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Abstract

In this study, we define the X-torque curves, X —equilibrium curves, X-moment con-
servative curves, X—gyroscopic curves as new curves derived from a regular space
curve by using the Frenet vectors of a space curve and its position vector, where
X € {T(s),N(s), B(s)} and we examine these curves and we give their properties.
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1 Introduction

From the physical point of view, the concepts of linear velocity and angular veloc-
ity and hence the concepts of angular moment and torque are very important in the
dynamics of the motion of a body in a certain orbit. In terms of physics, unless an
external force is applied to an object, the object is stationary and will not have a
velocity and an orbit, therefore its moment vector and torque vector will not occur.
When a force is applied to the object, the object will have a linear velocity and hence
linear momentum, angular velocity and angular moment relative to a reference point
taken in space. In addition, an orbit and angular moment of the object relative to the
reference point and a torque vector relative to the position of the object will occur.
The linear moment of a body of mass m with its linear velocity v is P = mv, and the
moment vector (or angular moment vector) of the object relative to the point taken,
with its position r relative to the reference point taken, is defined by L =r X P.
Torque vector is defined as the change of the angular moment of the object with
respect to time during the motion of the object as I = i—f such that
= dL _ dr dpP

—E—EXP-FT‘XE (1)
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where i—;: v, % =F and since P and v are linearly dependent then we have

I'=rx F [1]. T is the torque vector caused by the force F acting on the object with
respect to the reference point and its magnitude is the size of the torque vector. If the
torque is zero, angular momentum is conserved during the movement, if the torque
vector and angular moment vector are linearly dependent, the body rotates only in
the plane perpendicular to the torque vector with respect to the reference point, if
the torque vector and angular moment vector are perpendicular, the body has a gyro-
scopic effect [2]. There are three types of equilibrium in physics which are called
stable, unstable and neutral systems. If the direction of the displacement vector of an
object and the directions of the torque vector are opposite, the body is in stable equi-
librium in its orbit. If the direction of the displacement vector of an object and the
directions of the torque vector are the same, it means that the object is in unstable
equilibrium in its orbit. If the balance of the object is independent of the displace-
ment vector from its original position, it is said that the object is in a neutral equilib-
rium state in its orbit [3]. If we look at the subject in terms of differential geometry,
we assume that every regular a(s) curve is an orbit of a moving body with unit mass
and with unit velocity which is the same of the drawing velocity of the curve. The
body has a helix motion at every point of the curve. This motion is called Frenet
motion [4]. This motion is the movement of linear independent orthonormal 7'(s),
N(s) and B(s) vectors (which are called tangent, principal normal and binormal) at
each point of the curve. During this movement, it has a curvature x(s) and torsion
7(s).

In this study, we will define and examine new curves by using the physical vector
quantities such as torque, equilibrium moment conservative and gyroscope mentioned
above in the theory of curves in differential geometry.

Let a(s) be a regular curve with arclenght parameter and with the Frenet vectors
T(s), N(s) B(s) and with the curvature x(s) and torsion z(s). The variation of the Frenet
frame according to time is defined as

T'(s) 0 Kk (s) 0 I(s)
N'(s) | =] —K(s) 0 K(s)p(s) || N(s) 2)
B'(s) 0 —x(s)p(s) 0 B(s)

where @(s) = ) and the functions. £(s), g(s) and A(s) are at least C°—functions and

K(s)
so the position vector of the curve can be given as

a(s) = f()T(s) + g(s)N(s) + h(s)B(s). 3)
Here, the functions f(s), g(s) and h(s) satisfy the relations
f'(s) = g(o)x(s) = 1 4)
g () +f()K(s) = h()x(s)p(s) = 0 (5)
H (s) + g(s)k(s)@(s) = 0 (6)
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[5]. The planes {N(s), B(s)}, {T(s), B(s)} and {T(s), N(s)} at each point of the curve
are called normal, rectifying and osculatory planes, respectively. An a(s) curve is
called a normal, rectifying, and osculatory curve if the position vector lies in the
normal, rectifying, and osculatory plane, respectively [6, 7]. Helices are known as
famous Lancret’s curves and occupy a very special place in the theory of curves.
For a curve to be a generalized helix, the necessary and sufficient condition is @(s) =
constant. Venant first proved this characterization [8—10]. In particular, if curvature
and torsion are constant, it is a curved circular helix. If a curve is a linear combi-
nation of constant multiples of Frenet vectors of another curve, the curve is called
a Smarandache curve [11]. Tuncer, defined and examined the moment vectors (T—
dual, N—dual and B—dual curve) of the curve with respect to the origin of the vec-
tor by using 7'(s), N(s), B(s) vector and by using the position vector of the curve
[5]. Senyurt et al. examined the vectorial moment of the unit Darboux vector [12].
Senyurt and Caligkan expressed and examined the vectorial moments in terms of
alternative frame and they applied these to ruled surfaces [13]. If T—dual, N—dual
and B—dual curves of a curve are denoted by L;(s), Ly(s) and Lg(s) according to the
origin, then these curves are defined as

Ly (s) = a(s) X T(s) (7)
Ly(s) = a(s) X N(s) ®)
Lp(s) = a(s) X B(s) ©)

respectively [5].

