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ON SPATIAL QUATERNIONIC SMARANDACHE RULED
SURFACES

KEMAL EREN*, ABDUSSAMET (JALISKAN, AND SULEYMAN SENYURT

Abstract. In this paper, we investigate the spatial quaternionic expres-
sions of the ruled surfaces whose base curves are formed by the Smaran-
dache curve. Moreover, we formulate the striction curves and dralls of
these surfaces. If the quaternionic Smarandache ruled surfaces are closed,
the pitches and angle of pitches are interpreted. Finally, we calculate the
integral invariants of these surfaces using quaternionic formulas.

1. Introduction

The concept of quaternions was introduced in 1843 by the Irish mathemati-
cian William Rowan Hamilton. The quaternions have applications in many
disciplines. Some of these are computer graphics, the development of vision
devices, robot kinematics, control theory, quantum theory, molecular dynam-
ics, animation representations, and navigation devices [7, 8, 16, 5, 6]. New
interpretations have been made using quaternions in the theory of curves and
surfaces. Bharathi and Nagaraj expressed the Serenet-Ferret invariants of any
curve using quaternions in 1987 [1]. Chen and Lie reached new results by mak-
ing correlations between quaternionic transformations and minimal surfaces in
2005 [4]. In addition, Cetin and Kocayigit investigated the Serret-Frenet for-
mulas of Samarandache curves in terms of quaternions [3]. Senyurt and Eren
investigate special Smarandache curves created by the Frenet vectors of space-
like anti-Salkowski curve with a spacelike principal normal [15]. Oztiirk et al.
introduce Smarandache curves of an affine C'°° curve in affine 3-space. Besides,
they calculate the relationship between the Frenet frames of the curve couple
and the Frenet invariants of each derived curve [11].

Ruled surfaces are surfaces that can be generated by moving a straight line
along a curve. There have been numerous studies conducted in various spaces
and frames. The authors introduce the concept of partner-ruled surfaces, de-
fined in the Flc frame on a polynomial curve. They investigate the requirements
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for two of these surfaces to be simultaneously developable and minimal. Ad-
ditionally, they examine the geodesic, asymptotic, and curvature lines of the
parameter curves in the partner-ruled surfaces [9]. In [10], they present a new
approach to understanding the geometric characteristics and local singularities
of time-like surfaces. The method is based on the introduction of the geomet-
ric invariant, which allows us to derive necessary and sufficient conditions for a
time-like surface to be a time-like developable ruled surface. They then use sin-
gularity theory to classify the singularities of this surface, providing a complete
characterization of its geometric features. Senyurt and Caligkan investigate the
ruled surface with the theory of quaternion. They express integral invariants
and calculate the ruled surfaces drawn by Frenet vectors belonging to spatial
quaternionic curves [14]. In [2], the author analyzes the quaternionic ruled sur-
faces according to the alternative frame. OQuarab demonstrates a new method
for constructing special ruled surfaces and investigates their minimalist and
developability properties. The author introduces the concept of Smarandache
ruled surfaces, which are defined based on the Darboux frame of a curve on a
regular surface. The paper also presents theorems that provide sufficient and
necessary conditions for these surfaces to be minimal and developable. Further-
more, the authors examine Smarandache ruled surfaces in terms of alternative
frame [12, 13].

In Section 2, we present the geometric preliminaries regarding the basic
problem of the paper mentioned in the introduction. In Section 3, we define
these surfaces using quaternionic Smarandache curves as base curves and Frenet
vectors as their directives. Moreover, we calculate the striction curves, dralls,
pitches, and angle of pitches for these surfaces. Finally, we exemplify the
findings.

2. Preliminaries

In this section, we show the notions of the quaternions and the spatial
quaternionic curves. We demonstrate the definitions of quaternionic Smaran-
dache curves and we investigate the Frenet-Serret invariants of these curves.

