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Abstract

In this article, some properties of neutrosophic derivative and neutrosophic numbers have been presented. This properties have
been used to develop the neutrosophic differential calculus. By considering different types of first- and second-order derivatives,
different kind of systems of derivatives have been developed. This is the first time where a second-order neutrosophic boundary-
value problem has been introduced with different types of first- and second-order derivatives. Some numerical examples have
been examined to explain different systems of neutrosophic differential equation.

Keywords Neutrosophic differential calculus - Second-order neutrosophic differential equation - Neutrosophic boundary-
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Introduction

In 1965, Lotfi A Zadeh [1,2] introduced fuzzy set theory.
After that, there are various kinds of generalizations of fuzzy
sets which have been introduced by many researchers [3-6].
Neutrosophic set is one of them. Smarandache [5-7] gives
the concept of neutrosophic set theory to explain more com-
plex system than fuzzy where the falsity-membership value
is not the complement of truth membership value and an
indeterminacy in play about the assignment of values of
truth membership and falsity-membership function. After
the invention of neutrosophic set, a new branch came in the
field of fuzzy mathematics, which needs further develop-
ment of the different fields of neutrosophic mathematics like
Neutrosophic Vector Space [8], Neutrosophic Topological
Space [9], Neutrosophic Group Theory [10], Neutrosophic
Ring Theory [11], and Neutrosophic Differential Equation
[12,13], etc. In the recent time, many researchers are still
working on the development of neutrosophic set theory and
its various types of applications. Topal et al. [14] used neu-
trosophic environment to construct Bezier surface modeling
for data problems. In [15], Broumi et al. introduced the uni-
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form single-valued neutrosophic graph and they also develop
an algorithm to compute the complement of single-valued
neutrosophic graph. Also Broumi et al. [16] applied neutro-
sophic set theory in some computing procedures in Matlab
for operational matrices. After that, Broumi et al. [17-19]
used neutrosophic environment to solve some shortest path
problems. Saranya et al. [20] proposed a computer-based
application, which helps to find the values of union, inter-
section, compliment, and inclusion of any two neutrosophic
set. Gulistan et al. [21] extended the concept of neutrosophic
cubic sets with the help of neutrosophic sets, cubic sets, and
complex fuzzy sets. Du et al. [22] introduced neutrosophic Z-
number and their operations. Aslam [23] used neutrosophic
statistical interval method to introduced a new sampling plan.
Edalatpanah [24] proposed a new algorithm to solve the
neutrosophic linear programming, where the variables were
taken as triangular neutrosophic number. Recently, Salama et
al. [25] proposed a diagnostic system of corona virus which
is based on the neutrosophic system.

Neutrosophic calculus

In our literature review, we have seen that the neutrosophic
precalculus and neutrosophic calculus were first studied by
Smarandache [26], which is based on the existing definition
of calculus. Neutrosophic derivative was first introduced by
Smarandache [26]. Neutrosophic derivative is the extension
of fuzzy derivative. The granular derivative(gr-derivative)
is a new type of neutrosophic derivative, which was intro-
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duced by Son et al. [27]. Also, Son et al. [27] gave the
gr-partial derivative of neutrosophic-valued several variable
function. The neutrosophic granular fractional derivative was
also given by Son et al. [27]. Again Son et al. investigated
the if and only if condition for the existence of gr-derivative
of neutrosophic-valued function.

Neutrosophic integral calculus plays very important role
in the field of neutrosophic calculus. Neutrosophic integral
is the extension of fuzzy integral, which was first introduced
by Smarandache [26]. In the article [28], they have studied
the neutrosophic calculus using measure theory and neutro-
sophic probability theory. In the recent time, there are only
few works which have been done on neutrosophic integral
calculus. Therefore, there are lots of scope to develop the
neutrosophic integral calculus.

Neutrosophic differential equation

Before discussing about neutrosophic differential equation,
we should know about fuzzy differential equation which may
be modified or generalized for neutrosophic environment.
The theory of fuzzy differential equation was first introduced
by Kaleva [29], which had been developed in the form of
Hukuhara derivative. After that there are various types of
work on fuzzy differential equation which have been studied
by different researchers and various types of work on this field
are still going on. Some of these important work, which may
help to develop the work on neutrosophic differential equa-
tion, have been listed here. Seikkala [30] introduced fuzzy
initial value problem, where he applied extension principle
and extremal solutions of deterministic initial value prob-
lems to solve the fuzzy differential equation. Then, Bede et
al. [31] introduced strong generalized differentiability and
weak generalized differentiability; with the help of this gen-
eralized differentiability, they have obtained the solution of
fuzzy differential and partial differential equation. Laksh-
mikantham et al. [32] studied the conditions for the existence
and uniqueness of the solution of boundary-value problem
in fuzzy environment. Then, Lakshmikantham et al. [32]
and O’Regan et al. [33] show that the second-order fuzzy
boundary-value problem is equivalent to Fredholm integral
equation. However, Bede [34] prove that there assertion does
not true by a counter example. Ma et al. [35] introduced a
numerical technique based on classical Euler method to solve
fuzzy differential equation. Then, Abbasbandy et al. [36]
presented an another numerical technique based on Taylor
Method of order p to solve fuzzy differential equation. After
that, Bede [37] proposed the characterization theorems to
solve the fuzzy differential equation. Khastan et al. [38] intro-
duced a new concept to solve fuzzy boundary-value problem
using a generalized differentiability where they investigate
the problem to find solutions in different (n,m)-system, where
n,m € {1, 2}. Tapaswini et al. [39] proposed polynomial col-
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location method to solve fuzzy differential equation. In the
recent time, Balakrishnan et al. [40] studied the fifth-order
Milne-Simpson method to find the solution of fuzzy differen-
tial equation using interval-valued fuzzy number. There are
many researchers, who are still working for analytical and
numerical solution of fuzzy differential equation [41-43].
Now, all the above work may be modified and generalized
for neutrosophic environment.

In the recent time, researcher is also working on neutro-
sophic differential equation. Sumanthi et al. [12] proposed a
method to solve differential equation involving neutrosophic
numbers with an application in the field of bacteria culture
model. Thereafter, Sumanthi et al. [13] discuss about the
solution a neutrosophic differential equation where they have
taken trapezoidal neutrosophic number as boundary condi-
tions. Recently, Son et al. [27] introduced some derivatives
in the form of fractional order and they also introduced the
concept of neutrosophic derivatives in fractional calculus.

Motivation

In our literature review, we have been seen that there are few
works have been done on neutrosophic differential equation.
However, there are almost no work have been done on neu-
trosophic boundary-value problem and neutrosophic initial
value problem. Therefore, there is a big scope and opportu-
nity to work in these area. Since there is not much work which
have been done, then we must develop the basic properties
and results which are needed for the proper development of
this topic. Now, a proper development of basic differential
equation already have been done in crisp and fuzzy environ-
ment which motivates us to think about the similar types of
development and modification in neutrosophic environment.
In the future, this article may help the other researcher for
the further development of this topic.

Novelty

To build a theory of neutrosophic differential equation, the
second-order neutrosophic boundary-value problem is devel-
oped in this article.

The objective of this article are presented as follows :

e To present some properties of neutrosophic number.

e To prove the neutrosophic derivative [26] and generalized
neutrosophic derivative [44] are equivalent.

e Topresent (n, m)-types differentiability of neutrosophic-
valued function.

e To prove subtraction of two first-order and second-order
neutrosophic differentiable function is also differen-
tiable.

e To prove multiplication of two neutrosophic differen-
tiable function is also differentiable.
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e To define two-point neutrosophic boundary-value prob-
lem in different (n, m) system, where n, m € {1, 2}.

e To solve two-point neutrosophic boundary-value prob-
lem and investigate the solutions in different (n, m)-
system.

In this article, we are going to develop the theory of neu-
trosophic differential equation. To do that we are going to
develop some properties of neutrosophic number in the form
of some propositions. We are going to present some theorems
on neutrosophic derivative, which will help us to develop this
article.

Structure of the paper

The article has been organized as follows: some mathemati-
cal preliminaries have been given in Sect. 2, which is related
to our article. Section 3 contains some properties of neu-
trosophic number, definitions, and propositions. In Sect. 4,
generalized neutrosophic derivative has been given in the
form of some definitions and theorems. The neutrosophic
boundary-value problem has been defined in Sect. 5. Some
test examples have been investigated in Sect. 6. Finally, a
brief conclusion about this article has been given in Sect 7.

Preliminaries

Definition 2.1 [45] An single-valued neutrosophic set (SVN-
set) N over the universal set U is a neutrosophic set over U,
but the truth, indeterminacy, and falsity-membership function
are, respectively, defined by Ty : U — [0,1], Iy : U —
[0,1], Fy:U — [0, 1].

