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PREFACE

In this book the authors introduce four types of topological
vector subspaces. All topological vector subspaces are defined
depending on a set. We define a quasi set topological vector
subspace of a vector space depending on the subset S contained
in the field F over which the vector space V is defined.

These quasi set topological vector subspaces defined over a
subset can be of finite or infinite dimension. An interesting
feature about these spaces is that there can be several quasi set
topological vector subspaces of a given vector space. This
property helps one to construct several spaces with varying
basic sets.

Further we cannot define quasi set topological vector subspaces
of all vector subspaces. We have given the number of quasi set
topological vector subspaces in case of a vector space defined
over a finite field.

It is still an open problem, “Will these quasi set topological
vector spaces increase the number of finite topological spaces
with n points, n a finite positive integer?”.



Chapter one is introductory in nature and chapter two uses
vector spaces to build quasi set topological vector subspaces.
Not only we use vector spaces but we also use S-vector spaces,
set vector spaces, semigroup vector spaces and group vector
spaces to build set topological vector subspaces. These also give
several finite set topological spaces. Such study is carried out in
chapters three and four.

We thank Dr. K.Kandasamy for proof reading and being
extremely supportive.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE



Chapter One

INTRODUCTION

In this book the authors introduce the new notion of quasi set
topological vector subspaces and New Set topological vector
subspaces defined over the set S.

For the concept of vector spaces and Smarandache vector
spaces please refer [15]. For the notion of set vector spaces
please refer [16]. For the concept of topological spaces refer [1,
5].

Here S-quasi set topological vector subspaces are also
defined which is quasi set topological vector subspaces defined
over Smarandache rings (S-rings) [7].

Finally we in this book define the concept of New Set
topological vector subspace (NS-topological vector subspace) of
a set vector space V defined over the subset P of S where S is
the set over which V is defined.

We enumerate the properties associated with them. These
new topological vector subspaces are not like the usual
topological spaces where are defined on the collection of sets
and some topology is defined but the set topological vector
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subspaces depend highly on the set over which they are defined
as well as the algebraic structure enjoyed by the set over which
they are defined.

For instance if T is the quasi set topological vector subspace
defined over the set P; then T depends on the vector space over
it is defined as well as the set P < F (F is the field over which V
is defined). Likewise if M is a S-quasi set topological vector
subspace of V defined over the set P < R where R is a S-ring
over which the S-vector space V is defined.

Finally W the New Set topological vector subspace S of V
defined over the set L < S where V is a set vector space defined
over the set S.

Thus it is left as an open problem whether these three types
of new topological vector subspaces are different from the
already existing topological spaces. For these are dependent
topological vector subspaces over the sets and the algebraic
structures over which they are defined.



Chapter Two

QUASI SET TOPOLOGICAL VECTOR
SUBSPACES

In this chapter we for the first time define set topological
vector subspace using quasi set vector subspaces of a vector
space. Here we develop and describe these structures.

DEFINITION 2.1: Let V be a vector space defined over a field F.
Let S <V be a non empty subset of V and P C F be a subset of
the field F. If for all s € S and p € P, sp and ps € S then we
define S to be a quasi set vector subspace of V defined over the
subset P of F.

We will first illustrate this by some examples.

Example 2.1: Let V=0Q x Q x Q be a vector space defined
over the field F = Q.

Consider S = {(3Z x2Z x5Z)} cVandP=Z" U {0} cF
be proper subset of V and F = Q respectively. S is a quasi set
vector subspace of V defined over P c V.
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Example 2.2: Let

V = {collection of all 2 x 2 matrices with entries from Q} be a
vector space defined over the field F = Q.

Let

=% IR

be a subset of Vand T=3Z" U {0} < F =Q be a subset of F. S
is quasi set vector subspace of V defined over the set T of F.

ae3Z,beS5Z;c,de7Z} cV

Example 2.3: Let V = 7Z; x Z; x Z; x Z; be a vector space
defined over the field F = Z,.

LetS={(a,b,c,d)|a,b,c,de {0,1,6} cZ;} cVbea
subset of V. P ={0, 1, 6} < Z; =F be a subset of Z;. Sisa
quasi set vector subspace of V defined over the set P of Z.

The following observations are interesting and important.

(1)  For any given subset P of the field F; where V is the
vector space defined over the field F we can have in
general many number of quasi set vector subspaces
of V defined over the set P c F.

(2) We can have any number of quasi set vector
subspaces S < V for varying subsets P of the field
F.

(3) {0} is the trivial quasi set vector subspace of V
defined over every proper subset P of the field F.

(4) 'V is also trivial (or not proper) quasi set vector
subspace of V defined over every proper subset P of
the field F.

Now we define the concept of substructures of a quasi set
vector subspace of V defined over the subset P of a field F.
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DEFINITION 2.2: Let V be a vector space defined over the field
F. S <V be a quasi set vector subspace of V defined over the
subset P of F. If X < S is a proper subset such that X is a quasi
set vector subspace of S over the set P of F; we define X to be a
quasi subset vector subspace of S <V over the set P of F of type
1. Suppose S <V is a quasi set vector subspace of V define over
Pand if T < P (T a proper subset of P) then we define S to be a
quasi subset vector subspace of V over the subset T of P of

type II.

If S < Vis a quasi subset vector subspace of V defined over
the subset P of S and if W < S (W a proper subset of S) and
T < P (T a proper subset of S), such that W is a quasi subset
vector subspace of S <V defined over T < P, then we define W
to be a quasi subset vector subspace of type I and type II, which
we call as a Twin quasi set vector subspace of S <V define over
TcPCcF.

We will illustrate all these situations by some examples.

Example 2.4: Let V=0Q x Q x Q x Q be a vector space defined
over the field F=Q. Let S={(3Z x2Z x5Z x 11Z)} cVbea
quasi set vector subspace of V defined over the set P = (3Z U
27) cQ=F.

Consider W = {(6Z x 10Z x 35Z x 447Z)} < S < V and
T={6Z v 16Z2)} c P < Q Wisa Twin quasi set vector
subspace of S over the set T of P.

THEOREM 2.1: Let V be a vector space defined over a field F.
If W <V is a Twin quasi set vector subspace defined over a set
in F then W is both a type I quasi subset vector subspace and
type Il quasi subset vector subspace of V.

The proof is direct from the definition.

Now we show however a type I or type II quasi subset
vector subspace in general is not a Twin quasi set vector
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subspace of V defined over F (or used in the mutually exclusive
sense).

This is described in the following.

THEOREM 2.2: Let V be a vector space defined over a field F,
V in general need not have a quasi set vector subspace defined
over F.

Proof: This is proved by the following example.

Let V=12, xZ,={(0,0), (1, 0), (0, 1), (1, 1)} be a vector
space over the field Z, = F. V has no quasi set vector subspace
defined over a subset in F.

We call such vector spaces as strongly simple vector spaces.

THEOREM 2.3: Let V be a vector space defined over the field F.
Suppose S <V is a quasi set vector subspace of V over P C F of
type I; S need not in general be a quasi set vector subspace of V
over P c F of type 11.

Proof: We prove this by a counter example.

Let V=173 x Z3 x Z3 x Z3 x Z3 be a vector space defined
over the field Z; =F. S={(Z; xZ3 x0x 0 x Z3)} < V;bea
quasi set vector subspace of V defined over the subset P = {0,
1} cZ3=F. T={(Z;x {0} x {0} x{0} xZ3)} cSc V;isa
subset of S and T is a quasi set vector subspace of S of V over
the subset P= {0, 1} < Z; = F of type I. Clearly T is not a quasi
set vector subspace of S of V over the subset P = {0, 1} < Z; of
type II; hence the theorem.

Now we show a type II quasi set vector subspace in general
is not a type I quasi set vector subspace.

THEOREM 2.4: Let V be a vector space defined over a field F.
Let S <V be a quasi set vector subspace of V defined over the
set P c F. Sis a quasi set vector subspace of V defined over the
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subset T ¢ P < F of type 1l. S in general is not a type I quasi
set vector subspace of V defined over T or P.

Proof: The proof is by a counter example.

Consider V = Zs x Zs a quasi set vector subspace defined
over the field Zs = F. Let S = {{0} x {0, 5, 1} < Z5 be a quasi
set vector subspace of V over T = {0, 1, 5} < F =Zs. We see
S is a quasi set vector subspace of V defined over the set
P={0,5} <« T < Zs of type Il but S can not have vector
subspace of type .

Hence the claim.

DEFINITION 2.3: Let V be a vector space defined over the field
F. Let T = {Collection of all subsets of S of V such that S is a
quasi set vector subspace of V defined over a fixed subset P of
F}.

Clearly {0} € T.

(1) If T= US then T is also a quasi set vector subspace
seT

of Vover P of F.

(2) {0} is trivially a quasi set vector subspace of V
defined over the set P of F.

(3) NowifS;andS; € Tthen S; NS, also is in T.

(4)  The union of any collection of sets in T is in T. So
with T the given set of elements a topology T, on T is
a non empty collection of subsets of T called quasi set
vector subspaces defined over P. The set T is
topologised if a topology T, is given on T associated
with P. The topologised set T is called a quasi set
topological vector subspace of V over the set P (or
relative to P). The sets in T are called the quasi set
vector subspaces relative to P of the topology T,.

We will first illustrate this situation before we proceed to
derive more properties. However the topology T, is understood
without explicitly mentioning it.
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Example 2.5: Let V =73 x Z3 x Z3 x Z3 be a vector space over
the field Z; =F. Take W = {(1, 0, 0, 0), (2, 0, 0, 0), (2, 2, 2, 2),
1,1,1,1),2,2,1,1),(1,1,2,2),(1,0,0,2),(2,0,0, 1)} <V,
a quasi set vector subspace of V over the set P = {0, 1} < Z.

We see infact every subset of V is a quasi set vector
subspace of V over P = {0, 1} < Z;. Let T be the collection of
all quasi set vector subspaces of Vover P={0,1} cZ;. Tisa
quasi set topological vector subspace of V defined over P.

Example 2.6: Let M = Z; x Z; be a vector space defined over
the field F = Z;. Consider T = {all subsets of M including M} ;
T is a collection of all quasi set vector subspaces of M defined
over the set P = {0, 1} < Z;. T is a quasi set topological of
space of vector subspaces over P = {0, 1} < Z,.

The basic quasi set of T are {(0, 1), (0, 2), (1, 1), (1, 2),
(2, 1),(1,0),(2,0),(2,2)} cT. Infact the number of elements
in this quasi set topological vector subspace is finite.

Example 2.7: LetV =7, x Z; x Z;, be a vector space defined
over the field Z;;. Consider T = {set of all subsets of V which
are quasi set vector subspaces of V defined over the set
P={0,1} < Z,}. Clearly every set S in T contains (0, 0, 0) as
an element. Further T is a quasi set topological vector subspace
of VoverP={0, 1} c Z;,.

We see the basic set B of T contains pair {x, y} < V such
that x =(0,0,0) and x 2y € Z;; x Z; x Zy;. Thus B contains
11° = 1 elements in it.

Inview of this we have the following theorem.

THEOREM 2.5: Let V = Z,xZ, x..xZ, be a vector space
| S —

n-times

defined over the field Z, = F. T = {Collection of all quasi set
vector subspaces of V defined over the set P = {0, 1} cZ, = F}
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be the quasi set topological vector subspace defined over the set
P={0 1} cZ,

The basic set of Tis B={a,b/a=(0,0, ..., 0),a= b e}
and the number of elements in B is p" — 1.

Proof: LetV=Z7Z xZ x..xZ, be avector space defined over
%{—J

n-times
the field Z,. Let T = {All subsets of V which are quasi set
topological vector subspaces of V over the set P = {0, 1} < Z,}.
Clearly T is a quasi set topological vector subspace of V over
P={0, 1}.

Now
B={x=(0,0,...,0),y=(a,...,a) |2 €Z, | <i<n x#y}
is the basic set of the quasi set topological vector subspace as
every other element of T can be got as the union of elements
from T and the intersection of any two elements of T or
intersection of a finite number of elements of T is in T.

We can also give a lattice associated with the quasi set
topological vector subspace T whether T is finite or infinite.

We give examples of infinite quasi set topological vector
subspaces.

Example 2.8: Let V= Q x Q be a vector space over Q = F.
T = {all quasi set vector subspaces of V defined over the set
P={0, 1} < Q}. T is an infinite quasi set topological vector
subspace of V over the set P= {0, 1} < Q.

Infact every subset of V to be a quasi set vector subspace of
V, must contain (0, 0). All subsets of V with (0, 0) as one of its
elements is a quasi set vector subspace of V over P = {0, 1} <

Q.

We see T is an infinite quasi set topological vector subspace
of Vover P={0, 1}.
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The basic set B is also infinite.
B={(0,0),(a,b)[(a,b) #(0,0) e Q xQ} = T.

Example 2.9: Let
a, a, a; a,

M= {| a ¢ | wherea; € Q,1<1<12}

a9 a10 a11 alZ

a4

be a vector space defined over the field Q. Let

2,€Q,1<i<12}

denote the collection of all pairs. T generates a quasi set
topological vector subspace of V over the set P= {0, 1} < Q.

With T as a basic set we get an infinite quasi set topological
vector subspace defined over P of 3 x 4 matrices.

It is pertinent to mention here that we have a class of simple
quasi set vector subspaces and on these vector subspaces we
would not be in a position to define the concept of quasi set
topological vector subspaces of finite or infinite basic set.

THEOREM 2.6: Let V' be a any vector space defined over the
field Z, = {0, 1}. Vis a simple quasi set vector space.

Proof: Follows from the simple fact Z, = {0, 1} has no proper
subset whose cardinality is two.
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Example 2.10: Let
V= [al aSJ
a, .. 4,

be a vector space defined over the field Z,. V is a simple quasi
set vector subspace defined over Z,.

aeZ,=10,1}, 1<i<10}

It is important and interesting to note that V has in general
vector subspaces even if V is a simple quasi set vector subspace.

The claim follows from the following example.

Example 2.11: LetV =7, x Z, x Z, be a vector space defined
over the field Z,. Take W =Z, x {0} x Z, < V; W is a vector
subspace of V over Z,.

Take M = {0} x Z, x Z, < V; M is also a vector subspace of
V over Z,; hence the claim.

Example 2.12: Let V=R x R x R x R be a vector space over
the field Q (or R). T = {all subsets of V which contain {(0, 0, 0,
0)} as one of its elements}; T is a collection of quasi set vector
subspaces of V over the set P = {0, 1} < Q (or R).

Infact T is a quasi set topological vector subspace of V over
the set P = {0, 1} < Q (or R). T is an infinite quasi set
topological vector subspace and the basic set of T is of infinite
order.

Example 2.13: Let

a, €73 1<i<6}

be a vector space defined over the field Z,.
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0 0 O0)(fa, O 0)(0O a, 0Y(O O a,
T=
00 o0)lo 0o o0)lo 0 0)l0 0 0)
0 0 0)y(0O O 0)(O0O O O a, a, a,
a, 0 0)l0 a, 0)l0 0 a,) "\la, a, a,

aieZ3\{O},1SiS6}

be the collection of all matrices} is a quasi set vector subspace
of V over the set P = {0, 1} < Z;.

Infact T is a quasi set topological vector subspace of V over
the set P = {0, 1} < Zs.

We see the basic set of T is finite.

Example 2.14: Let

aieZ3,ISiS4}

be a vector space defined over Z.

{6 )6 o Y
6 26 e o
COEICIE I ok

Take
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T is the quasi set topological vector subspace built over the set
P = {0, 1} < Z; of finite dimension.

s o)

is the collection of pairs.

The basic set

x#(0) € S}

Can we have any other quasi set topological vector
subspaces built using other subsets of Z3?

