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CURVES OF CONSTANT MASS POINT PARTICLES AS THEY

MOVE ALONG THE TRAJECTORY CURVE VIA PAF

EMAD SOLOUMA AND IBRAHIM AL-DAYEL

Abstract. In this paper, Smarandache trajectory curves of constant mass

point particles are described and evaluated as they move along the trajectory

curve in Euclidean 3-space E3 using its position adapted frame (PAF). We

also look at the Frenet apparatus of these unique trajectories. We anticipate

a new way of analysing particle kinematics that could be useful in some ap-

plication areas of differential geometry and particle physics. We then give a

computational examples to illustrate these curves.

1. Introduction

The local theory of space curves is essential in differential geometry. Curve-

adapted moving frames are helpful instruments for studying this idea. Many au-

thors have created new moving frames that share a basis vector with the Serret-

Frenet frame (for examples, see [3, 17, 19]).

In Euclidean and Minkowski spaces, the Smarandache curve is a regular curve

whose position vector is made up of Frenet frame vectors on another regular curve

[1, 6, 8]. Smarandache curves in Minkowski and Euclidean spaces have lately been

explored by several authors [2, 4, 7, 11, 14, 15, 16, 18, 20, 21].
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According to the moving frame we’re working on, a moving point particle with

constant mass has a position vector in Euclidean 3-space. This particle can rep-

resent any location on the trajectory in this method. As a result, the kinematics

of a moving particle and the differential geometry of the trajectory, which is the

oriented arc sketched out by this particle, have a very close connection. In robot-

ics, kinematics measurements are used to determine motion and acquire a desired

location. In this example, moving frames have shown to be highly helpful instru-

ments for investigating kinematic notions such as location, velocity, acceleration,

and jerking vectors in the kinemics of a moving particle. We were encouraged to

prepare this study because of the relevance of the position vector. Obtaining an

equation that incorporates all of the position, velocity, acceleration, and jerk, as

well as the connection between them, has a number of advantages for exploring

robotics topics like minimal jerk trajectory development.

We explore the peculiar trajectories Smarandache curve of constant mass point

particles are described and evaluated as they move along the trajectory curve ac-

cording to position adapted frame (see [10]) in E3 and compute the Frenet apparatus

of these trajectories in the current work. Finally, we present the visuals of these

unique paths.

2. Preliminaries

Assume that in E3, a constant mass point particle goes along a unit speed tra-

jectory curve ζ = ζ(ς). If {T,N,B} represents the ς moving Frenet frame, then

{T,N,B} has the important attributes: [5, 9, 12, 13]:

Ṫ (ς) = κ(ς)N(ς),

Ṅ(ς) = κ(ς)T (ς) + τ(ς)B(ς),

Ḃ(ς) = τ(ς)N(ς),

(2.1)

where
(
· = d

dς

)
, ⟨T, T ⟩ = ⟨N,N⟩ = ⟨B,B⟩ = 1, ⟨T,B⟩ = ⟨N,B⟩ = ⟨T,N⟩ = 0

and κ(ς), and τ(ς) are the trajectory curvature functions.

In particle kinematics, the angular momentum vector of the abovementioned

moving particle about the origin plays a significant role. It is calculated using

the vector product of the moving particle’s position vector and linear momentum
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vector, and is given by

H0 = m⟨ζ(ς), B(ς)⟩
(
dς

dt

)
N(ς)−m⟨ζ(ς), N(ς)⟩

(
dς

dt

)
B(ς),

where m and t denote mass and time, appropriately. Presume that this vec-

tor doesn’t really equal zero at any point anywhere along trajectory ζ(ς). Even

during motion of the moving particle, this assumption assures that the functions

⟨ζ(ς), B(ς)⟩ and ⟨ζ(ς), N(ς)⟩ do not equal zero at the same moment. As a result,

we can state that the tangent line of ζ(ς) never crosses the origin. Then, there is

a position adapted (abbreviated PAF) represented by {T (ς), G(ς), P (ς)} along ζ(ς)

that is supplied as (see [10] for additional details):

Ṫ (ς) = k1(ς)G(ς) + k2(ς)P (ς),

Ġ(ς) = −k1(ς)T (ς) + k3(ς)P (ς),

Ṗ (ς) = −k2(ς)T (ς)− k3(ς)G(ς),

(2.2)

where

G(ς) =
⟨ζ(ς), B(ς)⟩√

⟨ζ(ς), N(ς)⟩2 + ⟨ζ(ς), B(ς)⟩2
N(ς) +

⟨ζ(ς), N(ς)⟩√
⟨ζ(ς), N(ς)⟩2 + ⟨ζ(ς), B(ς)⟩2

B(ς),

P (ς) =
−⟨ζ(ς), N(ς)⟩√

⟨ζ(ς), N(ς)⟩2 + ⟨ζ(ς), B(ς)⟩2
N(ς) +

⟨ζ(ς), B(ς)⟩√
⟨ζ(ς), N(ς)⟩2 + ⟨ζ(ς), B(ς)⟩2

B(ς),

(2.3)

and

k1(ς) = κ(ς) cosΘ(ς),

k2(ς) = κ(ς) sinΘ(ς),

k3(ς) = τ(ς)− Θ̇(ς).

