + b)(
a X̄N + b

)
+ (ax̄N + b)

]
(21)

ȳRr N � (
ȲN + ēyN

)
exp

[
− aexN
2(a X̄N + b)

(
1 +

aēxN
2(a X̄N + b)

)−1
]

(22)

where ȳRr N ∈ [ȳRr L , ȳRrU ], ȳN ∈ [ȳL , ȳU ], x̄N ∈
[x̄L , x̄U ], X̄ N ∈ [

X̄ L , X̄U
]
, ȲN ∈ [ȲL , ȲU ] and ēyN ∈[

ēyL , ēyU
]
, ēx N ∈ [ēx L , ēxU ]

The bias andMSE of ȳRr N up to first-order approximation
are given by

Bias(ȳRr N ) � θN ȲN

[
3

8

(
X̄ N

a X̄N + b

)2

C2
xN

− 1

2

(
X̄ N

a X̄N + b

)
CxNCyNρxyN

]
(23)

MSE(ȳRr N ) � θN Ȳ
2
N

[
C2
yN +

(
a X̄N

2(a X̄N + b)

)2

C2
xN

−1

2

(
2a X̄N

a X̄N + b

)
CxNCyNρxyN

]
(24)

where θN ∈ [θL , θU ], nN ∈ [nL , nU ]

C2
xN ∈

[
C2
xL , C

2
xU

]
,

C2
yN ∈

[
C2
yL , C

2
yU

]
, ρxyN ∈ [ρxyL , ρxyU ]

Neutrosophic generalized exponential-type
estimator

Motivated by [19], we have developed a neutrosophic gen-
eralized exponential-type estimator for estimating the mean
of a finite population:

ȳKNN � ȳN exp

⎡
⎣α

⎛
⎝ X̄

1
h
N − x̄

1
h
N

X̄
1
h
N + (a − 1)x̄

1
h
N

⎞
⎠

⎤
⎦ (25)

whereα(−∞ < α < ∞) andh(h > 0) are two real constants
and assumed to be known, and the other constant a(a �� 0)
is supposed to be estimated so that ȳNGEN is optimal and
MSE of ȳNGEN is minimum:

ȳKNN � (
ȲN + ēyN

)
exp

[
−αēx N
ah X̄N

(
1 +

ēx N
h X̄N

− ēx N
ah X̄N

)−1
]

(26)

where ȳK NN ∈ [ȳK N L , ȳK NU ], ȳN ∈ [ȳL , ȳU ], x̄N ∈
[x̄L , x̄U ], X̄ N ∈ [

X̄ L , X̄U
]
, ȲN ∈ [ȲL , ȲU ] and ēyN ∈[

ēyL , ēyU
]
, ēx N ∈ [ēx L , ēxU ]

The bias and MSE of ȳNGEN, correct up to first-order
approximation are given by

Bias (ȳKNN) � θN ȲN

[
αC2

xN

ah2
− αC2

xN

a2h2
+

α2C2
xN

2a2h2
− αCxNCyNρxyN

ah

]

(27)

MSE(ȳKNN) � θN Ȳ
2
N

[
C2
yN +

α2C2
xN

a2h2
− 2αCxNCyNρxyN

ah

]
(28)

where θN ∈ [θL , θU ]; nN ∈ [nL , nU ]

C2
xN ∈

[
C2
xL , C

2
xU

]
, C2

yN ∈
[
C2
yL ,

C2
yU

]
, ρxyN ∈ [ρxyL , ρxyU ]

To obtain the minimum MSE, we estimate the value of
‘a’. From Eq.(28), the optimum value of ‘a’ is given by

â � αC2
xN

hCxNCyNρxyN
(29)

We can write the expression of minimumMSE of (ȳKNN)
as follows:

MSE(ȳKNN)min � θN Ȳ
2
NC

2
yN

(
1 − ρ2

xyN

)
(30)
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Table 1 Population’s
characteristics for single
auxiliary variable

Parameters Source (data): temperature of Lahore, Punjab, Pakistan from the years 2014–2019

Population available: N � 30 (years); sample taken: nN � [6, 6] (years)

X Y
No. of Year Average temperature (min, max)

X̄ N . ȲN. CyN CxN ρxyN β2(x)N

[3.5, 3.5] [44, 64] [0.0345, 0.0360] [0.53, 0.53] [0.23, 0.40] [− 1.2, − 1.2]

[50,72] [0.0424, 0.0529] [0.14, 0.18]

[58, 80] [0.0424, 0.0454] [0.17, 0.43]

[69, 94] [0.0291, 0.0293] [0.55, 0.60]

[77,102] [0.0187, 0.0282] [− 0.04, 0.04]

[81,103] [0.0272, 0.0316] [− 0.23, − 0.08]

[80, 95] [0.0151, 0.0171] [− 0.60, − 0.49]