The answer is yes.

w= {006 DG DEE )

B0 6o DG )
EOC L IE DL
W [ R T

M is again a quasi set topological vector subspace defined over
the set P = {1, 2} < Zs.
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We see

{29 2)

is the basic set of the quasi set topological vector subspace M
defined over P = {1, 2}.

a,b,c,d e Z3}

For

o{lo 116 DHG oG S G O
(o -G G IHC OB

00
is a basic set and the empty set is the least element {[0 Oj} ,

which is also the trivial quasi set vector subspace of V over
{1,2} € Zs.

To every quasi set topological vector subspace T relative to
the set P — F, we have a lattice associated with it we call this
lattice as the Representative Quasi Set Topological Vector
subspace lattice (RQTV-lattice) of T relative to P.

When T is finite we have a nice representation of them. In
case T is infinite we have a lattice which is of infinite order.
We can in all cases give the atoms of the lattice which is infact
the basic set of T over P.

It is pertinent to keep on record that the T and the basic set
(or the atoms of the RQTV-lattice) depends on the set P over
which it is defined.

We will illustrate this situation by some examples.
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Example 2.15: Let V =75 x Zs be a vector space defined over
the field Zs. Consider T = {all quasi set vector subspaces of V
defined over the set P = {0, 1} < Zs}. T is a quasi set
topological vector subspace of V defined over the set P. The
atoms of T relative to the RQTV - lattice whose least element is
(0, 0) and the greatest element is V is as follows. Let A denote
the atoms of L.

A= {{(0,0), (1, 0)}, {(0, 0), (0, D)}, {(0, 0), (2, 0)}, {(0, 0),
(0, 2)}, {(0,0), (3, 0)}, {(0,0), (0, 3)}, {(0, 0), (4, 0)}, {(0, 0),
0, 43, ..., 10, 0), (4, )i, {(0, 0), (1, H}, {(0, 0), (4, 2)},
{(0,0),(2,4)} , ..., {(0,0), (4, 4)} .

o(A) =25—-1=5"—1. With A as the basic set we can
generate the quasi set topological vector subspace, T relative to
the set P = {0, 1}.

Suppose we change the set P, do we get a new quasi set
topological vector subspace? The answer in general is yes.

We may have different sets for which the T remains the
same.

Take Py = {1, 4} < Zs. We find the quasi set topological
vector subspace relative to the set P, = {1, 4}. Let M denote the
collection of all quasi set vector subspaces of V defined over the
set P, = {1, 4}. To find the basic set of M or equivalently the
atoms of the RQTV-lattice of M.

Let B denote the basic set or atoms of the RQTV - lattice of
M. B ={(0, 0), {(1, ), (4, 4}, {(1, 0), (4, 0)}, {(0, 1), (0, )},
s 12,04), B, DY, (L 2), 4, 31, {2, 2), 3, 3)), (1, 3),
4,2)}, {3, 1),(2,4)},...}.

Clearly the number of elements in B is 13 and these 13
elements form the atoms of M relative to P, = {1, 4}.

We see the lattice of the quasi set topological vector
subspace T over P = {0, 1} < Zs has 24 atoms and that of the
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lattice of quasi set topological vector subspace M over P, = {1,
4} < Zs has 13 atoms.

So both the quasi set topological vector subspaces T and M
are different. Further quasi set topological vector subspaces
defined over set P and P, respectively are distinct and as well as
the lattices associated with them depend highly on the sets P
and P, over which they are defined.

This is evident from the above examples.

Suppose we take P, = {2, 3} < Zs as the set over which the
quasi set vector subspaces of V is defined. S = {Collection all
quasi set vector subspace of V defined over the set {2, 3} =
P, < Zs} be the quasi set topological vector subspace of V
defined over the set P, = {2, 3}.

The basic set of S is B = {A, = (0, 0), {(2, 1), (4, 2), (1, 3),
(3’ 4)} = AZ: {(1’ 2): (2’ 4)’ (3, 1)) (4, 3)} = A3a {(1’ 1) > (27 2)9
(37 3)’ (47 4)} = A49 AS = {(17 O)’ (21 O)’ (31 O)’ (41 0)}9 A6 =
{(0, 1), (0, 2), (0, 3), (0, 4)} and A7 = {(2, 3), (3, 2), (1, 4),
(4, Di}.

Now L the lattice associated with the quasi set topological
vector subspace of V defined over the set S has the maximum
element as V and the least element is the empty set ¢. The
atoms of the lattice are {A,, Ay, Az, A4, As, Ag, A7}. We see the
associated lattice is a Boolean algebra of order 2’.

Thus we see for any given vector space V over the field F
we can have several quasi set topological vector subspaces of V
depending on the subset P taken in F. The associated RQTV-
lattice of these quasi set topological vector subspaces will be a
Boolean algebra of finite or infinite order depending on the
cardinality of the vector space V over F.

Recall a topological space X is said to satisfy the second
axiom of countability if and only if its topology has a countable
basis.
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We further define basis and subbasis of quasi set
topological vector subspaces defined on the subset P of a field
F, where V is a vector space defined over the field F.

Let T be the collection of all quasi set vector subspaces of
the vector space V defined over the set P  F, F is the field over
which V is defined. Let T be a quasi set topological vector
subspace with topology T, (we also denote T by ch as T is

defined over the set P c F).

A basis of a topology in T is a subcollection B of T such
that every quasi set vector subspace U of T is a union of some
quasi set vector subspaces in B.

In other words for every quasi set vector subspace U in T
and each quasi set vector subspace X in U there is a D in B such
that X =D (or U D) ¢ U. The quasi sets B will be called Basic
quasi sets of vector subspaces of the quasi set topological vector
subspace T. Subbasis of T can be defined in an analogous way.

We proceed onto give examples of quasi set topological
vector subspaces T defined over a set P — F of a vector space V
defined over the field F which satisfy the second axiom of
countability.

Example 2.16: Let V = Z;; x Z1; x Z;; be a vector space
defined over the field Z;; = F. Let T = {collection of all quasi
set vector subspaces of V defined over the subset P = {0, 1} <
Zy1}. T is a quasi set topological vector subspace of V defined
over (relative to) the subset P = {0, 1} < F = Z,;. T satisfies
second axiom of countability as it has a finite basis.

Example 2.17: Let V =Q x Q x Q x Q be a vector space
defined over the field Q = F. T = {collection of all quasi set
vector subspaces of V defined over the set P = {0, 1} < Q =F}.
T is a quasi set topological vector subspace of V defined over
the set P = {0, 1} < Q = F. T satisfies the second axiom of
countability.
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Now we have the following interesting theorem.

THEOREM 2.7: Let V be a vector space defined over a field Z,
(p a prime number and number of elements in V is finite). Every
quasi set topological vector subspace of V defined over the set P
C Z, satisfies the second axiom of countability for every proper
subset P C Z,.

The proof is direct and hence leave it as an exercise to the
reader.

Corollary: 1If Z, in theorem 2.7 is replaced by Z, where q = p™
and Z, a field m > 1 then the above theorem is true for every
subset P < Z,,.

Example 2.18: Let V=0Q x Q x Q x Q x Q be a vector space of
finite dimension defined over the field F = Q.

T = {collection of all quasi set vector subspaces of V over
the set P = {0, 1} < Q}; T is a quasi set topological vector
subspace of V over the set P which satisfies the second axiom of
countability. For take B = {{(0, 0,0, 0,0),x=(a, b, ¢, d, e)} |
a,b,c,d,e e Qand x # (0, 0, 0, 0, 0)} as a basis of T over the
set P= {0, 1} < Q. Hence the claim.

We define those quasi set topological vector subspaces
defined over the set {0, 1} < Z, or F (F a field of characteristic
zero and Z, is the prime field of characteristic zero) of any
vector space V, V defined over Z, or F as the fundamental quasi
set topological vector subspace of V defined over the set {0, 1}
cZ,orF.

P = {0, 1} is also called in this book as the fundamental set
inZ,orF.

THEOREM 2.8: Let V be a vector space defined over the field
O of finite dimension defined over Q = F. T = {collection of all
quasi set vector subspaces of 'V defined over the fundamental set
P={0,1} cQ}; Tis a fundamental quasi set topological vector
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subspace of V defined over the fundamental set P = {0, 1} < QO
and this fundamental quasi set topological vector subspace
satisfies the second axiom of countability.

The proof is straight forward and hence is left as an exercise
to the reader.

Example 2.19: Let V = {Q x Q} be a vector space defined over
the field Q. Take S = {(0, —1) < Q} to be a subset of Q. Let
T = {all quasi set vector subspaces of V over the set S < Q};
T is a quasi set topological vector subspace of V defined over
(or relative) the set S = {0,-1} < Q.

We see the basic set of T assumes the following form
BT = {{(Oa O)a X = (aa b)a (_aa _b)} | a, be Qa X # (07 0)} T also
satisfies the second axiom of countability.

Example 2.20: Let V =7Z; x Z; be a vector space defined over
the field Z; = F. Let S = {0, 6} < Z; be a proper subset of Z;.
T = {collection of all quasi set vector subspaces of V defined
over the set S = {0, 6} < Z,}. T is a quasi set topological vector
subspace of V over the set S = {0, 6}.

Now B = {{(0, 0), (0, 1), (0, 6)}, {(0, 0), (1, 0), (6, 0)},
{(0, 0), (1, 6), (6, 1)}, {(0, 0), (6, 6), (1, 1)}, {(0, 0), (2, 0),
(5, 0)}, {(0, 0), (0, 2), (0, 5)}, {(0, 0), (2, 2), (5, 5)}, {(0, 0),
(2, 5), (5, 2)}, {(0, 0), (0, 3), (0, 4)}, {(0, 0), (3, 0), (4, 0)},
{(0, 0), (3, 3), (4, 4)}, {(0,0), (3, 4), (4, 3)}, {(0, 0), (1, 2),
(6, 5)}, {(0, 0), (2, 1), (5, 6)}, {(0, 0), (1, 3), (6, D}, {(0, 0),
(4, 6), 3, D}, {(0, 0), (1, 4), (6, 3)}, {(0, 0), (4, 1), (3, 6)},
{(0, 0), (1, 5), (6, 2)}, {(0, 0), (5, 1), (2, 6)}, {(0, 0), (2, 3),
(5, 9}, {(0, 0), 3, 2), (4, 5)}, {(0, 0), (2, 4), (5, 3)}, {(0, 0),
(4, 2), (3, 5)}} is the basic set of the quasi set topological vector
subspace of V over S = {0, 6} = Z;. o(B)=24=(7*-1)/2.

Example 2.21: Let V =75 x Zs be a vector space defined over
the field F = Zs. Let T = {all quasi set vector subspaces of V
defined over the set S = {0, 4} < Zs}; be the quasi set
topological vector subspace of V over the set S = {0, 4} < Zs.



26 | Quasi Set Topological Vector Subspaces

The basic set of T = {{(0, 0), (1, 0), (4, 0)}, {(0, 0), (0, 1),
(0, 4}, {(0, 0), (1, 1), (4, 4}, {(0, 0), (1, 4), (4, D}, {(0, 0),
(2, 0), B3, 0)3, {(0, 0), (0, 2), (0, 3)}, {(0, 0), B, 2), (2, 3)},
{0, 0), (2, 2), (3, 3)}, {(1, 2), (0, 0), (4, 3)}, {(0, 0), (2, 1),
(3, D}, {(1,3), (4,2), (0, 0)}, {3, 1), (2, 4), (0, 0);.

Clearly order of Bis (5> —1)/2=12.

Thus the associated lattice of T is a Boolean algebra of
order 2'* with {(0, 0)} as least element and V as the largest
element.

In view of this we have the following theorem.

THEOREM 2.9: Let V = Z, x Z, be a vector space defined over
the field Z,. P = {0, (p—1)} < Z, be a subset of Z,. T = {all
subsets of V which are quasi set vector subspaces of V defined
over the set P = {0, p—1} c Z,}); T is a quasi set topological
vector subspace of V over the set P = {0, p—1}.

P
(1) T has a finite basis B and o(B) = (2 5 1) .

(2) T satisfies second axiom of countability.

(3) The lattice L associated with T is a Boolean Algebra
with the basic set B as atoms and {(0, 0)} is the least
element and V is the largest element and o(L) =
(2"=1/2) _ Ho(B)

The proof of the above theorem is straight forward and
hence is left as an exercise to the reader.

Example 2.22: Let V = Z; x Z3 x Z; be a vector space defined
over the field F=Z;. P = {0, 2} < Z;. Let T = {all subsets of V
which are quasi set vector subspaces of V defined over the set
{0, 2} < Z5}. T is a quasi set topological vector subspace of V
defined over P = {0, 2}.
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The basic set associated with T be B, B = {{(0, 0, 0), (0, 1,
0), (0, 2, 0)}, {(0, 0, 0), (0, 0, 1), (0, 0, 2)}, {(0, 0, 0), (1, 0, 0),
(2, 0, 0)}, {(0, 0, 0), (1, 1, 0), (2, 2, 0)}, {(0, 0, 0), (1, 0, 1),
(2, 0, 2)}, {(0, 0, 0), (0, 1, 1), (0, 2, 2)}, {(0, 0, 0), (1, 0, 2),
(2, 0, 1)}, {(0, 0, 0), (0, 1, 2), (0, 2, 1)}, {(0, 0, 0), (1, 2, 0),
2, 1, 0}, {(0, 0, 0), (1, 1, 1), (2, 2, 2)}, {(0, 0, 0), (1, 2, 1),
(2, 1, 2)}, {(0,0,0), (2, 1, 1, (1, 2, 2)}, {(0, 0, 0), (1, 1, 2),
(2,2, 1)}}. The number of elements in B is (3* — 1) / 2.

Example 2.23: Let V = 7, x Z;; x Z;, be a vector space
defined over the field F = Z,;. T = {set of all quasi set vector
subspaces of V defined over the set P = {0, 10} = Z;;}. Tisa
quasi set topological vector subspace of V defined over the set
P= {0, 10} gZ“.

The basic set of T defined over P be B. B = {{(0,0,0),
(1,0,0), (10,0,0)}, {(0,0,0), (0,1,0), (0,10,0)} ..., {(0,0,0),
(0,10,0), (10,1,10)}}. Clearly order of B is (11° — 1)/2.

We see the associated lattice of T is a Boolean algebra of

order 2°® =011'-D/2

In view of this we have the following theorem.

THEOREM 2.10: Let V = Z, x Z, x Z,; p a prime be a vector
space defined over the field F = Z,. Let P = {0, p—1} cZ, be a
subset of Z,. T = {all quasi set vector subspaces of V defined
over the set P = {0, p-1} < Z,}. T is a quasi set topological
vector subspace of V defined over the set P = {0, p—1}. Tis a
second countable quasi set topological vector subspace. Let B
be the basic set of T. Number of elements in B is p—1 / 2.
Clearly the lattice associated with T is a Boolean algebra of
order p*~1/2.

We can generalize this by the following theorem.
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THEOREM 2.11: Let V = Z xZ x..xZ, 6 be a vector space
%—J

n-times
defined over the field F = Z,. Let T = {all quasi set vector
subspaces of V defined over the set {0, p—1} < Z,} be the quasi
set topological vector subspace of V over the set P = {0, p—1}.

(1) T is quasi set topological vector subspace of V
defined over the set P c Z, satisfies the second
axiom of countability.

(2)  The basic set B of T is of order %

(3)  The lattice associated with T is a Boolean algebra
E
of order 2 2,

The proof of the two theorems is direct and can be easily
proved.

Now we proceed onto define dual quasi set topological
vector subspace of V over a set.

