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Abstract

The main goal of this paper is to study the properties of symbolic 8-plithogenic matrices with real entries, where
an algebraic view of their properties and relations will be presented and discussed. Also, we present many
theorems that concern the computing of their eigenvalues and eigenvectors and their connection with classical
ordinary matrices. Many related examples will be provided to clarify the validity of our work.

Keywords: symbolic 8-plithogenic matrix; symbolic plithogenic eigenvalue; symbolic plithogenic eigenvector.

1. Introduction
Generalizing classical matrices into many new numerical systems was applied by many authors, where we can
find the building of neutrosophic matrices [1], refined matrices [2], and split-complex matrices [3].
The connections between these generalizations and the classical systems of matrices were handled by many
authors. For example, the problem of diagonalization [4], the Invertibility [5], and their applications in linear
functions [6].
In [7], the concept of symbolic n-plithogenic algebraic structures was proposed by Smarandache, then it was
used on a wide range by many researchers to generalize classical algebraic structures such as modules [8], spaces
[9-10], equations [11], and number theory [12-13].
In [14], the concept of symbolic 2-plithogenic matrices was presented with many applications in the theory of
algebraic equations and representing functions. Laterally, symbolic 3-plithogenic matrices and 4-plithogenic
matrices were studied from many algebraic sides, especially those which are related to the diagonalization
problem [15].
This has motivated us to define and study for the first time the symbolic 8-plithogenic square matrices. We
present many effective algorithms for computing determinants, Invertibility, and eigenvalues.
For basic definitions about symbolic 2-plithogenic, 3-plihogenic, 4-plithogenic, 5 and 6-plithogenic square
matrices, see [14-16].
Main Discussion
Definition:
The square symbolic 8-plithogenic matrix is defined as follows:
A=A+ 38, AP ; (A)nxn is square matrix of real entries.
Example.
Consider the symbolic 8-plithogenic matrix:
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Definition.
Let A = A, + X8, A;P; be a symbolic 8-plithogenic matrix of size n x n, hence:

1 2 1
det (Z AL-) —det(4,) det (Z ) — det ( A;
i=0 i=

i=0

R I AR,
+ _det (Z AL-) — det (Z Ai>_ P + _det( ) t(

detA = det(4,) + P+

=

N——

A,) P,
Al) P6

mIIMw
)

- l=70 1:60 . - z?
+ |det (ZAJ - det(Z Ai> P, + |det (Z i) - det( Ai> P,
L i=0 i=0 d L i=0 i=0 |

Theoreml.
Let A = A, + X8, A;P; be a symbolic 8-plithogenic matrix of size n x n, hence:
1. Aisinvertible if and only if det A4 is an invertible symbolic 8-plithogenic humber.
2. A=A+ [CloA) T - AP+ (Z OA DT = Cleo A) TP H [T, AT —
-1
(520 4)71Ps + (81 4)7" = (B0 A) 1P + [(B5,4) 7 = (o 40| Py + (B8, 4071 -

(B504) " | Po + [(EL1 4D = (BEo 4))™ 1]P7 +IEL 40T — B0 4D 7P
Definition.
Let t =ty + X8, t;P; be a symbolic 8-plithogenic real number and A = A, + X%, A;P, be a symbolic 8-
plithogenic square real matrix, then t is called symbolic 8-plithogenic eigen values if and only if AX = tX.
X is called symbolic 8-plithogenic eigenvector.
Theorem2.
Lett =ty + Y5, t;P, €7 —SPr, X = X, + X5, X;P; be a symbolic 8-plithogenic real vector, then ¢ is eigen
value of A = 4, + >8 | A;P; with X as the corresponding eigen vector if and only if:

Z{=0 t; is eigen value of Z{=0 A; with Z{=0Xi as eigen vector with 0 < j < 8.

Theorem3.
1 n 2 n 1 n 3 n 2 n
An = Aon + P1 (Z Al) - Aon + (Z AL) - (z Al> P2 + (Z Al> - (Z AL)
i=0 i=0 i=0 i= i=0
[/ 4 n 3 n] [ /5 n 4 n] 6 n 5 n
(B (3 (3 - () [ (Bn) -2 |
i=1 i=0 i=1 i=0 i=1 i=0
= 7 n 6 n: o 8 n 7 n:
+ (zAi) _(zAi) (ZAi) _(zAi) P,
| \i=1 i=0 | | \i=1 i=0 |
TheoremA.

Let A = Ay + X8, A; P, be a square 8-plithogenic invertible real matrix, then:
1). det(4™1) = (det4)™?

2). det A* = detA

3). det(A.B) = detA.detB;B = By + X5, B;P;.

Definition.

Let A = A, + X8, A;P; be a symbolic 8- pIithogenic real square matrix, then:
Ais called orthogonal if and only if A® = 471,

Theoremb.

A is orthogonal if and only if Z{:o 4;; 0 <j < 8isorthogonal.

Definition.

Let A = A, + X%, A;P; be a symbolic 8-plithogenic complex square matrix, then A is called Hermit matrix if

A= (D) =4
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Theorem6.

A is Hermit matrix if and only if Z{zoAi; 0 < j < 8is Hermit matrix.

Proof of theorem1.