Definition 2.2 [13] A neutrosophic set N over the set of real
numbers R is said to be neutrosophic number if its satisfy the
following properties.

1. N is normal ie., there exists xg € R, such that Ty (xg) =
1.(In (x0) = Fy(x0) = 0).

2. N is convex for truth function Tn(x), i.e., Ty (ux; +
(I = w)x2) = min(Tn(x1), Tn(x2)),Vx1, x2 € R, and
w € [0, 1].

3. N is concave for indeterministic and falsity functions,
In(x) and Fy(x),, respectively, i.e., Iy(ux; + (1 —
wx2) = max(In(x1), In(x2)), and Fy(ux; + (1 —
w)xz2) = max(Fy(x1), Fy(x2)) Vx1,x2 € Rand o €
[0, 1].

Definition 2.3 [45] A single-valued triangular neutrosophic
number (SVTN-number) N = ((p,q,r); pN, VN, KN) 1S @
special neutrosophic set on R, whose truth, indeterminacy,

and falsity-membership functions are defined by:

<x_p)pzv forp<x=<gq
q—D
Ty(x) = <r—X>

py forg <x=<r

0 Otherwise
(g —x+vnx —p))

forp<x=<gq
q—p
(x —qg+vn(@r —x))
r—q
0 Otherwise
(g —x+xn(x—p))

In(x) =

forg <x<r

forp<x=<gq
q—rp
Fy(x) =1 & —g+xn(r—x)

r—q
0 Otherwise.

forg <x<r

Definition 2.4 [45] A single-valued trapezoidal neutrosophic
number (SVTrN-number) N = ((p, ¢, 7, S); PN, VN, KN) 18
a special neutrosophic set on R, whose truth, indeterminacy,
and falsity-membership functions are defined by:

(=)
py forp <x=<gq
q—p
ON forg <x<r
TnGx) =1 /5«
< ),oN forr <x <s
s—r
0 Otherwise
(g—x+vnx—p)) for p<x <g
q—7pr
VN forg <x<r
In(x) = _ _
W —r+vnGs =) forr <x <s
s—r
0 Otherwise
@-xtowG—p) oo
q—p
KN forg <x<r
Fy(x) = _ _
x—r+in(s —x) forr <x <s
s—r
0 Otherwise.

Definition 2.5 [13] Let N be a neutrosophic set. Then,
(a, B, y)-cut of N is denoted by Ny g,,), where a, B,y €
[0, 1], such that N(a”g,y) = {(Tn(x), IN(x), Fy(x)) : x €
U,Ty(x) > a, Iy(x) < B, Fn(x) < v}

Definition 2.6 [26] The neutrosophic derivative of the neutro-
sophic-valued function fy.,(X) is defined by:

(X)) = lim
FyeuX) o(H)—0
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{inff (X + H) —inff(X),supf(X + H) —supf (X))  proof 1. Since a, b > 0, this implies thata + b > 0

’

H Then, by Proposition 3.1:

where (a, b) denote the open/closed/half open-closed inter-
val and o (H)=max{|inf H|, |supH |}
When H is an interval, then the definition written as:

[(a +Dyml.p.y) = (a+D)iap.y
= (a + b)(ImE, mY]1,
[mg. mg1. [m%. mY1)

TieX) = Uan,szltipnﬁl»[o,OI e b)nﬂ(a’ﬂ’yz Uy ik mU
linff (X + H) —inff(X), supf (X + H) — supf (X)] = (a+b)(lmg.mg 1, Img. mg],
linfH,supH] [m}. mY1)

— L U L
is neutrosophic derivative of the function f(X). = ([(a + bymf;. (a + b)m{]. [(a + bymy.
Then, it can be written as: (a+ b)mg], [(a + b)m)e, (a + b)m)l/f])
L L U U
= b , b i
fll\/'eu (X) = lim <[aYZla + Tc{ a?a + ?Ol]
h—0 [amﬁ —l—bmﬂ,amﬁ +bmﬂ],

linff(X + H) —inff(X),supf(X + H) — supf (X)]
p .

[am}L, + bmlj;, amg + bm}l,}])
= ([amé, amg], [amé, amg],
Both definitions are the generalizations of the classical
derivative of a function, and then, for the crisp functions and
for the crisp variables, we have: [bmlg , bmg], [bmﬁ , bm)l,] 1)

[infH,supH] = handinff(X+H) =supf(X+H) = U
Fx+h),inff(X) =supf(X) = f(x)

[am)e, amg]) + ([bmoLt, bmg],

= a([my.mJ1, (mg. m
[m, m?1) + b(lmg, m1,
[mg, mg 1, Im%, m?1)

k]

Some properties of neutrosophic number - .
prop P = ani(q,p,y) + bit(p,y);

Definition 3.1 [46] Let A and B be two single-valued neu- when a, b < 0, then a + b < 0. The proof of this case of

trosophic set on X = {x1, X2, ... ,~xn}. Then, the Hausdorff the Lemma is similar to the above case.
distance measure between A and B on X is: 2. Let A > 0, and then:
. 1 <&
DZW (A, B) = - Zmax (A(m =+ 1)) (@,p.y)
i=1 = A(m +1n)@q,p,y) [byProposition3.1(2)]
(T (o) =Tyl 11 7(xi) — T (xi)l, [Fg(xi) — F(xi)l} = A(fw.p.y)

+il(.8,y)) [byProposition3.1(1)]
=Mmg +nl.md +nl],
o ) ) [m +ngmg +ngl,
1 © ) a.py) = Mepy) © fa,p,y), Where © denotes [ml +nk,mY +nl1)
any binary operation'+',’ =" and ' x'. . M U U
2. (M) (q,8,y) = Mil(q,p,y), Where & # 0 be any real num- = ([amg + Ang, Amg + Ang |,
ber. [)\mfg + knfg, )»mﬁU + )»nﬁU],
[)\m}l; + kn}l;, )»m)l,] + )»n}[,]])
= ([amg. amY1, [amg. Amg 1, [aml . AmY])
+([hng, Ang 1, [Ang, rngl,
Proposition3.2 Leta,b, ). € R, a,b > 0 ora,b < 0 and o M BB

L U
m,n € N, where N is the set of all neutrosophic number [Any, Any 1)
and then: = Ml (q,8,y)

Proposition 3.1 Let m and n be the two neutrosophic num-
bers, and then:

Proof Proof of this proposition is trivial and it can be done
using extension principle [47]. O

S TA (@)
1. (a+b)m =am+ bm

2. M(m +n) = Am + An. for A < 0, it is similar to the above case.
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This completes the proof of this Lemma.

Generalized neutrosophic derivative

Moi et al. [44] found some drawback in the Definition 2.6 of
neutrosophic derivative. Then, they also define the general-
ized neutrosophic derivative as follows.

Definition 4.1 [44]Let f : I — N be aneutrosophic-valued
function and xo € [I. Then, the generalized neutrosophic
derivative of f(x) at x¢ is denoted by f’(xo) and defined by:

L [y = [min{ f}, (x0: @), f, (x0; @)}, max{ f, (xo; o),
f (ko3 YL I £, (xo0; @), f, (xo; @) exists.

2. f1y = [min{f} (xo: B). f},x0: B)}. max{f] (xo: B).
£1,(0s BWLE £ (ko3 B) + £, (xo: B) exists.

3. fry, = [min{fr (xo; ), ff, (xo; )}, max{fg (xo; ),
Fie 003 WYL IE f, (03 ¥) 5 fp, (x05 ) exists.

f'(x) is said to be type-1 derivative if [ f'(x0)l(.p,y) =
(Lfr, (o5 @), fr, (xo; )], L7, (x03 B), f1, (x05 B)],
[fF, (x0: ¥),

fl’pz(xog ¥)1) and type-2 derivative if [ f'(x0)](w.p,y) =
(Lf7, (x0: @), f7, (x0: @)1, Lf7, (x03 B). £, (xo: B)].
[fF, (x0: ¥),
fr, (o3 ).

Now, type-1 first-order derivative is denoted by Dl1 f(xp) and
type-2 first-order derivative denoted by D% f(x0).