On the other hand, while a body with the unit mass and with the unit speed mov-
ing along the curve a(s), it has displacements on the 7—direction, N—direction and B—
direction at every moment of the motion due to the curvature and torsion of the a(s)
which are geometrically deflected from the tangent direction (or rotation around the
center of curvature) and deflected from the osculatory plane (or rotation around the tor-
sion center).

Throughout this study, external forces such as gravity and friction were neglected.

2 T-torque curve, T-equilibrium and T-gyroscobic curve of a space
curve

In displacement motion on T—direction along a(s), from equations (3) ve (7), T—dual
curve according to origin is

Ly(s) = h(s)N(s) — g(s)B(s) (10)
and as s changes, angular moment vector changes, T—torque vector is

_dLy(s)
T ds

I'r(s,) = k(s)a(s) X N(s).
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according to the origin. By using (3), we can give the following definition.

Definition 1 Let a(s) be at least regular C3—curve with arc-length parameter, with
Frenet vectors T(s), N(s), B(s) and with the curvatures x(s) and z(s). The curve
Iy (s*) = hfs) is called T—torque curve of a(s) where s, is the arc-length parameter,
where L(s)1s the position vector of T—dual curve. We can express FT(S*) as the fol-
lowing form

U7 (s,) = =k(Oh()T(s) + f(5)k(5)B(s). (1D

If % = 0 then we called a(s) is T—moment conservative curve.

The position vector Fr(s*) always lies in rectifying plane of the curve a(s)
and it is perpendicular to the principal normal vector. Let the parameter s, be arc
lenght parameter of T—torque curve then there is the relation

ds 1
d—‘ =
(R + (K620 + 0 5)) + (K 6)Y)?

between the arclenght parameters of both the T—torque and the curve a(s). As the
parameter s changes in an interval / C IR, the condition for the vector I'; (s*) to con-
struct a regular curve is that I, (s, ) # 0, where

s o9 —{K(©h($)Y T(s) — k()2 (h(s) + () (5))N(s)
() 5 ‘{ +H{K () (5) ) B(s) - 42

Definition 2 Let a(s) be a regular space curve, the curve a(s) is called unstable 7—
equilibrium curve, stable T—equilibrium curve if the vectors FT(s*) and T'(s) are of
the same direction, the vectors FT(S*) and T'(s) are of the opposite direction at each
points of the curve a(s), respectively. The curve a(s) is called neutral T—equilibrium
curve if the vector I'; (s*) doesn’t have any components on T'(s).

Definition 3 Let a(s) be a regular space curve, the curve a(s) is called T—gyroscobic
curve, if the vectors I'y (s*) and L;(s) are perpendicular at each point of the curve

a(s).

From the Egs. (4), (5) and (6), it is easy to see that angular moment is con-
servative in the motion of displacement on direction 7(s) along the curve if and
only if the curve a(s) is to be a linear orbit. If the T—torque vector is a constant
vector then I’ (s,) = 0. From (12), for x(s)h(s) = ¢y and k(s)f(s) = ¢;, we have
@(s) = —Z—” and from (4) and (6), we get ¢, = h(s) = O then, this requires the curve

1
a(s) to be a planar curve. For this reason, we can say that there are no any curves,
whose T—torque vectors are constant. For the same reason, FT(S*) is not a Sma-
randache curve of a(s).

@ Springer



Journal of Nonlinear Mathematical Physics

When the T—torque and 7—moment vectors are perpendicular, then from (4) and
(11), for x(s) # 0, we getg(s)f(s) = 0, hence we can say all the rectifying and normal
curves are T—gyroscobic curves.

If the T—torque and T—dual(angular moment) vectors are linearly dependent then
from (4) and (11), for k(s) # 0, we get h(s) = 0, —cyg(s) = f(s)x(s) and from (5), we
have g(s) = c,e%*® and f(s) = —% also from (4), following differential equation

satisfies
. 2
coc1€°k" () — CleLOSK(S)?) —k(s)® - (Co) ¢,k (s) = 0.

In this case, a(s) is a planar curve and for these curves, we can say the motion of
displacement on direction 7(s) is the rotation around the origin for the planar curves
with nonzero curvature. The position vector of a(s) is

CoS
coc e’

K(s)

a(s) = — T(s) + c e°N(s),

the position vector of Ly(s) is
L;(s) = —c, e’ B(s),
and the position vector of 'y (s, ) is
T (s,) = coLy(s).

