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CHARACTERIZATION OF SMARANDACHE TRAJECTORY
CURVES OF CONSTANT MASS POINT PARTICLES AS THEY
MOVE ALONG THE TRAJECTORY CURVE VIA PAF

EMAD SOLOUMA AND IBRAHIM AL-DAYEL

ABSTRACT. In this paper, Smarandache trajectory curves of constant mass
point particles are described and evaluated as they move along the trajectory
curve in Euclidean 3-space E3 using its position adapted frame (PAF). We
also look at the Frenet apparatus of these unique trajectories. We anticipate
a new way of analysing particle kinematics that could be useful in some ap-
plication areas of differential geometry and particle physics. We then give a

computational examples to illustrate these curves.

1. INTRODUCTION

The local theory of space curves is essential in differential geometry. Curve-
adapted moving frames are helpful instruments for studying this idea. Many au-
thors have created new moving frames that share a basis vector with the Serret-
Frenet frame (for examples, see [B, 2, []).

In Euclidean and Minkowski spaces, the Smarandache curve is a regular curve
whose position vector is made up of Frenet frame vectors on another regular curve
[0, B, B). Smarandache curves in Minkowski and Euclidean spaces have lately been

explored by several authors [B, @, @, [, [, [3, [T, I3, 20, 210).
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According to the moving frame we’re working on, a moving point particle with
constant mass has a position vector in FEuclidean 3-space. This particle can rep-
resent any location on the trajectory in this method. As a result, the kinematics
of a moving particle and the differential geometry of the trajectory, which is the
oriented arc sketched out by this particle, have a very close connection. In robot-
ics, kinematics measurements are used to determine motion and acquire a desired
location. In this example, moving frames have shown to be highly helpful instru-
ments for investigating kinematic notions such as location, velocity, acceleration,
and jerking vectors in the kinemics of a moving particle. We were encouraged to
prepare this study because of the relevance of the position vector. Obtaining an
equation that incorporates all of the position, velocity, acceleration, and jerk, as
well as the connection between them, has a number of advantages for exploring
robotics topics like minimal jerk trajectory development.

We explore the peculiar trajectories Smarandache curve of constant mass point
particles are described and evaluated as they move along the trajectory curve ac-
cording to position adapted frame (see [[]) in E* and compute the Frenet apparatus
of these trajectories in the current work. Finally, we present the visuals of these

unique paths.

2. PRELIMINARIES

Assume that in E3, a constant mass point particle goes along a unit speed tra-
jectory curve ¢ = ((s). If {T, N, B} represents the ¢ moving Frenet frame, then
{T, N, B} has the important attributes: [B, 8, [, [3]:

where ( - d%), (T,T) = (N,N) = (B,B) = 1, (I, B) = (N,B) = (T,N) = 0
and k(s), and 7(¢) are the trajectory curvature functions.

In particle kinematics, the angular momentum vector of the abovementioned
moving particle about the origin plays a significant role. It is calculated using

the vector product of the moving particle’s position vector and linear momentum
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vector, and is given by

1 = (e, 8O} (5 ) ¥6) = mic(o). N} (5 ) B

where m and ¢t denote mass and time, appropriately. Presume that this vec-
tor doesn’t really equal zero at any point anywhere along trajectory ((s). Even
during motion of the moving particle, this assumption assures that the functions
(¢(s), B(s)) and (¢(s), N(s)) do not equal zero at the same moment. As a result,
we can state that the tangent line of ((¢) never crosses the origin. Then, there is
a position adapted (abbreviated PAF) represented by {T'(<), G(s), P(s)} along ((<)
that is supplied as (see [M] for additional details):

T() = k1(S) G(s) + ka(<) P(s),
G(s) = —k1(s) T(s) + ks(c) P(c), (2.2)