In the similar way, we can define another types of deriva-
tive of f(x). Now, f/(x) is said to be:

e type-3 derivative if [f'(x0)l(.g.y) ([f;1 (x0; @),
I1,xo0s @)1, L7, (x5 B, f1, (x0; B, [ f5, (X035 ),
fr, (o3 1)

e type-4 derivative if [f/(xo)](a’/g)y) = ([f;] (x0; @),
1, (0s )1, L7, (xos B). f, (i B, Lfp, Gioi 1),
fie @0z 1)

e type-5 derivative if [f'(x0)l(.g.y) ([f}z(xo;a),
I1, oz )1 Lf, (xo: B), f1,(xo: B, Lf, (xo: ¥,
Fr, (o3 1)

e type-6 derivative if [f'(x0)]l(.g,y) ([f;1 (x0; o),
f%z(xo; a)l, [f1/2(xo; B), fI/1 (x0: B, [ffvz(?m; Y),
ffr, (x0: Y1)

e type-7 derivative if [f'(x0)](a,p,y) = ([f}z(xo;a),
I, o )1 Lf, (xo: B), f1,(xo: B, Lf, (x03 ¥),
fr, (o V)

o type-8 derivative if [f'(x0)]@py) = ([f7,(x0;a),
fr, (o )1, Lf7, (x03 B), [, (xo: B [ff, (x05 ),
I, (o3 ).

However, we will use only type-1 and type-2 derivative of
f(x) in the rest of this article.

Theorem 4.1 Let N be the set of all neutrosophic number
and f : I — N be neutrosophic-valued function, where the
(a0, B, y)-cutof L f ()] = ([fr, (x; @), fr (x; )], Lf, (x5 B)s
I B LR (i v), fr(x; v)]), foreach (o, B, y). Then,
the Definitions 2.6 and 4.1 of neutrosophic derivative are
equivalent.

Proof Since f : I — N be neutrosophic-valued function.
Then, according to the Definition 2.6, fr, (x; o), fr,(x; o),

I (xs B), fo(x: B), fr(x;y), and fF,(x; y) are differen-
tiable on I. If f istype-1 differentiable, then (&, g8, y)-cut of

(D] f O] = ([f7, (x5 @), fr, (x5 ) Lff, (x5 B, fr, (x5 B,
[fl/rl x;9), f}z (x; ¥)1), i.e., f is generalized neutrosophic
differentiable function of type-1. Again, if f is type-2
differentiable function, then,(«, 8, y)-cut of [D% fx)] =

(Lfp, (s o). fr, s )l Lf, s B). f7, (s ). Lfp, (3 ),
fl’pl (x0; Y1), i.e., f is generalized neutrosophic differen-
tiable function of type-2. Therefore, Definition 2.6 implies
Definition 4.1.

Let f : I — N is generalized differentiable function of

type-1, and then, f7, (x; @), f7,(x; @), f7 (x5 B), f1,(x; B),
f;ﬁ (x;y), and f}z(x; y) all exist, and the (o, B, y)-cut of

[D] £ (0] = (Lfy, (s ). fr, ()L Lfy, (3 B). f, (s B,
[fr (i v), fry (i),
If h > 0, then the («, B, y)-cutof [ f(x + h) — f(X)]:

=(fn(x+ha) = fr(x;a), fr,(x +h; o) = fr(x; 0)],
[frn (x +hs B) — fr,(x; B)s fr(x +h; B) — fr,(x; B)],
[fr(x+hy) = fr(xsy), fR(x+hiy) — fR(sy)])
[By Proposition3.1].

1
Multiplying W then we have from the Definition 4.1 and

Proposition 3.1:

(o, B, y) — cut of [w}

_ <[fn(x +hia) — fr(x; )

h
fn(x+h;a) — fr(x; oz)}
h ,
|:f1| x+hB)— fr,(x; B)
5 ,
o +h; ) — frx; /3)}
p ,
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[fm x+hy)— fr(y)

h ,
frR(&x+hy) — fr(x; V):|>
? }

Taking limit as 7 — 0, we get:

(e, B,y) —cut of [f' ()] = (Lfr,(x; ), fr,(x; )],
L7, (6 B), 1, (s B, L (3 v, Sy (5 9)]).

This can be written as:

(@, B, ) — cut of [D{ f(0)] = ([f1,(x; @), fr,(x; )],
L1, (65 B), 1, (s B, Ly (x5 v, Sy (5 9)]).

Again, f is type-2 differentiable. If 4 < 0O, then:

(o, B,y) —cut of [f(x+h)— f(x)]

=([fr,(x + h; @)
—fr(x; @), fr(x +h;a) — fr(x;0)],
[f1,(x + ks B) — fr,(x; B),

fu(x+h; B) — frx: B,

[fr(x +hsy) — fr (x5 p),
fRG&+hy)— fr(x:p)])

[By Proposition 3.1].

1
Multiplying = then we have from the Definition 4.1 and

Proposition 3.1:

(. B, y) — cut of [W]
:<[frz(x+h;a) — [
Jr(x +h; ) :l}n (x;a)]’

[ fr,(x + h_ﬂ})l — fn(x; 228
G+ ﬂ)_li fnlx: ﬂ)]’

[ [ (x +h;_1fl) —Intiy)
-fFl(x + I; V;h— JF (x; V)]>'

—h

Taking limit as 7 — 0, we get:

(a, B, y) — cut of [f' ()] = (Lfr,(x; @), fr,(x; )],
LA B), £ (s B LEf s 1), £ (s 1))
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This can be written as:

(@, B, y) — cut of [DYF0)] = (L}, (x: @), f,(x; )],
Lf1, (x5 B), 1, (s B, Lfpy (x5 ), iy (5 9)]).

Therefore, Definition 4.1 implies Definition 2.6.
This completes the proof. O

Definition4.2 Let ' : I — N and g : I — N be the
neutrosophic-valued functionand g(x) = f/(x),Vx € I,i.e.,
(a, B, y)-cutof g(x) = ([gr, (x; @), gn, (x; @)1, [g1, (x3 B),
gn(x; B, [8r (x5 ¥), gr (x; ¥)]), where gk, (x;8) =
min{ fg, (x; 8), f, (x; &)}, gk, (x;8) = max{fg (x;3),
fl’(z(x; 8)}, where K = T,1 and F, § = «, B and y. Then,
the generalized second-order neutrosophic derivative of f(x)
at xo € I is denoted and defined by " (xg) = g’ (x0):

L gp, = [min{gy (xo; @), g, (xo; @)}, max{gy, (xo; @),
g7, (xo; )}, if g7, (xo; @) , g7, (x0; @) exists.
2. g15 = [min{g} (xo; ). &, (x0; B}, max{gy, (xo: B),

gy, (xo; B, if g7, (xo3 B) , &, (x0; B) exists.
3. 8y = Imin{gp, (xo: )/),g’pz(xmV)},qu{g%l(xo;y),
&, (0 V1L i g, (X0 ¥) , &, (03 ) exsts.

It is said to be type-1 derivative if («, 8, y)-cut of g’(xg) =
(Lg7, (x0; @), g7, (x0; )], [8], (xo35 B), &7, (x0; B)],
(8, (x0; ¥); &, (x0; ¥)]) and type-2 derivative if (e, B, y)-

cutof ¢/ (xo) = (Ig7, (vo: ). gf, (xo: @)1, [g, (xo: B). &), (xo: A1,

(&5, (x0: ¥),
g, 0z Y1),

By this similar process, we can define the nth-order
derivative of a neutrosophic-valued function.

Definition 4.3 Let f : I — N be a neutrosophic-valued
functionandn, m = 1, 2. Then, f(x)issaidtobe (n, m)-type
differentiable at xo € I;if D,i f (xp) exists on a neighborhood
of xo as neutrosophic function and it is also m-type differ-
entiable at xq, then second-order neutrosophic derivative of
f(x) at xq is denoted by D,Z,,mf(xo) forn,m =1, 2.

Theorem4.2 Let DI f : I — N or DY f : I — N be two
neutrosophic functions. Then:

1. If D} f(x) is type-1 differentiable, then fr, (x50, fr, (x5 ),

I1,G B, fr, (e B), fr, (x5 y), and fr, (x; y) are all dif-
ferentiable functions and:

(. B.y) —cut of DI | f(x) = (Lff,(x: o), fr,(x: )],
Lfr, (s B)s fr, (x5 BOL, LFR, (s v, fy (s 1))

2. If D] f(x)istype-2 differentiable, then Ir, (x5 o), fr, (x; ),
fI’l (x; B), fl’z(x; B), f}l (x;y), and f}z(x; y) are all dif-
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ferentiable functions and:

(. B.y) —cut of DT, f(x) = (Lff,(x: @), ff (x: )],
Lo B, f1 (s BOL Ly (e ), fr (s p)])-

3. If Dy f (x) istype-1 differentiable, then f7. (x; @), f7, (x; @),
f1,GB), f1,(x B), fir (x5 ), and fr, (x; y) are all dif-
ferentiable functions and:

(. B.y) — cut of D3| f(x) = (Lff,(x: o), f7 (x: )],
Lfr, (s B), 1 (s BL, Ly (x5 ), fF, (s 9)]).