[80, 95] [0.0108, 0.0141] [− 0.59, − 0.53]

[77, 94] [0.0231, 0.0254] [0.01, 0.09]

[68, 90] [0.0277, 0.0338] [− 0.39, − 0.20]

[55, 79] [0.0233, 0.0260] [− 0.55, 0.42]

[45, 69] [0.0341, 0.050] [− 0.14, − 0.05]

Numerical study

Empirical study

As it is a new concept and to the best of the authors’ knowl-
edge, no work has been done so far on the neutrosophic
ratio-type estimators. Therefore, in this case, we compared
the MSE of the proposed Eq. (25) neutrosophic estima-
tor with other proposed neutrosophic estimators given in
Eqs. (1), (5), (9), (13), (17), and (21) to evaluate which neu-
trosophic ratio-type estimator performs more efficiently. We
have also computed the relative efficiencies of these esti-
mators. In statistics, for an estimator, the minimum MSE
is required to be better among the class of estimators. For
the numerical study, we have considered real-life indetermi-
nacy interval data of temperature, as the daily temperature
is taken as of neutrosophic nature and varies in an inter-
val with vague values. The one reason to take temperature
as neutrosophic data is that its value diverges in an inter-
val form, where the value considers to be mention as the
reference temperature of the day may be one of the low-
est or highest temperatures recorded in a day or any point
between them. Data of the past 6 years is noted from the
weather websites available/ published online and arranged
monthwise (Temperature of Lahore, Punjab, Pakistan from
the years 2014—2019) described in Table 1 [15]. This data
is obtained from publicly published sources, online available
for all, and therefore, no ethical approval is needed. We have
taken a sample of 6 years month-wise average temperature
of lowest and highest temperature during each month, and
X is the codding of the time from 1 to 6 (number of years).

Neutrosophic averages of lower and upper limits of the tem-
peratures of each month of 6 years were measured, which are
the neutrosophic part of the data inY corresponding to known
X year, where the monthwise total averages for all 6 years
are taken as the neutrosophic data. The temperature is taken
as neutrosophic data (Temp, yN ε[yL , yU ]), corresponding
to time (in years X ) as the independent determinate variable.
The X̄ N ∈ [X̄ L , X̄U ] is an average of 6 years for which the
data are collected, so it is the same value for all lower and
upper limits of the corresponding neutrosophic data. CxN is
the coefficient of variation and β2(x)N is coefficient of kur-
tosis of the auxiliary variable.

In Table 2, the neutrosophic MSE for the proposed esti-
mators are given for each month of a year. MSE is arranged
as upper value and lower value in Table 2 (i.e., MSEN ∈
[MSEU , MSEL ]). We can see the last column of Table 2
showingMSE(ȳKNN) isminimum compared to others, which
means it is the most efficient estimator for available neutro-
sophic data.

Table 3 consists of the relative efficiencies of the proposed
neutrosophic ratio estimators to ȳKNN. An estimator with
the lowest value, i.e., a value less than or equal to 100 in
comparison to all other estimators, is considered the most
efficient. Here, the estimator is given in Eq. (25), is the most
efficient neutrosophic ratio estimator among all, as none of
the other columns giving values less than 100.

Simulation

For evaluating efficiencies of the proposed estimators, we
used simulated neutrosophic data, such that XN and YN Neu-
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Table 4 Descriptive statistics for simulation under neutrosophic data

Parameters Neutrosophic
values

Parameters Neutrosophic
values

NN [1000, 1000] σyN [12.9, 17.2]

nN [20,20] CxN [0.03381, 0.03794]

μxN [171.2, 180.4] CyN [0.1724, 0.206]

μyN [76.0, 84.9] β2(x)N [0.2039, 0.06235]

σxN [5.8, 6.7] ρxyN [0.02847, 0.01041]

Table 5 Descriptive statistics for simulation under classical data

Parameters Classical values Parameters Classical values

N 1000 σy 14.522

n 20 Cx 0.042568
−
X 178.246 Cy 0.170319
−
Y 82.817 ρxy 0.024808

σx 7.172 β2(x) − 0.03362

trosophic random variates (NRV) follows neutrosophic nor-
mal distributions (NND), i.e., XN ∼ NN

(
μxN , σ 2

xN

)
; XN ∈

(XL , XU ), μxN ∈ (μxL , μxU ), σ 2
xN ∈ (

σ 2
xL , σ 2

xU

)
and

YN ∼ N
(
μyN , σ 2

yN

)
; YN ∈ (YL , YU ), μyN ∈ (

μyL , μyU
)
,

σ 2
yN ∈

(
σ 2
yL , σ 2

yU

)
.