P(c) = —ka(<) T(s) — k(<) G(s),

where
Glo) = (€(s), B(s)) N(o) + (€(<), N (<)) B(o),
VIC©, N + (€(<), B VIO N + (¢(6). B)?
Ps) = —{C(s), N (<)) N(o) + {€(s), B() B(),
VICL N + (¢(6), B:) VLN + (€(6), B:))
(2.3)
and
k(<) = £(s) cos O(s),
ka(s) = k() sin ©(c), (2.4)
k3(s) = 7(s) = (<)
The Frenet frame and PAF have the following relationship
T(s) =T(s),
G(s) = cosO(¢)N(s) —sinO(s)B(s), (2.5)

P(s) = sinO(c)N () + cos O(¢) B(<),

where ©(¢) is the angle formed by the vectors B(s) and P(s) when they are orien-

tated favorably from B(s) to P(s). The following formula is used to determine the
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specified angle O(s):

REORIGAW _
arctan( gg((gg,ﬁgg%;> f(C(§)aB(<)> 0,
S)s S .
o0 - {7 (G By FrE @B <o
—g if (¢(<),B(s)) =0, (¢(s),N(s)) >0,
g if (C(s), B(s)) =0, (¢(s), N(s)) <0

3. MAIN RESULTS

In this section, we explore any moving point particle that meets the previous
assumption (concerning angular momentum) and show the unit speed parameter-
ization of the trajectory with ((s). We provide a special Smarandache trajectory
curve according to PAF of (<) in Euclidean 3-space E3 also, we derive the Frenet

apparatus of these curves. Besides, when the angle O(¢) = Z or we examine

_
2 27

certain aspects on it.

Definition 3.1. Let ¢ = ((s) be a trajectory unit speed curve in E3. The TG-
Smarandache trajectory curve via to PAF (E3) of {(s) defined by

1
= p(¢* :—(aTg +ng>, a? +b? =2. 3.1
¢ = (") 7 (<) (©) (3.1)
Theorem 3.1. Let ¢ = ((s) be a trajectory unit speed curve of moving point
particle of constant mass m in space E? via to PAF (E2). If ¢ : I C R — E3 is the
TG-Smarandache trajectory curve of ¢ with non-zero curvature function, then its

Frenet frame {7y, G, P,} is given by

—bkq akq ako+bks

T, /2K + (aka +bks )2 V2RIt (akatbhs)?  \/2k2+(aka+bks)? T
N = Y1 V2 I3 G
@ 92492492 V3 +02+93 93+03+93 ’
B a(’ﬂgklf’&ng)fbﬁQk;g H.’l91k‘2+b(’l91k‘3+193k1) (a191+b192)k1 P
@ A A A
1 1 1

—
w
S

—
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where
01 = —[ar® + by + bkoks] [2k3 + (aks + bk3)?] — bky [2k1k1 + (aks + bks)(aks
+ bks)],
0o = [aky — bk} — ks(aks + bls)] [2k7 + (aka + bks)?] + aky [2k1ky + (aka + bks)
x (aks + bs)],
O3 = [a(ka + kiks) + b(ks — kiko)] [2k7 + (aka + bks)?] + (aks + bks) [2k1 k1

+ (aks + bks)(aks + bks)],

A = \/21<;% + (ak2 + bk3)2\/ﬁ§ + 93 + 93,

(3.3)
Proof. Using (E3) and differentiate (Bl) with regard to ¢ , we get
Loy dpdst L
(,O(C ) = de* de = \/i( bk T(§) + akq G(C) + (akz + bkg)P(g)), (34)
hence
- P
T, () = T+ aizl G(S) + (aks + bks) P(<) (3.5)
\/2]€1 + (akg + bk3)2
such that
ds*  \/2kf + (aky + bk3)? (3.6)
= 7 . .
Then, we have
 VA(NT(0) + 92Ba(s) + 9 Bas)
Tso(g )= .

