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Abstract

In this paper, we study the concept of Smarandache groupoids, subgroupoids, ideal of groupoids,
semi-normal subgroupoids, Smarandache-Bol groupoids and Strong Bol groupoids and obtain many
interesting results about them.
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Definition [1]: A groupoid (G, %) is a non-empty set, closed with respect to an operation

* (in general x need not to be associative).

Definition 1: A Smarandache groupoid G is a groupoid which has a proper subset

S C G which is a semigroup under the operation of G.

Example 1: Let (G, %) be a groupoid on modulo 6 integers. G = {0, 1,2, 3,4, 5} is given by

the following table:

* 0121345
0(0|3]0(3|0]3
111141 (4]1|4
212|512]5(2]5
313(0]13[0]3]0
41414141
515|215 [125]2

Clearly S1 = {0,3},52 = {1,4} and S3 = {2,5} are semigroups of G. So (G,x) is a

Smarandache groupoid.

Example 2: Let G = {0,1,2,3,4,5,6,7,8,9} be the set of integers modulo 10. Define an

operation * on G by choosing a pair (1,5) such that a * b = 1a 4+ 5b(mod 10) for all a,b € G.

The groupoid is given by the following table.



28 W.B.Vasantha Kandasamy No. 2

*

© [0 | N[O | Uk |W ||+~ |O

O |0 | N || Tk |W|IN |~ |O
B W I NP O|©O [0 ||| o] =
© |0 | ||| W IN |~ |O N
=W IN | =R O]l || |0 |0t w
O |0 | || T | W ||~ O |
W I |+ OS] O |00 ||| ot ot
© [0 [ N[O |U| kx| W |IN |+~ |OD
= W N [FR [ O|O© [0 | N[O |0
© [0 [ N[O [Tk |W|IN |+~ |O |0
=W |IN[FR|[O|O©[00|N|OS |0t ©

Clearly S = {0,5}, S2 = {1,6}, S5 = {2, 7}, S4 = {3,8} and S5 = {4, 9} are semigroupoids
under the operation x. Thus {G, %, (1,5)} is a Smarandache groupoid.

Theorem 2. Let Z, = {0,1,2,---,2p—1}. Define % on Zy, for a,b € Zy, by axb = la+pb(
mod 2p). {Zsp, %, (1,p)} is a Smarandache groupoid.

Proof. Under the operation * defined on Zs, we see S1 = {0,p}, S2 = {1,p+ 1}, S3 =
{2,p+2},---,5, = {p—1,2p — 1} are semigroup under the operation *. Hence {Zy,, *, (1,p)}
is a Smarandache groupoid.

Example 3: Take Zg = {0,1,2,3,4,5}. (2,5) = (m,n). For a,b € Zs define a x b =
ma + nb(mod 6). The groupoid is given by the following table:

N[O ke N Oo O

N | OB N[O~ N

= Ot W= Ot W W

ol | Nv|o|le v
s |lw |~ o] w ]|~ | o

U | W N | = O
W= || W | = o] =

Every singleton is an idempotent semigroup of Zs.

Theorem 3. Let Z5, ={0,1,2,--- ,p—1}. Define * on Zs, by a*b = 2a+ (2p — 1)b(mod
2p) for a,b € Zy,. Then {Zs,, %, (2,2p — 1)} is a Smarandache groupoid.

Proof. Under the operation * defined on Z,, we see that every element of Z5, is idempo-

tent, therefore every element forms a singleton semigroup. Hence the claim.

Example 4: Consider Zg = {Zg, *, (4,5)} given by the following table:
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{3} is a semigroup. Hence * is a Smarandache groupoid. It is easily verified that Zs is a
Smarandache groupoid as {Zg, *, (4,5)} has an idempotent semigroup {3} under .

Theorem 4. Let Z, = {0,1,2,--- ,2p — 1} be the set of integers modulo 2p. Define * on
a,b € Zs, by a(2p — 2) + b(2p — 1)(mod 2p). Then {Z3,, *, (2p — 2,2p — 1)} is a Smarandache
groupoid.

Proof. Z,, = {0,1,2,--- ,2p—1}. Take (2p—2,2p—1) =1 from Zy,. For a,b € Z, define
axb=a(2p—2)+b(2p—1)(mod 2p). Clearly for a = b = p we have (2p—2)p+(2p—1)p = p(mod
2p). Hence {p} is an idempotent semigroup of Zs,. So {Za,, *, (2p—2,2p—1)} is a Smarandache
groupoid.