Here, the vector B(s) is the constant normal vector of plane on which curve a(s) is
drawn. If I'; (s, ) = €T (s) for € = 1, then we find f(s) = 0 and € = —k(s)h(s), from
(4), we obtain g(s) = %, h(s) = %) = —eg(s) from (5) and (6) we obtain

g(s) = —e¢ / @(s)ds + ¢y
also, we get
K'(s) — er(s)k(s) =0
the solution is

K(s) = ce®J T®ds,

Thus, g(s) = ce~¢/ 745 and h(s) = —ece¢/ 745 In this case, the position vectors
of a(s), Ly(s) and I'z(s, ) are

a(s) =f(T(s) + ce~¢/ sy (s) — ece=/ T(s)dsB(s),
L(s) = —ece™ ) TOBN(s) = ce~¢/ OO ()

and

FT(S*) = elc(s)ce_E/T(s)dsT(s)
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respectively. If A(s) = 0 in (11), then T—torque vector doesn’t have any components
on T(s), in this case a(s) is a neutral T—equilibrium curve. We can give the following
theorem.

Theorem 1 For a regular space curve a(s), the followings are true.

i. The curve a(s) is a line if and only if angular moment of displacement motion
on direction 7(s) along the curve is conservative.

ii. There are no any space curves with constant T—torque vectors, but all the
plane curves are of constant T—torque vector.

iii.  All of the rectifying curves and normal curves are T—gyroscobic curves.

iv. If the position vector of a(s) is a(s) = ‘O”e LU T(s) + c,e°N(s), then the
motion of displacement on direction 7(s) of a(s) is the rotation around the
origin.

v.  The curve a(s) is stable or unstable 7—equilibrium curve (fore = —lore =1
respectively) if and only if its position vector is

a(s) = f(s)T(s) + ce¢/ T0dspy (s) — ece™/ s B(s)

for f(s) € C°.
vi.  Osculating curves are neutral 7—equilibrium curves.

In the case that a(s) is a generalised helix, then @(s) = @ = constant and from

)

(1 (( ))>g () + gk (1 + @) + x(s) =

_ r(s)ds
8= {/ 4 CO}‘I(S)
also from (4) and (6), we get
fl&)=s+ / {/ K};S));i) + ¢ }q(s)rc(s)ds + ¢

d
h(s) = —(p/ {/ K};(ss))(](i) + co}q(s)ds +c,

03 . . .
where g(s) = (140%) [ r(9)ds g4 r(s) = ﬁ In the special case of a(s) is a circu-

and we get the solution

lar helix then
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1- COK‘(l + (pz)e_’“z(”“’z)s

() =~
8 K(l + (pz)
2 K (1+(p2)s
K@~°s + cye
f(s) = - +c
k(14 ¢?)
+ —K (1+(p2)s
h(s) DPR T %C +c,
k(14 @?)

Thus, we give the following remark.

Remark 1 For a regular space curve a(s),

i. If a(s)is a generalised helix then its 7—dual curve is

(—(pf {f fods co}q(s)ds + cz)N(s)

K (s)q(s)

LT(S) = r(s)ds
~{J 22+ ey Jq(s)B)

and its T—torque curve is

(-0 / {222 + ¢, batsrds + ;)7

K($)q(s)

Ip(s.) =-
+(5.) = =) (s /) 228 4 oy Ya(owods + ¢, ) B

K($)gq(s)

— (1+(p2)/r(x)ds — K(5)3
where ¢g(s) = e and r(s) RS

ii. If a(s)is a circular helix then its T—dual curve is

k(1 + @?)p(s)

and its 7—torque curve is

k(1 + @?)p(s)

K@p(s)s + ¢y k@’p(s)s + I
I'y(s,) =—x _—— 40, T+ | ———
o=+ ( Jroo (2

where p(s) = <" (1+@")s,

— 1 2
L(s) = k@p(s)s + ¢, ro, NG+ p(s) —cox (1 + @ )B(s)
k(1 + ¢?)p(s)

+ cl>B(s)}
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3 N-torque curve, N-equilibrium and N-gyroscobic curve of a space
curve

In displacement motion on N-direction along a(s), from (3) and (8), position vec-
tor of N—dual curve is

Ly(s) = =h(s)T(s) + f(s)B(s) (13)
and as s changes, angular moment vector changes, N—torque vector is

Iy (s*) = % = —k()a(s) X T(s) + x(s)p(s)a(s) X B(s) + B(s)

where s, is the arc-lenght parameter. The vector I'y, (s*) defines a curve, from (3), we
can give the following definition.

Definition 4 Let a(s) be at least regular C>-curve with arc-length parameter, wit
Frenet vectors T(s), N(s), B(s) and with the curvatures x(s) and z(s). The curve
Iy (s*) = difs) is called N—torque curve of a(s) where s, is the arc-length param-
eter, where Ly(s) is the position vector of N—dual curve. We can express Iy (s*) as
the following form

FN(S*) _ { K($)p(5)g(s)T(s) — k(s)Q(s)N(s) }

+(1 + K (5)g(s))B(s) (14)

where Q(s) = h(s) + f(s)p(s). If dis(s) = 0, then we call a(s) is N—moment conserva-

X d.
tive curve.