(2.4)

The Frenet frame and PAF have the following relationship:

T (ς) = T (ς),

G(ς) = cosΘ(ς)N(ς)− sinΘ(ς)B(ς),

P (ς) = sinΘ(ς)N(ς) + cosΘ(ς)B(ς),

(2.5)

where Θ(ς) is the angle formed by the vectors B(ς) and P (ς) when they are orien-

tated favorably from B(ς) to P (ς). The following formula is used to determine the
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specified angle Θ(ς):

Θ(ς) =



arctan

(
−⟨ζ(ς), N(ς)⟩
⟨ζ(ς), B(ς)⟩

)
if ⟨ζ(ς), B(ς)⟩ = 0,

arctan

(
−⟨ζ(ς), N(ς)⟩
⟨ζ(ς), B(ς)⟩

)
+ π if ⟨ζ(ς), B(ς)⟩ < 0,

−π
2

if ⟨ζ(ς), B(ς)⟩ = 0, ⟨ζ(ς), N(ς)⟩ > 0,

π

2
if ⟨ζ(ς), B(ς)⟩ = 0, ⟨ζ(ς), N(ς)⟩ < 0.

(2.6)

3. Main results

In this section, we explore any moving point particle that meets the previous

assumption (concerning angular momentum) and show the unit speed parameter-

ization of the trajectory with ζ(ς). We provide a special Smarandache trajectory

curve according to PAF of ζ(ς) in Euclidean 3-space E3 also, we derive the Frenet

apparatus of these curves. Besides, when the angle Θ(ς) = π
2 or −π

2 , we examine

certain aspects on it.

Definition 3.1. Let ζ = ζ(ς) be a trajectory unit speed curve in E3. The TG-

Smarandache trajectory curve via to PAF (2.2) of ζ(ς) defined by

φ = φ(ς∗) =
1√
2

(
aT (ς) + bG(ς)

)
, a2 + b2 = 2. (3.1)

Theorem 3.1. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If φ : I ⊂ R → E3 is the

TG-Smarandache trajectory curve of ζ with non-zero curvature function, then its

Frenet frame {Tφ, Gφ, Pφ} is given by


Tφ

Nφ

Bφ

 =


−bk1√

2k21+(ak2+bk3)2
ak1√

2k21+(ak2+bk3)2
ak2+bk3√

2k21+(ak2+bk3)2

ϑ1√
ϑ2
1+ϑ

2
2+ϑ

2
3

ϑ2√
ϑ2
1+ϑ

2
2+ϑ

2
3

ϑ3√
ϑ2
1+ϑ

2
2+ϑ

2
3

a(ϑ3k1−ϑ2k2)−bϑ2k3
∆1

aϑ1k2+b(ϑ1k3+ϑ3k1)
∆1

(aϑ1+bϑ2)k1
∆1



T

G

P

 ,
(3.2)
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where

ϑ1 = −
[
aκ2 + bk̇1 + bk2k3

][
2k21 + (ak2 + bk3)

2
]
− bk1

[
2k1k̇1 + (ak2 + bk3)(ak̇2

+ bk̇3)
]
,

ϑ2 =
[
ak̇1 − bk21 − k3(ak2 + bk3)

][
2k21 + (ak2 + bk3)

2
]
+ ak1

[
2k1k̇1 + (ak2 + bk3)

× (ak̇2 + bk̇3)
]
,

ϑ3 =
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

][
2k21 + (ak2 + bk3)

2
]
+ (ak2 + bk3)

[
2k1k̇1

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
,

∆1 =
√

2k21 + (ak2 + bk3)2
√
ϑ21 + ϑ22 + ϑ23.

(3.3)

Proof. Using (2.2) and differentiate (3.1) with regard to ς , we get

φ̇(ς∗) =
dφ

dς∗
dς∗

dς
=

1√
2

(
− bk1 T (ς) + ak1G(ς) + (ak2 + bk3)P (ς)

)
, (3.4)

hence

Tφ(ς
∗) =

−bk1 T (ς) + ak1G(ς) + (ak2 + bk3)P (ς)√
2k21 + (ak2 + bk3)2

, (3.5)

such that

dς∗

dς
=

√
2k21 + (ak2 + bk3)2√

2
. (3.6)

Then, we have

Ṫφ(ς
∗) =

√
2
(
ϑ1T (σ) + ϑ2B1(ς) + ϑ3B2(ς)

)
[
2k21 + (ak2 + bk3)2

]2 .

where

ϑ1 = −
[
aκ2 + bk̇1 + bk2k3

][
2k21 + (ak2 + bk3)

2
]
− bk1

[
2k1k̇1 + (ak2 + bk3)(ak̇2

+ bk̇3)
]
,

ϑ2 =
[
ak̇1 − bk21 − k3(ak2 + bk3)

][
2k21 + (ak2 + bk3)

2
]
+ ak1

[
2k1k̇1 + (ak2 + bk3)

× (ak̇2 + bk̇3)
]
,

ϑ3 =
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

][
2k21 + (ak2 + bk3)

2
]
+ (ak2 + bk3)

[
2k1k̇1

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
.
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Rather, the trajectory curvature and, as a result, the principal normal vector field

of φ are

κφ(ς
∗) =

∥∥∥Ṫφ(ς∗)∥∥∥ =

√
2
√
ϑ21 + ϑ22 + ϑ23[

2k21 + (ak2 + bk3)2
]2 ,

and

Nφ(ς
∗) =

ϑ1 T (ς) + ϑ2G(ς) + ϑ3 P (ς)√
ϑ21 + ϑ22 + ϑ23

.