We took YN ∼ NN
(
[76.0, 84.9],

[
(12.9)2, (17.2)2

])
,

where μyN ∈ (76.0, 84.9), σyN ∈ (12.9, 17.2), and
XN ∼ NN ([171.2, 180.4],

[
(5.8)2, (6.7)2

]
), where μxN ∈

(171.2, 180.4), σxN ∈ (5.8, 6.7) for simulating 1000 normal
random variates. Table 4 shows the results of the neutro-
sophic data used to compare the performance efficiency of
the proposed estimators and the traditional estimators under
classical statistics. For classical statistics, Table 5 gives the
information used to compute results.

Table 6 showsMSE under neutrosophic data and classical
data and among all the estimators, ȳK NN is more efficient
under neutrosophic datawithminimumMSE.Whencompare
neutrosophic results with the classical, wemay conclude that
in situations, where data are not clear and crisp, instead of
relying on a single value in the case of classical estimators,
we have an interval to rely on for better results as we can
accept the output if it falls in between these values, since we
are dealing with uncertain or indeterminate data.

Table 7 includes the percentage relative efficiencies of
neutrosophic estimators along with the classical estimator.
It is clear from the results that ȳK NN is the most efficient
estimator whether it is neutrosophic data; or classical data.
Furthermore, the neutrosophic estimators are more efficient
than the classical estimatorswith lowpercentage relative effi-
ciencies (PREs).

Table 6 Comparison of MSE of estimators

SR. No Estimator MSE Neutrosophic MSE Classical

1 ȳK NN [8.403468,
14.98543]

10.44198

2 ȳRN [8.639845,
15.4381]

10.87109

3 ȳSDrN [8.639736,
15.4379]

10.87085

4 ȳSKrN [8.639187,
15.43777]

10.87029

5 ȳU SrN [8.63931,
15.43488]

10.86943

6 ȳBTr N [8.444193,
15.08545]

10.51607

7 ȳRr N (a � 0,
b � 0)

[8.410288,
14.98705]

10.45423

8 ȳRr N (a � 1, b � 1) [8.443529,
15.08421]

10.51492

Table 7 PREs of estimators (neutrosophic vs classical)

SR. No Estimator PREs
Neutrosophic

PREs Classical

1 ȳK NN [100, 100] 100

2 ȳRN [102.8128,
103.0207]

104.1094

3 ȳSDrN [102.8115,
103.0194]

104.1072

4 ȳSKrN [102.805,
103.0185]

104.1018

5 ȳU SrN [102.8065,
102.9992]

104.0936

6 ȳBTr N [100.4846,
100.6675]

100.7096

7 ȳRr N (a � 0,
b � 0)

[100.0811,
100.0108]

100.1173

8 ȳRr N (a � 1,
b � 1)

[100.4767,
100.6592]

100.6985

Discussion

Tables 2 and 3 show the numerical results of MSE and PREs
of the proposed neutrosophic ratio estimators for neutro-
sophic data from the population described in Table 1. It
is observed from the indeterminacy interval results from
Eq. (25) neutrosophic ratio-type estimator ȳKNN, is highly
efficient than the rest of the other proposed estimators under
study in this article for the complete data. The indeterminacy
interval results also indicate that the estimators ȳBTr N and
ȳRr N f or (a � 1 and b � 1) are more efficient than all the
other estimators except ȳKNN for the neutrosophic population
that has amoderate and low (regardless of positive or negative
direction) correlation between the study variable and the aux-
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iliary variable. The analysis by simulated neutrosophic data
also verifies that the estimator ȳKNN is most efficient, while
the estimators ȳBTr N and ȳRrn(a � 1, b � 1) are precisely
equally efficient. ȳRr N (a � 0, b � 0) becomes a simple
ratio estimator of mean, so it is better than others after ȳKNN.
The simulation results for both neutrosophic data and classi-
cal data, when compared, we conclude that the neutrosophic
estimators give more reliable and more precise results, espe-
cially for unclear/ vague data. Neutrosophic results of MSEs
in Table 6 suggested that our proposed neutrosophic estima-
tor ȳK NN with minimum MSE is better than other proposed
estimators. PRE of estimator ȳKNN is also lowest among all
results under neutrosophic data and classical data. All the
estimators are unbiased (for order one), sufficient and con-
sistent. In addition, the one with minimum variance is more
efficient which is ȳKNN in this study.

Conclusions

The present study aims to use the ratio estimation method
under neutrosophic data derived from simple random sam-
pling. The study suggested that neutrosophic ratio-type
estimators are more efficient than the classical estimators
in the case of indeterminate data. Neutrosophic observations
are of a unique form that comprises ambiguous, uncertain, or
indeterminate values. The classical ratio estimation method
provides single-valued results, which are sometimes not rep-
resentative, especially in neutrosophic data. Through our
proposed neutrosophic ratio-type estimators, we have tried
to solve the issue of estimating the mean of the finite popu-
lation in the case of neutrosophic data. This study is the first
step, and a whole new area is open ahead for establishing
improved estimators under different types of neutrosophic
data under different sampling plans.
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