There is the relation
g _ 1
ds,
s* \/ (k@h©)Y)” + K067 + (k6 $)Y)?

between the arc-lenght parameters of both the N—torque and the curve a(s). The
regularity condition requires I'} (s, ) # 0, where

i, | {EOx@ee)] + 0w 16)
Ty(s.) 2 = —{k()p(s) + KOO NG (- (15)
U+ gK() ~ k(7 @()0) }Bs)

Definition 5 Let a(s) be a regular space curve, the curve a(s) is called unstable N—
equilibrium curve, stable N—equilibrium curve if the vectors I'y, (s*) and N(s) are of
the same direction, the vectors I'y (s*) and N(s) are of the opposite direction at each
point of the curve a(s), respectively. The curve a(s) is called neutral N—equilibrium
curve if the vector I'p (s*) doesn’t have any components on B(s).
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Definition 6 Let a(s) be a regular space curve, the curve a(s) is called N—gyroscobic
curve, if the vectors FN(S*) and Ly(s) are perpendicular at each point of the curve

a(s).

If there is no change of N—dual(angular moment) vector, then I'y (s*) =0, in this
case, from (14), @(s) =0, g(s) = —% and A(s) = 0, and from (4), f(s) = ¢, so the

curve a(s) is a planar curve, from (5), we obtain the differential equation

k' (5) + cor(s)* = 0.

1

a(s) = coT(s) — \/2¢cys + ¢ N(s)

is N—moment conservative curve.

The solution is k(s) =

therefore, the curve

Assume that a(s) is the curve with nonzero constant N—torque vector then

F}V (s*) = 0, from (15), we have the following equations,

[¢@x)es)] + k() Q(s) = 0,
K(5)g(s) + [K()Q(s)] = 0,

(1 + g(s)x(9)) = k() p()Q(s) = 0.

(16)

a7)

(18)

Let us take m = k(5)*0Q(s) in (18) and replace this in (16), we obtain

(s
@' ()p(s)

g)i(s)] + —=—
[ ] (o + 1)

[g()x(s)] =0,

we obtain

Co

V(s + 1

89K (s) =
and from (4) and (6), also we get

ds+ ¢,

1
fls)=s+c /—
’ \/go(s)2+1

and

@(s)
vV qo(s)2 +1

Therefore, if we rewrite % = k(s)Q(s) in (17), then we obtain

h(s) = —c, ds +c,.

19)
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x|
[—K(s)(p(s)] = k(5)@(s)

o

by using g(s)k(s) =
AV (p(s)2+1

(g&xs)' |
[K(s)(ms)] ‘/ K(E)pls)ds

, we get

and also

| =

g9k (s) =

2
(/ K(s)(p(s)ds> +cs. (20)

Co(P/(S)
(¢(s)” + 1)5/4\/200 —2e;V (s + 1

But, in this case, for these values of f(s), g(s) and A(s), we find @(s) = const. from
(5) and also «(s) = 0. Thus, there are no any curves except lines, whose N—torque
vectors are constant. In the case that the components on 7(s), N(s) and B(s) of N—
torque curve are constant then from (14), we have the following equations

Thus, from (19) and (20), we obtain

K(s) =

k(s)p(s)g(s) = ¢y, 1)
K(s)(h(s) + @($)f (5)) = ¢y, (22)
(1 + k(5)g(s)) = ¢,. (23)

From (4) and (23), we obtain f(s) = c¢,5 + ¢3 and g(s)k(s) = ¢, — 1. By using (20),
(6) and (22), we get @(s) = cc—ﬂ], h(s) = —cys + ¢4 and
c (c2 - 1)

K(s) = .
CoS + ez + c4(02 - 1)

If we rewrite these values in (5) after arranging, then we obtain

{(e)((e)+ (@) =) + (e)}s
#((e) (ea=1) + (co))es + (coles = 1) = cner)* ey

=0

where
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ey (e) =40 ()’ 1)

2¢,

+

CH =

| —

and

C4=

2
CO<C2 - (cl) - 1)
In this case, a(s) is a generalised helix and then, we give the following theorem.

Theorem 2 Let a(s) be a regular space curve in E>, then the followings are true.

i. The curve a(s) is N—moment conservative if and only if its position vector is

a(s) = coT(s) — \/2cys + ¢ N(s),

ii.  There is nospace curve, whose N—torque vector is a constant vector, except
lines in E3,

iii. If the N—torque curve of a(s) is a Smarandach curve then a(s) is a generalised
helix and its position vector is

CoS +cpey + 04(02 - 1)

a(s) = (czs + c3)T(s) + N(s) + (—cos + c4)B(s),

€1
whose curvature and torsion are
! (C2 - 1) CoCy
K(s) = ,T(8) =
CoS + CoC3 +c4(cz— 1) cos+coc3+c4(cz— 1)

Also, position vectors of the N—dual curve and the N—torque curves are
Ly(s) = (cos - c4)T(s) + (62s + c3)B(s)
and
Ty (s,) = coT(s) — ¢;N(s) + ¢, B(s)

respectively, where ¢, and c¢, are non-zero constants, c, #1 and
_1, @ =@ (@) (@)= )e)
: 2 20, e Co(cz_(cl)Z_l)

If position vectors of N—torque and N—dual curves are linearly dependent then at
first, from (13) and (14), later by using (4), (5) and (6), we obtain f(s) = ecye®’,

€5 _1

cpee

. 2 °
E=3 \/cl +2cpeets—(cg) e2es

@(s) = h(s) =0, g(s) = is\/cl + 2cpgess — (00)2625“‘ and x(s) =
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Thus, Ly(s) = cye®*B(s) and Ty (s, ) = coee®*B(s), in this case a(s) is a plane curve on
the plane with unit constant normal vector B(s).