2.1. Quaternions and quatenionic ruled surface

The real quaternion ¢ is expressed as the sum of a scalar S, = ¢o and a
vector V, = qie1 + gae2 + gzez such that

q = qo + q1€1 + q2e2 + qses,

where the set {e;| 1 < i< 3} is the standard orthonormal basis set. The com-
ponents qo, g1, g2 and ¢s are real numbers, and ¢;, (1 <1< 3) are quater-
nionic units that satisfy the non-commutative multiplication rules

e; Xej =e, =—e; Xe and e; x g = —1 for all 1 < 4,5 < 3. The complex
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conjugate ¢ is defined by
qg=195¢—Vy=q0— qie1 — @ea — qzes.
Let @ denote the set of quaternions. The quaternion inner product is defined
by the following real-valued, symmetric, and bilinear form:
h:QxQ—R
(1)

(0) = 1 p,0) = 5 (0 x T+ ).

For p =S, +V, and ¢ = S + V,, the quaternionic product is defined by

P X q=258p8g+SpVy+ S,V — (Vp,Vg) + Vi AV,
where (,) and A denote the inner product and cross product in R? and thus,
the spatial quaternionic cross product obtains as

pxq=—(Vp Vo) + Vo AV
The norm of a quaternion g is

2 L
p(0)” =h(g,9) =axq=Txq=aq" +a°+a"+a°

Since p (¢) = 1, the quaternion ¢ is called unit quaternion. The inverse of the
quaternion ¢ is given by -

¢ t= L

p(q)

The space of the spatial quaternions is classified by {¢q € Q|q + g = 0} where
Q denotes quaternion set [1, 6].

Definition 2.1. [1] The spatial quaternionic curve « is defined by
a:ICR—Q,

3
s —als)= Zai (s)e;

where I = [0,1] is an interval in real line R and s € [0,1] is the arc-length
parameter.

Theorem 2.2. [1] Let a be a spatial quaternionic curve with the arc-length
parameter s and be non-zero curvatures {x, 7}, and Frenet frame {t,n,b} of the
quaternionic curve «. Then the Serret-Frenet formulae of the spatial quater-
nionic curve o at a point o (s) are

t 0 k 0 t
n = -k 0 T n
b s 0O —7 0 b
such that
a// (3)
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where the vectors t,n and b are unit tangent, unit principal normal, and unit
binormal vectors of the spatial quaternionic curve o, respectively.

Lemma 2.3. [14] The drall and the striction curve of the quaternionic ruled
surface drawn by arbitrary vector X are respectively given by

(X xX')xa +a x (X xX')
p(X")?

1
2) P=3

1X' xt+tx X'
3 r(s)=a(s) - c—m——5—
3) R

Definition 2.4. [14] For given closed spatial quaternionic ruled surface, the
magnitude of I, = § h (da, X) is called the pitch of this surface.

Theorem 2.5. [14] Let D be Steiner rotation vector and V be Steiner trans-
lation vector. The angle of pitch and the pitch of the closed spatial quaternionic
ruled surface, A, and l, are equal to Ay = h (D, X) and l, = h(V,X).

2.2. Quaternionic Smarandache curves

Definition 2.6. [3] Let a = « (s) be a spatial quaternion curve and {t,n,b}
be Frenet-Serret vectors. The spatial quaternionic tn—Smarandache curves
with the arc-length parameter s* are defined by

* _ L s)+n(s
Pi(s7(s) = 5 (t(s) +n(s)).

The Frenet-Serret invariants of the spatial quaternionic tn—Smarandache
curves are

1
B1 _ _
T = m( Kkt + kn + 7b),
1
]\/vB1 = ﬁ (a1t+a2n+a3b),
Vvai+az; + a3
1
B = bit + ban + bsb)
\/2n2+7'2\/af+a§—|—a§(1 : 2
po _ V2Val a3 +aj
! (2K2 + 72)*
A V2 (K + £?) (kes — me2) + (k2 — K 4+ 72) (kes + Te1) + K (k7 +77) (1 + ¢2))
2 (26" +77')° 4+ (2627 + k7! — K'T +73)° + (k7! — K/'T)? + (263 4 K72)?
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where

a1 = =261 — K'7? — K2+ KTT,

as = —2k* — 3K272 + P KTT/7
as = 26°7 4 2627 + kT2 — 2kK'T,

b1 = kKas — Taz,

bs = kas + Tas,

bs = 7%(&1 +a2),

" ’ 3 2
c1=—K —3KkK +K + KT,
/ 3 / " 2
co = —3kk — K — 31T + K —KT",
2 / 3 ’ "
c3=—KTH+2kT—T7T" +KT +7.