DEFINITION 2.4: Let V be a vector space defined over the field
Z,. T = {collection of all quasi set vector subspaces of V defined
over the set P = {0, p-1} c Z,}. T is a quasi set topological
vector subspace of V over P; T is defined as the fundamental
dual quasi set topological vector subspace of V over P = {0,
p—1} relative to the fundamental quasi set topological vector
subspace of 'V defined over the set S = {0, 1} c Z,.

Example 2.24: Let V =Z,3 x Z5 be a vector space defined over
the field F = Z,5. Let T = {collection of all quasi set vector
subspaces of V defined over the set P= {0, 1}}. T is a quasi set
topological vector subspace of V over P.

Suppose B is the basic set of V then order of B is 13% — 1.
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Let S = {collection of all quasi set topological vector
subspaces of V defined over the set P, = {0, 12} < Z;3}. Sisa
quasi set topological vector subspace of V defined over the set
P, =10, 12}.

2
Let B, be the basic set of S. Now order of B, is %

S is the fundamental dual quasi set topological vector
subspace of V defined over the set P, = {0, 12} to the
fundamental quasi set topological vector subspace T of V
defined over the set P = {0, 1} < Z;3.

Now we have seen example of fundamental dual quasi set
topological vector subspace of V and the fundamental quasi set
topological vector subspace of V.

Now we have discussed and described the properties of
quasi set topological vector subspaces.

Apart from quasi set fundamental dual and fundamental
topological vector subspaces we have other than these more
number of quasi set topological vector subspaces of V defined
over subsets in Z,.

Now for quasi set topological vector subspaces defined over
Q or R. The fundamental dual quasi set topological vector
subspaces are defined over the set Py = {0, -1} c Q or R.

We illustrate this by an example.

Example 2.25: Let V = Q x Q be a vector space defined over
the field Q. Let P, = {0, -1} < Q be a proper subset of Q.
T = {collection of all quasi set vector subspaces of V defined
over the set P = {0, -1} < Q}. T is a quasi set topological
vector subspace of V defined over the set P;.

Now the basic set B of T is as follows: B = {{(0, 0), (a, 0),

(—a, O)}a {(0, O), (0, b), (Oa _b)}’ {(0’ 0)7 (aa b)a (_ar _b)} | a, be
Q\ {0}}. T is the dual quasi set topological vector subspace of
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V defined over the set P, = {0, -1} < Q. Suppose S =
{collection of all quasi set vector subspaces of V defined over
the set P = {0, 1} < Q}; S is the fundamental quasi set
topological vector subspace of V defined over the set P = {0, 1}.

Suppose B, is the basic set of S over the set P = {0, 1}.
Now B; = {{(0, 0), (a, b)} |a,b € Q, (a, b) # (0, 0)} is the basic
set. With the basic set as the atoms we can get an infinite
Boolean algebra associated with S over P.

We see in case of the dual fundamental quasi set topological
vector subspace the basic set B serves as the atom of the related
infinite Boolean algebra. Clearly both B and B, are of different
cardinality o(B;) > o(B).

Further we see both the fundamental dual quasi set
topological vector subspaces as well as fundamental quasi set
topological vector subspace over P, and P respectively satisfy
the second axiom of countability.

Interested reader can study the above example by replacing
QbyR.

Example 2.26: Let V =Q x Q x Q be the vector space defined
over the field F=Q. LetP={0,1,-1} cQ=Fbeasetin V.
T = {all quasi set vector subspaces of V defined over the set
P=1{0,1,-1} < Q=F}. Tis a quasi set topological vector
subspace of V defined over the set P = {0, 1, —1}. The basic set
B of T is given by B = {{(0, 0, 0), (a, b, ¢), —(a, b, ¢c) = (-a, -b, —
c)} |a,b,c e Qand (a, b, c) = (0,0, 0)}. Clearly T satisfies the
second axiom of countability.

Example 2.27: Let V = Zs x Zs be the vector space defined
over the field Zs = F. Let P = {0, 1} < Zs. T = {all quasi set
vector subspaces of V defined over the set P = {0, 1} < Zs}. T
is a quasi set topological vector subspace with the basic set Bt =

{{(0, 0), (1, 0)}, {(0, 0), (0, )}, ..., {(0,0), (4, 4)}} and o(Br)
=5-1=24.
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Let S = {all quasi set vector subspaces of V defined over the
set P, = {0, 4} < Zs}. S is a quasi set topological vector
subspace with basic set Bs = {{(0, 0), (1, 0), (4, 0)}, {(0, 0),
(0, 1), (0, 4}, {(0, 0), (2, 0), (3, 0)}, {(0, 0), (0, 2), (0, 3)},
{(0, 0), (1, 1), (4, 4}, {0, 0), (2, 2), (3, 3)}, {(0, 0), (1, 2),
(4, 3)}, {0, 0), (2, 1), (3, )}, {(0, 0), (1, 3), (4, 2)}, {(0, 0),
(3, 1), (2,4}, {(0,0), (2, 3), (3, 2)}, {(0,0), (1, 4), (4, 1)} } of S
over the set P, = {0, 4} < Zs.

Let M = {all quasi set vector subspaces of V defined over
the set P, = {1, 4}}. M is a topological space of quasi set vector
subspaces of V over P,. Let By be the basic set of M.

By = {(0, 0), {(1, 0), (4, 0)}, {(0, 1), (0, 4)}, {(0, 2), (0, 3)},
{2,0), 3,0} {(1,2), (4, 3)}, {2, 1), 3, 4}, {(1, 3), (4, 2)},
{3, D, 2,45, {3, 2), (2, 3)}, {(1,4), (4, D}, {(1, 1), (4, D},
{(2,2), (3, 3)}} is the basic set of M.

Let N = {all quasi set vector subspaces of V defined over
the set {0, 1, 4} < Zs}. N is a quasi set topological vector
subspace of V defined over the set {0, 1, 4}.

The basic set By of N is as follows: By = {{(0, 0), (1, 0),
(4, 0)}, {(0, 0), (0, 1), (0, 9}, {(0, 0), (2, 0), (3, 0)}, {(0, 0),
(0, 2), (0, 3)}, {(0, 0), (1, 1), (4, 4)}, {(0, 0), (2, 2), (3, 3)},
{(0, 0), (2, 3), (3, 2)}, {(0, 0), (1, 3), (4, 2)}, {(0, 0), (3, 1),
(2, )}, {0, 0), (1, 2), (4, 3)}, {(0, 0), (2, 1), (3, 4} {(0, 0),
(1, 4), (4, 1)}} is the basic set identical with the basic set Bg of
S.

Inview of this we see we can have quasi set topological
vector subspaces to be the same even for different subsets in the
field over which the vector space is defined.

THEOREM 2.12: Let V = Z xZ x..xZ 6 be a vector space
%{—J

n-times
defined over the field Z,. There exists atleast two quasi set
topological vector subspaces of V which are identical (same)
but defined over different subsets of Z,.
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Proof: Let M = {collection of all set quasi vector subspaces of
V defined over the set {0, p-1} < Z,}; be the quasi set
topological vector subspace of V defined over {0, p-1} < Z,.
Let P = {collection of all set quasi vector subspaces of V
defined over the set {0, 1, p—1} < Z,} be the quasi set
topological vector subspace of V defined over the set {0, 1,
p-1} < Z,. M and P have the same basic sets, that is M and P
are identical quasi set topological vector subspaces defined over
the sets {0, p—1} and {0, 1, p—1} respectively.

Hence the claim.

Thus distinct sets need not pave way for different quasi set
topological vector subspaces.

Example 2.28: Let V =75 x Zs be a vector space defined over
Zs. We have seen quasi set topological vector subspaces of V
defined over the sets {0, 1}, {0, 4}, {4, 1} and {0, 1, 4}. Now
we find on other subsets of Zs the quasi set topological vector
subspaces defined over the set A = {0, 1, 2, 3} < Zs. B =
{collection of all quasi set vector subspaces defined over the set
{0, 1, 2, 3} = A < Zs}. B is quasi set topological vector
subspace of V defined over the set A.

Suppose X is the basic set of B; then X = {{(0, 0), (0, 1),
(0,2), (0, 3), (0, 4)}, {(0, 0, (1,0), (2, 0), (3, 0), (4, 0)}, {(0, 0),
(1, 1),(2,2), (3, 3), (4,4}, {(0,0), (1,2),(2,4),3, 1), (4, 3)},
{(0,0), (2, 1), (4, 2), (1, 3), 3, 9} {(0, 0), (2, 3), 3, 2), (4, 2),
(2, 4)}}; we see the associated lattice of B is a Boolean algebra
L and L is of order 2° with X as its atom set and {(0, 0)} is the
least element L and V is the greatest element of L.

Let us consider a set W = {0, 3, 4} < Zs. Suppose Y =
{collection of all quasi set vector subspaces of V defined over
the set W = {0, 3, 4} < Zs}, Y is a quasi set topological vector
subspace of V defined over the set W = {0, 3, 4} < Zs.

The basic set of Y be Dy = {{(0, 0), (1, 0), (3, 0), (4, 0),
(2,0)}, {0, 0), (0, 1), (0, 3), (0, 2), (0, 9)}, {(0, 0), (1, 1), (2, 2),
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(3, 3), 4, 4}, {(0,0), (1, 4), 3, 2), 4, 1), (2, 3)}, {((0, 0),
(4,3), (2,4, (1,2), 3, D}, {(0,0), (2, 1), (1, 3), (4, 2), 3, 4} }.
Dy is the basic set of the quasi set topological vector subspace
of V defined over the set W = {0, 3,4} < Zs.

Let L = {0, 2, 3, 4} < Zs be a subset of Zs. F = {collection
of all quasi set vector subspaces of V defined over the set L =

{0, 2, 3, 4} < Zs}, be a quasi set topological vector subspace of
V defined over the set L = {0, 2, 3, 4}.

The basic set of F over the set L is given by Z = {{(0, 0),
(1, 0), (2,0), (3, 0), (4, 0)}, {(0, 0), (0, 1), (0, 2), (0, 3), (4, 0)},
{(0,0), (0, 1), (0, 2), (0, 3), (0, 4)}, {(0, 0), (1, 1), (2, 2), (3, 3),
(4,4}, {(0,0),(2, 1), (4,2),3,4), (1, 3)}, {(0,0), (2, 3), (4, 1),
(3,2), (1,4}

2
Clearly o(Z2) =6 =¥ .
The lattice associated with F is a Boolean algebra with
{(0, 0)} as its least element and V as its greatest element.
Further the order of the Boolean algebra is 2°.

Let U = {1, 2, 3, 4} < Zs be a subset of Zs. Suppose
E = {collection of all quasi set vector subspaces of V defined
over the set U = {1, 2, 3, 4} < Zs} be the quasi set topological
vector subspace defined over U.

The basic set of E over U is given by G = {{(1, 0), (2, 0),
(3, 0), (4, 0)}, {(0, 1), (0, 2), (0, 3), (0, 4)}, {(0, 0), {(1, 1),
(2,2),3,3), (4,4}, {(1,2),(2,4),3, 1), (4,3)}, {2, 1), (4, 2),
(1,3), 3,4}, {(1,4), (4, 1), (2, 3), 3, 2)} }.

Clearly o(G) = 7 and for this lattice L associated with E we
see ‘¢’ the empty set, is the least element and V is the largest

element of the lattice L. Infact L is a Boolean algebra of order
2",
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Thus we can using different subsets of the field get different
topological quasi set vector subspaces defined over different
subsets.

Now several questions are to be answered.

(i) If S c F be a subset of a field and if P S c F and P
a proper subset of S; does there exist any relation
between the quasi set topological vector subspaces of
V defined over S and that of over P.

To this end we first study some examples.

(i1) Characterize those sets P; in F such that the quasi set
topological vector subspaces of V defined over P;  F
are isomorphic.

Example 2.29: Let V =7, x Z; x Z; be a vector space defined
over the field F=Z,;. LetS=1{0,1,2,3} and P = {0, 1, 3} be
two subsets of Z;. Clearly P S < Z5.

Let T = {all quasi set vector subspaces of V defined over P}
be the quasi set topological vector subspace of V defined over P
and let W = {all quasi set vector subspaces of V defined over S}
be the quasi set topological vector subspaces of V over S.

We will denote the basic set of T by Br and that of W by
By respectively.

Now Br = {{(0, 0), (1, 0), (3, 0), (2, 0), (6, 0), (4, 0), (5, 0)},
{(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6)}, {(0, 0), (1, 1),
(2,2), (3,3), (4, 4), (5, 5), (6, 6)} }, {(0, 0), (1, 2), (3, 6), (2, 4),
(6,5), (4, 1), (5, 13)}, {(0, 0), (2, 1), (6, 3), (4, 2), (5, 6), (1, 4)},
{(0,0), (1, 3), (3, 2), (2, 6), (6, 4), (4, 5), (5, D}, {(0,0), (1, 5),
(3, 1), (2, 3), (6, 2), (4, 6), (5, D}, {(0,0), (1, 6), 3, 4), (2, 5),
(6, 1), (4, 3), (5, 2)} .

Clearly o(Bt) = 8.
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Now we find By = {{(0, 0), (1, 0), (2, 0), (3, 0), (6, 0),
(4, 0), (5, 0)3, {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6)},
{0,0), (1, 1), (2, 2), (3, 3), (4, ), (5, 5), (6, 6)}, {(0, 0), (1, 2),
2,4, (4. 1), (3, 6), (6, 5), (5, 3)} {(0,0),(2,1),(42),(1,4),
(3, 5), (5, 6), (6, 3); {(0, 0), (1, 3), (2, 6), (4, 5), (3, 2), (6, 4),
(5, D}, 1(0,0), (3, 1), (6, 2), (5, 4), (1, 5), (2, 3), (4, 6)}, {(0, 0),
(1,6),(2,95),(4,3), (3,4),(6,1),(5,2)}}. Clearly o(Bw) =8.

Thus though P = {0, 1, 3} < {0, 1, 2,3} =S < Z; we see
BW:BT.

Let B= {0, 1, 2, 3} and M = {0, 2} be subsets of Z,.
Clearly M < S. Now let

N = {all quasi set vector subspaces of V defined over M} be
the topological space of quasi set vector subspaces defined over
M c Z,. Let By denote the basic set of N.

By = {1(0, 0), (1, 0), (2, 0), (4, 0)}, {(0, 0), (0, 1), (0, 2),
(0, 93, {(0, 0), (3, 0), (6, 0), (5, 0)}, {(0, 0), (0, 3), (0, 6),
(0, 5)}, (0, 0), (1, 1), 2, 2), (4, D}, {(0, 0), (3, 3), (6, 6),
(5, 51, {0, 0), (1, 2), (2, 4), (4, D}, {0, 0), 2, 1), (4, 2),
(1, 93, {0, 0), (1, 3), (2, 6), (4, 5)}, {(0, 0), 3, 1), (6, 2),
S, D}, 10, 0), (1, 5), 2, 3), 4, 6)}, {(0, 0), (5, 1), 3, 2),
(6, i, (0, 0), (1, 6), (2, 5), (4, 3)}, {(0, 0), (6, 1), (5, 2),
% 54))}}}? {0, 0), (3, 5), (6, 3), (5, 6)}, {(0, 0), (5, 3), (3, 6),

Clearly o(By) = 16.

We see M < S but elements of By are subsets of the
elements of By. This can be seen by observing By and By.

Example 2.30: LetV =7, x Zy; be a vector space defined over
the field Z,;. Take P = {0, 6, 5} and P, = {0, 7, 4}, subsets of
Zy. To find the quasi set topological vector subspaces
associated with (or over) P; and P respectively.
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Let S = {all quasi set vector subspaces of V defined over the

set P}; be the quasi set topological vector subspace of V defined
over the set P. M = {all quasi set vector subspaces of V defined
over the set P;} be the quasi set topological vector subspace of
V defined over the set P;.

