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Abstract: In this paper, considering the extended Darboux frame in
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1. Introduction

In differential geometry, relations between the curves are wide
and important field of study for many researchers. Parallel to
this, new studies have been done about curves and special
curves. The most familiar special curves are involute-evolute
curves, Bertrand curves, Mannheim curves and Smarandache
curves. A regular curve, whose position vector is obtained by
Frenet frame vectors on another regular curve is called
Smarandache curve in Minkowski space-time [1]. Special
Smarandache curves have been studied at many researches in
both Euclidean space and Minkowski space [1-5]. There are
also some studies on special Smarandache curves in Galilean
and pseudo-Galilean spaces [6-8].

Ali [2] has introduced TN, NB and TNB -Smarandache
curves according to Frenet frame {T,N,B} in Euclidean 3-

space and obtained Frenet-Serret invariants of TN-
Smarandache curve. In [4]; Tg, Tn, gn and Tgn-

Smarandache curves according to Darboux frame {T,g,n}

have been given in Euclidean 3-space. In this study, the
authors have calculated the Frenet apparatus of these special
Smarandache curves and found some properties of these
curves. Also, Smarandache curves in 4-dimensional
Euclidean space according to the Frenet frame and parallel
transport frame have been studied in [5] and obtained the
Frenet-Serret and Bishop invariants for the Smarandache
curves.

In the light of the existing studies in this area, we define
some special Smarandache curves suchas TE, TD and TN
-Smarandache curves in Euclidean 4-space according to the
extended Darboux frame (or shortly ED-frame) defined in [9].
Then considering the extended Darboux frame of second kind,
we obtain the Frenet apparatus of these special Smarandache
curves depending on the extended Darboux frame invariants.

2. Preliminaries

4 4 4
Definition 1. Let x = inei Y= z yig; and z = ZZiei be
i=1 i=1 i=1

three vectors in R*, where{e,,e,,e;,e,} be the standard basis

of R*. Then the ternary product or vector product of these
vectors is defined by [10]
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Let M be a regular hypersurface in E*, o be a Frenet
curve with arc-length parametrization on M and {t,n,b,,b,}
be the moving Frenet frame along o . Then we have [11]
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Since the curve o lieson M , we have another frame field
such as the ED-frame field {T,E,D,N} along « , where
T=da', N=N(a),

_a"—(a",N)N

I a"—(a",N)NI
(Casel),

_a"—(a"N)N-(a", T)T

N a"—(a",N)N—(a", T)TI
dependent (Case2),
D=N®T®E,

and A is the unit normal vector field of M. Then we have
the following differential equations for the ED-frame field of
first kind

if {N, T,a"} is linearly independent

if {N, T,a"}is linearly
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11 0 kg 0 &g
1 2 1
E’ —K 0 K || E
= g g g (Case 1),
D 0 —K; 0 z'g D
N'] —K, —r; —z's 0 N
and the ED-frame field of second kind
T 0 0 02 K: T
E’' 0 0 x5 79 |lE
= ) (Case 2), (3)
D 0 -« 0 0D
N 1, =2 0 o|IN

where «, and 7

are the geodesic curvature and the geodesic

torsion of order i, (i =1,2), respectively, [9].

3. Smarandache Curves According to The
Extended Darboux Frame in E*

In this part, we deal with some special Smarandache curves

according to the ED-frame of second kind in Euclidean 4-

space. We find the Frenet apparatus of TE -Smarandache

curve, TD -Smarandache curve and TN -Smarandache curve
depending on the ED-frame invariants.

3.1 TE-Smarandache curve in E*

Definition 2. Let M c E* be an oriented hypersurface and
a1 < R — M be aFrenet curve with arc-length parameter
s in E*. Let us denote the ED-frame field of a(s) with
{T(s),E(s),D(s),N(s)}. TE -Smarandache curve S is
defined by

1
ﬂ@)—y;(ﬂ$+E@»- (4)

Considering the ED-frame of second kind, let us now
calculate the Frenet apparatus {T ,n’,b;,b,,k; Ky, k;} of
TE -Smarandache curve S depending on the ED-frame

invariants. Let s be the arc-length parameter of £. If we
differentiate (4) with respect to s and use (3), we have

, dpdss 1
B = ds*gzﬁ(K§D+(Kn+ré)N). ®)
Since
o ds (k5)% + (i +75)°
| ﬂll—g—\/ > : (6)

we find the unit tangent vector of TE -Smarandache curve
as
* 1

T= 2\2 1
J&2)? + (i, +25)
From (5), we have

2 (x2D+ (x, +71N). %

B = %(—Kn (e +7)T = ((2)° 75 (i +75) | E o
' (Kg)'m(xn’ + (! )’)N)

and

B = %(MT+!12E+#3D+#4N)' )

where

W= —Kn' (<, + ré )—2x, (Kn' + (z’é )’),
sy =—(5) (ry + 25y — 228 (i) +(e2)) ~aw2(x2),
ps = (k5)" = (k3)* — iy (i, + 7).

ty = ry + (@) =2 (6202 = 1y +25) ()2 4 (22)2).