[2k2 + (aks + bks)?]?
where
01 = —[ar? + bky + boks] [2k7 + (aks + bks)?] — bki [2k1k1 + (aks + bks) (aks
+ bl:ﬂ:’,)],
O = [aky — bk} — ks (aks + bks)] [2k7 + (aks + bks)?] + aky [2k1k1 + (aks + bks)
x (aky + bks)],
O = [a(ks + kiks) + b(ks — kika)] [2k7 + (aka + bks)?] + (aks + bks) [2k1 k1

+ (aky + bks)(aks + bk3)].
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Rather, the trajectory curvature and, as a result, the principal normal vector field

of ¢ are
. . . \/i 192 + ,192 + 192
Rols) = ||Tole)| = A,
[2k3 + (aky 4 bks3)?]
and
. N T(s)+92G(s) + 93 P
Ny = (©) e (;) s ()
Vi + 95 + 05
On the other side, we have the ability to express ourselves.
1
B#’(g*) — E{ [a(ﬁgkl — 192]62) — b’l92k‘3]T(§) + [aﬁlkz + b(ﬁlkg + 193]{:1)] G({)
— ki(ad + b92)P(s) |
where

Ay = \/Qk% + (aks + bk3)2\/z9§ + U3 + 3.

Now, from Eq. (B3) we have

H(c*) = %{ — [ar® + by + boks|T (<) + [a/%l — bki — ks(aks + bk3)]G(c)
+ [a(kz + klk;}) + b(kg — klkg)] P(C)},
similarly
B(e*) = % (MT() + 2G(6) + XsP(s)),
where

A= = [ [ar® + bl + bligks] _ — ki [akabk? — g (aks + Bhs)]
+ ko [a(la + kyks) + b(ls — klkg)” ,

Ao = [aky — bk} — kg(aky + bks)]_+ k1 [ar® + by + bhoks]
— k[a(ks + kiks) + b(ks — k1k2)],

As = [a(ks + kiks) + b(ks — k1k)]_ + k2 [ar® + by + bloks]
+ k3 [aky — bkT — ks (aks + bk3)].

The trajectory torsion of is then calculated using equations

V2

T, =
¥ *
AF

{bkl [Ag [a(ks + kiks) + b(ks — kik2)] — A3 [aky — bkT — k3(aks + bkg)]]
+ ak1 |:>\1 [a(kg + klkg) + b(k’3 - klkz)] + )\3 [an2 + bkl + bkgkg]:|

— (aky + bks) [AQ [ar2 + by + bhoks] + A [aky — bk? — ks (aks + bkg)]] } ,
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where
AT = [akl [a(ka + kiks) + b(ks — kika)] — (aks + bks) [aky — bk? — ks(aks + bkg)ﬂ i
+ [bkl [a(ks + kiks) + b(ks — kik2)] + (ak + bks) [ar® + bki + bkzkg]] ’
o+ B [y — 0k — Ra(aka + bhs)] — ki [ar® + by + Baks] | ’
O
Corollary 3.2. Let ¢ = ((s) be a trajectory unit speed curve of moving point
particle of constant mass m in space E? via to PAF (E2). If ¢ : I C R — E3 is
the TG-Smarandache trajectory curve of ¢. If O(¢) = g, then the natural trajec-

tory curvature functions of the T'G-Smarandache trajectory curve can therefore be

defined as follows in terms of x and 7:

*Y \/5\/(7'2 + k2)(ak + b7)% 4+ 4(ak + b7)?
/Qcp(§ ) = (a/{ m b7)2 7

V2[ri(5ak + br) + 7K(ak + 5b7)]
(12 + Kk2)(ak + br)? '

(3.7)

Te(s") = —

Corollary 3.3. Let ¢ = ((s) be a trajectory unit speed curve of moving point
particle of constant mass m in space E? via to PAF (E32). If ¢ : I C R — E3 is
the T'G-Smarandache trajectory curve of . If ©(¢) = —g, then the natural trajec-
tory curvature functions of the T'G-Smarandache trajectory curve can therefore be

defined as follows in terms of x and 7:

. V2y/(72 + K2)(ak — bT)? + 4(ak — b7)2
Fp(<T) = (ak — bT)? ’
V2[7k(ak + 3br) — Tik(3ak + bT)]

(12 + Kk2)(ak — b1)?