On the other side, we have the ability to express ourselves.

Bφ(ς
∗) =

1

∆1

{[
a(ϑ3k1 − ϑ2k2)− bϑ2k3

]
T (ς) +

[
aϑ1k2 + b(ϑ1k3 + ϑ3k1)

]
G(ς)

− k1(aϑ1 + bϑ2)P (ς)
}
,

where

∆1 =
√
2k21 + (ak2 + bk3)2

√
ϑ21 + ϑ22 + ϑ23.

Now, from Eq. (3.4) we have

φ̈(ς∗) =
1√
2

{
−
[
aκ2 + bk̇1 + bk2k3

]
T (ς) +

[
ak̇1 − bk21 − k3(ak2 + bk3)

]
G(ς)

+
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]
P (ς)

}
,

similarly
...
φ(ς∗) =

1√
2

(
λ1T (ς) + λ2G(ς) + λ3P (ς)

)
,

where

λ1 = −
[[
aκ2 + bk̇1 + bk2k3

]
ς
− k1

[
ak̇1bk

2
1 − k3(ak2 + bk3)

]
+ k2

[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]]
,

λ2 =
[
ak̇1 − bk21 − k3(ak2 + bk3)

]
ς
+ k1

[
aκ2 + bk̇1 + bk2k3

]
− k3

[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]
,

λ3 =
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]
ς
+ k2

[
aκ2 + bk̇1 + bk2k3

]
+ k3

[
ak̇1 − bk21 − k3(ak2 + bk3)

]
.

The trajectory torsion of is then calculated using equations

τφ =

√
2

∆∗
1

{
bk1

[
λ2
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]
− λ3

[
ak̇1 − bk21 − k3(ak2 + bk3)

]]
+ ak1

[
λ1
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]
+ λ3

[
aκ2 + bk̇1 + bk2k3

]]
− (ak2 + bk3)

[
λ2
[
aκ2 + bk̇1 + bk2k3

]
+ λ1

[
ak̇1 − bk21 − k3(ak2 + bk3)

]]}
,
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where

∆∗
1 =
[
ak1
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]
− (ak2 + bk3)

[
ak̇1 − bk21 − k3(ak2 + bk3)

]]2
+
[
bk1
[
a(k̇2 + k1k3) + b(k̇3 − k1k2)

]
+ (ak2 + bk3)

[
aκ2 + bk̇1 + bk2k3

]]2
+
[
bk1
[
ak̇1 − bk21 − k3(ak2 + bk3)

]
− ak1

[
aκ2 + bk̇1 + bk2k3

]]2
.

�

Corollary 3.2. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If φ : I ⊂ R → E3 is

the TG-Smarandache trajectory curve of ζ. If Θ(ς) =
π

2
, then the natural trajec-

tory curvature functions of the TG-Smarandache trajectory curve can therefore be

defined as follows in terms of κ and τ :

κφ(ς
∗) =

√
2
√
(τ2 + κ2)(aκ+ bτ)2 + 4(aκ̇+ bτ̇)2

(aκ+ bτ)2
,

τφ(ς
∗) = −

√
2
[
τ κ̇(5aκ+ bτ) + τ̇κ(aκ+ 5bτ)

]
(τ2 + κ2)(aκ+ bτ)2

.

(3.7)

Corollary 3.3. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If φ : I ⊂ R → E3 is

the TG-Smarandache trajectory curve of ζ. If Θ(ς) = −π
2
, then the natural trajec-

tory curvature functions of the TG-Smarandache trajectory curve can therefore be

defined as follows in terms of κ and τ :

κφ(ς
∗) =

√
2
√
(τ2 + κ2)(aκ− bτ)2 + 4(aκ̇− bτ̇)2

(aκ− bτ)2
,

τφ(ς
∗) =

√
2
[
τ̇κ(aκ+ 3bτ)− τ κ̇(3aκ+ bτ)

]
(τ2 + κ2)(aκ− bτ)2

.