Definition 2.7. [3] Let & = a(s) be a spatial quaternion curve and {t,n,b}
be Frenet-Serret vectors. The spatial quaternionic tb—Smarandache curves with the
arc-length parameter s* are defined by

* - s s
B2 (s™ (s)) = \/é(t( )+b(s)).

The Frenet-Serret invariants of the spatial quaternionic tb—Smarandache curves

are
T2 =,
1
NP2 = N (—kt+Tb),
BA2 — 7\/}{217# (1t + kb) ,
BB \/E(T*li) (d3 (7&2 +m—) —dy (KZT*TQ))
2 (k — 7)2(5’ - 7")2 + (K21 — 2K7T2 + 73)2 + (—2Rr%T + kT2 + n3)2’
kﬁz _ \/5\/&24-7'2
1 K — T )
where

/ / /
di = —3kk + KT+ 2KT,

3 2 " " 2 3
do=—K +KT+K —7 —KT +7°,

ds = 25’7 — 377" + k1.

Definition 2.8. [3] Let o = «/(s) be a spatial quaternion curve and {t,n,b}
be Frenet-Serret vectors. The spatial quaternionic nb—Smarandache curves with the
arc-length parameter s* are defined by

B3 (s™ (5)) (n(s) +b(s))-

_ L
V2



214 Kemal Eren, Abdussamet Caligkan, and Siileyman Senyurt

The Frenet-Serret invariants of the spatial quaternionic nb—Smarandache curves

. 1
TP = W (=Kt —Tn +7b),
1
N = —————— (fit+ fan+ fsb),
VIE+H B+
1
B3 _
B% = N Y (g1t + gan + gsb) ,
kf:; _ V2 2+ 13+ 13
(K2 + 272)°
s _ V2 ((=K'7 4+ K7%) (ha + h3) + (K* + 7' + 7°) (khs + Th1) — (77 = ') (kh2 — Th1))
2 (k' + 27’7”)2 + (k21 + 273)2 + (k7! — :‘6’7‘)2 + (K3 + KT/ 4 2572 — /i’T)Q ’
where
fi ==K — 26'7% + 267% 4 277,
fa= L Y . PL L)) HHIT,
f3 = —r*? + k27— 27" — kKT,
g1=—7(f3+ f2),
g2 = Kkfs +7f1,

g3 = —kf2 +7f1,
hi=—k" + K7+ 267 + P + /{7'2,

/ 2 " ’ 3
ho = —3kk + K T—7" =377 +7°,

2 / 3 "
hy =—K'T =317 — 7" +71".

3. Spatial Quaternionic Smarandache Ruled Surfaces

In this section, we define ruled surfaces whose base curves are called Smarandache
curves. Moreover, we express the notions of the drall, striction curve, the pitch and
angle of pitch. Finally, we calculate integral invariants, and we find some interesting
results.

Definition 3.1. Let @ = a/(s) be a unit speed spatial quaternionic curve and
{t,n,b} be Frenet-Serret vectors. The ruled surfaces generated by the spatial quater-
nionic Smarandache curves are defined as follows:

@1@w):i%@@)+n@»+vMQ,
By (s,0) = % (t(s) +b(s)) +vn(s),
By (s,0) = % (. () + b (s)) + vt (s).

These ruled surfaces are called spatial quaternionic tn—Smarandache ruled surface,
spatial quaternionic tb—Smarandache ruled surface and spatial quaternionic nb—Smarandache
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ruled surface, respectively.

Theorem 3.2. Let &1, 3, and 3 be spatial quaternionic Smarandache ruled
surfaces, then the striction curves rg,, rg, and rg; of ®1, P2 and P3 are

K
rg, = 1+ ———0b,
o =0 TV2K2 + 72
Tﬁ2:ﬁ25
rg, = +7T t
Pa =178 KVEE + 272

respectively, where k # 0 and T # 0.