Now, assume that position vectors of N—torque and N—dual curves are perpendicu-
lar then from (13) and (14), we have

F( + k(5)8(s)) — k($)p(s)g()n(s) = 0
by using (4) and (6), we get
FEf' () + h(s)H'(s) = 0
Here, we can take f(s) = ¢, cos w(s) and A(s) = ¢, siny(s), where y(s) is the angle
between the position vector of a(s) and T'(s). Therefore, from (4) and (6)
(o) = ¥/ ) c0s ()
7O T e ) sinp ()

and

g($)x(s) = —(1 + coy'(s) sin ll/(S))
(l + coy’(s) sin w(s))
8(s)

K(s) = —

for y/(s) # 0, from (5) we obtain

&' ($)g(s) — cocosy(s) =0

g(s) = i\/cl + 2¢ (/ cos w(s)ds).

Let the vectors {FN (s*),N(s)} be linearly dependent such as I'y (s*) = eN(s) for
e =+1. We have @(s)g(s) =1+ «(s)g(s) =0 and then we obtain @(s) =0,

=1

g(s) = o from (4) and (5), we obtain f(s) = ¢, and

so the solution is

g'()g(s) = ¢y =0

The solution is g(s) = +4/c; + 2¢ys. Also from (6), we get A(s) = c,. Thus,
Ty (s,) = —k(s)c,N(s), where k(s) = =, in this case, ¢, has to be zero.
]
Let the N—torque vector be independent from N(s) then Q(s) = h(s) +f(s)p(s) =0
for k(s) # 0. From (4) and (6), we obtain f(s) = —%, h(s) = % and from (5) we get

(529" (5)(1 + g(s5)*
g (9)g(s) — ( 5 ) =
@' (s)

so the solution is
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- \/ /(p(s) @1+ 06F)
@'(s)’

Hence, we have the following theorem.

Theorem 3 Let a(s) be a regular space curve in E>, then the followings are true.

i.  The displacement motion on N-direction along a(s) is rotation around of origin
if the position vector of a(s) is

a(s) = ecoe”T(s) + 8\/6‘1 + 2cpeess — (co)zemN(s),

ii. If the curve a(s) is N—gyroscobic curve, then for any C°— function g(s), the
position vector a(s) is

a(s) = cocosy(s)T(s) = \/C1 + 2¢, (/ cos w(s)ds)N(s) + ¢y siny (5)B(s),

where y (s) is the angle between the position vector of a(s) and T(s).

ili. The curve a(s) is stable or unstable N—equilibrium curve if and only if its posi-
tion vector is

a(s) = £4/c;N(s) + ¢, B(s),

iv. If the curve a(s) is neutral N— equilibrium curve then its position vector is

/" 1 2
\/ / PP (1) e
Q@ (s) @'(s)

a(s) =

4 B-torque curve, B-equilibrium and B-gyroscobic curve of a space
curve

In displacement motion on B—direction along a(s), from (3) and (9), B—dual curve
is defined by

Ly(s) = ()T(s) = f(5)N(s) (24)
and the B—torque vector which is denoted by I'p, (s*) is defined as

dLy(s)

Ty(s,) = % = —N(s) — k(s)(s)a(s)AN(s)

according to origin. From (3), we can give the following definition.
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Definition 7 Let a(s) be at least regular C*-curve with arc-length parameter,
Frenet vectors 7(s), N(s), B(s) and curvature and torsion «(s), 7(s). The curve
FB(s*) = dLLV(S) is called B—torque curve of a(s) where s, is the arc-length parameter,
where Lg(s) 1s the position vector of B—dual curve. We can express [ (s*) as the fol-
lowing form

Ty(s,) = k()@SAS)T(s) — N(s) — k()p(s)f ()B(s). (25)

If % = 0, then we called a(s) is B—_moment conservative curve.

As the parameter s changes, the vector I'y (s*) draws a curve, we call this curve as
the B—torque curve of a(s), where s, is the arc-lenght parameter of B—torque curve.
The condition of regularity of the curve I', (s*) requires I, (s*) # 0 which is

Cds, [ K@@ — k()}T(S) + k(s p()QSN(s)
Tp(s.) == = / (26)
ds ~{k6)05) + [0 (9)] }Bs)

where

ds _ !
ds,

(k@) = K()} + K(S)4¢(S)22Q(S)2
+H{ k)96 + [k©p61 )] |

and Q(s) = h(s) + f(s)p(s).

Definition 8 Let a(s) be a regular space curve, the curve a(s) is called unstable B—
equilibrium curve, stable B—equilibrium curve if the vectors FB(S*) and B(s) are of
the same direction, the vectors I’ (s*) and B(s) are of the opposite direction at each
point of the curve a(s), respectively. The curve a(s) is called neutral B—equilibrium
curve if the vector I' (s*) does not have any components on B(s).