4. If D} f (x) istype-2 differentiable, then Ir, (x5 o), fr, (x; ),

f;l (x; B), fl/z(x; B), f[/:l (x;y), and f}z(x; y) are all dif-
ferentiable functions, and:

(. B, ) — cut of D3, f(x) = (Lff,(x; @), f7,(x; )],
Lf7 s B). S (s BOL L (s ), fry (s p)])-

Proof 1. If h > 0, then (a, B, y)-cut of [D] f(x + h) —
Dl f(olis:

[Di f(x +h) — Dj f(x)]
= ([f7,(x + h; @) — fr,(x; @),
Ir,(x + hsa) = fr, (x; @),
[f7, (x +hs B) — f1, (x5 B),
J1,(x + ks B) = fr,(x: B,
(fp,(x +h5y) = fr (6 v),s fry (x4 y)
— [ D
[By Proposition3.1].

1
Multiplying W then we have from the Definition 2.6 and
Proposition 3.1:

[D%f(x +h) = D%f(x)}
h (a.B,y)

- h
[, 4+ hy @) = [, (x; a)}

<[f%l(x+h;a)—f;l(x;a)

h
[l e+ b B) = f] (x5 B)
p :
fLG+hs B) = f], (x; ﬁ)}
g :

[fg, (x+hyy) = [ (s p)

h
f,éz(x+h;y)—f,’v2(x;y)}
. .

Taking limit as 7 — 0, we get:

(. B.y) —cut of Dj f'(x)

= (Lff, (x: @), ff(x: )],
Lf7 (e B). f1(xs B,

[fF, G v), fry (s p)).

This can be written as:

(. B.y) —cut of DT f(x)
= (Lfr,(x; @), fr,(x; )],
Lf1, (x5 B fr, (x5 BT,
[fF, G v), fry (s ).

2. If h < 0, then:

(@, B, y) — cut of Dj f(x+h) — D{ f(x)
= (fr,(x + ;@) — fr,(x; ),
fr, (x4 hya) = fr,(x; )],
Lf7, (e + s B) — f1,(x3 B), fi,(x + 13 B)
— L, B,
[fr e +hsy) = fr (x5 p),
e+ hsy) = fr (s )]
[By Proposition 3.1].

1
Multiplying _— then we have from the Definition 2.6

and Proposition 3.1:

[D%f(x +h) = D%f(x)}
—h @B.y)

- —h
[, (x4 hy@) = [, (x; a)]

<[f%2(x +hio) — fr,(x; @)

—h
[f,;(x +h; B) — fl, (x5 B)
—h ’

[l +hs B) = f (x; ﬂ)]
—h ’

Lislase cllol & .
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[f}cz(x +hy) = [, (5 9)
—h ’

Fr G+ hiy) = fr (s y)D
—h ’

Taking limit as 7 — 0, we get:

(@, B, y) — cut of D, f'(x)
= (Lfr, (x5 @), fr, (; )], LfT, (x5 B),
F1LGes B LA O ), f G D)

This can be written as:

(. B.y) —cut of D7, f(x)
= (LA G o), S (s o)) L7 (s ).
I B Ly (s v, i (e )]

The proof the third and fourth part of the theorem is similar
to the second and first part, respectively. O

Theorem4.3 Let f : 1 — N and g : I — N be the neu-
trosophic differentiable function, such that f(x) is type-1
differentiable function and g(x) is type-2 differentiable func-
tionon I. Then, (f — g)(x) is also differentiable function on
Iand (f —g)(x) = f'(x) — g (x). Furthermore:

(a, B, y) —cut of (f —g)(x)
= ([f7, (x; @) — g7, (x; @), fr, (x; @) — g, (x; @)1,
Lf} (3 B) — g}, (x: B),
fr, (x5 B) — g, (x5 B,
[fr (5 ¥) = gr (63 ¥),
Jr, (x5 ) = &g, (x5 7)),

Proof Since f is type-1 differentiable, then we have:

<[1. fmx+ha)— frixia)
im , Iim
h—0 h h—0
fry(x + h; —sz(X:Ot)]
h 9
_1. fn&x+hB)— fr(x; B)
m )
| h—0 h
. frnx+h; ﬁ)—flz(X;,B):|
mm )
h—0 h
'1. R +hy)— ROy
im , lim
| h—0 h h—0
frRG+hy) — fRx; )/)i|>.
h 9

Lisllase cllad .
bes Shenas Q) Springer

this limits are exists. Let i = 1, 2, and then, there exists
Ur, (x, h; o), U, (x, h; B), and UF, (x, h; y), such that:

frx+hia) = fr(x; o) +Ur(x, h; o) 4.1)
S +h; B) = f1,(x; B) + Ur, (x, h; B) 4.2)
SEGx+hy)=fr(&;y)+Up(x, h;y). (4.3)

Since g is type-2 differentiable, then there exists V7, (x, h; «),
Vi, (x, h; B), and VE, (x, h; y), such that:

gr.(x;0) = g1, (x + h; o) + Vr (x, h; @) 4.4
gr,(x; B) =gr,(x +h; B) + Vg (x, h; B) 4.5)
gr.(x;y) =gr(x +h;y)+ Vi (x, h; y). (4.6)
Now, from Egs. 4.1 and 4.4, we have:
Jr,(x + ;o) + gp7 (x5 @)
= fr,(x; @) + g/ (x + ;@)
+ U, (x, hy o) + Vy/ (x, b ), 4.7

wherei = 1,2 and i’ = {1, 2}\i.
From Eq. 4.7, we have:

(fr;(x +hy0) — gpr(x 4 hy @) — (fr; (%) — &7/ (x))

=Ur(x,h;a) + VTl_r(x,h;a). 4.8)
Ur.(x, h; .
Since limy_q M f}[ (x;) and limj_
Vi (x, h; o)
’Tz—g;_/(x; ).

1
Now, multiplying Eq. 4.8 by ;A and taking limit 2 — 0,
we have:

(fr —8r) (x:) = fr,(x; @) — gp (x5 ).
By the similar argument, we have:

(fr, — &) (i B) = fr (x: B) — g/,t_,(x; B)
(fr = 8r) (6 y) = [, (5 y) = g (x5 7).

Therefore, f — g is differentiable function and (f —g)'(x) =
f/(x) —g'(x),wherei = 1,2 and i’ = {1, 2}\i.

By similar process, we can show the same result when f
is type-2 and g is type-1 differentiable. O

Theorem4.4 Let f : I — N and g : I — N be two
neutrosophic-valued function. Let f and g are second-order
generalized neutrosophic differentiable function on I, such
that f is (1,1)-type and g is (2,1)-type differentiable function
or fis (1,2)-type and g is (2,2)-type differentiable function
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or fis(2,1)-typeand g is (1,1)-type differentiable function or
fis (2,2)-type and g is (1,2)-type differentiable function on
1. Then, (f — g) is also second-order differentiable function
on I and:

(f=9" () =f"(x)—g" ().

Proof For the first case, f is (1,1)-type differentiable and
g is (2,1)-type differentiable. Then, by the above Theorem
4.3, (f — g)(x) is type-1 differentiable and (f — g)'(x) =
f'(x) — g'(x). Furthermore:

[(f — &) )] @p.y)
= (Lf7, (s @) — g, (x: @), fr,(x: @) — g7, (x: )],
Lf1, (x5 B) — &1, (x5 B), fr,(x; B) — g7, (x5 )],
[fr, (3 v) — &y (x5 ¥),
T y) = gr ().
Then, by Proposition 3.2, (f — g)(x) is (1,1)-type differ-

entiable. Then, we have (f — g)"(x) = f"(x) — g"(x).
Furthermore:

[(f =" )]@py)
= (Lfr,(x; @) — g7, (x; @),
I, @) — g7, (x; )],
L7, (x5 B) — g1, (x3 B),
T B) — g7, (x5 B,
[fF (s v) — &k (x5 1),
Tr (5 v) = g (s D).

This completes the proof of the first case of the Theorem.
Other cases are similar to the first case. O

Theorem 4.5 Let f : I — R be a real-valued function and
g : I — N be a neutrosophic-valued function. Then:

1. If f(x).f'(x) > 0 and g is type-1 differentiable, then

f.g is type-1 differentiable and (f.g) (x) = f'(x)g(x)+
f(x)g'(x). Furthermore:

(f-8) ) ]@.p.y)
= ([f (g7, (x; @) + f(x)gr (x; @),
Fer () + f/(x)gr, (x; )],
[f()gy, (s B) + f/x)en (x; B),
F)gy,x; B) + f')en(x; B,
Lf )&k (x5 ) + f1(x)gr (x5 7),
F&E(:y) + f1 () gr (x: ¥)]).