Using (5), (8) and (9) gets
QPR =
pRp®p"= 22

where

v T+v,E+vD+ V4N),

v =~ + 25 (a2 + 5 (207 7y + 1)
— 278 ) 1 02 4 (i +4),

vy, = (K, + r; )(,u,l(K;)’ + iy (K + r; ) —,u47cnicg2)
- () + (2)),

vy = (i + 75 (an (2) + (b — iy Yo +23)),

V= K‘é (x, +r€1; Yk, —,uiz'él ) —,u,l(/(g)s.
Since

' " " 1 2 2 2 2
| B'R®L"®P"l =——=\|vi +v5 +vs +vy,
OB OB 2,—2\/1 2 tV3 v,

from (1) we find the second binormal vector of TE -
Smarandache curve S as

b = !

BT +v,E+v3D+v,yN). (10)

1/12 +v22 +v§ +V,
Also using (10), (5) and (8), the first binormal vector of
TE -Smarandache curve /£ is obtained as

b, = ! (4T + LE + 25D+ ,N), (11)
A2+ 22+ 2+ 22
where

A= ((Ké)2 + ré (x, + z’é )) (V4K'g2 —va(x, + 13 ))
+v, (K'gKn, - K, (ng)’ + ng (z’é ) — ré (Kg)'),
A =—xk, (K, +r;)(v4kgz —va(x, +ré))
-V (Kgicn' - K, (ng)’ + K'g (ré ) - z’é (Ké)')
Ay = vl(/cg)2 (x, + z’é )+ (x, + ré )2(vlré — VoK),
Ay = —Vl(K§)3 —Ks (x, + r; )(vlré —VoKp)-

If we use (11), (10) and (5), we calculate the principal
normal vector of TE -Smarandache curve /S as
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* l
n = —— (o4 T+ 0,E+ 03D+ 0yN),
\/0'1 +05+0;5 +0y

where

01 = (Ky +79)(Aavs — AgV2) = Kg (aVa = a¥y),
o, = (K, + z’é Y Agvy — Avs) + Ks (Qvs —Aqvy),
03 = (15, + 75 ) (Ve — vy,

Oy = —ng (Qvy —Hwy).

From (2), the first curvature of TE -Smarandache curve g
is

kf = WA,
where

J2
=

((/cg)2 +(x, +ré)2)\/0'12 +0% +0%+07
and

1 242, 1 1
A =-ok, (K, +74)— 0, ((Kg) +7 (K + 7 ))
+0'3(Kg2)'+0'4(1(n' +(r;)’).

Also using (2), the second curvature of TE -Smarandache
curve S is obtained as

93
ko :Zzﬂwi
i=1

where

\/2((71 +0'2 +63 +0'4)
\/(K ) +(x, +r ) \/31 +J,2 +/13 +/14

Moreover, we get

ﬁ(4) _

1 ' ’ 2 1
—\ (e —yxc) )T+ (1, — pi3cs — 74 ) E
\/E(M HyKn Hy — H3Ky — HyTy

+(u5 + ﬂngz;) D+ (py + gy + /lzfgl; ) N)-
So from (2), the third curvature of TE -Smarandache curve
p is found as

* ’ ! 2
ks :F(Vl(M = Hakn) + Vo (1 — paky —,U4Té)

2 2 ’ 1
+va(ug + torcg) +va(py + ik, +ﬂzTg)):
where

\/2(112 + A2+ A2+ A0
S
SO+ ey 4 P VB vE v Aoy

i=1

=

3.2 TD-Smarandache curve in E*

Definition 3. Let M be an oriented hypersurface in E* and
o be a Frenet curve with arc-length parameter s on M.
Denoting the ED-frame field of  «(S) by
{T(s),E(s),D(s),N(s)}, TD -Smarandache curve S can be
defined as

1
A= (T(s)+D(s)). (12)

19

Let us compute the Frenet apparatus of TD -Smarandache
curve depending on the ED-frame invariants. Let s~ be the
arc-length parameter of g . Differentiating (12) with respect
to s and using (3) yields