(3.8)

Definition 3.2. Let ζ = ζ(ς) be a trajectory unit speed curve in E3. The TP -

Smarandache trajectory curve via to PAF (2.2) of ζ(ς) defined by

ψ = ψ(ς∗) =
1√
2

(
aT (ς) + b P (ς)

)
, a2 + b2 = 2. (3.9)

Theorem 3.4. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If ψ : I ⊂ R → E3 is the

TP -Smarandache trajectory curve of ζ with non-zero curvature function, then its
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Frenet frame {Tψ, Gψ, Pψ} is given by


Tψ

Nψ

Bψ

 =


−bk2√

2k22+(ak1−bk3)2
ak1−bk3√

2k22+(ak1−bk3)2
ak2√

2k22+(ak1−bk3)2

ε1√
ε21+ε

2
2+ε

2
3

ε2√
ε21+ε

2
2+ε

2
3

ε3√
ε21+ε

2
2+ε

2
3

a(ε3k1−ε2k2)−bε3k3
∆2

k2(aε1+bε3)
∆2

−aε1k1+b(ε1k3−ε2k2)
∆2



T

G

P

 ,
(3.10)

where

ε1 = −
[
aκ2 + bk̇2 − bk1k3

][
2k22 + (ak1 − bk3)

2
]
+ bk2

[
2k2k̇2 + (ak1 − bk3)(ak̇1

− bk̇3)
]
,

ε2 =
[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

][
2k22 + (ak1 − bk3)

2
]
− (ak1 − bk3)

[
2k2k̇1

+ (ak1 − bk3)(ak̇1 − bk̇3)
]
,

ε3 =
[
ak̇2 − bk22 + k3(ak1 − bk3)

][
2k22 + (ak1 − bk3)

2
]
+ ak2

[
2k2k̇1

+ (ak1 − bk3)(ak̇1 − bk̇3)
]
,

∆2 =
√

2k22 + (ak1 − bk3)2
√
ε21 + ε22 + ε23.

(3.11)

Proof. Differentiate (3.9) to ς and using (2.2), we get

ψ̇(ς∗) =
1√
2

(
− bk2 T (ς) + (ak1 − bk3)G(ς) + ak2 P (ς)

)
. (3.12)

So

Tψ(ς
∗) =

−bk2 T (ς) + (ak1 − bk3)G(ς) + ak2 P (ς)√
2k22 + (ak1 − bk3)2

, (3.13)

such that

dς∗

dς
=

√
2k22 + (ak1 − bk3)2√

2
. (3.14)

Then, we have

Ṫψ(ς
∗) =

√
2
(
ε1T (σ) + ε2B1(ς) + ε3B2(ς)

)
[
2k22 + (ak1 − bk3)2)2

]2 .
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where

ε1 = −
[
aκ2 + bk̇2 − bk1k3

][
2k22 + (ak1 − bk3)

2
]
+ bk2

[
2k2k̇2 + (ak1 − bk3)(ak̇1

− bk̇3)
]
,

ε2 =
[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

][
2k22 + (ak1 − bk3)

2
]
− (ak1 − bk3)

[
2k2k̇1

+ (ak1 − bk3)(ak̇1 − bk̇3)
]
,

ε3 =
[
ak̇2 − bk22 + k3(ak1 − bk3)

][
2k22 + (ak1 − bk3)

2
]
+ ak2

[
2k2k̇1

+ (ak1 − bk3)(ak̇1 − bk̇3)
]
.

Rather, the trajectory curvature and, as a result, the principal normal vector field

of ψ are

κψ(ς
∗) =

√
2
√
ε21 + ε22 + ε23[

2k22 + (ak1 − bk3)2
]2 ,

and

Nψ(ς
∗) =

ε1 T (ς) + ε2G(ς) + ε3 P (ς)√
ε21 + ε22 + ε23

.

So, we have

Bψ(ς
∗) =

1

∆2

{[
a(ε3k1 − ε2k2)− bε2k3

]
T (ς) + k2(aε1 + bε3)G(ς)

+
[
− aε1k2 + b(ε1k3 − ε2k2)

]
P (ς)

}
,

where

∆2 =
√
2k22 + (ak1 − bk3)2

√
ε21 + ε22 + ε23.

Now, from Eq. (3.12) we have

ψ̈(ς∗) =
1√
2

{
−
[
aκ2 + bk̇2 − bk1k3

]
T (ς) +

[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

]
G(ς)

+
[
ak̇2 − bk22 + k3(ak1 − bk3)

]
P (ς)

}
,

similarly

...
ψ(ς∗) =

1√
2

(
ω1T (ς) + ω2G(ς) + ω3P (ς)

)
,
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where

ω1 = −
[[
aκ2 + bk̇2 − bk1k3

]
ς
− k1

[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

]
+ k2

[
ak̇2 − bk22 + k3(ak1 − bk3)

]]
,

ω2 =
[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

]
ς
+ k1

[
aκ2 + bk̇2 − bk1k3

]
− k3

[
ak̇2 − bk22 + k3(ak1 − bk3)

]
,

ω3 =
[
ak̇2 − bk22 + k3(ak1 − bk3)

]
ς
+ k2

[
aκ2 + bk̇2 − bk1k3

]
+ k3

[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

]
.