@,
2,
(6,
(7,
(6,
{,
G,
{,
3,
1,
2,
(8,

The basic set Bs of S is Bs = {{(0, 0), (1, 0), (6, 0), (5, 0),
0), (4, 0), (9, 0), (7, 0), (2, 0), (10, 0), (3, 0)}, {(0, 0), (1, 1),
2), ..., (10, 10)}; {(0, 0), (1, 2), (5, 10), (3, 6), (4, 8), (9, 7),
1), (8, 5), (7, 3), (2,4), (10, 9)}, {(0, 0), (1, 3), (6, 7), (3, 9),
10), 9, 5), (10, 8), (5, 4), (8, 2), (4, 1), (2, 6)}, {(0, 0), (1, 4)
2), 3, 1), (7, 6), (9, 3), (10, 7), (5, 9), (8, 10), (4, 5), (2, 8),
4), (6, 2)}, {(0, 0), (1, 5), (6, 8), (3, 4), (7, 2), (9, 1), (10, 6),
3),(8,7),(4,9), (2, 10)}, {(0, 0), (5, 1), (8, 6), (4, 3), (2, 7),
9), (6, 10), (3, 5), (7, 8), (9, 4), (10, 2)}, {(0, 0), (1, 6), (6, 3),
7),(7,9), (9, 10), (10, 5), (5, 8), (8, 4), (4, 2), (2, D)}, {(0, 0),
7), (6, 9), (3, 10), (7, 5), (9, 8), (10, 4), (5, 2), (8, 1), (4, 6),
3)} 1(0, 0), (1, 8), (6, 4), (3, 2), (7, ), (9, 6), (10, 3), (5, 7),
9), (4, 10), (2, 5)}, {(0, 0), (1, 9), (6, 10), (3, 5), (7, 8), (9, 4),

(10, 2), (5, 1), (8, 6), (4, 3), (2, 7)}, 1(0, 0), (1, 10), (6, 5), (3, 8),

(75

4), (9, 2), (10, 1), (5, 6), (8,3),(4,7),(2,9)}}. o(Bs) =12.

Now we consider By, the basic set of the quasi set

topological vector subspace of M over Py = {0, 7, 4}.

(4,
(0,
G,
{1,
(8,
(4,

@3

By = {{(0, 0), (1, 0), (7, 0), (5, 0), (2, 0), (3, 0), (10, 0),
0), (6, 0), (5, 0), (8, 0);, (0, 1), (0, 1), (0, 2), (0, 3), (0, 4),
3), (0, 6), (0,7), (0, 8), (0, 9), (0, 10)}, (0, 0), (1, 3), (7, 10),
4), (2, 6),(3,9), (10, 8), (4, 1), (6, 7), (9, 5), (8, 2);, 1(0, 0),
4, (7, 6), (5, 9), (2, 8), (3, 1), (10, 7), (4, 5), (6, 2), (9, 3),
10)}, {(0, 0), (1, 5), (7, 2), (5, 3), (2, 10), (3, 4), (10, 6),
9), (6, 8), (9, 1), (8, 7}, (0, 0), (1, 6), (7, 9), (5, 8), (2, 1),

.1, (10, 5), (4, 2), (6, 3), (9, 10), (8, 4}, {(0, 0), (1, 7), (7, ),
(5’
{,
(85
(6’

2),(2,3), (3, 10), (10, 4), (4, 6), (6, 9), (9, 8), (8, 1)}, {(0, 0),
8), (7, 1), (5, 7), (2, 3), (3, 2), (10, 3), (4, 10), (6, 4), (9, 6),
91,100, 0), (1,9), (7, 8), (5, 1), (2, 7), (3, 5), (10, 2), (4, 3),
10), (9, 4), (8, 6)}, {(0, 0), (1, 10), (7, 4), (5, 6), (2, 9), 3, 8),

(10, 1), (4, 7), (6, 5), (9, 2), (8, 3)}, {(0, 0), (1, 1), (2, 2), ...,
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(10, 10)}, {(0, 0), (1, 2), (7, 3), (5, 10), (2, 4), (3, 6), (10, 9),
(4, 8),(6,1),9,7), (8, 5)} }.

o(Bm) = 12.
We see M and S are identical as topologies.

Take A = {0, 5, 10} and C = {0, 5} to be proper subsets of
the ﬁeld Z]].

D = {all quasi set vector subspaces defined over the subset
A =1{0, 5, 10}} be the quasi set topological vector subspace of
V over A and E = {all quasi set vector subspaces of V defined
over the set C = {0, 5}}} be the quasi set topological vector
subspace of V over C.

Let Bp and Bg be the basic sets of D and E respectively.

Bp = 110, 0), (1, 0), (5, 0), (3, 0), (4, 0), (9, 0), (10, 0),
(8, 0), (7, 0), (2, 0), (6, 0);, {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4),
(0, 5), (0, 6), (0, 7), (0, 8), (0, 9), (0, 10)}, {(0, 0), (1, 1), ...,
(10, 10)}, {(0, 0), (1, 2), (5, 10), (3, 6), (4, 8), (9, 7), (10, 9),
(6, 1), (8, 5), (7, 3), (2, 4}, ..., {(1, 10), (5, 6), 3, 8), (4, 7),
(9,2), (10, 1), (6, 5), (8, 3), (7, 4), (2, 9} }.

o(Bp) = 12.

Be = {{(0, 0), (1, 0), (5, 0), (3, 0), (4, 0), (9, 0)}, {(0, 0),
(2, 0), (10, 0), (6, 0), (8, 0), (7, 0)}, {(0, 0), (1, 1), (5, 5), (3, 3),
4, 4), (9, 9}, {0, 0), (2, 2), (10, 10), (6, 6), (8, 8), (7, 7},
{(0, 0), (1, 2), (5, 10), (3, 6), (4, 8), (9, N}, {(0, 0), 2, ),
(10, 5), (6, 3), (8,4, (7, 9}, {(0, 0), (1, 3), (5, 4), (3,9), (4, ),
(9,3)}, 10, 0), (3, 1), (4, 5), (9, 3), (1, 4), (5, 9)}, {(0, 0), (1, 5),
(5,3), (3,4), (4,9), 9, D}, (0, 0), (5, 1), 3, 5), (4, 3), 9, 9,
(1, 9, {0, 0), (1, 6), (5, 8), 3, 7), (4, 2), (9, 10)}, {(0, 0),
(6, 1), (8, 5), (7, 3), (4, 2), (9, 10)}, {(0, 0), (6, 1), (8, 5), (7, 3),
(2, 4), (10, 9)}, {(0, 0), (1, 7), (5, 2), (3, 10), (4, 6), (9, 8)},
{(0,0), (7, 1), (2, 5), (10, 3), (6, 4), (8, 9)}, {(0, 0), (1, 8), (5, 7),
(3, 2), (4, 10), (9, 6), {(0, 0), (8, 1), (7, 5), (2, 3), (10, 4),
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(6, 9)5, 1(0, 0), (1, 10), (5, 6), (3, 8), (4, 7), (9, 2)}, {(0, 0),
(10, 1), (6, 5), (8, 3), (7, 4), (2, 9), {(0, 0), (2, 6), (10, B), (6, 7),
(8, 2), (7, 10)}, 1(0, 0), (6, 2), (8, 10), (7, 6), (2, 8), (10, 7);,
(0, 0), (2, 7), (10, 2), (6, 10), (8, 6), (7, 8)}, {(0, 0), (7, 2),
(2, 10), (10, 6), (6, 8), (8, 7)}, {(0, 0), (2, 10), (10, 6), (6, 8),
(8,7, (7,2)}, (0, 0), (10, 2), (6, 10), (8, 6), (7, 8), (2, 7)} }.

Clearly o(Bg) =24 and C = {0, 5} < {0, 5, 10} = A < Z;,.
However the topologies are distinct. We see topology E has its
related Boolean algebra to be of order 2** where as the Boolean
algebra of the topology D is of order 2'%.

Now we see examples of subbasic set of a basic set and the
topologies generated by the subbasic sets. Suppose T is a quasi

set topological vector subspace of V defined over a set P c F (F
a field over which V is defined).

Let B be the basic set of T. Let S < Bt (S a proper subset
of Br). S will generate a topological vector subspace defined as
the quasi set subtopological vector subspace of V defined over
the set P — F.

We will illustrate the situation by some examples.

Example 2.31: Let V =Zs5 x Zs be a vector space over Zs. Let
P, =1{2,0, 1} < Z; be a subset of Zs. Let T = {collection of all
quasi set vector subspaces of V defined over the set P, < Zs}, be
the quasi set topological vector subspace of V defined over the
set P;. Let Br denote the basic set of T.

BT = {Vl = {(03 0)5 (15 O)’ (2’ 0)’ (4’ 0)3 (3a 0)}a N {(Oa O)a
(0, 1), (0, 2), (0, 4), (0, 3)}, v3 = {(0, 0), (1, 1), (2, 2), (3, 3),
(4, D}, va={(0,0), (1, 2), (2, 4), (4, 3), 3, D}, {(0,0), (2, 1),
(4,} 2), (1, 3), 3, D} = vs, {(0,0), (1,4), (2,3), (4, 1), 3, 2)} =
\"/3

(5 -1

o(B") = =

=6.
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Thus the associated lattice is of order 2°, that is a Boolean
algebra. We see {(0)} is the least element so S = {(0, 0),v;} will
give a quasi set topological vector subspaces with only basic
element v; (1 <1 < 6), of course which we call as indiscrete
quasi set topological vector subspace (i fixed).

P={(0,0), vi,vi|i#],1<1,j<6},1and ] fixed, be the
basic set and P generates a topology Tp = {(0, 0), vi, vj, vi U vj}
that is a quasi set topology with four elements.

Let

B = {(0, 0), vi, vj, vi | 1, j and k are distinct; 1 <1, j, k < 6}
be a basic set for which the associated topology has 8 elements
given by

TB = {(O, 0), Vi, Vi, Vi U Vi, Vi, Vi U Vi, Vi U Vi, Vi U VU Vk}.
Thus vi U vj U vi is the largest element of the associated
Boolean algebra of order 2°.

Let C = {(0, 0), vi, Vj, Vi, Vi | Vi, Vj, vk and v, are distinct
elements of Br. 1 <1, j, k, 1 <6}. Tc the associated quasi set
topology has, 2* elements and so on.

We call T¢, Tg, Ts, Tp as quasi set subtopologies of vector
subspaces of the quasi set topological vector subspace of T.

Infact we have 62 distinct subtopologies for the quasi set
topological vector subspaces of T over the same set P, = {0, 1,
2}.

Interested reader can construct such quasi set subtopological
vector subspaces of any given quasi set topological vector
subspace defined over a subset P of the field F. For all such
subtopologies are defined only over P. S will generate a quasi
set topological vector subspace defined as the quasi set
subtopological vector subspace of V defined over the set P C F.

We will illustrate this situation by some examples.
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Example 2.32: Let V =7, x Zy; be a vector space defined over
field Z,;. Let P={0, 2, 6, 8} < Z;; be a proper subset of Z;.

T = {all quasi set vector subspaces of V defined over the set P}
be the quasi set topological vector subspace of V defined over
the set P.

The basic set By of T is as follows: Bt = {{(0, 0), (1, 0),
(2, 0), (6, 0), (8, 0), (4,0), (3, 0), (9, 0), (5, 0), (10, 0), (7, 0)} =
vi, {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8),
(0,9), (0, 10)} = vy, v3={(0, 0), (1, 1), (2, 2), ..., (10, 10)}, v4 =
{(0,0), (1, 2), (2,4), (4, 8), (8, 5), (5, 10), (10, 9), (9, 7), (7, 3),
(3, 6), (6, D}, vs = {(0, 0), (2, 1), (4, 2), (8, 4), (5, 8), (10, 5),
9, 10), (7,9), B, 7), (6, 3), (1, 6)}, v6 = {(0, 0), (1, 3), (2, 6),
4, 1), (8, 2), (5, 4), (10, 8), (9, 5), (7, 10), (3, 9), (6, 1)}, v; =
{(0,0), (3, 1), (6, 2), (1, 4), (2, 8), (4, 5), (8, 10), (5, 9), (10, 7),
9, 3), (7, 6)}, vs = {(0, 0), (1, 5), (2, 10), (4, 9), (8, 7), (5, 3),
(10, 6), (9, 1), (7, 2), (3, 4), (6, 8)}, vo = {(0, 0), (5, 1), (10, 2),
(97 4)’ (77 8)9 (3’ 5)7 (65 10)’ (15 9)’ (2’ 7)5 (4’ 3)5 (8’ 6)}: Vio =
{(0,0), (1,7), (2, 3), (4, 6), (8, 1), (5, 2), (10, 4), (9, 8), (7, 5),
(3’ 10)’ (6’ 9)}a Vi = {(03 O)a (7’ 1)’ (39 2)7 (6a 4)a (15 8)9 (2, 5):
(4,10), (8,9), (5,7), (10, 3), (9, 6)}, vi2 = {(0, 0), (1, 10), (2, 9),
4,7),(8,3),(5,6), (10, 1), (6, 5), (5, 6), (3, 4), (4, 3)}.

Thus Br = {vi, va, ..., vio} and o(Bt) = 12. The lattice
associated with the quasi set topological vector subspace of V
defined over the set P is a Boolean algebra of order 2'*.

All subtopological quasi set vector subspaces of V defined
over P will be a Boolean algebra of order 2"; 1 <n < 11.

Example 2.33: Let V = Zy9 x Z9 be the vector space defined
over the field Z1o. Let P={0,3,6,9,12, 15,18} c Zybe a
subset of Z9. T = {collection of all quasi set vector subspaces
of V defined over P < Z9}, be a quasi set topological vector
subspace of V over P.

Let Bt be the basic set of T. Br = {{(0, 0), (1, 0), (3, 0),
9, 0), (6, 0), (18, 0), (12, 0), (15, 0), (17, 0), (8, 0), (5, 0), (11,
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0), (14, 0), (7, 0), (2, 0), (16, 0), (10, 0), (4, 0), (13, 0) and so
on}} = {vy, Vo, ..., Vo}; €ach v; is of cardinality 19, 1 <1 < 20.

We see the associated lattice of T is a Boolean algebra of
order 2. We get several quasi set subtopological vector
subspaces of V defined over the set P.

Each of the subtopological quasi set subvector spaces give a
lattice which is a Boolean algebra of order 2", 1 <n < 19.

Now we define the concept of quasi subset subtopological
vector subspace of V defined over a subset in F; V is a vector
space defined over the field F.

DEFINITION 2.5: Let V be a vector space defined over the field
F. Let P c F be a proper subset of F. T = {collection of all
quasi set vector subspaces of V defined over the set P C F} be a

quasi set topological vector subspace of V defined over the set
P.

Let M c P be a proper subset of M. If S = {collection of all
quasi set vector subspaces of V defined over the set M < P},
then we define S to be the collection of quasi subset vector
subspaces of V defined over the set M < P. Infact S is a quasi
subset subtopological vector subspace of V defined over the
subset M c P.

We will illustrate this situation by some examples.

Example 2.34: Let V =7; x Z; be a vector space defined over
the field F = Z;. P = {0, 1, 6, 4} < Z; be a subset of Z,.
T = {all quasi set vector subspaces of V defined over the set
P = {0, 1, 4, 6} < Z;} be the quasi set topological vector
subspace of V over the set P.

Bi= {{(0, 0), (1, 0), (6, 0), (4, 0), (5, 0), (2, 0), (3, 0)},
{(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5), (0, 6)}, {(0, 0), (1, 1),
(2,2),3,3), (4,4, (5,5, (6, 0)}, {(0, 0), (1, 2), (4, 1), (6, 5),
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2,4, (5,3), B, 6)5, (0, 0), (2, 1), (1, 4), (5, 6), (4, 2), 3, 5),
(6,3)}, (0, 0), (1, 3), (4, 5), (6, 4), 3, 2), (5, 1), (2, 6)}, {(0, 0),
(3, 1), (5,4), (4, 6), (2, 3), (1, 5), (6, 2)}, {(1, 6), (6, 1), 3, 4,
4, 3), (11, 5), {5, 11), (0, 0)} }.

o(B;)=38.