2. If f(x).f'(x) < 0 and g is type-2 differentiable, then
f.g is type-2 differentiable and (f.g) (x) = f'(x)g(x)+
f(x)g'(x). Furthermore:

[(f.8) )] @p.y)
= ([f()gp, (x; @) + f'(x)gr, (x; @),
F)gr () + f/(x)gr (x; @),
[f (x)gh, (x: B) + f/(x)gn (x; B),
F0)gh (x5 B) + f1(0)gn (x; B,
[f ()&, (s v) + 18R (x; ¥),
F)gr (5 y) + f()gr (x; p)]).

Proof 1. There are two subcases.
Subcase 1: Let f(x) > 0 and f'(x) > 0.
Since g is type-1 differentiable, then:

<[1. g (x +h;a) — g7 (x; @)
1m 3
h—0 h

li

. gn(x +h;a) —gr(x; a)]
m 9

h—0 h

'1. gn(x +h; B) —gr(x; B)
m )

| h—0 h

i gIQ(x+h;ﬂ)—g12(x;ﬂ)]
m )
h—0 h

[ o 8F x+hy)—grx;y)

li
| h—0 h
i gr (x + h; y)—gpz(x;y)]>.
im ;
h—0 h
this limits are exists. Let i = 1, 2; then, there exists

Ur,(x, h; o), Uy, (x, h; B), and U, (x, h; y), such that:

gri(x +h;a) = g1, (x; ) + Uy (x, h; ) 4.9)
gr,(x +h; B) =g (x; B) +Ur (x, h; B) (4.10)
gr(x+hyy)=gr(x;y) + Ur(x,hyy). (4.11)

Since f(x) > 0and f'(x) > 0, then we have f(x+h) =
f&x)+V(x,h),where V(x,h) = f(x+h)— f(x) > 0.
Now, from Eq. 4.9, we have:

f&x4+h).gr,(x +h;a) = f(x).g7,(x; @)
+fOUr (x, h; o) + V(x, h)gr, (x; @)
+V(x, HUr, (x, h; ).

This implies that: f(x+h).g7; (x+h; o) — f(x).g7; (x; @)

= f)Ur (x, h; 0)+V (x, h)gr, (x; ) +V (x, WUr, (x, h; a).

Lisllase cllal .
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1
Multiplying both side by ;A and taking limit as 7 — 0.
Then, we have:

(f.81) (x; @) = f(0)gr (x; &) + f'(x)gr (x5 @).

By similar process, we can find that:

(f81) (x; B) = f(x)g) (x5 B) + £ (x)gr (x5 B)
(f-gr) (x5 7) = fF(X)gk x; ¥) + £/ (0)gr (x5 p).

Therefore, (f.£)'(x) = f'(x)g(x) + f(x)g’(x).

Subcase 2: Let f(x) < Oand f'(x) < 0.

Proof of this subcase is similar to the subcase 1.
. There are two subcases.

Subcase 1: Let f(x) < 0and f'(x) > 0.

Since g is type-2 differentiable, then:

<[1- gn(xia) — g7, (x + h; @)
m ,
h—0 h

, grl(x;oc)—gr.(erh;a)}
im ,
h—0 h
[1. gn(x: B) —gn(x +h; p)
1m 3
h—0 h
lim &0 (x; B) — g (x + h; ﬁ)]
1m 5
h—0 h
[1. gnx;y) —gpx+hy)
1m 3
h—0 h
. gFl(x;V)—gF.(erh;y)D.
m 5
h—0 h

this limits are exists. Let i = 1, 2, and then, there exists
Vi, (x, h; a), Vi, (x, h; B), and Vg, (x, h; y), such that:

gri(x;) = gr(x +h; o) + Vi, (x, h; ) (4.12)
gr(x; B) =g, (x +h; B) + Vg, (x, h; B) (4.13)
gr(x;y) =gr,(x+h;y)+ Vi (x,hyy). (4.14)

Since f(x) < 0 and f'(x) > 0, then we have f(x) =
fx+h)+V(x,h),where V(x,h) = f(x)— f(x+h) <
0.

Now, from Eq. 4.12, we have:

f.gn@ia) = [+ hgn(x + hia) + fx +
MVr(x,h;a) + V(x,h)gr,(x + h;o) + V(x, h)
Vi, (x, h; a).

This implies that: f(x).g7;(x; @) — f(x + h).g1; (x +
hya)=f(x+h)Vy(x,h;a)+V(x,h)gr,(x +h;a) +

1
V(x, h)Vt,(x, h; ) Multiplying both side by ~ and
taking limit as # — 0. Then, we have:

(f-gn) (v @) = f(x)gr (x; @) + f'(x)gr (x; ).

Lisllase cllad .
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By similar process, we can find that:

(f-g1) (x; B) = f()g), (x: B) + [ (x)gy (x3 B)
(f-gr) (x;y) = FOOZR (5 ) + 18R (3 ¥),

wherei =1, 2.

Therefore, (f.8)'(x) = f'(x)g(x) + f(x)g'(x).
Subcase 2: Let f(x) > 0 and f'(x) < 0. Proof of this
subcase is similar to the subcase 1.

This completes the proof. O

Neutrosophic boundary-value problem

Let us consider the second-order neutrosophic boundary-
value problem as follows:

Y'(0) = fx, y(x), ¥ (x))
y=aatx =0iey0)=ay, 6.1

y=batx=1i.ey(l)=>b

where a and b are neutrosophic number, and f : [0, 1] x
N x N'— N be a neutrosophic function.

Definition 5.1 Let y : [0, 1] — A be a neutrosophic func-
tion and n, m € {1, 2}. Then, y is said to be (n, m)-solution
of Eq. 5.1 on [0, 1] if D,lly, D,%’my exists on [0, 1] and
D}, y(x) = f(x, y(x), Dyy(x)), (0) = a, y(1) = b,

To find the solution of the neutrosophic boundary-value
problem 5.1, we can translate Eq. 5.1 to the system of
boundary-value problems.

Therefore, there are four types of possible system of
boundary-value problem.

(1,1) System :

yr. (@) = fr(x, yr (x; @), yry (x5 @),
vy, (65 @), 7, (x5 @)

v B) = f1,(x, yi, (x; B), yn (x; B),
yr, (x; B), ¥i, (x; B))

VE G Y) = fR (0 ye (),
YR (X5 @), Y, (X5 @), Yg, (x5 ¥))

with the boundary conditions

i) = af yi0:p) = a yr©O:y) = af,
yi(ie) =08 y,(1iB)=d) yr(Liy)=d},
wherei = 1,2 and i’ = {1, 2}\i.

Here, D%y, D%ly exists and («, 8, y)-cut of Dlly(x) =
(yg, 5 @), v, ey 1, [y, (65 B, vy, (x5 BN, [, (x5 9),
Y, (63 ¥)]) and (a, B, y)-cut of DT y(x) = ([yf, (x; ),
v, ()], [y (s B), v, (s B vy, (s ) v, (s )]
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Since there is no derivative involve in the boundary con-
ditions. Therefore, for all remaining system, the boundary
conditions will be same as above. Only the equation will be
change.

(1,2) System :

yr, () = fr,(x, yry (x5 @),

yr, (3 @), vy, (x5 @), vy, (x5 @)

J’Z, (x; B) = fr,(x, yr, (x; B),

yn(x; B), ¥i, (x; B), vi, (x; B))

)’%i,(x? V)= fr(x, yr (x;9),

YE, (X5 ), Y, (63 1), Vi, (65 1)),
wherei = 1,2 and i’ = {1, 2}\i.

Here, ny, D%’zy exists, and («, B, y)-cut of Dlly(x) =
(yg, s @), v, ey 1, [y, (65 B, vy, (x5 BN, D, (x5 ),
Y, (63 ¥)]) and (a, B, y)-cut of DT ,y(x) = ([yf,(x; @),

vy, (s el [y, (s B), vy (s BN, [, (65 ), v, (s )1)-
(2,1) System :

yr, (@) = fr,(x, yr, (x5 @),

v, (x5 @), yp, (63 @), y, (x5 @)

i, s B) = fr,(x, v (x5 B,

v (x; B), ¥y, (x; B), vi, (x5 B))

Vi, (3 y) = fr (L yE (),

YE, (X3 ), Y, (63 1), Vi, (X3 1)),
wherei = 1,2 and i’ = {1, 2}\i.