The trajectory torsion of is then calculated using equations

τψ =

√
2

∆∗
2

{
bk2

[
ω2

[
ak̇2 − bk22 + k3(ak1 − bk3)

]
− ω3

[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

]]
+ (ak1 − bk3)

[
ω1

[
ak̇2 − bk22 + k3(ak1 − bk3)

]
+ ω3

[
aκ2 + bk̇2 − bk1k3

]]
− ak2

[
ω1

[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

]
− ω2

[
aκ2 + bk̇2 − bk1k3

]]}
,

where

∆∗
2 =

[
(ak1 − bk3)

[
ak̇2 − bk22 + k3(ak1 − bk3)

]]2
+
[
ak2
[
aκ2 + bk̇2 − bk1k3

]
+ bk2

[
ak̇2 − bk22 + k3(ak1 − bk3)

]]2
+
[
bk2
[
a(k̇1 + k2k3)− b(k̇3 + k1k2)

]
+ (ak1 − bk3)

[
aκ2 + bk̇2 − bk1k3

]]2
.

�

Corollary 3.5. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If ψ : I ⊂ R → E3 is the

TP -Smarandache trajectory curve of ζ. If Θ(ς) =
π

2
, then the trajectory curvature

of the TP -Smarandache trajectory curve can therefore be defined as follows in terms

of κ and τ :

κψ(ς
∗) =

√
2

(2κ2 + b2τ2)2

{[
b3τ(τ̇κ− τ κ̇)− aκ2(2κ2 + b2τ2)

]2
+
[
(aτκ− bτ̇)(2κ2 + b2τ2)2 + bτ(2κκ̇+ b2τ τ̇)

]2
+
[
(2κ2 + b2τ2)[aκ̇− b(τ2 + κ2)] + aκ(2κκ̇+ b2τ τ̇)

]2} 1
2

.

(3.15)

Corollary 3.6. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If ψ : I ⊂ R → E3
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is the TP -Smarandache trajectory curve of ζ. If Θ(ς) = −π
2
, then the trajectory

curvature of the TP -Smarandache trajectory curve can therefore be defined as

follows in terms of κ and τ :

κψ(ς
∗) =

√
2

(2κ2 + b2τ2)2

{[
b3τ(τ̇κ− τ κ̇)− aκ2(2κ2 + b2τ2)

]2
+
[
bτ(2κκ̇+ b2τ τ̇)− (aτκ− bτ̇)(2κ2 + b2τ2)2

]2
+
[
(2κ2 + b2τ2)[aκ̇+ b(τ2 + κ2)] + aκ(2κκ̇+ b2τ τ̇)

]2} 1
2

.

(3.16)

Definition 3.3. Let ζ = ζ(ς) be a trajectory unit speed curve in E3. The GP -

Smarandache trajectory curve via to PAF (2.2) of ζ(ς) defined by

µ = µ(ς∗) =
1√
2

(
aG(ς) + b P (ς)

)
, a2 + b2 = 2. (3.17)

Theorem 3.7. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If µ : I ⊂ R → E3 is the

GP -Smarandache trajectory curve of ζ with non-zero curvature function, then its

Frenet frame {Tµ, Gµ, Pµ} is given by
Tµ

Nµ

Bµ

 =


−(ak1+bk2)√

2k23+(ak1+bk2)2
−bk3√

2k23+(ak1+bk2)2
ak3√

2k23+(ak1+bk2)2

β1√
β2
1+β

2
2+β

2
3

β2√
β2
1+β

2
2+β

2
3

β3√
β2
1+β

2
2+β

2
3

−k3(aβ2+bβ3)
∆3

aβ1k3+β3(ak1+bk2)
∆3

bβ1k3−β2(ak1−bk3)
∆3



T

G

P

 ,
(3.18)

where

β1 =
[
k3(bk1 − ak2)− ak̇1 − bk̇2

][
2k23 + (ak1 + bk2)

2
]
+ (ak1 + bk2)

[
2k3k̇3

+ (ak1 + bk2)(ak̇1 + bk̇2)
]
,

β2 = −
[
ak23 + bk̇3 + k1(ak1 + bk2)

][
2k23 + (ak1 + bk2)

2
]
+ bk3

[
2k3k̇3

+ (ak1 + bk2)(ak̇1 + bk̇2)
]
,

β3 =
[
ak̇3 − bk23 − k2(ak1 + bk2)

][
2k23 + (ak1 + bk2)

2
]
− ak3

[
2k3k̇3

+ (ak1 + bk2)(ak̇1 + bk̇2)
]
,

∆3 =
√

2k23 + (ak1 + bk2)2
√
β2
1 + β2

2 + β2
3 .