LetM={0,4} cP=1{0,4,6,1} < Z;. Suppose
S={all quasi set vector subspaces of V defined over the set M};
be the quasi set topological vector subspace of V defined over
the set M = {0, 4} c P.

Now Bg' = {(0, 0), (1, 0), (4, 0), (2, 0)}, {(0, 0), (0, 1),

(0,4), (0, 2)}, {(0, 0), (1, 1), (4, 4), (2, 2)}, {(0, 0), (3, 0), (5, 0),
(6, 0)}, (0, 0), (0, 3), (0, 5), (0, 6);, {(0, 0), (3, 3), (5, 5),
(6, 6)}, {(0, 0), (1, 2), (4, 1), 2, D}, {(0, 0), (2, 1), (4, D),
(4, 2)}, (0, 0), (1, 3), (4, 5), (2, 6)}, {(0, 0), 3, 1), (4, 5),
(6, 2), (0, 0), (1, 5), (4, 6), (2, 3)}, {(0, 0), (5, 1), (6, 4),
(3, 2)}, {(0, 0), (1, 6), (4, 3), (2, 5)}, {(0, 0), (6, 1), 3, 4,
g 62))}}§ {0, 0), 3, 6), (5, 3), (6, 5)}, {(0, 0), 3, 6), (3, 5),

o(BY) = 16.

We see every set in By is a subset of a set in BY. Thus we
can say in general the larger the subset which is taken in the
field Z, the smaller is the cardinality of the basic set of the quasi
set topological vector subspace and the smaller the subset taken
in the field Z,, the larger is the cardinality of the basic set of the
quasi set topological vector subspace.

This is also seen from the above example. It may sometimes
happen for both the subsets; the cardinality of the basic set is the
same. This is the case for L = {0, 4, 6} < {0, 6,4, 1} = P. That
is o( B};) = o(B}) where A is the quasi set topological vector

subspace of V defined over the subset L ¢ P < Z,.
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Example 2.35: Let Z,5 x Z5 be a vector space defined over the
field Z;; = F. Take P = {0, 2, 5, 8, 10} < Zj5. Let T =
{collection of all quasi set vector subspaces of V defined over
the set P < Z3} be the quasi set topological vector subspace of
V defined over the set P < Zs.

The basic set of T is denoted by

BT = {{(0, 0), (1, 0), (2, 0), (5, 0), (8, 0), (10, 0), (4, 0),
(3,0),(6,0), (12, 0), (11, 0), (9, 0), (7, 0)}, {(0, 0), (0, 1), (0, 2),
(0, 3), (0, 4), (0, 5), (0, 6), (0, 7), (0, 8), (0, 10), (0, 9), (0, 11),
(0, 12)}, £(0, 0), (1, 1), (2, 2), ..., (12, 12)}, {(0, 0), (1, 2),
2, 4), (4, 8), (8, 3), 3, 6), (6, 12), (12, 11), (11, 9), (9, 5),
(5, 10), (10, 7), (7, D}, {(0, 0), (2, 1), (4, 2), (8, 4), (3, ),
(6, 3), (12, 6), (11, 12), (9, 11), (5, 9), (10, 5), (7, 10), (1, 7)},
{0, 0), (1, 3), (2, 6), (4, 12), (8, 11), (3, 9), (6, 5), (12, 10),
(11, 7), 9, 1), (5, 2), (10, 4), (7, 8)} {(0, 0), 3, 1), (6, 2),
(12, 4), (11, 8), (9, 3), (5, 6), (10, 12), (7, 11), (1, 9), (2, 5),
4, 10), 8, 7}, {(0, 0), (1, 4), (2, 8), (4, 3), (8, 6), (3, 12),
6, 11), (12, 9), (11, 5), (9, 10), (5, 7), (10, 1), (7, 2)} {(0, 0),
@, 1), (8, 2), (3, 4), (6, 8), (12, 3), (11, 6), (9, 12), (5, 11),
(10, 9), (7, 5), (1, 10), (2, )}, {(0, 0), (1, 5), (2, 10), (4, 7),
8, 1), (3, 2), (6, 4), (12, 8), (11, 3), (9, 6), (5, 12), (10, 11),
(7,9}, {(0, 0), (5, 1), (10, 2), (7, 4), (1, 8), (2, 3), (4, 6), (8, 12),
3, 11), (6, 9), (12, 5), (11, 10), (9, 7)}, (0, 0), (1, 6), (2, 12),
@, 11), (8, 9), (3, 5), (6, 10), (12, 7), (11, 1), (9, 2), (5, 4),
(10, 8), (7, 3)}, {(0, 0), (6, 1), (12, 2), (11, 4), (9, 8), (5, 3),
(10, 6), (7, 12), (1, 11), (2, 9), (4, 5), (8, 10), (3, 7)}, {(0, 0),
(1, 12), (2, 11), (4, 9), (8, 5), (3, 10), (6, 7), (12, 1), (11, 2),
9, 4), (5, 8), (10, 3), (7, 6)} }. 0 (B") = 14.

Now take M = {0, 8} < P < Z;5. Let S = {all quasi set
vector subspaces of V defined over the set M} be the quasi
subset topological vector subspace of V defined over the set M.

Bg'= {{(0, 0), (1, 0), (8, 0), (12, 0), (5, 0)}, {(0, 0), (0, 1),
(0, 8), (0, 12), (0, 5);, (0, 0), (2, 0), (3, 0), (11, 0), (10, 0);,
{(0, 0), (0, 2), (0, 3), (0, 11), (0, 10);, {(0, 0), (4, 0), (6, 0),
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9, 0), (7, 0)}, {(0, 0), (0, 4), (0, 6), (0, 9), (0, 7}, {(0, 0), (4, 4),
(6, 6), (9,9), (7, D}, {(0, 0), (2, 2), (3, 3), (11, 11), (10, 10)},
(0, 0), (1, 1), (8, 8), (12, 12), (5, 5)}, {(0, 0), (1, 2), (8, 3),
(12, 11), (5, 10)}, {(0, 0), (2, 1), (3, 8), (11, 12), (10, 5)},
{(0, 0), (1, 3), (8, 11), (12, 10), (5, 2)}, {(0, 0), (3, 1), (11, 8),
(10, 12), (2, 5)}, 1(0, 0), (1, 4), (8, 6), (12, 9), (5, 7)}, {(0, 0),
4, 1), (6,38), (9, 12), (7, 5)}, {(0, 0), (1, 5), (8, 1), (12, 8),
(5, 12)}, {(0, 0), (5, 1), (1, 8), (8, 12), (12, 5)}, {(0, 0), (1, 6),
(8, 9), (12, 7), (5, 6)}, {(0, 0), (6, 1), (9, 8), (7, 12), (5, 6)},
{(0, 0), (1, 7), (8, 4), (12, 6), (5, 9)}, {(0, 0), (7, 1), (4, 8),
(6, 12), (9, 5)}, {(0, 0), (1, 9), (8, 7), (12, 4), (5, 6)}, {(0, 0),
9, 1), (7, 8), (4, 12), (6, 5)}, {(0, 0), (1, 10), (8, 2), (12, 3),
(5, 11)}, {(0, 0), (10, 0), (2, 8), (3, 12), (11, 5)}, {(0, 0), (1, 11),
(8, 10), (12, 2), (5, 3)}, {(0,0), (11, 1), (10, 8), (2, 12), (3, 5)},
{(0, 0), (1, 12), (8, 5), (12, 1), (5, 8)}, 1(0, 0), (2, 3), (3, 11),
(11, 10), (10, 2)}, {(0, 0), (3, 2), (11, 3), (10, 11), (2, 10)},
{(0, 0), (2, 4), (3, 6), (11, 9), (10, I}, {(0, 0), (4, 2), (6, 3),
9, 11), (7, 10)}, {(0, 0), (2, 6), (3, 9), (11, 7), (10, 4)}, {(0, 0),
6, 2), (9, 3), (7, 11), (4, 10)}, {(0, 0), (2, 7), (3, 4), (11, 6),
(10, 9}, {(0, 0), (7, 2), (4, 3), (6, 11), (9, 10)}, {(0, 0), (2, 9),
(3, 7), (11, 4), (10, 6)}, {(0, 0), (9, 2), (7, 3), (4, 11), (6, 10)},
{(0, 0), (2, 11), (3, 10), (11, 2), (10, 3)}, {(0, 0), (6, 7), (9, 4),
(7, 6), (4,9}, {(0, 0), (7, 9), (4, 7), (6, 4), (9, 6)}, {(0, 0), (9, 7),
4, 7), (4, 6), (6, 9)}} is of order 42 and the subtopological
vector subspace of quasi subsets of M is of higher cardinality.

Now having seen the notion of quasi subset subtopological
vector subspaces; we now proceed onto suggest some problems
to the reader.

Problems:

1. Find some interesting properties enjoyed by quasi
set vector subspaces of a vector space V defined
over the set P < F; F is the field over which V is
defined.

2. Find the number of quasi set vector subspaces of V;
defined over the set P = {0, 2, 3, 4, 7} < Z;3, where
V = Z13 x Z13 is defined over the field F = Z;3.
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How many quasi set vector subspaces of V over the
set P = {0, 10} < Zy; exists? (V =7y, x Zy; x Zy,
vector space defined over the field Z;).

How many quasi set vector subspaces can be
constructed using different subsets of the field
F =277 (V=125 x Zs x Zs x Zs is a vector space
defined over the field F).

v % 2]
a, a, a,
vector space defined over the field Z;;.

Take P = {0, 1, 3, 7} < Z;;. T = {collection of all

quasi set vector subspaces of V defined over the set
P=1{0,1,3,7} < Z}.

aieZ”,ISiS6}bea

(1) Is T a quasi set topological vector subspace
defined over the set P?

(i1) Find the basic set of T.

(i)  Find the lattice L associated with T.

(iv) Is L a Boolean algebra?

v) How many quasi set subtopological vector
subspaces of T exists over P?

(vi) How many quasi subset subtopological
vector subspaces of T exist over P?

al a2 a3
Let V.= Jla, a; ag||la € Zy, 1 <1 < 9}
a, ag a,

be a vector space over the field Z;9. Study (i) to (vi)
mentioned in case of V in problem 5 by taking
P=1{6,1,3,217} < Z.
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7. Let V=1{(a;, a, a3,a4,35) |2 € Q,1 <1i<5} bea
vector space defined over the field Q. For P = {0,

_17 1} QQ;

(i)

Find the quasi set topological vector
subspace T defined over the set P.

(i1) Does T satisty second countability axiom?
(ii1) If L is the associated lattice with minimum
(least) element as {(0, 0, 0, 0, 0)} and
maximum element as V; will atoms of L be
the basic set of T?
8. Study problem (7) in case of
al aZ
a, a, .
V= . a; € Q, 1 <1<20} and the set
al9 a’20
P=1{0,-1} Q.
9. Let V={R x R x R x R} be a vector space defined
over the field Q.
1) For P = {0, -1, 1} < Q find the quasi set
topological vector subspace T of V defined
over P.
(i1) Does T satisfy the second axiom of

countability?



10.

11.

12.

13.
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LetV= a; € R, 1 <i1<10} be a vector

space defined over the field R. For P = {0, -1} <
R. Will the quasi set topological vector subspace T
of V defined over the set P be second countable?
Justify your claim.

Let V = Zy; x Zy; be a vector space defined over the
field Z,;. Let P = {1, 22} < Zy; be a proper subset
of 223.

(1) Find the quasi set vector subspaces of V
associated with P.
(i1) Will this collection be a quasi set vector

subspaces defined over the set P be a quasi
topological vector subspace T?

(ii1) Find the basic set of T.

(iv) Does T satisfy second and first axiom of
countability?

v) Is the quasi set topological vector subspace
T pseudo simple?
(we say T is pseudo simple if T has no
proper quasi subset subtopological vector
subspaces. If P < F (F a field) and o(P) =
2; then T is pseudo simple).

Find some interesting features related with pseudo
simple quasi set topological vector subspaces of V
defined over a set P — F (F a field over which the
vector space V is defined).

Find some nice applications of quasi set vector
subspaces of a vector space V defined over the
subset P of a field F.
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14.

15.

16.

17.

18.

What are the special features enjoyed by the quasi
set topological vector subspaces of a vector space V
defined over a subset P of a field F?

Does there exist a quasi set topological vector
subspace of a vector space V defined over a set P
which does not satisfy the second axiom
countability?

Does there exist a quasi set topological vector
subspace defined over a set P which does not satisfy
the first axiom of countability?

Can one say all quasi set topological vector
subspaces of a vector space V = Z xZ x..xZ,

n-times
defined over a set P c Z, always has its associated
lattice to be a finite Boolean algebra?

Let V= {[aij] ‘ aj€Zy;1<i<nand 1 <j<m}

be a vector space defined over the field Zg;.
LetP=1{0,2,4,6,8, ...,42} < Zys.

1) Find quasi set vector subspaces of V
defined over the set P.
(i1) If T is the quasi set topological vector
subspace of V defined over P; find the basic
set B of T.
(iii))  Is T =M where M is a quasi set topological
vector subspace of S = Z,x..xZ,
N AR

mn-times

defined over the set P = {0, 2, ..., 42} <
Z43?

(iv) Find lattices L; and L, associated with T
and M respectively.

V) Will L, be lattice isomorphic with the
lattice L,?



19.

20.

21.

22.

23.

24.
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Does it imply isomorphic quasi set topological
vector subspaces must have isomorphic Boolean
algebras?

Can we have isomorphic quasi set topological
vector subspaces of V which are defined over
different subsets of the field?

Can we have isomorphic quasi set topological
vector subspaces of different vector spaces V; and
V,; Vi # V, defined over different subsets P; < F;
and P, c F,?

(F; is the field over which V; is defined i = 1, 2).

Give any other interesting property about quasi set
topological vector subspaces of a vector space
defined over a subset of a field.

Let V = Zs[x] be a vector space defined over the
field Zs. LetP = {0, 1} < Zs.

(1) Can we have a quasi set topological vector
subspace T of V defined over the set P?

(i1) Will T be second countable?

(ii1) Can T have a countable basic set Br?

LetV=1|a, ||ai € Z47, 1 <1< 5} be a vector

space defined over the field Z4;. P={0,3,7,5, 11,
13,17,19,23,29,31,37,41,43} < Z4,.

(1) Find at least two different quasi set vector
subspaces of V defined over the set P.
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25.

26.

27.

(i1) Find the quasi set topological vector
subspaces of T of V defined over P.
(ii1) Find the lattice associated with T.

Let V=C x C x C be a complex vector space
defined over the field C. LetP = {-1, 1,1, 0} c C.

(1) Find all the quasi set vector subspaces of V
defined over P.
(i1) Find the quasi set topological vector

subspace T of V defined over P.

(iii))  Find the basic set of T.

(iv) Does T satisfy the axiom of first and second
countability?

v) Prove T is not pseudo simple.

Let V = C(Z;) x C(Z;) be a vector space defined
over the field of complex modulo integers; C(Z,).
LetP= {0, 1, i} < C(Zy).

(1) Find two distinct quasi set vector subspaces
of V defined over the set P.

(i1) Let T be the quasi set topological vector
subspace defined over the set P. Is T
second countable?

(ii1) Find Br the basic set of T.

(iv) Prove T is not pseudo simple.

v) If V is defined over Z; and P = {0, 1, 6} <
Z7; study the problems (i) to (iv).

