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1. Introduction 

In differential geometry, relations between the curves are wide 

and important field of study for many researchers. Parallel to 

this, new studies have been done about curves and special 

curves. The most familiar special curves are involute-evolute 

curves, Bertrand curves, Mannheim curves and Smarandache 

curves. A regular curve, whose position vector is obtained by 

Frenet frame vectors on another regular curve is called 

Smarandache curve in Minkowski space-time [1]. Special 

Smarandache curves have been studied at many researches in 

both Euclidean space and Minkowski space [1-5]. There are 

also some studies on special Smarandache curves in Galilean 

and pseudo-Galilean spaces [6-8]. 

Ali [2] has introduced TN , NB  and TNB -Smarandache 

curves according to Frenet frame { , , }T N B  in Euclidean 3-

space and obtained Frenet-Serret invariants of TN -

Smarandache curve. In [4]; Tg , Tn , gn  and Tgn -

Smarandache curves according to Darboux frame { , , }T g n  

have been given in Euclidean 3-space. In this study, the 

authors have calculated the Frenet apparatus of these special 

Smarandache curves and found some properties of these 

curves. Also, Smarandache curves in 4-dimensional 

Euclidean space according to the Frenet frame and parallel 

transport frame have been studied in [5] and obtained the 

Frenet-Serret and Bishop invariants for the Smarandache 

curves. 

In the light of the existing studies in this area, we define 

some special Smarandache curves such as TE , TD  and TN

-Smarandache curves in Euclidean 4-space according to the 

extended Darboux frame (or shortly ED-frame) defined in [9]. 

Then considering the extended Darboux frame of second kind, 

we obtain the Frenet apparatus of these special Smarandache 

curves depending on the extended Darboux frame invariants.  

2. Preliminaries 

Definition 1.  Let 
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three vectors in 4 , where 1 2 3 4{ , , , }e e e e be the standard basis 

of 4 . Then the ternary product or vector product of these 

vectors is defined by [10] 
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Let  be a regular hypersurface in 4 ,   be a Frenet 

curve with arc-length parametrization on  and { , , , }1 2t n b b  

be the moving Frenet frame along  . Then we have [11] 
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Since the curve   lies on , we have another frame field 

such as the ED-frame field { , , , }T E D N  along  , where 
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and  is the unit normal vector field of . Then we have 

the following differential equations for the ED-frame field of 

first kind 
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and the ED-frame field of second kind 
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where i
g  and i

g  are the geodesic curvature and the geodesic 

torsion of order ,i ( 1,2) ,i   respectively, [9].  

 

3. Smarandache Curves According to The 

Extended Darboux Frame in 4  

In this part, we deal with some special Smarandache curves 

according to the ED-frame of second kind in Euclidean 4-

space. We find the Frenet apparatus of TE -Smarandache 

curve, TD -Smarandache curve and TN -Smarandache curve 

depending on the ED-frame invariants.  

 

3.1 TE -Smarandache curve in 4  

Definition 2. Let 
4  be an oriented hypersurface and 

: I    be a Frenet curve with arc-length parameter 

s  in 4 . Let us denote the ED-frame field of ( )s  with 

{ ( ), ( ), ( ), ( )}s s s sT E D N . TE -Smarandache curve   is 

defined by 

1
( ) ( ) ( ) .

2
( )s s s  T E   (4) 

Considering the ED-frame of second kind, let us now 

calculate the Frenet apparatus 
* * * * *

1 2 3{ , , , , }k k k* *
1 2b b,n,T  of 

TE -Smarandache curve   depending on the ED-frame 

invariants. Let 
*s  be the arc-length parameter of  . If we 

differentiate (4) with respect to s  and use (3), we have  
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we find the unit tangent vector of TE -Smarandache curve   

as 
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and  
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Using (5), (8) and (9) gets 
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from (1) we find the second binormal vector of TE -

Smarandache curve  as 
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Also using (10), (5) and (8), the first binormal vector of 

TE -Smarandache curve  is obtained as 
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If we use (11), (10) and (5), we calculate the principal 

normal vector of TE -Smarandache curve   as 
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is 
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Also using (2), the second curvature of TE -Smarandache 

curve   is obtained as 
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So from (2), the third curvature of TE -Smarandache curve 

 is found as 
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3.2 TD -Smarandache curve in 4  

Definition 3. Let  be an oriented hypersurface in 4  and 

  be a Frenet curve with arc-length parameter s  on . 

Denoting the ED-frame field of ( )s  by 

{ ( ), ( ), ( ), ( )}s s s sT E D N , TD -Smarandache curve   can be 

defined as 

1
( ) ( ) ( ) .