Definition 5: Let (G, x) be a Smarandache groupoid. A non-empty subset H of G is said
to be a Smarandache groupoid if H contains a proper subset K C H such that K is a semigroup
under the operation .

Theorem 6. Not every subgroupoid of a Smarandache groupoid S is in general a Smaran-
dache subgroupoid of S.

Proof. By an example.

Let Zg = {0,1,2,3,4,5}(mod 6). Take (¢,u) = (4,5) = 1. For a,b € Zs define * on Zg by
a* b= at 4+ bu(mod 6) given by the following table:

N[ OO O

Al |w ||~ |o
~lw|lo|~|lw|wo|r
ol |o|o| x|
A= |w ||~ ]|w]|w
Slo|lvwie|lolvw e
W | O | = | W | O | = | Ot

Clearly {Zs, *, (4,5)} is a Smarandache groupoid for it contains {0, 3} as a semigroup. But
this groupoid has the following subgroupoids: A; = {0,2,4} and Ay = {1,3,5}. A; has no
non-trivial semigroup({0} is a trivial semigroup). But As has a non-trivial semigroup, viz.{3}.
Hence the claim.

Theorem 7. If a groupoid contains a Smarandache subgroupoid, then the groupoid is a

Smarandache groupoid.
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Proof. Let G be a groupoid and H C G be a Smarandache subgroupoid, that is H contains
a proper subset P C H such that P is a semigroup. So P C G and P is a semigroup. Hence G
is a Smarandache groupoid.

Definition 8:

i) A Smarandache Left Ideal A of the Smarandache Groupoid G satisfies the following
conditions:

1. A is a Smarandache subgroupoid. 2. For all z € G, and x € A, =za € A.

ii) Similarly, one defines a Smarandache Right Ideal.

iii) If A is both a Smarandache right and left ideals then A is a Smarandache Ideal. We
take {0} as a trivial Smarandache ideal.

Example 5: Let {Zg, *, (4,5)} be a Smarandache groupoid. A = {1, 3,5} is a Smarandache
subgroupoid and A is Smarandache left ideal and not a Smarandache right ideal. Easy to verify.

Theorem 9. Let G be a groupoid. An ideal of G in general is not a Smarandache ideal
of G even if G is a Smarandache groupoid.

Proof. By an example. Consider the groupoid G = {Zg, *, (2,4)} given by the following
table.

gk |lw| |~ |o
Sl |jlole|lv|o|o
v|lolke|lv|ole ]| =
olkx|nw|o| kx|
Sl |jole|v|o|w
N olke || ol e | e
ol | |o| k|| wx

Clearly G is a Smarandache groupoid for {0,3} is a semigroup of G. Now, {0,4,2} is an
ideal of G but is not a Smarandache ideal as {0, 4,2} is not a Smarandache subgroupoid.

Definition 10: Let G be a Smarandache groupoid and V' be a Smarandache subgroupoid
of G. We say V is a Smarandache semi-normal subgroupoid if:

l.aV=Xforallae G; 2. Va=Y forall a € G, where either X or Y is a Smarandache
subgroupoid of G but X and Y are both subgroupoids.

Example 6: Consider the groupoid G = {Zg, *, (4,5)} given by the table.

gk |lw ||~ ]|o
ool e]lo|o
—lw|o|—]w|o |~
ol |lo| | x|
= |w o =] w|w
S lolo|s|olo |~
wlo |~ |w ||~ |
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Clearly G is a Smarandache groupoid as {3} is a semigroup. Take A = {1,3,5}. Ais also a
Smarandache subgroupoid. Now a4 = A is a Smarandache groupoid. Aa = {0,2,4}. {0,2,4}

is not a Smarandache subgroupoid of G. Hence A is a Smarandache semi-normal subgroupoid.

Definition 11: Let A be a Smarandache groupoid and V' be a Smarandache subgroupoid.
V is said to be Smarandache normal subgroupoid if aV = X and Va =Y where both X
and Y are Smarandache subgroupoids of G.

Theorem 12. Every Smarandache normal subgroupoid is a Smarandache semi-normal

subgroupoid, and not conversely.