Proof. Let a = a(s) be a unit speed spatial quaternion curve with the Frenet vec-
tors {t,n, b} and the Smarandache curves 1, 82, 83 of the spatial quaternion curve a.
By using the quaternionic inner product, the striction curve of the spatial quaternionic
ruled surface ®; can be written by

h(b,T5 Ly xTP + TP x ¥
7,,61:/61_ ( 2)b:ﬁ1—2( )
p(b') h (b, 0)

Substituting b’ = 7n and using the complex conjugate of a quaternion, we arrive at

1 B1 B1
ro = Bi— 2(7'(n><T )+T(T Xn))b.

72
Considering the spatial quaternion, the striction curve is
K

——b.
TV2K2 + 72

If the equation (1), the Frenet invariants and spatial quaternions are used, the striction
curves of the ruled surfaces ®2, 3 are found

81 =p1+

h(n', TP Ln/ xTP 4+ 7% x 7
7"52:/32* ( lz)n:/3272( - - )TL
p(n') h(n',n’)
L~k (txTP?)+7(bxT%) -k (T% xt) +7 (T x b))
= B2 + 2 2 n
K4+ T
:/32
and
h(t, TP Lt x TP 1% x ¢
7‘63:53_ ( 2)t:ﬁg—2( X X )t
o(t)) R, )
%(n (n X T*BS) +/€(Tﬁ3 X t))
=B — 2 t
= v
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Theorem 3.3. Let &1, $2, and $3 be spatial quaternionic Smarandache ruled
surfaces, then the dralls of the closed spatial quaternionic Smarandache ruled surfaces
are

—K
Pg, = — )
PV,
Pﬁ2:07

-
Ps, =

P

respectively, where k # 0 and T # 0.

Proof. Let a = «(s) be a unit speed spatial quaternion curve with the Frenet vec-
tors {¢,n, b} and the Smarandache curves 1, B2, 83 of the spatial quaternion curve a.
According to Lemma 2.3. and quaternionic inner product, the dralls of the closed spa-
tial quaternionic Smarandache ruled surface ®; drawn by the motion of the binormal
vector b is given by

(bxd)x B+, x(bxbd)
p(b)?

Using the Frenet invariants and the spatial quaternions, we recompute for drall as
follows:

1
Pﬁ1:§

1(bx V) x T + T x (bx V)

Po=—3 h (b, b)
1(bx (=7n)) x TP + T x (b x (=7n))
T2 b, b))

K

(-
(\/W

T

txt)+ —
(1) V2R2 + 72

(t xn)+ (txb))

K
V2k2 + 72

(t xt)

(nXt)—F\/Tﬁ(bXt))

—K K
+r [ ——— NE. —
_1 (VZ/@? + 72 V2k2 + 72

2 T2
_ —K

TV2RE 72

In similar way, we determine the dralls Ps, and Pg, of the surfaces & and ®3 as

L(nxn)xpy+ 6y x(nxn')

=3 o(0)?
1(nx (=kt+7b)) x TP2 4+ T2 x (n x (—kt + 7b))
T2 (v, v)
1(xTP)+7(txT%)+ k(T xb)+7 (T xt)
T2 K2 + 72
1e(bxn)+7({txn)+k(nxb)+7(nxt)
T2 K2 472

=0
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and
T X)X B3+ 85 x({txt)
Pﬁ3:§ N2

p(t’)

__1(tx(skn)) x TP 4 TP x (t x (kn))
2 )

—K T T
——(bXt) — ——=(bxn)+ ————= (b x b
Ve O T s X e (D)

" N xb)— — (X b) + ———— (bx ])
_ 1 VK2 + 2712 VK2 + 272 VK2 + 272
T2 K2
T

/2 272
O

Corollary 3.4. Let ®1, 2, and ®3 be spatial quaternionic Smarandache ruled
surfaces, then the following expressions exist:

(i) The quaternionic Smarandache ruled surface ®1 is not developable,
(ii) Since the drall of ®4 is zero, the quaternionic Smarandache ruled surface ®
is developable,
(iii) The quaternionic Smarandache ruled surface ®3 is developable if and only if
the base curve of ®3 is planar.