= d’ﬁ*'di:i(—iczE+KnN).

ds” ds \/E g

Then substituting

* 212 2
g9 /Ef&l_ffiL
ds 2

into (13), we obtain the unit tangent vector T~ of TD-
Smarandache curve [ as

(13)

T :—( KEE+x, N) (14)
,I(K ) +1<
Using (13) gets
" -1 ’
Yij =E(K§T+((K§) +KnTé)E
(15)
+(1(§)2D+(K§z'éJ —Kn')N)
and
-1
"=—\pT+pE+p.D+p,N), 16
ﬁ(pl PE+pD+p, ) (16)
where
o =K, (3, —ngr; ),

po = (x5)"+ 2K, 14 + 1, (z5) = (15)° — k2 (75)7,
P3 = K'g (S(Kg ) + an'; ),
Py =Ky + Z(ng)'ré + ng (ré ) + Kr? + Ky (z'(l; )2,
If we use (13), (15) and (16), we have
BB L= \/E(elT+ezE+e3D+e4N)
where
6 = p3ré ((Kg2)2 + Kﬁ) - pPs (icéicn' - (Ké)’l(‘n)
— () (Po5n + Parcy),
_p3’(r?)7
€ = —Plfgl; ((ng,)z + ’(ﬁ) +P1(’(§
+ Kr? (oarcn + p4’f§),
€ = ngl (,01(’(5)2 —Ps’(r?)

and

1
| B/®B"®B"l = ./62+62+62+62.
IB ﬂ ﬂ 2\/5 1 2 3 4

So the second binormal vector b, of TD-Smarandache
curve S isfound as
* 1

b2:—
\’El +€2 +€3 +€4

& =y (o (22
Kn — (Ké),’(n)

(T +6E+eD+¢N). a7
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Moreover, the first binormal vector b; of TD-
Smarandache curve S is obtained as
* _ l
L=
Vet +gi+ gt
where
&= —631'3 ((KS)2 + Kr%) +6 (Ké/(n' - (KS)'KH)

+ (ng)z (5, + 64’&;2),
& = (6o~ (2)7).
3= elré ((ng)2 + Kﬁ) —el(icglcn' - (KS)’Kn)
— K (ephy + 54’(5):
Ca= ’(; (63’(5 —61(’C§)2)-
Using (18), (17) and (13) yields the principal normal vector
n" of TD -Smarandache curve S as

. 1

IR
where
8 = Ky (€387 _6243)+’<§ (€384 —€4C3)s
8, = Kkn(ads —€61),
03 = Kk (661 —68>) +ng (e4S1—al4),
Oy = ng (683 —€61)-

If we use (2), we find the first curvature

Smarandache curve S as

b

(18)

(S1T+SE+ D+ EN),

n

(5T +8,E+5,D+5,N),

k, of TD-

kf =wQ,
where
- 2
((c2)? +x2)Jo2 + 67 + 62 + 57
and

Q=6 +6, ((ng)’ + K‘nfé) + 53(1(5)2 +0, (Kéfé —Kn').

From (2), the second curvature k; of TD -Smarandache
curve S is

4

= _ 1N

k, :_zgipi
Q=

where

\/5\/512 + 67 + 62+ 67
n= .
JOO2 e x2 |t + 2+ 2+ L2

Besides, we have

1, ,
pY = Nl (o) = pura) T+ (5 — pox? - pyrhJE

+ (/)3, + Pz’f;)D +(pg + pricy + szé )N)
and using (2), we obtain the third curvature k; of TD-
Smarandache curve S as

2_

k; = A(el(pl, — pakn) + & (P2 — P3Ky 6473)

+e3(py + pz’fé) +eg (P4 + pricy + PzTé )),
where

A AL e

= . _
22,2 [2, 2 2 2
\/(Kg) ThyNa T teg T Zé,ipi
i-1

3.3 TN -Smarandache curve in E*

Definition 4. Let o« be a Frenet curve with arc-length
parameter S on an oriented hypersurface M in E* and
{T(s),E(s),D(s),N(s)} denotes the ED-frame field of «(s).
TN -Smarandache curve £ is defined by

B(S) = % (T65)+N)).