2
( )s s s  T D  (12) 

Let us compute the Frenet apparatus of TD -Smarandache 

curve depending on the ED-frame invariants. Let 
*s  be the 

arc-length parameter of  . Differentiating (12) with respect 

to s  and using (3) yields 

*
2

*

1
.

2
( )g n

d ds

dsds


      E N  (13) 

Then substituting 

2 2 2* ( )

2

g nds
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 



  ‖ ‖  

into (13), we obtain the unit tangent vector *T  of TD -

Smarandache curve   as 
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1
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  
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  

T E

D N

   (15) 

and  
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1
,

2
( )    


    T E D N   (16) 

where 

2 1
1 (3 ),n n g g       

2 1 1 2 3 2 1 2
2 ( ) 2 ( ) ( ) ( ) ,g n g n g g g g               

2 2 1
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If we use (13), (15) and (16), we have 

1 2 3 4

1
,
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2 4
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2 1 3( ) ,( )n g n       

1 2 2 2 2 2
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 


 

2 2 2 2
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and 

2 2 2 2
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1
.

2 2
         ‖ ‖  

So the second binormal vector 
*
2b  of TD -Smarandache 

curve   is found as 

1 2 3 4
2 2 2 2
1 2 3 4

1
( ).   

  

*
2b T E D N  (17) 
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Moreover, the first binormal vector 
*
1b  of TD -

Smarandache curve   is obtained as 

1 2 3 4
2 2 2 2

1 2 3 4

1
( ),   
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  

*
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       
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( ) ( )g g n g n g n

n n g

       

  

   

 


 

2 2 2 2
4 3 1( ) .( )g n g      

Using (18), (17) and (13) yields the principal normal vector 
*n  of TD -Smarandache curve   as 

*
1 2 3 4

2 2 2 2
1 2 3 4

1
( ),   

   
   

  
n T E D N  

where 
2

1 3 2 2 3 3 4 4 3( ) ( ),n g           

2 1 3 3 1( ),n      

2
3 2 1 1 2 4 1 1 4( ) ( ),n g           

2
4 1 3 3 1( ).g      

If we use (2), we find the first curvature 
*
1k  of TD -

Smarandache curve   as 

*
1 ,k    

where 

2 2 2 2 2 2 2
1 2 3 4

2

( )( )g n


     




   

 

and 

2 2 1 2 2 2 1
1 2 3 4( ) ( ) .( ) ( )n g n g g g g n                   

From (2), the second curvature 
*
2k  of TD -Smarandache 

curve   is  

4
*
2

1

i i

i

k


 




  

where 

2 2 2 2
1 2 3 4

2 2 2 2 2 2 2
1 2 3 4

2
.

( )g n

   


     

  


   

 

Besides, we have 

(4) 2 1
1 4 2 3 4

2 1
3 2 4 1 2

1
( ) ( )

2

( ) ( )

(

)

n g g

g n g

        

       


     

     

T E

D N

 

and using (2), we obtain the third curvature 
*
3k  of TD -

Smarandache curve   as 

* 2 1
3 1 1 4 2 2 3 4

2 1
3 3 2 4 4 1 2

( ) ( )

( ) ( ) ,

(

)
n g g

g n g

k       

       

     



 

    

 

where 

2 2 2 2
1 2 3 4

4
2 2 2 2 2 2 2

1 2 3 4

1

2( )
.

( )g n i i

i

   

   


  
 

    
 

 

3.3 TN -Smarandache curve in 4  

Definition 4. Let   be a Frenet curve with arc-length 

parameter s  on an oriented hypersurface  in 4  and 

{ ( ), ( ), ( ), ( )}s s s sT E D N  denotes the ED-frame field of ( )s . 

TN -Smarandache curve   is defined by 

1
( ) ( ) ( ) .

2
( )s s s  T N  (19) 

Let us now obtain the Frenet apparatus of TN -

Smarandache curve   depending on the ED-frame 

invariants. Let 
*s  be the arc-length parameter of  . If we 

differentiate (19) with respect to s  and use (3), we get 

*
1

*

1
.

2
( )n g n

d ds

dsds


   


    T E N  (20) 

Then from (20), we have  

2 1 2* 2 ( )

2

n gds

ds

 



  ‖ ‖   (21) 

and substituting (21) into (20) gives the unit tangent vector 
*T  of TN -Smarandache curve  , i.e.: 

* 1

2 1 2

1
.