Theorem 3.5. Let &1, ®2, and 3 be spatial quaternionic Smarandache ruled
surfaces, then the angles of pitch of the closed spatial quaternionic Smarandache ruled
surfaces are

B1 B1
Am:f kS +7§ kS b |
V2K2 4+ 72 V262 +72\/a? + a3 + a2
Ay = %]%627
k5 K kg1

- o |
- ViZ+2r2 ) Vet R+ /3

respectively.

Proof. Let @ = a/(s) be a unit speed spatial quaternion curve with the Frenet
vectors {t,n, b} and the Smarandache curves 31, B2, 83 of the spatial quaternion curve
. Taking into consideration Steiner vector d®t = §w® = § TPk + Bk the
angle of pitch of the closed spatial quaternionic ruled surface Ag, of the surfaces ®;
is written by

As, :h(dﬁl,b) - % (dﬁl xE+be’31) :—% (dﬁl xb+bxd51).

Using the Frenet invariants and the spatial quaternions, we calculate the angle of the
pitch as follows:
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Ay =*%(%’€51(T’31 Xb)+7§kfl(3ﬁl xb)+%k§1(beﬁl)+7§kfl(b><361))
k5!
V22 £ 72

kﬂl

+f y by (t X b) +ba(nxb)+bs(bxb
\/2/42+72\/af+a§+a§(1( )+ ba ( )+ bs ( )

2 kéﬁ

V22§ 72

Ky
+%\/2n2+72\/a%+a3+a§ (b1 (b t) + b2 (b x n) + b3 (b x b))

(—k(txb)+rK(nxb)+7(bxb))

(—k (bx t) + 5 (b x n) +7 (b x b))

-~ Kyt T +?{ K} b
V2k2 + 72 V22 72\ /a? ¥ a2+ a2

Considering d”? = §w”? = § T2k 4 B2 k{2 and d* = §w® = § TP kD3 + B k3,
we can write the angles of the pitch A\g,, Ag, the ruled surfaces ®3, ®3 respectively,

Agzzh(d52,n):%(d32xﬁ+nxa?ﬁ2):f%(dﬁz><n+n><d62)
- (j[kﬂ (1% %) + K52 (B x ) + § 32 (0 x T%) + 152 x Bﬁz))
8s ki
]{kg (03 m)+ § s (03 m) £ R (5 x )
+y£k§2(nxn)+ M Cxt) 4 (nx b))
:7{1@2

and

1

Ao = h (@%,t) = % (a% xi+txd”) :f% (a% xt+txa”)

= 7% (%k?S(TBS X t) +%kf3(353 X t) +%k§3(t x T%%) +7{kf3 (t x B*B3))

ky®
T Rt ) — T x )7 (b x1)
LPs
/ 1(txt)+g2(nxt)+gs(bxt
_ ! +y£\/ﬁ2+272\/f%+f§+f§ (91 (00 + 92 (> 0) 95 (b))
7_5 k53
* \/ﬁ(*“(tXt)*T(tXn)JrT(txb))
ka txt t txb
+%\/K2+2T2\/f12+f22+f§ (gl( X )+g2( ><n)+g3( X ))
—kgsf-c kfsgl

V=t e
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O

Theorem 3.6. Let ®1, 2, and ®3 be spatial quaternion Smarandache ruled sur-
faces, then the pitches of the closed spatial quaternionic Smarandache ruled surfaces
are

N
lg, = ¢ ————ds,
. 7{ Nl
lﬁzzj{d&

K
lg, = — ¢ —2 s,
fs % VK2 + 272

respectively.

Proof. Let a = «(s) be a unit speed spatial quaternion curve with the Frenet vec-
tors {t,n, b} and the Smarandache curves 1, 82, 83 of the spatial quaternion curve a.
For VA1 = $dsr=¢ TA1ds, the pitch lg, of the closed spatial quaternionic Smaran-
dache ruled surface ®; is written by

ls, = h (vﬂl,b) —h (%Tﬁlds,b> .