Let V = C(Z;3) x C(Z13) x C(Z13) be a vector space
over the field Z;5. Take P={0,4,5, 10, 11} < Zs.

(1) Find all the quasi set vector subspaces of V
defined over the set P.
(i1) Find the quasi set topological vector

subspaces, T of V defined over the set P.



28.

29.

Quasi Set Topological Vector Subspaces | 51

(i) Can T have isomorphic quasi set
subtopological vector subspaces of V
defined over P?

(iv) Prove T is not pseudo simple.

a,

a
LetV=1| ?||aeCZpy);1<i<7}bea

complex modulo integer vector space defined over
the field Z;;. Let P={0,4, 16} < Z,; be a set.

(1) Find atleast 3 distinct quasi set vector
subspaces of V defined over P ¢ Z;7.

(i1) Find the quasi set topological vector
subspace T of V defined over the set P <
Zl7.

(ii1) Is T pseudo simple?
(iv) Find Br.
) Compare V with W; where

a

a . .
W= z a; € Z17; 1 £1<7} is a vector

space over Z;; for problems (i) to (iv) of V.

Let W = C(Z,))xC(Z,y)x...xC(Z,,) be a vector
10-times
space defined over the complex modulo integer

vector space over the complex modulo integer field
C(Z1).
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30.

31.

32.

Let Py = {3 + if, 0, 3igt]l, i, 18if, 1} < C(Zy9).
Study problems (i) to (iv) described in problem 28
for this W and P;.

Let M = {31 a, .. ag }
a, ag .. a,

be a vector space defined over the complex modulo

integer field C(Z,3). P = {3i, 1, i, 8ir} < C(Zy3).

a; EC(ZB); 1<i< 12}

(1) Find at least four quasi set vector subspaces
of V defined over P.

(i1) Find the quasi set complex modulo integer
topological vector subspaces T of V defined
over P.

(ii1) Is T second countable?

Find any other interesting properties enjoyed by
quasi set complex modulo integer topological
vector subspaces defined over the field C(Z,).
p#rr+n*(1<r,n<p).

a, a, a
Let M= <la, a, a,||a € C(Zg), 1 <1<09}
a, a, a

7 8 9

be the complex modulo integer vector space defined
over the complex modulo integer field C(Zs3).
P={Zy} c C(Zsy).

(1) Find quasi set complex modulo integer
vector subspaces of V defined over the set
P.

(i1) Is the quasi set topological vector subspace

T of V defined over P second countable?
(ii1) Find Br.



33.

34.

35.
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LetV={a+bg|a beCZy);,g=5¢€Zy;}bea
vector space defined over the field Z;5.
P=1{0,2,8,16} c Z;.

(1) Find all quasi set vector subspaces of V
defined over P < Z;.
(i1) Find the quasi set dual number topological

vector subspace T of V over P.
(i)  Find By the basic set of T.

LetM={PxPxPxP|P={a+bg|a be C(Zs),
g =3 € Zy} be a dual number vector space defined
over the field Zs.

Let P={a+bgla,be {0,2,4i} < C(Zs).

(1) Find quasi set dual complex number vector
subspaces of M defined over P.
(i1) Find the quasi set dual number

subtopological vector subspace T of M
defined over the set P.
(ii1) Is B finite?

LetW :{C(<Z” U I>) X C((Z” Y I>) X C((Z]] |\ I>)}
be a quasi set complex modulo integer neutrosophic
vector space defined over the field Z,;.

P= {0, 2, 7} c le.

) Find quasi set neutrosophic complex
modulo integer vector subspaces of W
defined over the set P.

(i1) Find the quasi set neutrosophic complex
modulo  integer  topological  vector
subspaces of W defined over the set P <
le.

(i)  Find the basic set of T.

(iv) Is T first and second countable?
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36.

37.

38.

Let B=(Q u ) x{Qul x{Q vl be the
neutrosophic vector space defined over the field Q.
LetP={0,1,-1} Q.

(1) Find the quasi set vector subspaces of B
defined over P.
(i1) Find the quasi set neutrosophic topological

vector subspace of T of B defined over P.
(1i1) Find the basic set of T.
(iv) Is T second countable?
v) Is T a pseudo simple space?

Let V = {(a;, &) | a; = (xi +xi2iF +Xi3iFI+xLI)+
(¥) + Vsl + Vil T+ yiDg | 18 <2, g=10 € Zu;

Xk, Yj € Za7; 1 <Kk, ] <4} be a neutrosophic complex
modulo integer dual number vector space defined
over the field Z4;. P= {0, 1, 10, 20, 30, 40} < Z4;.

(i) Find quasi set neutrosophic dual number
complex modulo integer vector subspaces
of V defined over P < Z4,.

(i1) Let T be the quasi set neutrosophic dual
number  complex  modulo  integer
topological vector subspace of V defined
over the set P.

(a) Find the basic set Bt of T.

(b) Is T second countable?

(¢) Find the lattice associated with T.
(d) Is T pseudo simple?

Let V = {(a}, a, a3) | & = X; + yig where X;, yi € Zp;
and g = I the neutrosophic number such that g* =
g =1, 1 <1< 3} be the vector space defined over the
field Zy; of special dual like numbers.



39.

40.
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(1) Find atleast 3 distinct quasi set vector
subspaces of V defined over P = {0, 7, 11}
C Zos.

(i1) Find the quasi set special dual like number
topological T vector subspace of V defined
over P.

(iii)  Find the basic set By of T.

(iv) Is T second countable?

v) Find quasi set special dual like number
subtopological vector subspaces of T
defined over P.

(vi) Find quasi subset special dual like number
subtopological vector subspaces of T
defined over P.

(vil)  Find two isomorphic quasi subset special
dual like number subtopological vector
subspaces which are isomorphic.

Let V = {(a;, a, a3, a4 | a = xi1 +xi21+
Xiip + x4l + (y) + yi I+ yiip +yiiDg where g =
3 e Zs; x;,y; € Z19; 1 £1<4;1<j<4} be a vector

space of special dual like numbers of finite complex
neutrosophic modulo integers defined over the
complex modulo integer field C(Zy9). Let P = {0,
iF, 311: + 5, 8+71F} c C(Zlg)

Study problems (i) to (vii) given in problem 38.

a'l a'2
LetV =
a, a,

1 <i1<4;g=6 € Z3} be a special dual like number
vector space defined over the field Zs;.

a = x; Tyig where x;, yi € Zs,

Study problems (i) to (vii) given in problem 38.
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41.

42.

Let V= {(a;, a, a3, ..., a7) | & = X| +X,g, +Xg,
with x; €Zi;31<1<3;1<j<T7and g =3 € Z
and g, = 4 € Zg} be a vector space of mixed dual

numbers defined over the field Z;-.
P=1{0,2,6,12,15} < Z;.

1) Find at least 3 quasi set mixed dual number
vector subspaces of V defined over the set
P c Zl7.

(i1) Let T be the mixed dual number quasi set

topological vector subspace of V defined
over the set P c 7.

(a) Find the basic set Br of T.

(b) Find at least three quasi set
subtopological vector subspaces of T
over P.

(c) Find mixed dual number quasi subset
subtopological vector subspaces of
T defined over S < P.

(d) Prove T is not pseudo simple.

a o
Let V = 2] a= xi+x} g where g = (-1, -1,
12

-1,-1,-1,0) x' € Zg; 1 <i<12,1<j <2, with g

=—g= —-(1,1,1,1, 1, 0)} be a vector space of
special quasi dual numbers defined over the field
Ze1. Let P = {0, 10, 20, 30, 40, 50, 60} < Z.

) Find three quasi set vector subspaces of V
defined over P.



43.

44,
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(i1) Find the quasi set topological vector
subspace T of V defined over P.
(1i1) What is the basic set of T?

LetV={a+bg +cg+dgs|a,b,c,deZ;g =
6, g = 3, g3 = 4} be a special mixed dual number
vector space defined over Z;.

LetP= {0, 1, 4, 5} c 7.

(1) Find the quasi set vector subspace of V
defined over P.
(i1) Find the quasi set special mixed dual

number topological vector subspace T of V
defined over P.

(iii))  Find the basic set of T.

(iv) Prove T is not pseudo simple?

v) Find quasi set special mixed dual number
subtopological vector subspaces of T
defined over P.

Let V = {{(Ziy U I) x (Z19 U I)} be a neutrosophic
vector space over the field Z.
LetP = {0, *1, 1} c Zlg.

(1) Find non isomorphic quasi set vector
subspaces of V defined over P.
(i1) Find the neutrosophic quasi set topological

vector subspace T of V defined over P.

(a) Is T pseudo simple?

(b) Find Br.

(c) Can T have quasi set subtopological
vector subspaces?
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45.

aS
LetV= a,e(Z, Ul

1 <1< 16} be a neutrosophic vector space defined
over the field Z;. Take P={0,1,2,5} c Z,.

(1) Find six distinct non isomorphic quasi set
neutrosophic vector subspaces of V defined
over P.

(i1) Find the quasi set neutrosophic topological
vector subspaces T of V defined over P.

(a) If Py = {0, 1} < P find the corresponding
quasi set topological vector subspace S
defined over P;. Is S = T?

(b) If P, = {2, 1} < P find the quasi set
neutrosophic topological vector subspace
W of V defined over P,. Is W=T? Is W
=S?

(c) Is W pseudo simple?

(d) Is T pseudo simple?

(e) Can S be pseudo simple?

(i) Find the corresponding lattices of W, S and T
and compare them.



Chapter Three

S-QUASI SET TOPOLOGICAL VECTOR
SUBSPACES

In this chapter we for the first time introduce the notion of
both Smarandache quasi set vector subspaces of a Smarandache
vector space defined over the set P < R, R a S-ring and
Smarandache quasi set topological vector subspace defined over
a set P (quasi set Smarandache topological vector subspace
defined over P).

We illustrate, define and describe these structures in this
chapter. For the concept about Smarandache vector spaces,
Smarandache rings and their properties please refer [S-ring, S-
linear alg. books].

DEFINITION 3.1: Let V be a Smarandache vector space (S-
vector space) defined over the S-ring R. Let P < R be a proper
subset of R. Let M < V be a proper subset of V. If for all m €
M and p € P, mp and pm € M then we define M to be a
Smarandache quasi set vector subspace (S-quasi set vector
subspace) of V defined over the set P C R.

We will first illustrate this situation by some simple
examples.
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Example 3.1: Let V =Zy x Zjy X Z19 be a Smarandache vector
space defined over the S-ring Z.

Take M = {Zyp x {0} x {0}, {0} x Z;p x {0}} < V and
P=1{0,7, 3,5} < Zy M is a Smarandache quasi set vector
subspace of V defined over the set P ¢ Z.

Example 3.2: Let V=7, x Z15 x Z; be a Smarandache vector
space defined over the S-ring, Z;; = R. Take P = {5, 0, 1}
Zi. S;={(0, 0), (2, 1), (10, 5)} < V is a S-quasi set vector
subspace of V defined over the set P.

Take S, = {(0, 0), (1, 1), (5, 5)} < V, S, is also a S-quasi set
vector subspace of V defined over the set P.

Take S; = {(0, 0), (2, 2), (10, 10), (3, 5), (3, 1), (6, 6)}, Sy is
also a S-quasi set vector subspace of V defined over the set P.

We see for a given set P < Z,, we can have several S-quasi
set vector subspaces of V defined over the set P.

Also we will show a set S < V can be S-quasi set vector
subspace of V defined over more than one subset of Z,.

Example 3.3: Let
V= ,2 ai€Z15,1SiS6}

be a S-vector space defined over the S-ring Z;s.

Let P= {7, 1, 5, 0} - Zl5.
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Let

(1] [5][7][10][4][13]
ol|1||5]|7||10]]4][13
of|1||5]|7|]|10]]4][13

Ml = R D ) 5 s s < V

SIS 70004013
of|1||5]|7||10]]4][13

L [5)|7][10]|4][13]

Let
(ol [t][5][7]1[4][13][1]
of|2|]10]]14]|8 ||11]]|2
o(lol]o0 o(lo]]o
MZZ P} ’ ’ s s ) CV
olI3llol’l6[12]]9 13
ofl4||5]]13]|1|]|7]|4
loj[o][of[o][o]|0]|O]

be a S-quasi set vector subspace of V defined over the set
P c le.

Take
folfol[o]fol[o][o]]O]
o|{|0|l0O(||O|]O]]|0O]]O
O||2](10||5]|]|14||8] |11
M3: 2 b 2 2 2 2 CV!!
o310 ||0||6]]|7]]|4
oj{jojloOf|lO|[O]]|O]]|O
10]16]10][0][12]]|9]|3]

M; is a S-quasi set vector subspace of V over the set P < Z;s.
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We can have many more S-quasi set vector subspaces
defined over P. Take L = {0, 5} < P < Z;5s. We find the S-
quasi set vector subspaces of V defined over the set L.

10]
10
0

ol S
10
10

Sl:

S O O O o O
wh L O O W W

=
1
0
0
1

L _1_

is a S-quasi set vector subspace of V defined over the set
LcZ:s.

o1To 07 o
0
10
S, =
0

0

S O O O O O
S O W NN o O

S O O wn o O

is a S-quasi set vector subspace of V defined over the set L.

We can have many more S-quasi set vector subspaces of V
defined over the set L.

Example 3.4: Let

V= aleZZI,1S1S12}

be a S-vector space defined over the S-ring Z,;.
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Let P={0,2,4, 5,10} < Z,, be a subset of Z,,.

Let
1 20 0][0 0 0 0][2 400
o1 2 0f[0o 00 0[l0 24 0
M=o 00 oflo oo ofloooof
000 0[lO0 OO0 00O
48 0 0[[8 16 0 0
0 48 0[l0 8 16 0
000 O0]/0O 0 0 O
000O0[lO 0O 00
16 11 0 0]ft1 1 0 0][5 10 0 0
0 16 11 0|0 11 1 ol|lo 5 10 0
0 0 0 oo o o oflo 0 0 of
0 0 0 0/|0 0 0 o0f[l0 0 0 0
19 17 0 0][17 13 0 0][13 5 0 0
0 19 17 0/|0 17 13 0||0 13 5 0
o 0 0 oflo o o oflo o o0ofS
0 0 0 0/|0 0 0 0/|0 0 0O

be a S-quasi set vector subspace of V defined over the set P.

Let

z
Il
oS O O O
oS O O O
S O o O
S O©O o O
S O O b
S O O O
S O O O
S O O O
S O O ©
S o o O
S O o O
S O O O



64 | Quasi Set Topological Vector Subspaces

16 0 0 0][20 0 0 0][11 0 0 O
0 00 O0[|O0 0O O[O OO0 O
0 00 00 00 0[O0 00 0
00 0[|0O 00O 000
2.0 0 0][19 0 0 O][13 0 0 O
000 O0[|[0O O0O0O||O OO0 O
0000’0 00O 0 O0O0O
000 O0[|[0 OO0 O[|O 0O O
0 0][10 0 0 0][17 0 0 O][1 0 0 O
0 0 000/|0O0O0O0[|{0OO0O0O
00000 00O 70 000O0[00O0O0]| —
000O0|/|00O0O0[|O0 O0O0O|[00O0O

be a S-quasi set vector subspace of V defined over the set
P c Z7.

Now we proceed onto define the notion of S-quasi subset
vector subspace of V defined over a set P < R. R is a S-ring
over which the S-vector space V is defined.

DEFINITION 3.2: Let V be a S-vector space defined over the S-
ring R. Let P <R be a proper subset of R. M be the S-quasi set
vector subspace of V defined over the set P. Let S cP <R (Sa
proper subset of P). If N < M is a quasi set S-vector subspace

of V defined over S then we call N to be a quasi subset S-vector
subspace of V defined over the subset S of the set P (N is only a
proper subset of M). If N happens to be equal to M then we call
the subset S < P to be invariant subset relative to the S-quasi set
vector subspace M of V.