Here, D1y, D%’ly exists and (a, B, y)-cut of Dyy(x) =
(yg, (x5 @), vy, (es )], [y, (x5 B), vy, (x5 )],
[V, (65 7). ¥ (6 )]) and (@, B, y)-cut of D3 y(x) =
([yg, (x5 @),

v, ()l vy, (x5 B), vy (6 B v, (65 v), v, (x5 )]D).
(2,2) System :

yr. (@) = fr(x, yr (x; @),
v, (x5 @), yp, (65 @), v, (x5 @)
V(s B) = fiy (6, vy (x5 B),
yn(x; B), ¥i, (x; B), vi, (x5 B))
Vi, (5 ) = fR(x yR (x5 @),
YR, (X5 @), Vi, (65 @), Y, (3 ),
where i = 1,2 and i’ = {1, 2}\i.
Here, D%y, D%’zy exists and («, 8, y)-cut of Déy(x) =
(L, O @), v, (s @)1, L), (3 B v, (s AL [, (2 ),

Vi, (6 P)]) and (@, B, y)-cut of D3 ,y(x) = ([yf, (x; @),
v, (s )], [y (s B), v, (s B Dy, (e v)s v, (e ).

Let y be the (n, m)-solution of the boundary-value problem
5.1 at xg € [0, 1]. Therefore, [y(x0)l,g,y) = ([yr; (x0; @),
V1, (x0; @)].

[yr, (xo; B), yi, (x0; B)], [yF, (x0; ¥), YR (x0; ¥)1).  Then,
D)y and D,Z,’my exists at xo and it satisfies Eq. 5.1. Using this
facts, we are giving a table to show that when the solutions
are exists at xg.

System y y v’

(1,1 YK = VK; Vi, < Vi, Vi, S VK,
(1,2 VK1 = YKy Vi, = Vi, Yk, <V,
@21 YK < VK, y%z < y;(l y%z < y%l
(2,2) YKi = VK> Yk, = Yk, Yk, = YK,

where K = 7,1 and F.

Examples

In this section, we shall discuss some test problems and their
numerical results. The Tables are calculated using Wolfram
Mathematica 9.0 and the figures have been drawn using MAT-
LAB R2018a. The Matlab code for the figures has been given
below.

Matlab code :

1. x=k; %Choose k, where x € (0, 1).

2. a1 =linespace(a,b,c); %Choose the linespace of mem-
bership value, where (a,b) be the interval where mem-
bership value lies and c be the line spacing.

y = fi1(x; a1); %Put the function.

plot(y, a1, color’) %For plotting the function y.

hold on.

z = fa(x; ay); %Put the another function.

plot(z, aj, color’) %For plotting the function z.

hold off.

xlabel(’x’); %For x-axis.

ylabel(’y’); %For y-axis.

CORXTIRNN AW

—

Example 1 Letus consider second-order neutrosophic boundary-

value problem as follows:

” ~ 1.
y(x)=2a, y0)= 3%

3
y(1) = gﬁ,

where a = ((—1,0, 1); 0.6,0.4,0.2) is a single-valued tri-
angular neutrosophic number. Then, (o, 8, y)-level setof a is

y 50 —3 3—5a. 2—58 56—2_ 1—5y
ag,py) =l 3 3 I [ R 1 [ TR

Lisllase cllal .
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Sy —1

(2,2) system.

1), where @ € [0, 0.6], B € [0.4, ITand y € [0.2, 1].
Now, we try to find out the solution of the boundary-value
problem for (1, 1) system, (1, 2) system, (2, 1) system, and

S =3,
v (x; o) = T(Sx —6x+1), ypkxia)=

2-58 58—2
R

3-15y 15y —3
2 32 ‘

Therefore, the solution of the (1, 1) system is:

5
a(sz —6x+1)

24
2—-5 58 -2

v (x; B) = 24ﬂ<8x2—6x+1), yn(x; B) = ﬂ24 (8x% — 6x + 1) (6.1)
-5 5y —1

VR Y) = —L®x% = 6x + 1), yp (i y) = (8% — 6x + 1),
32 32

(1,1) System

If yisa (1, 1) solution for the boundary-value problem, then:

Y ()] @.p.y)

= (yg, (xs @), yp, (x: @)1,
[v7, (x5 B), vy, (x5 B,
[VE (65 ¥),s Vi, (65 7)]1)
[ (). 8.y)

= ([yy, (x; @), y7, (x; @),
[v7, (x; B), v, (x5 B,
[Vr (65 ), Vi, (5 9)]1)

Then, the boundary-value problem can be written in the form
as follows:

[ () ]@.p.y)

. 100 — 6 6 — 10
- 37 3 ’

4-108 108 —4
!

1-5y Sy—1
2 72

Sae — 3
YO wp,y) = <[ Y

3-50¢7 [2-58
24 }[ 24
56—27 [1-5y
24 }[ 32

)

[y(l)](a,ﬁ,y) = <[

3 —Sa
3 ,

Lialaue cllala .
bes Shenas Q) Springer

Sa —3
8 b

Therefore, the (1,1)-solution of the boundary-value prob-
lem can written as follows:

[y ]@,g.y)

— <[5“ — 3(8x2 —6x 4 1),

24

3_5 T
24a(8x2—6x+1) ,
2-5 )

[ 24'3(8x2—6x+1),
582 7
'82—4(8x2—6x+1) ,

1-5
[ 32y(8x2—6x+1),

Sy —1
32

(8x2 — 6x + 1)]>.

The solution of the problem is shown in Fig. 2. Then, the
solution gives a neutrosophic number if 8x% — 6x + 1 > 0.

. . 1
Hence, its represents a neutrosophic number for x > 3 and
1

X < -.

4
Then, the type-1 derivative of the solution is:

[D]y()]..9)
S50 —3
- <[ Sy (16x = 6),

3— 50{(16 6)_

24 T
2 — 58

16x —
|2 (16x —6),
58—2 1
1 _

7 (16x 6)_ ,
[1 -5y

5 (16x —6),
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04 T
— ¥ &y
T

fy“ & )’,2

H e &y,
L6

Fig. 1 (1,1)-solution and (2,2)-solution of Example | fora = 0, 8 =
0.8,andy = 0.6

S5y —1
% (16x — 6)]>.

1
It gives a neutrosophic number for x > > Then, it is again
type-1 differentiable and:

[D%,l)’(x)](a,ﬂ,y)

_ 10 — 6
= T

6— 10ai| [4— 108

3 3
108—47 [1-5y
—

S5y —1
7 .
L. . .
However, for x < T it is not a type-1 differentiable. There-
1
fore, the y is (1, 1) differentiable for x > E Then, Dlly and

1
D%’ly exist for x € (5, 1). Therefore, y gives a (1, 1) solu-

1
tion of the neutrosophic boundary-value problem on (5, 1).
(2,2) System
The solution of the boundary-value problem for (2,2) system
is:

[y ]@,g.y)

Sa—3 5
= — 1
<|: o (8x“ —6x + 1),

3—-5«  ,
- 1
7 (8x 6x + )],
2-58 5
|: o Bx —6x + 1),

0
> \
-o.zv
-0.4f 7yT &yT =
&
0| % .
A A

Fig.2 (1,2)-solution and (2,1)-solution of Example | fora = 0, 8 =
0.8,andy = 0.6

56 -2

—_— 2 —
7 (8x 6x + 1)] ,

1—5
[ 32y(8x2—6x+1),

S5y —1
32

(8x2 — 6x + 1)]>.

The solution of the problem is shown in Fig. 2. Then, the
solution gives a neutrosophic number if 8x% — 6x + 1 > 0.

1
Hence, its represents a neutrosophic number for x > 3 and
1
x < -
=7 1
Forx < 7 y is type-2 differentiable. Then, type-2 derivative

of y is:

[D%y(x)](a,ﬂ,y)
- <[3 —5% 6x — 6),

24
5“2; 3 (16x — 6)] , [5’324_ 2 16x —6),
2 ;45’3 (16x — 6)] ,

[5”3; L i6x —6),

! ;25" (16x — 6)]>.

1
Since it gives a neutrosophic number for x < T Therefore,
y is type-2 differentiable. Then, we have:

(D3, ()] @.p.y)

_ 10 — 6 6 — 10«
B 37 3 ’

Liglhie cllod ayao .
KACST Agidily o @ Springer
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4-108 108 —4
e

1-5y Sy—1
2 72 '

1
Therefore, y gives a (2, 2) solution on (0, Z).
(1,2) System
The solution of the boundary-value problem for (1,2) system
is:

[y ](a,.9)

Sa —
=<[— 3822 — 10x — 1),
3_ ¢ —10x—1):|,
_—2 5’3 x2 —10x — 1),

T 24

58—

2
@®x2—10x — 1) |,
24

1-5

Y (8x% — 10x — 1),

) Sy =1 _ 4

2 @ — 10k — 1)),
7 (8x Ox ):|>

The solution for this system is shown in Fig. 2, since its gives
aneutrosophic number forx € (0, 1). Then, type-1 derivative
of yis:

[D}y()]a.p, y)
Sa —
=<[ (16 — 10),
3_5“(16 10)},
258 58—2
[— oy (16x —10), == (16x—10):|,
1—5y
[— 5 (16x — 10),

S5y —1
T (16x — 10)i|>.