(3.19)

Proof. Differentiate (3.17) to ς and using (2.2), we get

µ̇(ς∗) =
1√
2

(
− (ak1 + bk2)T (ς)− bk3G(ς) + ak3 P (ς)

)
. (3.20)
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Then

Tµ(ς
∗) =

−(ak1 + bk2)T (ς)− bk3G(ς) + ak3 P (ς)√
2k23 + (ak1 + bk2)2

, (3.21)

such that

dς∗

dς
=

√
2k23 + (ak1 + bk2)2√

2
. (3.22)

Then, we have

Ṫµ(ς
∗) =

√
2
(
β1T (σ) + β2B1(ς) + β3B2(ς)

)
[
2k23 + (ak1 + bk2)2

]2 .

where

β1 =
[
k3(bk1 − ak2)− ak̇1 − bk̇2

][
2k23 + (ak1 + bk2)

2
]
+ (ak1 + bk2)

[
2k3k̇3

+ (ak1 + bk2)(ak̇1 + bk̇2)
]
,

β2 = −
[
ak23 + bk̇3 + k1(ak1 + bk2)

][
2k23 + (ak1 + bk2)

2
]
+ bk3

[
2k3k̇3

+ (ak1 + bk2)(ak̇1 + bk̇2)
]
,

β3 =
[
ak̇3 − bk23 − k2(ak1 + bk2)

][
2k23 + (ak1 + bk2)

2
]
− ak3

[
2k3k̇3

+ (ak1 + bk2)(ak̇1 + bk̇2)
]
.

The trajectory curvature and, as a result, the principal normal vector field of µ are

κµ(ς
∗) =

√
2
√
β2
1 + β2

2 + β2
3[

2k23 + (ak1 + bk2)2
]2 ,

and

Nµ(ς
∗) =

β1 T (ς) + β2G(ς) + β3 P (ς)√
β2
1 + β2

2 + β2
3

.

So, we have

Bµ(ς
∗) =

1

∆3

{
− k3(aβ2 + bβ3)T (ς) +

[
aβ1k3 + β3(ak1 + bk2)

]
G(ς)

+
[
bβ1k3 − β2(ak1 + bk2)

]
P (ς)

}
,

where

∆3 =
√

2k23 + (ak1 + bk2)2
√
β2
1 + β2

2 + β2
3 .

Now, from Eq. (3.18) we have

µ̈(ς∗) =
1√
2

{[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
T (ς)−

[
ak23 + bk̇3 + k1(ak1 + bk2)

]
G(ς)

+
[
ak̇3 − bk23 − k2(ak1 + bk2)

]
P (ς)

}
,
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similarly

...
µ(ς∗) =

1√
2

(
γ1T (ς) + γ2G(ς) + γ3P (ς)

)
,

where

γ1 =
[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
ς
+ k1

[
ak23 + bk̇3 + k1(ak1 + bk2)

]
− k2

[
ak̇3 − bk23 − k2(ak1 + bk2)

]
,

γ2 = −
[
ak23 + bk̇3 + k1(ak1 + bk2)

]
ς
+ k1

[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
− k3

[
ak̇3 − bk23 − k2(ak1 + bk2)

]
,

γ3 =
[
ak̇3 − bk23 − k2(ak1 + bk2)

]
ς
+ k2

[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
− k3

[
ak23 + bk̇3 + k1(ak1 + bk2)

]
.

The trajectory torsion of is then calculated using equations

τµ =

√
2

∆∗
3

{
(ak1 + bk2)

(
γ2
[
ak̇3 − bk23 − k2(ak1 + bk2)

]
− γ3

[
ak23 + bk̇3

+ k1(ak1 + bk2)
])

+ bk3

(
γ3
[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
− γ1

[
ak̇3 − bk23

− k2(ak1 + bk2)
])

+ ak3

(
γ2
[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
+ γ1

[
ak23 + bk̇3

+ k1(ak1 + bk2)
])}

,

where

∆∗
3 =

[
bk3
[
ak̇3 − bk23 − k2(ak1 + bk2)

]
+ ak3

[
ak23 + bk̇3 + k1(ak1 + bk2)

]]2
+
[
ak3
[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
+ (ak1 + bk2)

[
ak̇3 − bk23 − k2(ak1 + bk2)

]]2
+
[
bk3
[
k3(bk1 − ak2)− ak̇1 − bk̇2

]
− (ak1 + bk2)

[
ak23 + bk̇3 + k1(ak1 + bk2)

]]2
.

�

Definition 3.4. Let ζ = ζ(ς) be a trajectory unit speed curve in E3. The TGP -

Smarandache trajectory curve via to PAF (2.2) of ζ(ς) defined by

ϕ = ϕ(ς∗) =
1√
3

(
aT (ς) + bG(ς) + c P (ς)

)
, a2 + b2 + c2 = 3. (3.23)

Theorem 3.8. Let ζ = ζ(ς) be a trajectory unit speed curve of moving point

particle of constant mass m in space E3 via to PAF (2.2). If ϕ : I ⊂ R → E3 is the
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TGP -Smarandache trajectory curve of ζ with non-zero curvature function, then its

Frenet frame {Tϕ, Gϕ, Pϕ} is given by

Tϕ =
−(bk1 + ck2)T + (ak1 − ck3)G+ (ak2 + bk3)P√

(ak1 + ck2)2 + (ak1 − ck3)2 + (ak2 + bk3)2
,

Nϕ =
δ1 T + δ2G+ δ3 P√

δ21 + δ22 + δ23
,

Bϕ =
1

∆4

{[
a(δ3k1 − δ2k2)− k3(bδ2 + cδ3)

]
T +

[
b(δ3k1 + δ1k3) + k2(aδ1 + cδ3)

]
G

+
[
c(δ1k3 − δ2k2)− k1(aδ1 + bδ2)

]
P

}
.