Proof. By the definition 10 and 11, we see every Smarandache normal subgroupoid is
Smarandache semi-normal subgroupoid. We prove the converse by an example. In example 6
we see A is a Smarandache semi-normal subgroupoid but not a normal subgroupoid as Aa =

{0,2,4} is only a subgroupoid and not a Smarandache subgroupoid.

Example 7: Let G = {Zsg, *, (2,6)} be a groupoid given by the following table:

*

N|jo|luo|ks|lw| ]|~ ]|o
olkh|lv|iolo|lkr|vw|o|o
s lv|jo|lo|ke|lv|o|lo | =
v lojlola|vM|o|lo x|
oclo|lkr|v| ook || w
ol |l v ook |vw|o|
Sl |jlo|lo|lke|lv|o|o | o
v ook |lv|o|lo|e|o
clo|le|lv|olo e ||~

Clearly G is a Smarandache groupoid for {0,4} is a semigroupoid G. A = {0,2,4,6} is
a Smarandache subgroupoid. Clearly Aa = A for all a € G. So A is a Smarandache normal

subgroupoid of G.

Definition 13: Let G be a Smarandache groupoid H and P be subgroupoids of G, we say

H and P are Smarandache semi-conjugate subgroupoids of G if:
1. H and P are Smarandache subgroupoids.
2. H = zP or Pz, for some z € G.
3. P=2xH or Hzx, for some z € G.

Example 8: Consider the groupoid G = {Zj2,%,(1,3)} which is given by the following
table:
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*x 0|1 23|45 |6 |7 |8]9]|10|11
o103 ]6]910] 3690|3619
1 114|710} 14| 7 (10]1]|4]|7]10
22|58 |11} 2|5 |8|11]2 |5 |8 |11
313|690 ]3|6]9]0]3]61]9]|0
4 147101 |47 (101 4| 7]|]10]1
5 |5 | 8|11} 2 |5 |8 |11]|2 |5 |8 11| 2
6 69103 ]6|9]0]3]61]9]0]|3
7T |7 |10 1}4 710|147 ]10]1) 4
8 (8|11 |2 |5 |8 (|11 2|5 |8 |11 2|5
91910136903 |6]9]0|3]6
(101 4| 7|10} 14 |7 |10]1]|4]7
11112 5|8 |11}|2 |5 |8 |11 2|5 ]38

Clearly G is a Smarandache groupoid for {0,6} is a semigroup of G. Let A; = {0,3,6,9}
and Az = {2,5,8,11} be two subgroupoids. Clearly A; and Ay are Smarandache subgroups of
G as {0,6} and {2,8} are semigroups of A; and As respectively.

Now:

Ay = 3{2,5,8,11} = 34,
= {0,3,6,9}

and similarly:
As =2{0,3,6,9} = 2A4;.

Hence A; and Aj are conjugate Smarandache subgroupoids of G.

Definition 15: Let G1,G2,G3, -+ ,G,, be n groupoids. Wesay G = G; x Go X -+ X G,
is a Smarandache direct product of groupoids if G has a proper subset H of G which
is a semigroup under the operations of G. It is important to note that each G; need not be a
Smarandache groupoid for in that case G will be obviously a Smarandache groupoid. Hence we
take any set of n groupoids and find the direct product.

Definition 16: Let (G,*) and (G, 0) be any two Smarandache groupoids. A map ¢
from (G, *) to (G',0) is said to be a Smarandache groupoid homomorphism if ¢(a % b) =
¢(a) o ¢(b) for all a,b € A.

We say the Smarandache groupoid homomorphism is an isomorphism if ¢ is an isomor-
phism.

Definition 17: Let G be a Smarandache groupoid. We say G is a Smarandache
commutative groupoid if there is a proper subset A of G which is a commutative semigroup

under the operation of G.
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Definition 18: Let G be Smarandache groupoid. We say G is Smarandache inner
commutative groupoid if every semigroup contained in every Smarandache subgroupoid of G
is commutative.

Theorem 19. Every Smarandache inner commutative groupoid G is a Smarandache
commutative groupoid and not conversely.

Proof. By the very definition 18 and 19 we see if G is a Smarandache inner commutative
groupoid then G is Smarandache commutative groupoid.

To prove the converse we prove it by an example. Let Zo = {0, 1} be integers modulo 2.
Consider set of all 2 x 2 matrices with entries from Zs = (0,1) denote it by Maxo.