Since it gives a neutrosophic number if x < g Then, it is

also type-2 differentiable. Therefore, we have:
[D? 2y ()@,

_J[10a —6 6— 10
o 3 73 ’

[4 — 108 108 — 4}

37 3

Lisllase cllad .
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1-5y 5y—1
2 72 '

5
Therefore, y gives a (1, 2) solution on (0, g).
(2,1) System :
The solution of the boundary-value problem for (2,1) system
is:

[y ]@,g.y)
. Sa —
(-5

3 — S«
7 (8x — 10x — 1):|
2-58
B

(8 2 _10x — 1),

8x2 —10x — 1),

56—-2 5
—Ty B

— 10x — 1)},
1-5

2V 8x2 —10x — 1),
0

Sy — 1
Y (8x2—10x—1):|>.
2

The solution for this system is shown in Fig. 2. Since its
gives a neutrosophic number for x € (0, 1). Then, type-2
derivative of y is:

[D3y()](@.p.y)

=<[_323

Sa

(16x — 10),

(16x — 10)},
‘_5,3 -2
24

(16x — 10),

) 2-58
24

Sy —1

(16x — 10)} ,

(16x —10),

) 1 -5y
T (16x—10):|>.

Since it gives a neutrosophic number if x > 3 Then, it is

also type-1 differentiable. Therefore, we have:
[D3.17()]@p.)

_J[10a —6 6— 10
o 37 3 ’

[4—10,3 10/6—4}
3 3 ]
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1-5y 5y—1
2 72 '

5
Therefore, y gives a (1, 2) solution on (0, g)
Therefore, the boundary-value problem gives (1, 1)-solution

1 1 5
on (5, 1), (2, 2)-solution on (0, Z), (1, 2)-solution on (0, g),

and (2, 1)-solution on (é, 1).

In Fig. 1, it has been seen that (1,1)-solution and (2,2)-
solution of Example 1 exist only for x € (1/2,1) and
x € (0,1/4), respectively, where « = 0,8 = 0.8 and
y = 0.6. Also, from Fig. 2, it has been seen that (1,2)-
solution and (2,1)-solution of Example 1 exist for x € (0, 1),
where « = 0, 8 = 0.8 and y = 0.6. Therefore, even though
the crisp solution exist, but some times, there are some values
of x for which the neutrosophic solution does not exist. In
Tables 1 and 2, when the value of « increases, then the solu-
tion of left branch for truth membership function increases
and the solution of right branch for truth membership func-
tion decreases. Again, when 8 and y increases, the solution of
left branch for indeterminacy and falsity-membership func-
tion decreases and the solution of right branch increases. At
a = 0.6, right and left branch of truth membership func-
tion gives the same solution. Similarly, at 8 = 0.4 and
y = 0.2, right and left branch of indeterminacy and falsity-
membership function gives the same solution, respectively.
This shows that the solution in Tables 1 and 2 for (1,1) and
(1,2) system, respectively, gives a neutrosophic number, and
from Figs. 3 and 4, it also has been seen that the solution
gives a triangular neutrosophic number.

Example 2 Letus consider second-order neutrosophic boundary-

value problem as follows:
Y') =a, y0) =0, y(1)=b,

wherea = ((0, 1,2); 0.6,0.4,0.2)andb = ((—1, 0, 1); 0.6,
0.4, 0.2) are single-valued triangular neutrosophic number.

- S 6 —5a_ 5(1—p)

Then:  du,p,y) = ([ 3 b 3
56+1_ 51— Sy +3

AR S b 2 e

3 4 4

; _ o3 3-se 2-58 5p-2 15
(o,8.7) — 3 0 3 ) 3 3 ) YR
S5y —1

]) where @ € [0,0.6], 8 € [0.4, 1],and y € [0.2, 1].
Now, we try to find out the solution of the boundary-value
problem for (1, 1) system, (1, 2) system, (2, 1) system, and
(2,2) system.
(1,1) System

The solution of the boundary-value problem for (1,1)-
system is:

[y ]@,g.y)

S 5, Sa—6
={|—x x
6 6 ’
6 -5 , Sa
—x = —x,
6 6
SU—p) , Sp+1
x°— X,
6 6
56+1 5, 5(8—-1)
X x|,
6 6
51-y) 5 345y
x°— X,
8 8
5 3 S5y —1
V8‘|’ X2 4 ()/8 )x]>

The solution of the problem is shown in Fig. 5. Then, type-1
derivative of the solution is:

[DfY(X)](a,ﬂ,y)
. Sa
= ?x +

3 6
[SU—p) _5p+1
3 6
56+ 1 +5(ﬂ—1)]’

Sa—6

3 6
[5A-y) _3+5y
| 4 g
5943 S(y—1
1 X+ 3 i|>

It is again type-1 differentiable and:

(DT 1y () @.p.y)

_ S 6 — S«
\[37 3 ’

[5(1—,3) 5ﬂ+1}

3 3
51—y) S5y +3
4 4 '
(1,2) System

(1,2)-solution of the boundary-value problem is:

[y @)
<|:6 -5 , Sa—4
= x4+ X,

6 2
S5¢ , 2—5a ]
—Xx 4+ x|,

6 2
5 1 1-5
[ﬁ+ 2 1-58

X >
6 2

Lisllase cllal .
bes Shens ) Springer
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Table 1 (1,1)-solutions for the

different values of «, 8, and y at o yn (% @) 1 (¥ @) p yn (5 h) i (5 B) Y YR () YR (% Y)
x = 3/4 for Example 1 0 —0125 0.125 04 0 0 02 0 0
0.2  —0.0833333 0.0833333 0.6 —0.0416667 0.0416667 04 —0.03125 0.03125
0.4  —0.0416667 0.041667 0.8 —0.0833333  0.0833333 0.6 —0.0625 0.0625
06 O 0 1 —0.125 0.125 1 —0.125 0.125
Table 2 (1,2)-solutions for the - ] - ] ] ]
different values of o, B, and y at & yr (x5 @) ynp(a) B v (x5 B) By YR (x5 7) Ve (x5 7)
x = 5/16 for Example 1 0  —0417969 0417969 04 0 0 02 0 0
0.2 —0.278646 0.278646 0.6 —0.139323 0.139323 0.4 —0.104492 0.104492
0.4 —0.139323 0.139323 0.8 —0.278646 0.278646 0.6 —0.208984 0.208984
0.6 0 0 1 —4.17969 4.17969 1 —0.417969 0.417969
1 The solutions for (1,2) system are shown in Fig. 6.
(2,1) System
v 08¢ (2,1)-solution for this boundary-value problem does not exist.
% Because, if (2,1)-solution exists, then the solution can be
o "O [ Truth function written in the form as follows:
S — Indeterminacy function
8 (4L Falsity function
£
2 [y ]@.8.y)
02 6—5Sa , Sa—4
= X X,
Il Il Il Il Il Il 6 2
42 -015 -0 -0.05 ) 0 0.05 0.1 0.15 S5a N 2 _5¢
—Xx x|,
6 2
Fig.3 Truth, indeterminacy, and falsity-membership function for (1,1)- 58+ 1 1-58
solution at x = 3/4 x2 + X,
6 2
5(1 — 586 —3
1 =P o 5631
6 2
08t . Sy =3 5, 1+15y
2 X< — X,
3 8 8
2 04 , 1
o — Truth function 5(1 — ]/) 2 15)/ -7
@ — Indeterminacy function 8 X + 8 X .
304 —— Falsity function |
£
(7]
s
0.2 1 Since it is type-2 differentiable. Then:
85 04 03 02 01 0 o1 02 03 04 05

Fig.4 Truth, indeterminacy, and falsity-membership function for (1,2)-
solution at x = 5/16

6 2
|:5y—32 1+ 15y
x°— x

8 g
5(1 — 15y =7
( 3 y)x2+ VS xi|>
v/

il UoJl Al .
bes Shenas Q) Springer

51-8) 5, 5B 34

[y (). B.y)

Sa +2—5a
= —X .
3 2

6 — S« Sa —4

3 X + > _,
:5(13—,3)x+ 5/32—3’
5,33—{—1x+1—25ﬁ:’
:5(14—)/)x+ 153/8—7’
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1

T
v &y,
1 2
7y‘&y|
050 1
Y 8y
1 2
> 0 — _
-0.5-
_1 Il Il Il Il Il Il Il Il Il
0 01 02 03 04 05 06 07 08 09 1

Fig.5 (1,1)-solution of Example 2 fore =0, 8 = 0.6, and y = 0.4

1 T
¥ &y;
1 2|

Y, &y,
0.5F 1 2

Ve &%
1 2

0 0.1

0.2 0.3 0.4

Fig.6 (1,2)-solution of Example 2 fore =0, 8 = 0.6, and y = 0.4

S5y —3 1415y
X — .
4 8

Then, for the Truth membership function, this forms an inter-
2 —5a 6 — Sa Sa — 4
L2 =73

that x > > Therefore, x ¢ [0, 1]. Therefore, (2,1)-solution
does not exists.