1). Let A = Ay + X8, A;P;, then A is invertible if and only if there exists B = B, + Y5, B; P; such that:
A X A = Uy, hence:

A 0Bo = Unxn

1
ZALZB — 4By = Open
=0
2 1 1
D Bi= ) 4 ) Bi=0Ope
i=0 i=0 i=0
3 2 2
A Bi= D A Bi= O
i=0
4

i=0 i=0 =0
4 3 3
A; ) Bi— ) A; ) Bi = 0Onpxn
1i=0 =0 i=0 =0
5 5 4 4
A; ) Bi— ) A; ) B = Onpxn
i=0 =0 i=0 =0
6 6 5 5
Al BL - Ai Bl - Onxn
i=0 =0 i=0 =0
7 7 6 6
Al BL - Ai Bl - Onxn
i=0 =0 i=0 =0
8 8 7 7
DA Bi= ) A) Bi= Oy
i=0 i=0 i=0 i=0
This implies that:
A BO - Unxn

;1<j<8
Z Z': nxn

Hence det(Zi=OAl) # 0 forall 1 < j < 8, so that det(A) is invertible in 8 — SPg.
2). It holds directly from the previous statement as follows:

: -1
! oBi=(2l_,A;) for1<j<7, hence:
1 -1 2 -1

At=4,"1+P (ZAJ — A+ (ZAi> __<§:Ai> P, + (iAl) —<ZZ:A,-> P,

i=0 i=0
1

B -3

2a) [ |2
+(ZA) ( A> ror| >
(

1 17

8 - 7
Zm) ( Ai> Py
i=1 i=0 ]
Proof of theorem2.

It is clear that t is an eigen value of A with X as an eigen vector if and only if:
A.X = t. X, which is equivalent to:
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ZZXZZX o

WhICh |s equwalent to the foIIowmg statement:

_o ti isan eigen value of ¥7_, 4; with ¥7_ X, as an eigen vector forall 1 < j < 8.
Proof of theorem3.
It holds directly as a special case of natural powers in symbolic 8-plithogenic rings.
Proof of theorem4.

1). detA™t = det(Ay™") + Py[det(To A) ™t — det(Ap™")] + [det(To A) ™! — det(Ti—o A) 1P, +

[det(X3, A)~" — det (X2 A)"11Ps + [det (T4, A) ™ — det (X, A) 1P, + [det(z AN -

det(TioA)" ]PS |det(Re, 4071 — det(S5oA)) | Ps + [det(RL, 4) 7 — det(Re, A) 1P, +
[det(EP- 4D~ det(ZLoA) 1Py = (detA) g
2). A" = Ap" + AP+ ASTPy + AP + APy 4+ As'Ps + Ag'Po + AP, + Ag'Pg.

detAt = det(AOf)+[det(z _oAi") — det(A)|Py + [det(Tho AY) — det(Tio AP, + [det(Tio Af) —

det(X2o A;")|Ps + [det(Tio Ai") — det(Tio A) Py + [det(Tiio AiY) — det (Tioo A f)]Ps
[det(T0A") — det (ToA;")|Ps + [det(B-o AiF) — det (B0 AL)]P; + [det(TE, AF) —

det (X7_oA;")|Ps = det(Ao) + [det(T, A;) — det(4,)]P;, + [det(Z oA —det(Xl, AP, +
[det(Xi_o4;) — det(Tio A)]Ps + [dEt(Z oA — det(Xi_, ADIP, + [det(Z A; ) det(Xi 4; )]
[det(X5_o A;) — det(Xi_o A;)|Ps + [det(X]_o A;) — det(Xf_, A)1P; + [det(ZfLOA ) — det(X7_o A)]Pg
detA.

3). we have:
A.B=AoBy + [TioAi Xi- A Bo]P1 + X0 Ai X0Bi — X0 Ai Do BilP, + [Xi04i Xiso Bi
20 AT BiIPs + X oA Z A Y BiP + [T A N0 Bl — Do A X0 Bi|Ps +

[Z?:o A; Zl= B — Y304 Yoo l]PG + X0 Ai X0 Bi — Xo—0 Ai Xi—o BilP; + [X3-0 A; X80 B;

OA Zl OB ]PS
det(A B) = det(AoB,) + [det(X}_o A; Xi=o B;) — det(AyBy)]Py + [det(Ti-y A; Xi-o B;) —
det(Xi—o A; Xizo BIIP; + [det (T, A; Zl oB) —det(TioA; Xio BIPs + [det(Xioo Ai Xio Bi) —
det(N7_o Ay Xioo BOIPs + [det (37 A; X7 Bi) — det (Bfo A; Xico B)]Ps + [det (X8 A; Xi-0 B;) —
det (SF-oA: S Br)| Py + det (SToo 4, zl: B;) — det (T A; T B)IP; + [det(REo 4, X80 By) —
det (X]o Ai Xi=0 B)IPs = det(4y)det(By) + [det (T, A;)- det(Z/_,B;) —
det(X1-1 Ai_1).det(T)1 Bi_1)|P; = det(A)det(B);1 < j < 8.
Proof of theorem5.
A is orthogonal if and only if A® = A~%, hence:

A + X7 AP = A + [ChoA) ™ — AP+ [(EF OA) T (CloA) P, + (X, 4) 7t -
(TEoA) Py + [Ty 4™ 1—(2?=0Ai)-1]P4+[(zi=1 ) = e a) ™Y P+ (T, 40 -
(TioAi) ]Ps F (B A) ™ = (B0 A) 1P, + [EE, A) 7Y — (BT-0 A) 7] Pg, thus:
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-1y
Ast = ( Ai) - A;
i=0 i=0

This implies that:
r Aot - AO—I

oA = (TioA)™!

oAt = (ThoA)!

?:OAit = (Z?:o Ai)_l

04 = (XoA) ™, so that our proof is complete.

-1

Z?:o Ait = (Zi5=0Ai)

oA’ = (X A)™

Te0A" = Qo A)™!

oAt = (Xo4)™!
Theorem6 can be proven by a similar argument of theorems.

3 Conclusion

In this paper, we have studied for the first time the square symbolic 8-plithogenic, where we have present many
effective algorithms for computing determinants, Invertibility, and eigenvalues.
As a future research direction, we aim to study the diagonalization problem and the representation problem of
symbolic 8-plithogenic matrices.
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