Let us now obtain the Frenet apparatus of TN-
Smarandache curve S depending on the ED-frame

(19)

invariants. Let s~ be the arc-length parameter of g . If we
differentiate (19) with respect to s and use (3), we get

, dpdsT -1
B =£E=E(KJ+T;E—K”N). (20)
Then from (20), we have
* 2 2+ 1\2
lﬂ,":ddis: K”T(Tg) (21)

and substituting (21) into (20) gives the unit tangent vector
T" of TN -Smarandache curve 3, i.e.:

* _1

T= [, 2 (12
2y + ()

From (20), we get

p'= _—1((/(”' +K§)T+((Té )'+Kn‘[é )E

V2 23)

+ohidD+ (2 ' +(2)°N)

(KnT +7E- KnN). (22)

and

m 1
B = E(§1T+§2E+§3D+§4N): (24)
where

"

& =K, (Kﬁ + (‘ré )2) —3Kn/<n' —Kn' ,

& =5 (k2 + ()7 (207 2 ) (b~ (21",

&= —2/(; (Té)'— Té (K‘nl('é + (Kg)'),

&y =K, (Kﬁ' + (ré )2) —3(KnKn' + z’é (Té )') + K‘n”.
Equations (20), (23) and (24) yields

LR L= % (‘P1T+‘{’2E+‘P3D+ ‘P4N),

where
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wy =gt (22 + (2)2) + & (2 = xy (1))
+ KTy (&, +E4Ty),

¥, = &y (262 + (74)2) — iyl (6 + &),

¥y = (Gt — &) (262 + (1))
(& EN K T~y (2)),

W, = k22 (Gpry — &ty + & (i, L~k (2)).
So, we have

' " 7 1 2 2 2 2
| B'RB"QB"l = —|¥; +¥5+¥5+¥y7,
BOB ®p ZﬁJl 24w+

which enables us to find the second binormal vector b, of
TN -Smarandache curve S as

- 1

S PR iwiiwlew?
From (25), (20) and (23), we obtain the first binormal
vector b; of TN -Smarandache curve S as

b, = !

b

(P, T+V¥,E+¥Y;D+¥,N). (25)

(T +7,E+73D+7.N), (26)

2. 2. 2.2
71tV Y3,

where
"= —‘P3ré (21{5 + (Té )2) + ¥, (z’é Kn' — K, (z‘é )')
Fi2e (Wor, +W,7L),
v, = YaK, (2/(,‘:' + (ré )2) —an‘;l(g (Y, +V¥,),
V3= (\Plfé _\PZKn)(ZKr? +(Té )2)
+ (4%, (s, ) - by ),
V4= —KéTé (‘I—’lré -¥,x,)- ¥, (Kn (Té )’—Ték‘n’).

If we use (26), (25) and (20), we find the principal normal
vector n” of TN -Smarandache curve 3 as

x 1
Job + 02 + 0% + 02
where
o =K,(7Y3-73Y2) +Té (ra¥3-73¥y),
0, =Ky (31— Y3 +73¥4 -7, ¥s),
@3 =1,(nYo =7 Y1+ 7Y, —7,%s)
+ Té (Y4 —7s¥2),

n

(AT +@,E+ @D +yN),

P4 =K (V3 —73¥2) + Té (r3¥1—nYs).

Using (2), the first curvature kl* of TN -Smarandache
curve £ is obtained as
k =y @,
where
. 2

(2x2 + @ ol + 03 + 05 + 7

and

21

’ 2 ’
D =gy (x, +Kn)+¢2((73) +Kn7g;)
+ (psré Kg + @4 (Kﬁ —K, + (ré )2)
If we use (2), we calculate the second curvature k; of TN
-Smarandache curve S as

4

* &

ko =—)> 7
3

where

o ~J2(0? + 93 + 9% + 0F)
J2E+ @2+ 41
Also, we get

1 1 ’
£ =$(<<§1 ek )T+ (& —Ex2 —E,Th)E

(& +5R2ID+ (& + &, +5TN)
and from (2), we find the third curvature of TN -Smarandache
curve S as

k; = ®(\Pl(§l, — &) + Vo (& —Sgs’fgz; _5473)

+W5(Ey + &) + W4 (&) +EK, + &ty )),
where

J207 + 72 +72+72)

2 .
\/2K§ +(r3)° \/‘Plz +W3 4+ 2 +‘P42127i§i
i1

®=

4. Conclusion

In this study, according to the ED-frame in E*, TE -
Smarandache curve, TD-Smarandache curve and TN -
Smarandache curve are defined and considering the ED-frame
of second kind, the Frenet apparatus of these curves
depending on the invariants of the ED-frame are obtained.
Similarly, the other special Smarandache curves such as ED
-Smarandache curve, EN -Smarandache curve, DN-
Smarandache curve and etc. can be defined. Also considering
the ED-frame of first kind, the Frenet apparatus of TE, TD,
TN -Smarandache curves and the other special Smarandache
curves depending on the invariants of the ED-frame can be
calculated.
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