(2,2) System

By similar argument, we can show that (2,2)-solution does
not exist.

In Figs. 5 and 6, it has been seen that (1,1)-solution and
(1,2)-solution of Example 2 exist for x € (0, 1), where o =
0, 8 = 0.6and y = 0.4. From Table 3, we have found similar
type of result for Example 2 which was found for Example 1
from Tables 1 and 2. Therefore, from Table 3, it follows
that the (1,1)-solution for Example 2 gives a neutrosophic
number, and from Fig. 7, it has been seen that the solution
gives a triangular neutrosophic number. By similar argument,
we can show that the (1,2)-solution for Example 2 gives a
neutrosophic number.

5
val if ?“x n . This implies

Example 3 Let us consider second-order neutrosophic
boundary-value problem as follows:

Y'(x) +2y (x) + y(x) = ae*, y(©0) =0, y(1)=b,

wherea = ((0, 1,2); 0.6,0.4,0.2) andb = ((—1, 0, 1); 0.6,
0.4,0.2) are single-valued triangular neutrosophic num-

i S 6—5a. 5(1—B) 5B+1
b Th . == P 3 ) )
;rl en) a;a,ﬁ,y)3 e O B 3
PO 2 ) g
i Sa—3 3-5a. 2-58 56—-2. 1—5y
b = 5 ) ) b
@py) = (73 3 3 3
S5y —1

]) where @ € [0,0.6], 8 € [0.4, I]and y € [0.2, 1].
Now, we try to find out the solution of the boundary-value
problem for (1, 1) system, (1, 2) system, (2, 1) system, and
(2, 2) system.

(1,1) System

The solution of the boundary-value problem for (1,1)-system
is:

Y@y = ([yn (@),
yr, ()], [yn (x: B). yn(x: B)].
[V (5 7). YR (63 9)]).

where:
oL Sa
yr ()C, Ol) - (_E
_ )
+(5a . 3)ex n 501(112 e )x> o
Sae*
12
o _6—501 (3 —5a)e
y(xia) = ( o T3
. 2
+(6 5011)2(1 e )x) o
(6 — 5a)e”
12
5(1 —
i (x; B) = (1—2:3)(8); —e )
+ ((2 _35'3)6 + 5(11; P (11— ez)> xe ¥
5 1
i py = L e e
(58 — 2)e
+ (T

+

VF (x;

12
50 -y)

y) = 6

M(l - (32)> xe ¥

(" —e™)

P4
y

Piedase cllollayao
KACST &.0141lg oglel)
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Table3 (1,1)-solutions for the

different values of «, B, and y at v (x5 ) V1, (x5 ) B v (x5 B) i (x5 B) 14 YR (X5 ¥) YF, (X5 ¥)

x = 1/2 for Example 2 0 ~05 0.25 04  —0.125 ~0.125 02  —0.125 ~0.125
02  —0375 0.125 06  —025 0 04  —021875  —0.03125
04  —025 0 08 —0375  0.125 06 —03125  0.0625
06  —0.125 ~0.125 1 ~05 0.25 1 ~05 0.25

7,

e
N\ /
\ / — Truth function

— Indeterminacy function

o
>
T

o
S
T

—— Falsity function

Membership values

7
N\

L L L L L L L
—8.5 -04 -0.3 -0.2 -0.1 0 0.1 0.2 0.3

Fig.7 Truth, indeterminacy, and falsity-membership function for (1,1)-
solution at x = 1/2

1

0.8r

0.6

—Truth function
—Indeterminacy function
0.4 —Falsity function

Membership values

Fig.8 Truth, indeterminacy, and falsity-membership function for (1,1)-
solution at x = 1/2

4
5(1 —
+%(1 —ez)> xe "
Sy +3 _
YR(Y) = —¢ (" —e™)
Gy —e 5y +3
+< VR T

n ((1 —5y)e

1 - 62)) xe .

We see that y, Dlly, and D% 1y give a valid neutrosophic
number for x € (0, 1). Theréfore, y is (1,1)-differentiable
and it gives a (1,1) solution, which are shown in Fig. 8 and
Table 4.

(1,2) system

g
y

il loJl al .
bes Shenas Q) Springer

The solution for (1,2) system is:

1
¥y (65 0) = = ((10a — 3)e2 V2 4302 — 12¢
+ 20ea — 10e%a)xe™™

3 — 10« 100 — 3
(1-v/2)x x
+ D e + D e

1
(s e) = (9 = 100r)e? V2
—9¢* 4 12¢ — 20ea + 10e*@)xe™

10 — 9 —1
12 12

1
v (5 ) = 5 (—(108 + 7)e> V2
+ 8¢ — 20ef + Te + 10e*B)xe™*

208 + 14
e
24

eX

1
+ 57+ 108)e! 2

1
¥ (65 ) = (108 — 1)e>v?2

— 8¢ +20ef + &> — 10e*B)xe ™™

1 2208
(1 —108)e1—v2x _ 2P x
T Pe % ¢
1 _
R Y) = 53 =5y
+2¢ — 10ey — 3¢ + 5¢*y)xe ™™
S5y —3
8

ex

1
+ 55y =3V

1
yRy) =50 +5y)e2 V2

—2e+ 10ey — ¢ — 5¢%y)xe™
Sy +1

1
5y Dell Y T

Here, D}y exist, but sz y does not exist. Therefore, (1,2)-
solution does not exist.

By this similar process, we can show that for (2,1) system
and (2,2) system, Déy, D% 1, D%y and D% ,y do not exist
for x € (0, 1). Therefore t2,1)-soluti0n and (2,2)-solution
does not exist.

From Fig. 8 and Table 4, it have been seen that (1,1)-solution
of Example 3 exists for x € (0, 1), where « = 0, § = 0.6
and y = 0.4. Also, from Table 4, it has been seen that the
(1,1)-solution gives a neutrosophic number, and from Fig. 8§,
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Table4 (1,1)-solutions for the

different values of «, 8, and y at yr (¥ @) (¥ @) p i (s B) Y (5 B) Y YR () YR (% Y)

x = 1/2 for Example 2 0 ~0.824 0.377 04  —0224  —0224 02  —0224  —0224
02  —0.624 0.176 06  —0424  —0.024 04  —0374  —0.074
04  —0424  —0.024 08  —0.624 0.176 06 —0524  —0076
06 —0224  —0.224 1 —0.824 0.377 1 —0.824 0.377

it has been shown that the solution gives a triangular neutro-
sophic number when the parameters are taken as triangular
neutrosophic number.

Conclusion

In this article, mainly, we have focused on the development of
neutrosophic differential equation. Some properties of neu-
trosophic number have been presented here. In Definition 4.1,
we have defined different types of neutrosophic derivative.
From Theorem 4.1, it has been seen that the neutrosophic
derivative [26] and generalized neutrosophic derivative [44]
are equivalent. In Definition 4.2, we have defined differ-
ent types of (n, m) differentiability of neutrosophic-valued
function, where n, m € {1, 2}. From Theorems 4.3 and 4.4,
it has been seen that the subtraction of two first-order or
second-order neutrosophic differentiable functions is also
differentiable. In Theorem 4.5, it has been seen that the mul-
tiplication of two neutrosophic differentiable function is also
differentiable.

Here, we have considered different types of derivatives in
the form of different (n, m) system, where n,m € {1,2}.
In the first example, the solution of neutrosophic boundary-
value problem exists for all (1, 1), (1,2), (2, 1), and (2, 2)
systems, but, from Fig. 1, it has been seen that the (1, 1)
and (2, 2) solutions for first example exist only for x > 1/2
and x < 1/4, respectively. In the second example, it has
been seen that the solution of neutrosophic boundary-value
problem exists for (1, 1) and (1, 2) systems, but the solution
does not exist at all for (2, 1) and (2, 2) systems. Also, in
the third example, it has been seen that the (1,1) solution
exists, but the solution does not exist for (1,2), (2,1), and
(2,2) systems. Therefore, it can be concluded that sometimes
(n,m)-solutions for neutrosophic boundary-value problem
may exist for all x € (0, 1), where n,m € {l,2}; some-
times, it may exist only for some points, and sometimes, it
may not exist at all. In Example 1, 2, and 3, from Figs. 3,
4,7, and 8, it can be concluded that, if we consider all the
parameters of a neutrosophic boundary-value problem in the
form of triangular neutrosophic number and if the solution
exists for any (n,m) systems, then the solutions also give a
triangular neutrosophic number for each value of x.
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