We will illustrate these situations by some examples.
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Example 3.5: Let V = Z;4 x Zy4 be a S-vector space defined
over the S-ring Z;4. Let P = {0, 2, 1, 4, 7, 3} < Z4
M = {(0, 0), (1, 0), (2, 0), (4, 0), (8, 0), (3, 0), (7, 0), (6, 0),
9, 0), (13, 0), (12, 0), (10, 0), (11, 0), (5, 0)} is a S-quasi set
vector subspace of V over the set P < Zy,.

Consider L = {0, 2,4, 7,3} c P < Z,4; we see M is also a
S-quasi set vector subspace of V defined over the set L — P <
Zy. Take B={0,2,7,3} <P, Mis also a S-quasi set vector
subspace of V defined over B. Thus the subset B and L are the
invariant sets of P for the S-quasi set vector subspace M of V
defined over P.

Now consider the subset A = {0, 2, 4, 1} < P. Then
consider the set N = {(0, 0), (1, 0), (2, 0), (4, 0), (8, 0)} = M;
N is a S-quasi set vector subspace of V defined over the set A.
N is also the S-quasi subset vector subspace of a S-quasi set
vector subspace M of V defined over A c P.

Example 3.6: Let V =75 x Zs x Zs be a S-vector space defined
over the S-ring Zs. Let P = {1, 5, 0} < Z¢ be a subset of Z.
M, = {(0, 0), (1, 0), (5, 0)} < V is a S-quasi set vector subspace
of V defined over the set P.

M, = {(0, 0), (1, 2), (5, 4)} < V is a S-quasi set vector
subspace of V defined over P.

Let B= {0, 5} < V. We see M, and M, are S-quasi set
vector subspaces of V defined over B. That is B is an invariant
set of these S-quasi set vector subspaces.

Take A = {0, 1} < P. Take N; = {(0, 0), (1, 0)} < M, and
N, = {(0, 0), (1, 2)} < M», N; and N, are S-quasi subset vector
subspaces of M; and M, respectively defined over the subset
A cP.

Now we proceed onto define quasi set Smarandache
topological vector subspace of V defined over a set P < R
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(quasi set S-topological vector subspace of V defined over the
set P < R) or Smarandache quasi set topological vector
subspace of V defined over the set P < R (S-quasi set
topological vector subspace of V defined over P — R).

DEFINITION 3.3: Let V be a S-vector space over the S-ring R.
Let P < R be a proper subset of R. T = {collection of all S-
quasi set vector subspaces of V defined over the set P < R).

We see T is non empty.

(1) The empty set in T is a S-quasi set vector subspace
or the zero set is in T which is a S-quasi set vector
subspace of V and is in T (we assume empty set is in
T if T has no zero set).

(2) The set V is itself in T and V is again a S-quasi set
vector subspace of 'V defined over P.

(3) Union of any number of S-quasi set vector
subspaces defined over P in T is again in T.

(4) Similarly intersection of any two S-quasi sets of
vector subspaces is in T.

Thus T is defined as the Smarandache quasi set topological
vector subspace (S-quasi set topological vector subspace) of V
defined over the set P.

We give examples of this.

Example 3.7: Let V =7 x Z¢ be a S-vector space defined over
the S-ring Zs. Let P = {0, 5, 3} < Z¢ be a proper subset of Zg.

Let T = {collection of all S-quasi set vector subspaces of V
defined over the set P}. T is a S-quasi set topological vector
subspace of V defined over the set P < Z.
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Example 3.8: Let

V= . aieZ35,ISiSl2}

be a S-vector space defined over the S-ring Zss.
Choose P = {0, 2, 3, 5, 123, 16, 28, 31} < Zss.

Let T = {collection of all S-quasi set vector subspaces of V
defined over the set P < Z;s} be the quasi set Smarandache
topological vector subspace of V defined over the set P ¢ Z;s.

Example 3.9: Let

ai€Z39,ISiS8}

be a S-vector space defined over the S-ring Zs.

Let P = {0, 8, 16, 9, 25, 33} < Zs. T = {all S-quasi set
vector subspaces of V defined over the set P < Z39} be a S-quasi
set topological vector subspace of V defined over the set
P c Z39.

Example 3.10: Let

2 43 Ay

s 4 a7 ag .

V= 2, e(QuI); 1<iL16}
a9 a10 all alZ

al6

be a S-vector space defined over the S-ring, (Q U I).
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LetP={L 1,1 1,0} c(Qu}. T= {all S-quasi set
vector subspaces of V defined over the set P < (Q U I)} be the
S-quasi set neutrosophic topological vector subspace of V
defined over the set P.

Example 3.11: Let V =(Zs U ) x (Zs U I) be a S-vector space
defined over the S-ring, (Zs U ). Take P = {0, I, 2I, 1} <
(Zs v I). T = {all S-quasi set vector subspaces of V defined

over the set P}; be the S-quasi set topological vector subspace
of V defined over the set P.

Example 3.12: Let

a1 a2
a, a, )

V= . . a e (Zysul); 1<i<14}
a, a

13 14

be a S-vector space defined over the S-ring (Z35 U I).

P = {0, I, 31+4, 8+5I, 71, 114231, 311+17} < (Z35 U D).
T = {collection of all S-quasi set vector subspaces of V defined
over the set P}; be the S-quasi set topological vector subspace
of V defined over P < (Z3s U I).

As in case of usual topological spaces we define the basic
set. It is pertinent to mention here that the basic set is also the
set which generates T. Further we will call the basic set also as
the fundamental set associated with this topological space or as
the Smarandache basic set of the S-quasi set topological vector
subspace defined over the set P.

We will give examples of basic sets of the S-quasi set
topological vector subspaces.

Example 3.13: LetV = <Zlg ) I> |\ <Zlg |\ I> X <Zlg ) I> be a S-
vector space defined over the S-ring, (Z;5 W I). Let P = {0, 5I,
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7 < (Zig W I). T = {collection of all S-quasi set vector
subspaces of V defined over the set P} be the quasi set
S-topological vector subspace of V defined over the set P of
(Zig V).

Let B denote the Smarandache basic set of the S-
topological quasi set vector subspace defined over P.

B} = {{(0, 0, 0), (1, 0, 0), (51, 0, 0), (7, 0, 0), (7L, 0, 0),
(13,0, 0), (131, 0, 0), (171, 0, 0), (I, 0, 0), ...} and so on}.

Example 3.14: Let V = Z,, x Zyy be a S-vector space defined
over the S-ring Z;o. Let P = {0, 3, 2, 9} < Zyy. Let T = {all S-
quasi set vector subspaces of V defined over the set P}; be the
S-quasi set topological vector subspace of V defined over P.

The Smarandache basic set B} = {{(0, 0), (1, 0), (2, 0),

(3, 0), (9, 0), (6, 0), (7, 0), (4, 0), (8, 0)}, {(0, 0), (0, 1), (0, 2),
(0, 3), (0, 4), (0, 6), (0, 7), (0, 8), (0, 9}, {(0, 0), (1, 2), (2, 4),
(3, 6), (9, 8), (6,2),(8,6),(7,4), (4, 8)}, {(0,0), (2, 1), (4,2),
(6,3), (8,9), (2, 6), (6, 8), (4, 7), (8, D}, {(0, 0), (1, 3), (2, 6),
(3,9, 0,7, (3,4, (6,8), (7, 1), (4, 2)}, {(0, 0), (1, 7), 3, 1),
(6,2),(9,3),(7,9), (4, 8), (3, 6), (2, 9}, {(0, 0), (1, 4), (2, 8),
(3,2), (9, 6), (3, 2), (7, 8), (6, 4), (4, 6)}, {(0, 0), (4, 1), (8, 2),
(2, 8),(2,3),(6,9), (8, 7), (4, 6), (6, D}, {(0, 0), (1, 5), (2, 0),
(3,5),(7,5),(9,5), (6,0),(4,0), (8, 0)} {(0,0), (5, 1), (0, 2),
(5,3),(5,7),(5,9), (0, 6), (0, 4), (0, 8)}, {(0, 0), (5, 5)}, {(0, 0),
(1,6),(2,2),(3,8),(9,4), (4, 4), (8,8),(7,2),(6,6)}, {0, 0),
(6 1), (2, 2), (4, 4), (6, 6), (3, 8), (4,9), (8, 3), (2, D} {(0, 0),
(1, 8), (2, 6), (4,2), (3,4), (9, 2), (3, 4), (6, 8), (7, 6)}, {(0, 0),
(8, 1), (6,2),(2,4), (4,3),(2,9), (4, 8), (8, 6), (6, D}, {(0, 0),
(1,9), (2,8),(4,6),(3,7),09,1),(6,4),(8,2), (7, 3)} and so
on}.

We see the elements of the basic set are not disjoint. They
have common terms.



70 | Quasi Set Topological Vector Subspaces

This is the marked difference between the S-vector spaces
and vector spaces using which the S-quasi set topology and
quasi set topology are built.

Example 3.15: Let V = Z¢ x Zg be a S-vector space defined
over Zg, the S-ring. Let P = {0, 2, 3} < Z be the subset.

T = {collection of all S-quasi set vector subspaces of V
defined over the set P}; be the S-quasi set topological vector
subspace of V defined over P. The S-basic set of T is given

by B3;

B} = {{(0, 0), (1, 0), (2, 0), (3, 0), (4, 0)}, {(0, 0), (0, 1),
(0,2), (0, 3), (0, 9}, {(0, 0), (2, 5), (4, 4), (0, 3), (2, 2)}, {(0, 0),
(5,2),(3,0), (4,4), (2,2)}, {(0, 0), (3, 5), (3, 3), (0, 4), (0, 2)},
{0, 0), (5, 3), (3, 3), (4, 0), (2, 0)}, {(0, 0), (4, 5), (2, 4), (0, 3),
4, 2)}, {(0, 0), (5, 4), (4, 2), (3, 0), (2, D}, {(0, 0), 3, 4),
(0, 4), (3, 0), (0, 2)}, {(0, 0), (4, 3), (2, 0), (0, 3), (4, 0)} {(2, 3),
(4, 0), (0, 3), (2, 0), (0, 0)}, {(3, 2), (0, 4), (3, 0), (0, 2), (0, 0)},
{(0, 0), (3, 4), (0, 2), (0, 4), (3, 0)}, {(0, 0), (4, 3), (0, 3), (2, 0),
(4, 0)}, {(0,0), (5,5), (4,4, (2, 2), (3, 3)}; we see the order of
the S-basic set, o( BS.) = 2*.

This is the Smarandache basic set associated with T whose
intersection is {(0, 0)}.

They serve as the atom to the lattice of the S-quasi set
topological vector subspace of V defined over the set P = {0, 2,
3}. Now take S = {0, 1} < Zs. Then M = {collection of all S-
quasi set vector subspaces of V defined over the set S = {0, 1}}.

The S-basic set of M of the S-topological quasi set vector
subspace; By, = {{(0, 0), (1, 0)}, {(0, 0), (0, 2)}, ..., {(0, 0),
(4,3}, (0, 0), (5, 4)}, {(0, 0), (5, 5)} .

We see o( By ) =35 = 6> — 1. Further each of the sets have
only (0, 0) to be the common element which will be the least
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element of the lattice associated with the S-topological quasi set
vector subspace of V defined over the set S = {0, 1}.

Thus depending on the subset we choose in the S-ring, the
basic set will be over lapping or disjoint. Let A = {0, 1, 5} <
Zs. Let X = {collection of all S-quasi set vector subspaces of V
defined over the set A = {0, 1, 5}} be the S-quasi set
topological vector subspace of V defined over the set A.

Let B be the S-basic set of X.

BY= {{(0,0), (1, 0), (5, 0)}, {0, 0), (2, 0), (4, 0)}, {(0, 0),
(3, 0), (0, 0), (0, 1), (0, 5)}, {(0, 0), (0, 3), {(0, 0), (0, 4),
(0, 2)}, {(0, 0), (1, 1), (5, 5)}, {(0, 0), (2, 2), (4, 4}, {(3, 3),
(0, 0}, {(0, 0), (1, 2), (5, D}, {(0, 0), 2, 1), (4, 5)}, {(0, 0),
(1, 3), (5, 3}, {0, 0), 3, ), 3, 5)}, (0, 0), (1, 4), 5, 2)},
{0, 0), (4, 1), (2, 5}, {(0, 0), (2, 3), (4, 3)} 1(0, 0), (3, 2),
(3, D}, (0,0, (2,4), (4,2)}, {(0,0), (1, 5), (5, D}}

o(B}) = 19. {(0, 0)} is the least element and V is the
maximum element of X.

The lattice associated with the quasi set S-topological vector
subspace of V defined over A is a Boolean algebra of order 2'°.

Let C= {0, 1, 5, 3} < Z¢ be the set for which we construct
the quasi set S-topological vector subspace of V defined over C.

Let N = {collection of all Smarandache quasi vector
subspaces of V defined over the set C < Zs} be the S quasi set
topological vector subspace of V defined over the set C.

The S-basic set of N denoted by

BY = (0, 0), (1, 0), (3, 0), (5, 0)}, {(0, 0), (0, 1), (0, 3),
(0, 5)}, (2, 0), (0, 0), (4, 0)}, {(0, 0), (0, 2), (0, b}, {(1, D),
(0, 0), 3, 3), (5, 5} {(2, 2), (0, 0), (4, 4)}, {(0, 0), (1, 2), (3, 0),
S, D}, 10, 0), (2, 1), (0, 3), 4, 5}, (0, 0), (1, 3), 3, 3),
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(5, 3)}, 10, 0), 3, 1), B, 3), (5, 35, (0, 0), 3, 1), 3, 3),
(3, 5}, {0, 0), (1, 4), (3, 0), (5, 2)}, {(0, 0), (4, 1), (0, 3),
2, 5}, {0, 0), (1, 5), (5, 1), (3, 3)}, {(0, 0), (2, 3), (0, 3)},
{(0,0),(3,2), (3,4), (3, 0)}, {(0,0), (2,4), (4,2)}}. o( BY)=16.

However for the associated lattice of the S-topological
space of N we take a Boolean algebra with least element zero,

greatest element is V and atoms are the 16 elements of BY,.

Suppose Y = {0, 1, 5, 4} < Z¢. Let Z = {all Smarandache
quasi set vector subspaces of V defined over the subset Y of Z¢}

be the quasi set S-topological vector subspace of V defined over
Y.

The S-basic set of Z is B} = {(0, 0), (1, 0), (5, 0), (2, 0),
(4,0)}, {0, 0), (0, 1), (0, 5), (0, 2), (0, 9}, {(0, 0), (1, 1), (5, 5),
(2, 2), (4, 4}, {(0, 3), (0, 0)}, {(0, 0), 3, 0)}, {(1, 2), (0, 0),
(5,4),(4,2), (2,4}, {2, 1),(0,0), (4,5), (4,2), (2, b}, {(1, 3),
(0,0), (5, 3), (4, 0), (2, 0)}, {(3, 1), (0, 0), (0, 4), (3, 5)}, {(1, 4),
(0,0), (5,2), (4,4, (2, 2)}, {(0,0), (4, 1), (2, 5), (4, 4), (2, 2)},
{(1, 5), (0,0), (5, 1), 4 2), (2, D}, {(0,0), (3, 3)}, {(0, 0),
(2,3),(4,3),(2,0), (4,05, {(0,0),3,4),3,2),(0,4),(0,2)} }.

o(B}) = 15. Thus the associated lattice of the quasi set
S-topological vector subspace Z defined over Y is a Boolean
algebra of order 2'° with the elements of B as its atoms and

(0, 0) is the least element of the Boolean algebra and V is the
largest element of Z.