Definition 9 Let a(s) be a regular space curve, the curve a(s) is called B—gyroscobic
curve, if the vectors FB(S*) and Lg(s) are perpendicular at each point of the curve

a(s).

It is clear from (25) that space curves are not B—moment conservative curves. If
F;(s*) = 0, then from (26), we have the followings,

[k(s)@(s)h(s)]" — K(s) = 0, 27)
x(s)’@(s)Q(s) = 0, (28)
K($)9(s) + [k )] . (29)
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When the Egs. (4), (5) and (6) are considered, there are no any solutions for (27),
(28) and (29) except x(s) = 0, so there are no any space curves, whose B—torque
vectors are constant in E3. Assume that the coefficients on 7(s) and B(s) of FB(S*)
are constants such that x(s)@(s)h(s) = ¢, and k(s)@(s)f (s) = c, then h(s) = Z—(I’f(s)

and from (6), we have x(s)g(s) = . ¢(:)0+c and by using (4) and (6), we obtain
— o(s) @(s) €03
() =¢ / pprEY ds + cyand h(s) = ¢ / pprEY. ——— s+ 22 . From (5), we have
coleg — cop(s) CcoC
sy = 2L =% ){/ P 4oy ﬂ} ~0
¢ p(s) + ¢y c o(s) + ¢ c

and we get the solution

co(e = co(s) @(5)
g(s)—+\/ / c1@(s) + ¢ {/ cl(p(s)+c0d +T}ds+c4

In this case, the curve FB( ) is the Smarandach curve and the position vector is

K 0) (1 [ —2—ds+¢; )T() = N ()

r — c1(s)+c,
o) —K(S)(P(S)(Co/ 2 —ds + 42 ) B(s)

c1@(s)+cg

In the case of the position vectors of FB(s*) and Lg(s) are perpendicular then from
(24) and (25), we get

f(s) = I (s)h(s) (30)
from (4), (5) and (6), we have the following equations
1 (s)* + h(s)H" (s) + g(s)K(s) + 1 =0

g'() = h(s)x(s)(H'(5) + @(s)) =0 €1y
H'(s) + g()x(s)g(s) =0.

For ¢(s) # 0, the common solution of (31) is

(5) =———"')
¢ W (s)* + h(s)h"(s) — 1
172 "
K(s) =h ()" + h(s)h"(s) — 1 (32)
8(s)

g(s) =+ \/co — h2(s)' (s)°.

In this case, the position vectors of B—dual curve and B—torque curve are

Ly(s) = £/ ¢y — R2(s)I ($)*T(s) = I (s)h(s)N(s)
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and
Ts(s,) = k()@(S)A(S)T(s) — N(s) — k(s)@(s)h ()h(s)B(s)

respectively.

On the other hand, it is easy to see that since {I'(s, ), B(s)} cannot be inearly
dependent such that FB(S*) = +B(s), then there are no stable or unstable B—equilib-
rium curves. From (25), if f(s) = 0 then binormal vector is perpendicular to I', (s* ), o)
we can say all the normal curves are neutral B—equilibrium curves. Thus, we give the
following theorem.

Theorem 4 Let a(s) be a space curve then, the followings are true.

i. There are no any B—moment conservative space curves in £,

ii. There are no any space curves whose B—torque vectors are constant vectors,
except lines in E>,

iii. if [y (sy) is a Smarandach curve, then position vector of a(s) is

(cl [ 26 gs + c3)T(s) + (c(,/ 20 gs + %)B(s)

c1p(s)+cy c1p($)+c

“)= i<\/2f co(c1=60(®) {/ AN A (2# }ds + c4>N(s)

c1p(s)+cy c1@(s)+cg

=1 ()
(s +h(s)h" (s)—1
if and only if the position vector of a(s) is

iv. a(s) is a B—gyroscobic curve with ¢@(s) = and

7 ()2 +h(s)H (5)—1

+1/ co—h2 ()M (5)*
a(s) = W ()h(s)T(s) £ \/ ¢y — h2(s)I’ (5)>N(s) + h(s)B(s)

for h(s) € CO.

K(s) =

v.  There is no any space curve which are stable or unstable B—equilibrium in E?,

vi.  All the normal curves are neutral B—equilibrium curves.

vii. The space curve a(s) is neutral B—equilibrium curve if and only if a(s) is a
normal curve.

In this part of our study, we give some generic properties about vectorial moments
of space curves and torque curves. Assume that total angular moments vectors of a
space curve a(s) satisfy

Ly(s) + Ly(s) + Ly(s) = 0,

then from the Egs. (3), (4), (5) and (6), we have
(8(s) = h(s)T(s) + (h(s) = f()N(s) + (f(s) — g($))B(s) = 0.