(3.8)

Tp(c") =

Definition 3.2. Let ¢ = ((c) be a trajectory unit speed curve in E3. The TP-
Smarandache trajectory curve via to PAF (E3) of ((<) defined by

¥ = P(e) = — (aT(g) n bP(q)), a® +b? =2. (3.9)

V2
Theorem 3.4. Let ¢ = ((s) be a trajectory unit speed curve of moving point

particle of constant mass m in space E? via to PAF (22). If ¢ : I C R — E? is the

T P-Smarandache trajectory curve of ¢ with non-zero curvature function, then its
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Frenet frame {7y, Gy, Py} is given by

—bky aky —bks aks
Ty V23t (ak1—bks)?  \/2k3+(aki—bka)2  \/2K3+(aki—bks)? T
N = e __ e __es G
v NET=E= Veteites NET=E= ’
Bw a(63k1—62k2)—1)63k3 kz(a61+b63) —a51k1+b(51k3—52k2) P
Ao Ao As
(3.10)
where

1= —[ar® + bky — bkiks] [2k3 + (aki — bks)?] + bk [2kako + (ak1 — bks)(ak:
— bk3)],

eo = [a(ky + kaks) — b(ks + kiks)] [2k3 + (ak: — bk3)?] — (aky — bks) [2kak:
+ (aky — bks)(aky — bks)],

€3 = [aky — bk3 + ks(aky — bks)] [2k3 + (aki — bks)?]| + aks [2kak:

+ (akl — bkg)(aiﬂl — bkg)],

Ao = /23 + (aky — bha)2\/e} + 3 + <2

(3.11)
Proof. Differentiate (B) to ¢ and using (23), we get
. 1
P(c*) = ﬁ(_ ks T(<) + (aky — bks)G(s) + akz P(<) ). (3.12)
So
T,/}(g*) _ —bko T(§) + (ak‘l — bk‘3)G(§) + ako P(§)7 (313)
\/ng + (ak1 — bk‘g)Q
such that

E - \/Zkg =+ (akl — bk’g)Q
de V2 '

(3.14)

Then, we have

ﬁ(slT(o) +e2B1(s) + 53B2(<))

Tl = [2k2 + (aky — bks)?)?]
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where

1= —[ar® + bky — bkiks] [2k3 + (aki — bks)?] + bk [2kako + (aki — bks)(ak:
— bks)],

eo = [a(ky + koks) — b(ks + kiks)] [2k3 + (aky — bk3)?] — (aky — bks) [2kak:
+ (aky — bks)(aky — bks)],

e3 = [aky — bk3 + ks(aky — bks)] [2k3 + (aki — bks)?]| + aks [2kak:
+ (aky — bks)(aky — bk3)].

Rather, the trajectory curvature and, as a result, the principal normal vector field

of v are

. V2y/e2 +e3+e2

Kﬂli(g ) = [2]{;% N (akl _ bk3)2}2’

and

_aT()+2G([) +eP)

Vel +es+e3

Ny(s")
So, we have

By(s*) = K{ [a(esky — eaks) — beaks] T(<) + k2(aeq + bes)G(s)

+ [ — ae1ka + b(erks — 52k2)]P(§)}’

where

Ao = /203 + (aky — bhs)? /<3 + 3 + <2,

Now, from Eq. (BEI2) we have

¢(§*) = %{ - [(m2 + bkz - bklkg] T(C) + [a(kl + kzkg) — b(kg + klkg)] G(§)

+ [aks — bk + Ky aky — bks)] P(<) }.

similarly

Us7) = 5 (1) +waGl6) +00P(9)).
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where
W= — [[ch + by — bkks]_— ki [alky + kaks) — bk + kika)]
+ ko [aky — bK2 + ks(aky — bkg)]} ,
wy = [a(ky + kaoks) — b(ks + kik2)] _+ ki [ar® + by — by ks]
— ks [aks — bk} + ks (aky — bk3)],
ws = [aky — bk3 + ks(aky — bks)]_+ ko [ar® + bky — bk ks]
+ kg [a(ky + koks) — b(ks + kika)].