If we substitute the values in the above equation, the pitch lg, of the closed spatial
quaternionic ruled surface ®; is

s, %(jé (T‘*l xB)ds+jé (beﬂl)ds>
—% (% (7 xb) ds—i—j{ (b Tﬁl)ds>

(—k(txb)+Kr(nxb)+7(bxb)ds

7{ 1
B
2 +7{\/2H+T(fm(bxt)+n(bxn)JrT(bxb))ds

,
——ds.
f\/252+7'2 °

For V2 = §dBs = § TP2ds and V* = § dBs = § TP3ds, we can write the pitches ls,
and lg, of the closed spatial quaternionic ruled surfaces ®> and ®> as follows:

oy = h (V?2,0) = h (?éT@ds,n)

% (?{ (TBQ xﬁ)ds—&—j[ (nxTﬁ2)ds)
- _% (% (17 % n) ds+y§ (nxTﬁz)ds)
7% (%(nxn)der}{(nxn)ds)
:fds
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and

lo, = h (VBB,t) —h (fTBBds,t)
% (74 (Tﬁ3 % f)ds—i—?{(t x Tﬂ3)ds)
_% (7{ (Tﬁ3 x t) ds+jé (t x T53)ds>

(—k(txt)—7(nxt)+7(bxt)ds

1
_1 ,7{\/&24—27'2
I -
N
K
:—%7&9.
N

(—k (¢ % t) — 7 (t x 1) + 7 (t x b)) ds

Example 3.7. Let us consider a spatial quaternionic curve given by the para-
metric equation

a(s) = % (cos (s)+ c059(38) ;sin (s) +

sin (3s) —2cos (s) )
9 7 V3 ’

The quaternionic Smarandache curves constructed by the Frenet vectors of the spatial
quaternionic curve « are

B V'3 (cos (s) + cos (3s)) + cos (s) (3sin (s) + sin (3s))

B (5™ (5)) = 4v2cos(s) |
cos (s)® — v/3cos (s)sin (s) /1 + cos (2s)sec (s) + /6 sin (s)
V2 ’ 4
2 cos (s) cos (2s) — 3sin (s) — sin (3s) 7 cos (s)® 4 sin (s)* 7
Ba (5" (5)) = iv2 v ,
V6 (cos (s) + sin (s))
4

_cos (s) (—3cos (s) + 2v/3 cos (2s) + cos (3s))
44/1 + cos (2s)
By (5" (s)) = | €08 (s)sin (s) (=v/3 + sin () tan (s))
\/i )
1+ cos (28) (\/3 + sec (5))
4

)
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and the spatial quaternionic Smarandache ruled surfaces are found as

_ V3 (cos (s) 4 cos (3s)) 4 cos (s) (3sin (s) + sin (3s))

4+/2 cos (s)
&, (s,0) = _wvcos(s) (=2 +cos(2s)) 2cos (5)® — V/3sin (2s) vsin ()2 |
(5,0) 5 , N +vsin (s)”,
V2 +/65sin (s) 4 2+/3v cos (s)
4
2cos (s) cos (2s) — 3sin(s) —sin(3s) V/3v (cos (s) + cos (3s))
By (5.0) = 42 4cos (s) ’
’ V2 (cos (s)* + sin (s)®) — v3vsin (2s) /6 (cos (s) + sin (s)) + 2v
4 ’ 4
B (—3cos (s) + 2v/3 cos (2s) + cos (3s)) LY (—3sin (s) — sin (3s))
42 4 ’
_ | —sin(2s) (\/§ — sin (s) tan (s)) 3
P53 (s,v) = v cos (s
(s,v) NG + (s)7
V2 (V3cos (s) + 1) + 2/3vsin (s)

4

(A) The (B) The (c) The
surface surface surface

P (s,v) Dy (s,0) D3 (s,0)
and the and the and the
curve 31 curve (32 curve 33

FiGURE 1. The spatial quaternionic Smarandache ruled sur-
faces (top view) and the quaternionic Smarandache curve (yel-
low) with s € [-0.5,1.5] and v € [—1,1]
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4. Conclusion

In this paper, we derive the spatial quaternionic Smarandache ruled surfaces and

the striction curves and dralls of these surfaces are calculated. The conditions of these
ruled surfaces to be developable are investigated. If the quaternionic Smarandache
ruled surfaces are closed, the pitches and angle of pitches are constructed. The
integral invariants of these surfaces, whose base curves are formed by the quaternionic
Smarandache curve, are calculated using quaternionic formulas.
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