Since {T(s), N(s), B(s)} is linearly independent,

@ Springer



Journal of Nonlinear Mathematical Physics

J(s) = g(s) = h(s)
For f(s) = g(s) = h(s) = u(s) Egs. (4), (5) and (6) turn to

H'(5) = p(s)K(s) =1
' (5) + u(s)x(s) = u(s)x (s)p(s) =0
#'(5) + u(s)x(s)p(s) =0
and the common solution for u(s), x(s) and ¢(s), obtained as u(s) = Lo+ Cos
K(s) = —ﬁ, @(s) = % Thus f(s) = g(s) = h(s) = %s + ¢g and 7(s) = 2k (s). On the
contrary, we assume that the curve a(s) is a curve with position vector

als) = (%s ¥ co) {T(s) + N(s) + B(s)}.

From the equation (4), we obtain @(s) = %, K(s) = —ﬁ and also we get
7(s) = 2k (s), thus a(s) is a generalised helix with total vectorial moment zero.

If the total torque vectors is zero, [ (s*) + FN(S*) + FB(S*) = 0, then from (11),
(14) and (25), we can write

{k(9)@(5)g(s) + (@(s) — Dr(s)h(s)}T(s)
—{K()Q(s) + 1}N(s) =0 (33)
+H{1 + x()g(s) — (@(s) — Df ()x(s)} B(s)

where Q(s) = h(s) + f(s)@(s) and we have

—H'(s) + (@(s) = Dx(s)h(s) = 0 (34)
k() {h(s) + @(s)f ()} +1=0 (35)
J(9) = (@(s) = Df (s)K(s) = 0. (36)

by using f/(s) = 1 + x(s)g(s) and A'(s) = —x(s)@(s)g(s) from (4) and (6). From the
Egs. (34) and (36), we get

f(s) =c Oe/ (@(s)=Dr(s)ds
and

h(s) =c 1e/ (@(©)=Dx(s)ds
By rewriting these values in (35), we get

ef (@(s)=Dx(s)ds — _ 1

K(s) ((p(s)co +c ) (7

From (5), we have
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8(s) = / K(s) (@(s)e; — co)el @R 1,

from (37), we get
gls)=—s+¢,
for K(S)((p(S)CO + cl) # 0. Thus, the position vector is

Co €1
a(s) = ————T(s) + (=s + ¢,)N(s) — ——— B(s).

k() (@(s)co + ¢1) K(s)(@(s)cy + 1)

We give the following theorem.

Theorem 5 Let a(s) be a regular space curve in E>, then the followings are true.

i. A regular space curve a(s) is the curve with zero total vectorial moment curve
if and only if a(s) is the generalized helix with the position vector

als) = (%s ¥ co) (T(s) + N(s) + B(s)}.

ii. If a regular space curve a(s) is the curve with zero total torque curve, then the

curvature and the torsion satisfy e/ @®-Dx@ds — _____L____ Ty this case,
() (@$)coe;)

the position vector of a(s) is

€ ¢
() =———F——T() + (=s + ))N(s) - ———B(s).
o K(s)(qo(s)co + cl) g ST K(S)((p(S)CO + cl) ’

ili. There is a relation between N—dual curve and T—torque curve such that
T (s,) = k()Ly(s).

iv. There is a relation between T—dual curve, B—dual curve, N—torque curve and
binormal vector such that

Iy (s*) = —k(S)Ly(s) + k(5)@(s)Ly(s) + B(s).

v.  There is a relation between T—torque curve, B—torque curve and principal nor-
mal vector such that

Ty(s,) = —@;(s,) = N(s).

Example 1 Circular helix, T-dual, N-dual, B-dual, T-torque, N-torque, and B-torque
curves (Fig. 1).

Example 2 Euler spiral curve
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2 2 " 2
Cireular helix Black:T-dual curve, Blue:N-dud curve, Red B-dual curve Black T-torque curve, Blue:N-torque curve, Red:B-torque curve:
(a) Circular helix. (b) Dual curves of circu- (C) Torque curves of cir-
lar helix. cular helix.

Fig. 1 Dual curves and torque curves of a circular helix

3

Black T-dual ceve, BN Gunl ueve, ReB-dual cueve Black T-torque curve, Blue N-torque curve, RectB-torque curve
(a) Euler spiral. (b) Dual curves of Euler (¢) Torque curves of
spiral. Euler spiral.

Fig.2 Dual curves and torque curves of Euler spiral

als) = <%/sin (s*+ l)ds,%/cos (s> + 1)ds, %s)

[14] (Fig. 2).

1

W(a,ln(s), az(s), @ (s)), n=—=,

Example 3 Salkowski curve a,(s) = -
+m

m# Zz.m#0.m & IR and
o (s) _—d =msin((1+2m)s) (1 +mn)sin(d—2n)s) Sin(s)’
m 4(1 + 2n) 41— 2n) 2
2, _(I=mnycos((1+2n)s) (1+n)cos((1—2n)s) cos(s)
a3 (s) =M’
" 4m
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form = % (14, 15] (Figs. 3, 4).