The trajectory torsion of is then calculated using equations

/3

Ty = A *

{bk2 {wQ [aky — bk2 + ks(aky — bks)] — ws [a(ky + kaks) — b(ks + klkg)]}
+ (aky — k) [wl [aks — bk2 + ks(aky — bks)] + ws [an? + by — bklkg]]

— akg |:Ld1 [a(kl —+ kgkg) — b(kg —+ klkg)] — W2 [a/<;2 —+ bkg - bklkg]} } ’
where

. 2 .

A = [(akl — bks) [aky — bk2 + ky(aky — b/@]} + {a/@ [ar2 + by — by s]
. 2 . .

+ by [aky — bK2 + ks (aky — bkg)]] + [bkz [a(y + kaks) — blks + kiks)]

. 2
+ (aky = bhs) [an? + bz — bhuks] |
O

Corollary 3.5. Let ¢ = ((s) be a trajectory unit speed curve of moving point
particle of constant mass m in space E? via to PAF (E32). If ¢ : [ C R — E3 is the
T P-Smarandache trajectory curve of {. If ©(c) = g, then the trajectory curvature
of the T'P-Smarandache trajectory curve can therefore be defined as follows in terms

of kK and T:

V2

ry (<7 :W{ (037 (75 — 7i) — ar?(26% + b*72)]?

+ [(ark — b7)(26% 4+ b°7%)? + b7 (26K + 1727'7")]2 (3.15)

Nl

+ (267 + %) [ak — b(r* + £7)] + (26 + b 77)] 2} '

Corollary 3.6. Let ¢ = ((s) be a trajectory unit speed curve of moving point
particle of constant mass m in space E3 via to PAF (Z2). If ¢ : I C R — E?
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T
is the T'P-Smarandache trajectory curve of ¢. If ©(c) = —5 then the trajectory
curvature of the T'P-Smarandache trajectory curve can therefore be defined as
follows in terms of x and 7:

&) = Gy e

+ [br(26i 4+ 0277) — (ak — b7) (262 + b*72)?] (3.16)

N|=

+ [(26% + b°7%)[ak + b(7* + £%)] + ak(2kk + b*77)] 2} )

Definition 3.3. Let ¢ = (<) be a trajectory unit speed curve in E3. The GP-
Smarandache trajectory curve via to PAF (E3) of ((<) defined by

w=p(") = %(aG(C) + bP(g)), a+ b =2. (3.17)

Theorem 3.7. Let ¢ = ((s) be a trajectory unit speed curve of moving point
particle of constant mass m in space E? via to PAF (E2). If u: I C R — E3 is the
G P-Smarandache trajectory curve of { with non-zero curvature function, then its

Frenet frame {7T),, G, P,} is given by

7(ak1+bk‘2) —bks aks
T, V2R3t (akitbka)?  /2K2+(ak1tbk2)?  \/2k2t (ak1tbka)? T
N — B1 B2 B3 G ,
. V/BI+B3+63 V/BI+B3+63 /B +B3+53
B, —ks(aB2+bBs3) apiks+Ps(aki+bks)  bBi1ks—Pa(aky—bks) P
As As Az
3.18)
where
Br = [ks(bk1 — ako) — aky — bk2| [2k3 + (aky + bk2)?] + (ak: + bk2) [2ksks
+ (ak1 + bkg)(akl + bkg)},
Bo = —[ak3 + by + ki (aky + bka)] [2k3 + (aky + bka)?] + bl [2ksks
+ (aky + bks)(aky + bka)], (3.19)
ﬂg = [aifg — bkg — k’g (akl + bkg)] [2]€?2) + (ak1 + bkz)Q] - ak3 [2]{13];33
+ (ak:l + bkg)(ajﬁ + bkjg)},
Az = /2K + (aky + bka)2y/ 57 + 53 + B3
Proof. Differentiate (BIQ) to ¢ and using (E32), we get
PN
A(e") = ﬁ(* (aky + bhz)T(s) = bks G(s) + aks P(c) ). (3.20)
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Then
*y —(akl + bkg)T(C) — bk3 G(C) + ak3 P(C)
Tule) = V/2k% + (aky + bks)? ’ (3:21)
such that
dC* - \/2]4% + (ak1 =+ bk2)2
i NG . (3.22)
Then, we have
. ﬁ(ﬂlT(U) + B2 B1(s) + 53Bz(§))
T.(s") = .