(3.24)

where

δ1 = −
[
k1(ak1 − ck3) + k2(ak2 + bk3) + bk̇1 + ck̇3

][
(ak1 + ck2)

2 + (ak1 − ck3)
2

+ (ak2 + bk3)
2
]
+ (bk1 + ck2)

[
(bk1 + ck2)(bk̇1 + ck̇2) + (ak1 − ck3)(ak̇1 − ck̇3)

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
,

δ2 =
[
ak̇1 − ck̇3 − k1(bk1 + ck2)− k3(ak2 + bk3)

][
(ak1 + ck2)

2 + (ak1 − ck3)
2

+ (ak2 + bk3)
2
]
− (ak1 − ck3)

[
(bk1 + ck2)(bk̇1 + ck̇2) + (ak1 − ck3)(ak̇1 − ck̇3)

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
,

δ3 =
[
ak̇2 − bk̇3 + k3(ak1 − ck3)− k2(bk1 + ck2)

][
(ak1 + ck2)

2 + (ak1 − ck3)
2

+ (ak2 + bk3)
2
]
− (ak2 + bk3)

[
(bk1 + ck2)(bk̇1 + ck̇2) + (ak1 − ck3)(ak̇1 − ck̇3)

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
,

∆4 =
√
(ak1 + ck2)2 + (ak1 − ck3)2 + (ak2 + bk3)2

√
δ21 + δ22 + δ23 .

(3.25)

Proof. Differentiate (3.23) to ς and using (2.2), we get

ϕ̇(ς∗) =
1√
3

(
− (bk1 + ck2)T + (ak1 − ck3)G+ (ak2 + bk3)P

)
. (3.26)

Then

Tϕ(ς
∗) =

−(bk1 + ck2)T + (ak1 − ck3)G+ (ak2 + bk3)P√
(ak1 + ck2)2 + (ak1 − ck3)2 + (ak2 + bk3)2

, (3.27)

such that

dς∗

dς
=

√
(ak1 + ck2)2 + (ak1 − ck3)2 + (ak2 + bk3)2√

3
. (3.28)
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Then, we have

Ṫϕ(ς
∗) =

√
3
(
δ1T (σ) + δ2B1(ς) + δ3B2(ς)

)
[
(ak1 + ck2)2 + (ak1 − ck3)2 + (ak2 + bk3)2

]2 .
where

δ1 = −
[
k1(ak1 − ck3) + k2(ak2 + bk3) + bk̇1 + ck̇3

][
(ak1 + ck2)

2 + (ak1 − ck3)
2

+ (ak2 + bk3)
2
]
+ (bk1 + ck2)

[
(bk1 + ck2)(bk̇1 + ck̇2) + (ak1 − ck3)(ak̇1 − ck̇3)

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
,

δ2 =
[
ak̇1 − ck̇3 − k1(bk1 + ck2)− k3(ak2 + bk3)

][
(ak1 + ck2)

2 + (ak1 − ck3)
2

+ (ak2 + bk3)
2
]
− (ak1 − ck3)

[
(bk1 + ck2)(bk̇1 + ck̇2) + (ak1 − ck3)(ak̇1 − ck̇3)

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
,

δ3 =
[
ak̇2 − bk̇3 + k3(ak1 − ck3)− k2(bk1 + ck2)

][
(ak1 + ck2)

2 + (ak1 − ck3)
2

+ (ak2 + bk3)
2
]
− (ak2 + bk3)

[
(bk1 + ck2)(bk̇1 + ck̇2) + (ak1 − ck3)(ak̇1 − ck̇3)

+ (ak2 + bk3)(ak̇2 + bk̇3)
]
.

The trajectory curvature and, as a result, the principal normal vector field of ϕ are

κϕ(ς
∗) =

√
3
√
δ21 + δ22 + δ23[

(ak1 + ck2)2 + (ak1 − ck3)2 + (ak2 + bk3)2
]2 ,

and

Nϕ(ς
∗) =

δ1 T (ς) + δ2G(ς) + δ3 P (ς)√
δ21 + δ22 + δ23

.

So, we have

Bϕ =
1

∆4

{[
a(δ3k1 − δ2k2)− k3(bδ2 + cδ3)

]
T +

[
b(δ3k1 + δ1k3) + k2(aδ1 + cδ3)

]
G

+
[
c(δ1k3 − δ2k2)− k1(aδ1 + bδ2)

]
P

}
,

where

∆4 =
√
(ak1 + ck2)2 + (ak1 − ck3)2 + (ak2 + bk3)2

√
δ21 + δ22 + δ23 .