5 Conclusions

The physical investigation of the movement of the Frenet frame along the curve
in the theory of curves has led to the emergence of new curves, both in terms of
pairs of curves and by incorporating physical concepts into the calculations. Espe-
cially with the inclusion of physical concepts in the calculations of Frenet motion,
X-moment curves, X-torque curves, X-gyroscopic curves, X-equilibrium curves and
X-moment conservative curves entered the active field of study as new curves, where
X € {T(s),N(s),B(s)}. All the curves presented in this article can be described and
analyzed by the position vector of a curve. All rectifying curves and normal curves
are T-gyroscopic curves, osculating curves are neutral T-equilibrium curves, if the
curve is N-torque curve then it is a Smarandache curve, and in the case the curve is
generalized helix, normal curves are also neutral B-equilibrium curves, which are

-08 :
i T4 08
04
108 04

(a) Salkowski curve.

0154

0.109

0.05

-0.054
-0.10

-0.155

-1

-1 A 05

0 5
1 0 05 os
1515 1

-1 3
&)

0 03

05 s !

(b) T-dual curve of (C) N-dual curve of (d) B-dual curve of
Salkowski curve. Salkowski curve. Salkowski curve.

Fig. 3 Dual curves of Salkowski curve

@ Springer



Journal of Nonlinear Mathematical Physics

05

1515 08 )

(a) T-torque curve of (b) N-torque curve of (C) B-torque curve  of
Salkowski curve. Salkowski curve. Salkowski curve.

Fig.4 Torque curves of Salkowski curve

some of the important results obtained. Also, in many special cases, the position
vectors of the new curves mentioned have been obtained.

Acknowledgements The author is indebted to the referees for helpful suggestions and insights concern-
ing the presentation of this paper.

Author Contributions Research, evaluation, sampling and writing of the findings of this study were done
by YT. The author read and approved the final manuscript.

Funding This research received no specific grant from any funding agency in the public, commercial, or
not-for-profit sectors.

Availability of Data and Materials The authors confirm that the data supporting the findings of this study
are available within the article or its supplementary materials.

Declarations
Conflict of Interest No potential confict of interest was reported by the author.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/
licenses/by/4.0/.

References

1. Serway, R.A., Jewett, J.W.: Physics for Scientists and Engineers, (6th Ed. Brooks Cole, ISBN 0-534-
40842-7) (2003)

2. Urone, P, Hinrich, R.: College Physics (Open Licensed E-book, Openstax, LibreTexts, https://phys.
libretexts.org/ @ go/page/1558)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://phys.libretexts.org/%40go/page/1558
https://phys.libretexts.org/%40go/page/1558

Journal of Nonlinear Mathematical Physics

10.
11.

12.

13.

14.

15.

Kibele, A., Granacher, U., Muehlbauer, T., Behm, D.G.: Stable, unstable, and metastable states
of equilibrium: definitions and applications to human movement. J. Sports Sci. Med. 14, 885-887
(2015)

Bottema, O., Roth, B.: Theoretical Kinematics. North-Holland, Amsterdam (1979)

Tuncer, Y.: Vectorial moments of curves in Euclidean 3-space. Int. J. Geom. Methods Modern Phys.
14(02), 1750020 (2017)

Chen, B.Y.: When does the position vector of a space curve always lie in its rectifying plane? Am.
Math. Monthly 110, 147-152 (2003)

Camci, C., Kula, L., {larslan, K.: Characterizations of the position vector of a surface curve in
Euclidean 3-space. An St Ovidius Constanta 19(3), 59-70 (2011)

Barros, M.: General helices and a theorem of Lancret. Proc. Am. Math. Monthly 125, 1503-1509
(1997)

Lancret, M.A.: Memoire sur les courbes a double courbure. Memoires Present es a 1’Institut 1, 416—
454 (1802)

Struik, D.J.: Lectures on Classical Differential Geometry. Dover, New-York (1988)

Yavuz, A., Yayli, Y.: Ruled surfaces with constant slope ruling according to Darboux frame in
Minkowski space. Int. J. Anal. Appl. 18(6), 900-919 (2020)

Senyurt, S., cSardag, H., Cakir, O.: On vectorial moment of the Darboux vector. Konuralp J. Math.
8(2), 144-151 (2020)

Senyurt, S., Caliskan, A.: Curves and ruled surfaces according to alternative frame in dual space.
Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat 69(1), 684-698 (2020)

Ates, F., Gok, i, Ekmekci, EN., Yayli, Y.: Characterizations of inclined curves according to parallel
transport frame in E* and Bishop frame in E°. Konuralp J. Math. 7(1), 16-24 (2019)

Monterde, J.: Curves with constant curvature ratios. Bol. Soc. Mat. Mexicana 3(13-1), 177-186
(2007)

@ Springer



	A Different View on Dynamics of Space Curves Geometry
	Abstract
	1 Introduction
	2 T-torque curve, T-equilibrium and T-gyroscobic curve of a space curve
	3 N-torque curve, N-equilibrium and N-gyroscobic curve of a space curve
	4 B-torque curve, B-equilibrium and B-gyroscobic curve of a space curve
	5 Conclusions
	Acknowledgements 
	References