[2k2 + (aky + bks)?]?
where
By = [k (bky — ako) — aky — bl [2k3 + (aky + bk2)?] + (aky + bko) [2ksks
+ (aky + bka)(aky + bk2)],
By = —[ak + bk + ki (aky + bk2)] [2Kk3 + (aky + bka)?] + bks [2ksks
+ (aky + bka)(ak; + b2)],
Bs = [aks — bk3 — ko(aky + bk2)| [2K3 + (ak1 + bk2)?] — aks[2ksk;
+ (aky + bks)(aky + bk)].

The trajectory curvature and, as a result, the principal normal vector field of u are

V2+/B2+ B3 + B2

[2k2 + (aky + bks)?]*

Ku(s™) =

and
N,(*) = B1T(<) + B2 G(s) + B3 P(g).

W) VB + B3+ B3

So, we have
Bu(¢") = —{ — ks(aB2 + bBs)T(s) + [aBiks + Bs(ak: + bka)] G(S)

+ [bBiks — Ba(ak + ka)]P(g)},

where

Dy = /243 + (aky + bha)?\ /82 + B3 + 32,

Now, from Eq. (BIR) we have

1

fi(c*) = ﬁ{ [k3(bk1 — aks) — aky — bka| T(c) — [ak3 + bls + ki (aky + bk2)]G(<)

+ [aks — bk — kaaks + bk2)] P(s) }.



CHARACTERIZATION OF SMARANDACHE TRAJECTORY CURVES

13
similarly
7i(6%) = = (MT() + 7G(6) +75P()),
V2
where
" = [ka(bky — ako) — aky — bka] _+ ki [ak3 + bk + k1 (aky + bks)]
— ko [aks — bk2 — ka(aky + bks)],
Y2 = —[ak3 + bks + ky(aky + bka)]_ + k1 [ks(bky — ako) — aky — bs]
— ks[aks — bkZ — ka(aky + bks)],
vs = [aks — b3 — ka(aky + bk)]_ + ko [ks(bk1 — aka) — aky — b,
— ks[ak3 + bks + ki (aky + bka)].
The trajectory torsion of is then calculated using equations
" hs { aky + bks) (72 aks — b3 — ka(aky + bks)] — s [ak? + bies
+ ky (aky + bks) ) + bk3( 5(bky — aky) — aky — bley] — 7 [aks — b2
— ka(aky + bky)] ) + aks (12 [k (bk1 — aka) — ak = bs] + 71 [k + by
+ k1 (aky +bk2 )}
where
AL = [bkg [aks — bk2 — ka(aky + bka)] + aks [ak2 + bl + Ky (aky + ka)]r
+ [ak3 [k3(bky — aks) — aky — bls] + (aky + bka) [aks — bk3 — ko(ak: + bkz)ﬂ ’
+ [bk3 [ks(bky — aks) — aky — bia] — (aky + bka) [ak2 + bles + ki (aky + bkg)]} .
0

Definition 3.4. Let ¢ = (<) be a trajectory unit speed curve in E3. The TGP-
Smarandache trajectory curve via to PAF (E3) of ((<) defined by

b= (") = ¢1§ (aT(g) LhG(6) + cP(c)), a® + 0%+ c% = 3. (3.23)