Now, from Eq. (3.26) we have

ϕ̈(ς∗) =
1√
3

{
−
[
k1(ak1 − ck3) + k2(ak2 + bk3) + bk̇1 + ck̇3

]
T (ς) +

[
ak̇1 − ck̇3

− k1(bk1 + ck2)− k3(ak2 + bk3)
]
G(ς) +

[
ak̇2 − bk̇3 + k3(ak1 − ck3)

− k2(bk1 + ck2)
]
P (ς)

}
,
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similarly

...
ϕ (ς∗) =

1√
3

(
η1T (ς) + η2G(ς) + η3P (ς)

)
,

where

η1 = −
[
k1(ak1 − ck3) + k2(ak2 + bk3) + bk̇1 + ck̇3

]
ς
− k1

[
ak̇1 − ck̇3 − k1(bk1

+ ck2)− k3(ak2 + bk3)
]
− k2

[
ak̇2 − bk̇3 + k3(ak1 − ck3)− k2(bk1 + ck2)

]
,

η2 =
[
ak̇1 − ck̇3 − k1(bk1 + ck2)− k3(ak2 + bk3)

]
ς
− k1

[
k1(ak1 − ck3) + k2(ak2

+ bk3) + bk̇1 + ck̇3
]
− k3

[
ak̇2 − bk̇3 + k3(ak1 − ck3)− k2(bk1 + ck2)

]
,

η3 =
[
ak̇2 − bk̇3 + k3(ak1 − ck3)− k2(bk1 + ck2)

]
ς
− k2

[
k1(ak1 − ck3) + k2(ak2

+ bk3) + bk̇1 + ck̇3
]
+ k3

[
ak̇1 − ck̇3 − k1(bk1 + ck2)− k3(ak2 + bk3)

]
.

The trajectory torsion calculated as:

τϕ =

√
3

∆∗
4

{
(η2δ3 − η3δ2)(bk1 + ck2) + (η1δ3 − η3δ1)(ak1 − ck3)

+ (η2δ1 − η1δ2)(ak2 + bk3)

}
,

where

∆∗
4 =
[
(ak1 − ck3)

[
ak̇2 − bk̇3 + k3(ak1 − ck3)− k2(bk1 + ck2)

]
− (ak2 + bk3)

[
ak̇1

− ck̇3 − k1(bk1 + ck2)− k3(ak2 + bk3)
]]2

+
[
(bk1 + ck2)

[
ak̇2 − bk̇3 + k3(ak1

− ck3)− k2(bk1 + ck2)
]
− (ak2 + bk3)

[
k1(ak1 − ck3) + k2(ak2 + bk3) + bk̇1

+ ck̇3
]]2

+
[
(ak1 − ck3)

[
k1(ak1 − ck3) + k2(ak2 + bk3) + bk̇1 + ck̇3

]
+ (bk1 + ck2)

[
ak̇1 − ck̇3 − k1(bk1 + ck2)− k3(ak2 + bk3)

]]2
.

�

4. Example

We build a computerized example of Smarandache trajectory curves of a trajec-

tory unit speed curve of a moving point particle of constant mass m in space E3 in

this section using PAF. Assume that a constant-mass point particle p follows the

track ζ(ς) =
(
ς2 + 1, ς2 − 1, 2ς

)
(see Figure 1). This trajectory’s Frenet apparatus

is written as
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Figure 1. Trajectory curve ζ = ζ(ς).

Figure 2. TG-Smarandache trajectory curve.

T (ς) =

(
ς√

2ς2 + 1
,

ς√
2ς2 + 1

,
1√

2ς2 + 1

)
,

N(ς) =

(
1√

4ς2 + 2
,

1√
4ς2 + 2

,
−
√
2ς√

2ς2 + 1

)
,

B(ς) =

(
− 1√

2
,
1√
2
, 0

)
,

κ =
1√

2(2ς2 + 1)
3
2

, τ = 0.
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Figure 3. TP -Smarandache trajectory curve.

Figure 4. GP -Smarandache trajectory curve.

Since ⟨ζ(ς), B(ς)⟩ = 0 and ⟨ζ(ς), N(ς)⟩ > 0, then we get Θ(ς) = −π
2
. As a result of

the given knowledge, we may construct the PAF apparatus as follows:

T (ς) =

(
ς√

2ς2 + 1
,

ς√
2ς2 + 1

,
− cos ς + ς sin ς√

2
√
ς2 + 1

)
,

G(ς) =

(
− 1√

2
,
1√
2
, 0

)
,

P (ς) =

(
− 1√

4ς2 + 2
,− 1√

4ς2 + 2
,

√
2ς√

2ς2 + 1

)
,

k1 = 0, k2 = − 1√
2(2ς2 + 1)

3
2

, k3 = 0.
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Figure 5. TGP -Smarandache trajectory curve.

In this article, we look at the Smarandache trajectory curves for the first time in

terms of definitions (see Figures 2–5).

Acknowledgments. The authors would like to thank the anonymous referee for

his/her comments that helped us improve this article.

References

[1] C. Ashbacher, Smarandache geometries, Smarandache Notions Journal, 8(1-3) (1997), 212–

215.

[2] H.S. Abdel-Aziz and M.K. Saad, Computation of Smarandache curves according to Darboux

frame in Minkowski 3-space, J. of the Egyp. Math. Society, 25 (2017), 382–390.

[3] L.R. Bishop, There is more than one way to frame a curve, Amer. Math. Monthly, 82 (3)

(1975), 246–251.
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