0 0 0 1 1 0 0 0
oo/ \oo/) \oo/) \1o0
Maxo =
0 1 1 0 0 1 1
o1/ \o1)'\1o) Vo1
0 0 11 0 0 10
o1/ \oo) \1 N1 o0
1 0 1 1 0 1 1 1
11/ \1o) L1 1) {11
. . . ay ag b1 ba )
Msy5 is made into a groupoid by for A = and B = in Maoyo.
as Q4 b3 b4
by b
AoB — ap az o 1 2
as aq by by
- a1bs + agbi(mod2) ay1by + agbe(mod?2)
asbs + a4b1(m0d2) azby + a4b2(m0d2)
) ) 10 10 0 0
Clearly (May2,0) is a Smarandache groupoid for o =
0 0 0 0 0
0 0 10 . _
So , ,0 » is a semigroup.
0 0 0 0
0 0 10 0 1 11
Now consider A; = , , , ,0 p is a Smaran-
0 0 0 0 0 0 0 0
dache groupoid but A; is non-commutative Smarandache groupoid for A; contains a non-
. . . 0 0 11 1 0 10
commutative semigroupoid S. S = ,0 » such that

oo/ \oo/) Loo 0 0
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11 0 0 11 1 0 1 0
= and o = . So (M2, 0) is a Smaran-

0 0 0 0 0 0 0 0 0 0
dache commutative groupoid but not Smarandache inner commutative groupoid.

Definition 20: A groupoid G is said to be a Moufang groupoid if for every x,y,z in G
we have (zy)(zz) = (x(y2))z.

Definition 21: A Smarandache groupoid (G, %) is said to be Smarandache Moufang
groupoid if there exists H C G such that H is a Smarandache groupoid satisfying the Moufang
identity: (zy)(zz) = (x(yz)z) for all z,y, z in H.

Definition 22: Let S be a Smarandache groupoid. If every Smarandache subgroupoid H of
S satisfies the Moufang identity for all z, y, z in H then S is a Smarandache Strong Moufang
groupoid.

Theorem 23. Every Smarandache Strong Moufang groupoid is a Smarandache Moufang
groupoidand not conversely.

Proof. Every Strong Smarandache Moufang groupoid is a Smarandache Moufang groupoid.
The proof of the converse can be proved by constructing examples.

Definition 24: A groupoid G is said to be a Bol groupoid if ((xy)z)y = x((yz))y for all
z,y,z € G.

Definition 25: Let G be a groupoid. G is said to be Smarandache — Bol groupoid if G
has a subgroupoid H of G such that H is a Smarandache subgroupoid and satisfies the identity
((zy)2z)y = z((yz))y for all x,y,z in H.

Definition 26: Let G be a groupoid. We say G is Smarandache Strong Bol groupoid
if every Smarandache subgroupoid of G is a Bol groupoid.

Theorem 27. Every Smarandache Strong Bol groupoid is a Smarandache Bol groupoid
and the converse is not true.

Proof. Obvious.

Theorem 28. Let Z, = {0,1,2,---,n — 1} be the set of integers modulo n. Let G =
{Z,,*, (t,u)} be a Smarandache groupoid. G is a Smarandache Bol groupoid if t* = t(mod n)
and u? = u(mod n).

Proof. Easy to verify.

Example 9: Let G = {Zg, *, (2,3)} defined by the following table:

=N O e N O

= Ot | W= O W

Sl |jolse|lvo|o |

= Ot | W= W W

=N O N O |
= Ot W= O] W | ot

U | W N | = O

{0, 3} is a Smarandache subgroupoid and since 2° = 2(mod 6) and 32 = 3(mod 6) we see G
is a Smarandache Bol groupoid.
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Problem 2: Let {0,1,2,--- ,n — 1} be the ring of integers modulo n. G = {Z,, *, (t,u)}

be a groupoid. Find conditions on n,t and u so that G:

1.

. has Smarandache semi-normal subgroupoids.

is a Smarandache groupoid.

. has Smarandache normal subgroupoids.
. is Smarandache commutative.

. is Smarandache inner commutative.

is a Smarandache-Bol groupoid.

. is a Smarandache Strong Bol groupoid.
. is a Smarandache-Moufang groupoid.

. is a Smarandache-Strong-Moufang groupoid.

10. has always a pair of Smarandache conjugate subgroupoid.
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