Theorem 3.8. Let ( = (() be a trajectory unit speed curve of moving point

particle of constant mass m in space E? via to PAF (232). If ¢ : I C R — E? is the
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TG P-Smarandache trajectory curve of { with non-zero curvature function, then its
Frenet frame {Ty, G4, Py} is given by
- —(bkl —+ CkQ)T + ((lkl — Ck3)G —+ (ak2 + bkg)P
T aky + cka)? + (aki — cks)? + (aka + bk3)2
0 TH+66G+6P

02+03+03

1
B¢ = A4{ [a(53k1 — (52162) - kg(bég + C(Sg)]T + [b(53k1 + 51/{33> + kg(aél + 0(53)} G

)

Ny

+ [e(81k3 — daka) — ki (ady + bag)}P}.
(3.24)
where
61 = —[ki(aky — cks) + ka(aks + bks) + bk1 + chs] [(aky + ck2)? + (aky — cks)?
+ (aky + bk3)?] + (bk1 + cko) [(bk1 + cka) (b + cka) + (aky — cks)(aky — cks)
+ (aksy + bks)(aks + bls)],
b2 = [aky — chy — k1 (bky + cha) — ks(aka + bks)] [(aky + cka)? + (aky — cks)?
+ (aky + bk3)?] — (aky — cks) [(Dk1 + cka)(bk1 + cha) + (aky — cks)(aky — cks)
+ (aky + bks)(aks + bks)],
03 = [aks — bks + kz(aky — ck3) — ko (b1 + cka)| [(aki + cka)? + (aky — cks)?
+ (aky + bk3)?] — (aka + bks) [(Dk1 + cka)(bk1 + cha) + (aki — cks)(aky — cks)

+ (aks + bks)(aks + bls)],

Ay = \/(ak1 + ck)? + (aky — ck3)2 + (akg + bk3)2,/02 + 62 + 2.

(3.25)
Proof. Differentiate (B223) to ¢ and using (E22), we get
. 1
) = ( — (bky + cko)T + (aky — ck3)G + (aks + bkg)P). (3.26)
Then
—(bky + ck2)T + (aky — ck3)G + (aks + bk3) P
T¢(§*) _ ( 1 C 2) . (CL 1 C 3) . ( 2 3)2 , (327)
\/(akl —|— CkQ) + (ak1 — Ckg) + (ak2 + bkg)
such that
d§* o \/(akl + Ck2)2 + (ak1 — Ck3)2 + (akg + bk3)2 (3 28)

dc V3
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Then, we have

\/3(61T(0) +02B1(s) + 53B2(§))

Ty(s*) = 2
[(akl —+ Ckg)Z —+ (CLkl — Ck3)2 —+ (ak2 =+ bkg)Q]

where

01 = —[k1(aky — cks) + kao(aks + bks) + bky + cks] [(aky + ck2)? + (aki — cks)?
+ (aky + bkz)?] + (bk1 + cka) [(bk1 + cka) (b + ck2) + (aky — cks)(aky — cks)
+ (aky + bks)(aks + bls)],

8y = [aky — cks — k1 (bky + cka) — ks(aks + bks)| [(ak1 + ck2)? + (aki — cks)?
+ (aka + bks)?] — (aky — cks)[(bk1 + cka) (b1 + cka) + (aky — cks)(aky — cks)
+ (aky + bks)(aks + bls)],

83 = [aky — bks + k3(aky — cks) — ka(bky + ck2)] [(ak1 + ck2)? + (aki — ck3)?
+ (aka + bk3)?] — (aka + bks) [(bk1 + cka)(bk1 + cha) + (aky — cks)(aky — cks)
+ (aky + bks)(aks + bk3)].