2 ( )
( )n g n

n g

  
 


  


T T E N   (22) 

From (20), we get 

 

 

2 1 1

1 2 2 1 2

1
( ) ( )

2

( )

(

)

n n g n g

g g n n g

     

    






    

   

T E

D N

  (23) 

and  

1 2 3 4

1
,

2
( )        T E D N   (24) 

where 

2 1 2
1 ( ) 3 ,( )n n g n n n          

1 2 1 2 2 2 1 1
2 ( ) ( ) 2 ( ) ( ) ,( )g n g g n n g g                

2 1 1 2 2
3 2 ( ) ( ) ,( )g g g n g g            

2 1 2 1 1
4 ( ) 3 ( ) .( ) ( )n n g n n g g n               

Equations (20), (23) and (24) yields 

1 2 3 4

1
,

2 2
( )          T E D N  

where 
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1 2 1 2 1 1
1 3 3

2 1 1
2 4

2 ( ) ( )

( ),

( ) ( )g n g n g n g

g g n g

        

     

 



   



 

2 1 2 2 1
2 3 1 42 ( ) ( ),( )n n g n g g              

1 2 1 2
3 1 2

1 1
1 4

( ) 2 ( )

( )( ( ) ,

( )

)
g n n g

n g n g

     

     

   

  

 

2 1 1 1 1
4 2 1 3( ) ( ) .( )g g n g n g n g                 

So, we have 

2 2 2 2
1 2 3 4

1
,

2 2
          ‖ ‖  

which enables us to find the second binormal vector 
*
2b  of 

TN -Smarandache curve   as 

1 2 3 4
2 2 2 2
1 2 3 4

1
( ).    

   

*
2b T E D N  (25) 

From (25), (20) and (23), we obtain the first binormal 

vector 
*
1b  of TN -Smarandache curve   as 

1 2 3 4
2 2 2 2
1 2 3 4

1
( ),   

   
   

  

*
1b T E D N   (26) 

where 

1 2 1 2 1 1
1 3 3

2 1 1
2 4

2 ( ) ( )

( ,

( ) ( )

)
g n g g n n g

g g n g

       

   

     

  

 

2 1 2 1 2
2 3 1 42 ( ) ( ),( )n n g n g g             

1 2 1 2
3 1 2

1 1
1 4

( ) 2 ( )

( ) ( ) ,

( )

( )
g n n g

n g g n

    

   

   

   

 

2 1 1 1 1
4 1 2 3( ) ( ) .( )g g g n n g g n               

If we use (26), (25) and (20), we find the principal normal 

vector *n  of TN -Smarandache curve   as 

*
1 2 3 4

2 2 2 2
1 2 3 4

1
( ),   

   
   

  
n T E D N  

where 
1

1 2 3 3 2 4 3 3 4( ) ( ),n g               

2 3 1 1 3 3 4 4 3( ),n              

3 1 2 2 1 4 2 2 4

1
1 4 4 1

( )

( ),

n

g

     

  

       

   
 

1
4 2 3 3 2 3 1 1 3( ) ( ).n g               

Using (2), the first curvature 
*
1k  of TN -Smarandache 

curve   is obtained as 

*
1 ,k    

where 

2 1 2 2 2 2 2
1 2 3 4

2

2 ( )( )n g


     




   

 

and 

2 1 1
1 2

1 2 2 1 2
3 4

( ) ( )

( ) .

( )

( )
n n g n g

g g n n g

      

      

     

   
 

If we use (2), we calculate the second curvature 
*
2k  of TN

-Smarandache curve   as 

4
*
2

1

i i

i

k


 




  

where 

2 2 2 2
1 2 3 4

2 1 2 2 2 2 2
1 2 3 4

2( )
.

2 ( )n g

   


     

   


   

 

Also, we get 

(4) 2 1
1 4 2 3 4

2 1
3 2 4 1 2

1
( ) ( )

2

( ) ( )

(

)

n g g

g n g

        

       

    

    

 

 

T E

D N

 

and from (2), we find the third curvature of TN -Smarandache 

curve   as 

* 2 1
3 1 1 4 2 2 3 4

2 1
3 3 2 4 4 1 2

( ) ( )

( ) ( ) ,

(

)
n g g

g n g

k        

       

      

    

 
 

where 

2 2 2 2
1 2 3 4

4
2 1 2 2 2 2 2

1 2 3 4

1

2( )
.

2 ( )n g i i

i

   

   


  
 

     
 

 

4. Conclusion 

In this study, according to the ED-frame in 4 , TE -

Smarandache curve, TD -Smarandache curve and TN -

Smarandache curve are defined and considering the ED-frame 

of second kind, the Frenet apparatus of these curves 

depending on the invariants of the ED-frame are obtained. 

Similarly, the other special Smarandache curves such as ED

-Smarandache curve, EN -Smarandache curve, DN -

Smarandache curve and etc. can be defined. Also considering 

the ED-frame of first kind, the Frenet apparatus of TE , TD , 

TN -Smarandache curves and the other special Smarandache 

curves depending on the invariants of the ED-frame can be 

calculated. 
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