The trajectory curvature and, as a result, the principal normal vector field of ¢ are

. V3y/6% + 05 + 63

K¢7(§ ) - 29
[(akl + Ck‘g)z + (ak1 — Ck3)2 + (akg + bk‘g)Q]
and
N¢(§*) _ 01T(s) + 02 G(s) + I3 P(§).
/03 + 05 + 03

So, we have

1
B¢ :A{ [a(53k1 — 52k2) — k‘3(b(52 + 053)]T + [b(53k1 + (51]63) + k‘g(a(ﬁ + C(Sg)]G

4

—+ [0(51k3 — 52]%‘2) — kl(a51 —+ b62)]P},

where

Ay = \/(aky + cka)? + (aky — ck3)2 + (aka + bk3)24 /02 + 63 + 3.

Now, from Eq. (BZ0) we have

¢(§*) :%{ — [kl(akl — Ck3) —+ kg(akg + bkg) -+ bkl + C];Zg]T(C) + [CLifl — Cifg

— k1 (bky + cka) — kz(aks + bks)]|G(s) + [aks — bls + ks(aky — cks)

— ko (bky + chs)] P(g)},
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similarly

367 = == (mTE) +mG(©) + mP()),

Sl

where
m = —[ki(aki — cks) + ko(aks + bks) + bky + ci;;g]g — ki [aky — cks — k1 (bky
+ cha) — ks(aks + bks)] — ke [aks — bks + kz(aky — cks) — ka(bk1 + ck2)],
n2 = [aky — chg — ki (bky + cha) — ks(aks + bks)] — ki [kn (aky — cks) + ko (aks
+ bks) + by + chs] — ks [aks — by + ks(aky — cks) — ka(bky + cka)],
n3 = [aky — bhig + ka(aky — cks) — ka(bky + cha)]_ — ka[k1(aky — cks) + ka(aks
+ bks) + by + cks] + ks [aky — cky — ki (bky + cka) — ks(aks + bks)].

The trajectory torsion calculated as:
V3
Ty = A* (’17253 — 77352)([)]411 + Ckg) (7]153 - 7]3(51)(&/{}1 — Ck'3)

+ (n261 — md2)(aks + bkg)} ,
where
AL = [(akl — chs) [aky — bles + ks(aky — cks) — ka(bky + cky)] — (aka + bks) [aky
— cky — k1 (bky + cka) — ks(aks + bkg)]} 4 [(bkl + cky) [aky — bles + k3 (ak:
— cks) — ka(bk1 + cka)] — (aka + bks) [k1(aky — cks) + ka(aks + bkz) + bk
k]| 4 [(aks — cks) b (aks — cks) + kalaks + bks) + by + cky

. . 2
+ (bk’l + Ckg) [akl — cks — k1 (bk‘l + CkQ) — k:3(ak2 + bkg)” .

4. EXAMPLE

We build a computerized example of Smarandache trajectory curves of a trajec-
tory unit speed curve of a moving point particle of constant mass m in space E? in
this section using PAF. Assume that a constant-mass point particle p follows the
track ¢(¢) = (¢ + 1, — 1,2¢) (see Figure M). This trajectory’s Frenet apparatus

is written as
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FIGURE 1. Trajectory curve ¢ = ((s).

FI1GURE 2. T'G-Smarandache trajectory curve.

_ S S 1
Tts) = (\/2<2+1’ V22 +17 V22 + 1) ’
N(<>=< L )

VACZ £2 VA2 127 V22 + 1
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FiGURE 3. T P-Smarandache trajectory curve.

FIGURE 4. GP-Smarandache trajectory curve.

Since (¢(s), B(s)) = 0 and (¢(s), N(s)) > 0, then we get O(s) = fg. As a result of

the given knowledge, we may construct the PAF apparatus as follows:

T(¢) ( S S —cosc+<sing>
S) = ) ) 9
V2241 V22 + 1 V2V +1

(o) 1 1 V2%
S) = - y ) )
VA2 +27 VA2 +2 /262 +1

1
k1=0, ky=-————2,  ky=0.
1 2 V32 1)} 3
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FIGURE 5. TG P-Smarandache trajectory curve.

In this article, we look at the Smarandache trajectory curves for the first time in

terms of definitions (see Figures B-).
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