Example 3.16: LetV =(Z; U ) x (Z3 U I) be a neutrosophic S-
vector space defined over the S-ring, (Z; U I).

Let P = {0, 1, 2, I} < (Z3 U I) be a subset of (Z; U I).
T = {collection of all S-quasi set vector subspaces of V defined
over the set P < (Z; U 1)}, be the S-quasi set topological vector
subspace of V defined over the set P. Let B be the S-basic set
of T.
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B} = {(0, 0), (1, 0), (I, 0), (2, 0), (2L, 0)}, {(0, 0), (0, 1),
0, 1), (0, 2), (0, 2D}, {(0, 0), (1, 1), (1, ), (2, 2), (2L, 2D)},
{(0, 0), (1, 2), (1, 2I), (2, 1), (21, D)}, {(0, 0), (1+L, 0), (2+21, 0),
(21, 0)} {(0, 0), (0, 1+1), (0, 2+2I), (0, 21), (0, 2+1), (0, 1+21)},
{(0, 0), (I, 1+D), (21, 2+2I), (I, 2I), (21, I)}, {(0, 0), (1+L, 1),
(2+21, 21), (2L, D), (1, 0), (1, 2D)}, {(0, 0), (1+21, I), (0, D), (1, 2I),
(21, I)} and so on}.

We using elements of B as atoms get a lattice associated
with T.

Example 3.17: LetV= {a1 + g + a3 | a; € le, 1<i1< 3, g1
=3 e Z¢and g, = 4 € Zg} be the higher dimensional dual like
numbers S-vector space defined over the S-ring Z».

Take P = {0, 3, 5, 7} < Z;5. Let M = {collection of all
Smarandache quasi set vector subspaces of V defined over the
set P}, be the quasi set S-topological vector subspace defined
over the set P.

The S-basic set B; ={{0,1,3,5,7,9, 11}, {0, 2,6, 10},
{03 4> 8}> {O> 1+gla 3(1+g1)’ 5(1+g1)’ 7(1+g1)’ 9(1+g1)a
11(1+g1)}7 {07 2(1+g1)7 6(1+g1)7 10(1+g1)}a {07 4(1+g1)a
8(1+g1), 10, 3g1, g1, Sgi, 7g1, 9g1, 11g1}, ...}

We see the sets of B}, do not have the same cardinality.

Let P, = {0, 1} < Z;,. W = {all S-quasi set vector subspaces of
V defined over the set P, = {0, 1} < Z,,}, be the quasi set S-
topological vector subspace defined over the set P;. The S-basic
set of W is

By, = {{0, 1}, {0, 2}, {0, 3}, ..., {0, 1+g, + g}, ...}.
The o( B},) = 12° - 1.

Suppose P, = {0, 1, 11} < Z;; and X = {collection of all S-
quasi set topological vector subspaces of V defined over the set
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P,} be the S-quasi set topological vector subspace of V defined
over the set P,.

If B} is the S-basic set of X then

B} ={{0, 1, 11}, {0, 2, 10}, ..., {0, 9+8g, + 11g,, 3+7g + g} }
and

o(B})=(12"-1)/2.
Example 3.18: Let

V={a+bglabeZsandg=8,g’=—g=-8=4,g¢c Z,}
be the S-special quasi dual number vector space defined over
the S-ring, Zs. Let P= {0, 1} < Zs and

T = {all S-quasi set vector subspaces of V defined over set
P} be the S-quasi set topological vector subspace of V over the

S-ring, Zs. Let B? be the S-basic set of T, Bi ={(0, 1), (0,2),

.., (0,5),(1,0),(2,0), ..., (5, 0), (0, g, (0, 2¢g), ..., (0, 5g), (g,
0), 2g,0), ..., (5g,0),(1+g,0),....,(5+5g,0),...,(0,5+5g)}.

Clearly o(B) = o(V) — 1.

If we take instead of P = {0, 1} say P, = {0, 1, 5} then
B = {collection of all S-quasi set vector subspaces of V defined
over the set P; = {0, 1, 5}} is the S-quasi set topological vector
subspace of V defined over P.

The S-basic set of B is

By = {{0, 1, 5}, {0, 2, 4}, ..., {0, 5 + 4g, 1+2¢}} with
o(B})=(o(V)—-1)/2.

Now having seen examples of S-basic sets of a S-

topological quasi set vector subspaces we now proceed onto
define substructures and give examples of them.



S-Quasi Set Topological Vector Subspaces | 75

DEFINITION 3.4: Let V be a S-vector space defined over the S-
ring R. Let P c R (P a proper subset of R). T be the S-quasi set
topological vector subspace of V defined over the set P; P < R.
Let B) be the S-basic set of T. Every subset M < B; generates
a S-quasi set topological vector subspace of V over P defined as

a quasi set Smarandache subtopological vector subspace of V
defined over the set P.

We will first illustrate this situation by some examples.

Example 3.19: Let V =7, x Zyy be a S-vector space defined
over the S-ring R = Z,o. Let P = {0, 3, 1, 8} < Z¢ be a proper
subset of Z;,. T = {all S-quasi set vector subspaces of V
defined over the set P} be the S-quasi set topological vector
subspace of V over P.

Let Bi = {{(0, 0), (1,0),(3,0),(8,0),(4,0),(7,0),(2,0),
9, 0), (6, 0)}, {(0, 0), (0, 1), (9, 0), (7, 0), (0, 3), (0, 4), (0, 8),
(0, 6), (0, 2)}, {(0, 0), (1, 1), (2, 2), 3, 3), 4, 4, (9,9), (7, 7),
(6, 6), (8, 8)}, {(0, 0), (5, 0)}, {(0, 0), (0, 5)}, {(0, 0), (5, 5)},
{(1,2), (0, 0), (3, 6), (9, 8), (8, 6), (4, 8), (6, 2), (7, 4), (2, 4)},
{2, 1), (0, 0), (6, 3), (8,9), (6, 8), (8, 4), (2, 6), (4, 7), (4, 2)}
...} be the S-basic set.

Let {Xl = {(0’ O)a (O’ 5)}a X2 = {(07 0)’ (la 0)7 (37 O)a (49 0)9
(8, 0), (7,0), (9, 0), (6, 0)}} < BS. (x, x,) generates a S-quasi

set subtopological vector subspace, W defined over the set P of
T.

The lattice associated with W is as follows:

{x1, X2}

X1 Xy

{(0,0);
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Thus a Boolean algebra of order four. Let {y; = {(0, 0), (5,
5)}, Y2 = {(Oa 0)’ (5’ O)}’ Y3 = {(05 0)9 (O’ 5)}} - B'Sr’ the quaSi
set S-topological vector subspace generated by (y, y2, y3) be A;

A has its associated lattice which is a Boolean algebra of order
8, given by the following diagram.

{y1, y2 y3}
3}
1. 2} } ‘ {y2 y3}
Y1 Y3
1(0,0)}

Let us take v, = {(0, 0), (1, 0), (2, 0), (3, 0), (4, 0), (6, 0), (8,
0), (7, 0), (9, 0)}, v2 = {(0, 0), (0, 5)}, vs = {(0, 0), (5, 0)}, va =
{(0,0), (5, 5)} and vs = {(0, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 6),
(0, 7), (0, 8), (0, 9)}.

Let B be the S-quasi set subtopological vector subspace
generated by the set {vi, vy, vs, v4, vs} < Bj. The lattice
associated with B is a Boolean algebra of order 2° with {(0, 0)}
as its least element and {(0, 0), (1, 0), (2, 0), (3, 0), (4, 0), (5, 0),
(6, 0), (7, 0), (8, 0), (9, 0), (0, 1), (0, 2), (0, 3), (0, 4), (0, 5),
(0, 6), (0,7),(0,8),(0,9), (5, 5)} as the largest element.

Associated with B we have 2°, S-quasi set vector subspaces
including {(0, 0)} of V defined over P.

In this way we can find several S-quasi set subtopological
vector subspaces defined over P for a given S-quasi set
topological vector subspace of T defined over P.

Example 3.20: Let V =75 x Z15s x Zi5s x Zi5 be a S-vector
space defined over the S-ring Z;5s. Take P = {0, 1} < Z;5. Let
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T = {collection of all S-quasi set vector subspaces of V defined
over the set P} be the S-quasi set topological vector subspace of
V defined over the set P.

The S-basic set of T defined over the set P is BS = {{(0, 0,
0, 0), (1, 0, 0, 0)}, {(0, 0, 0, 0), (0, 1, 0, 0)}, {(0, 0, 0, 0), (0, O,
0, 1)}, {(0, 0, 0, 0), (0, 0, 1, 0)}, {(0, 0, 0, 0), (1, 1, 0, 0)} ...
{(0,0,0,0), (14, 14, 14, 14)}}. Clearly o( B})=15"—1.

We can take any desired number of elements from B and
generate a S-quasi set subtopological vector subspace of
T defined over the set P. Let B = {{(0, 0, 0, 0), (1, 0, 0, 0)},
{(0, 0, 0, 0), (0, 8,9, 0)}, {(0, 0, 0,0), (0, 0,0, 11)}, {(0, 0, 0,
0), (5,2,4,3)}} <B;.

Now B generates a S-quasi set subtopological vector
subspaces By of T defined over the set P. The lattice associated
with B is a Boolean algebra of order 2*.

Let D= {{(0,0,0,0),(1,2,3,4)} =s1,s,=1{(0,0,0,0),(5,
6,7,8)},s=1{(0,0,0,0),(7,0,7,0)}, s4 = {0, 0,0, 0), (1, 0,
5,8)}, 5= {(0,0,0,0), (1,9, 2,3)}} c B}; D generates a S-
quasi set subtopological vector subspace of order 2°. The lattice
associated with D is a Boolean algebra of order 2°.

Example 3.21: LetV = {a; + a)g, + a3gr + aygz | aj € Zs3s5, 1 <11
<4,g, =6,2=4,g3=3 € Z,} be the S-vector space defined
over the S-ring Zss.

Now we give the definition of S-quasi subset subtopological
vector subspace T of a S-quasi set topological vector subspace
of T defined over a subset A < P; where T is defined over P.

DEFINITION 3.5: Let V be a S-vector space over the S-ring R.
Let P c R; T be the S-quasi set topological vector subspace of V
defined over the set P. Let S < P (S a proper subset of P).
M = {all S-quasi set vector subspaces of V defined over the set
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S < P}, be the S-quasi set topological vector subspace of V
defined over the set S; we define M to be a Smarandache quasi
subset subtopological vector subspace (S-quasi subset
subtopological vector subspace) of T defined over the subset
ScP.

We will illustrate this situation by some examples.

Example 3.22: Let V = 7, x Z1, be a S-vector space defined
over the S-ring Z,. Let P = {0, 1, 11, 5} < Zy,. T be the S-
quasi set topological vector subspace of V defined over the set
P. Let X={0, 1} < P < Z, be a subset of the set P. S be the S-
quasi set topological vector subspace of V defined over the set
X.

S is the S-quasi subset subtopological vector subspace of
the S-quasi set topological vector subspace T defined over the
set X  P.

The S-basic set of S, B; = {{(0, 0), (1, 0)}, {(0, 0), (0, 1)},
..., (0, 0), (0, 2)}, {(0, 0), (2, 0)}, ..., {(0,0), (11, 11)}}.

Now the S-basic set of T. B = {{(0, 0), (1, 0), (5, 0), (11,
0), (7, 0)}, {(0, 0), (0, 1), (0, 5), (11, 0), (0, 7)§, {(0, 0), (2, 0),
(10, 0)}, {(0, 0), (0, 2), (0, 10)}, {(0, 0), (3, 0), (9, 0)}, {(0, 0),
(0, 3),(0,9)}, ..., {(0,0), (10, 11), (2, 1), (2, 7)} }.

We see o( BY) > o( B}) and however S is a S-quasi subset

subtopological vector subspace of T defined over the subset
XcP.

Example 3.23: Let V =7, x Z1y be a S-vector space defined
over the S-ring Z,o. P=1{0,5,1,9} < Z)o.

T = {all S-quasi set vector subspaces of V defined over the
set P}, be the S-quasi set topological vector subspace of V
defined over P. The S-basic set of T;
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By = {{(0, 0), (1, 0), (5, 0), (9, 0)}, {(0, 0), (0, 1), (0, 5),
(0, 9)5, {(0, 0), (1, 1), (5, 5), (9, 9)}, {(0, 0), (0, 2), (0, 8)},
{(0, 0), (2, 0), (8, 0)}, ..., {(0, 0), (8, 9), (0, 5), (2, 1)}, {(0, 0),
(9, 8), (5, 0), (1, 2)} }.

Now take M = {0, 1, 5} < P. Let W = {collection of all S-
quasi set vector subspaces of V defined over the set M}, W is
the S-quasi subset, subtopological vector subspace of T defined

over the subset M of P. Let B}, be the basic set of W.

By = {{(0, 0), (1, 0), (5, 0)}, {(0, 0), (0, 1), (0, 5)},
{(0, 0), (2, 0)}, {(0, 0), (0, 2)}, {(0, 0), (1, 2), (5, 0)}, {(0, 0),
2, 1), (0, 5)}, ..., {0, 0), (8,9), (0, 5)}, {(0, 0), (9, 8), (5, 0)} .

We see o( By, ) > o( B}.).

Now having seen examples of substructures we proceed
onto suggest some problems for the reader.

We wish to study if Z, is the S-ring if the set P contains all
primes p < n and p/n then does the corresponding S-topology
has special properties.

Problems:
1. Find some interesting properties associated with S-
quasi set vector subspaces of V defined over the
subset P of the S-ring R.
2. Let V = Z3s5 x Z3s x Z35 x Z35 be a S-vector space

defined over the S-ring.

For the set P = {0, 2, 7, 11, 31, 29} < Z;5 find the
number of S-quasi set vector subspaces of V
defined over the set P < Zss.
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10.

a,€”Zp;1<i<6} bea

a, a, a
v 8
a, a5 ag

S-vector space defined over the S-ring Z,, = R.

For the subsets

P1 = {0, 1} c le, Pz = {0, 1, 11} C le, P3 = {0, 2}
c le, P4 = {0, 3, 5} c le and P5 = {O, 7, 5, 3, 2} c
Z1, find the corresponding S-quasi set vector
subspaces of V.

Let V = Zys x Zys be a S-vector space defined over
the S-ring; Zys. Let Py = {0, 13} < Zys, P, = {1, 13}
QZQ(), P3 = {1, 25} QZ% and P4 = {1, 2, 3, 5, 7, 11,
13,17, 19, 21, 23} < Zy be subsets of Zy.

Find the number of S-quasi set vector subspaces of
V associated with each of these subsets.

Is Z»5 a S-ring?

Can sz be a S-ring?
Can an be a S-ring, p any prime? (n > 2).

Find some interesting features enjoyed by the S-
quasi set topological vector subspace of V defined
over the set P < R, R a S-ring defined over which
the S-vector space is defined.

Find the difference between the S-quasi set
topological vector subspace of V and quasi set
topological vector subspace of W where V is a S-
vector space and W is a vector space defined over a
S-ring and a field respectively.

Let V= (QuU ) x{(Q uI) be a S-vector space of
neutrosophic rationals defined over the S-ring.



11.

12.

S-Quasi Set Topological Vector Subspaces | 81

(1) Find the S-quasi set vector subspace of V
defined over the set P = {0, 1, I, -1, -1} <
QuD.

(i1) Find the S-quasi set topological vector subspace
T of V defined over the set P.

(iii) Find the S-basic set of T.

(iv) Is T a second countable S-topological space?

(v) Let P, = {0, I} < (Q v I); find the S-quasi set
topological vector subspace of V over P;.

Let V =Z3 x Zg x Z3 be a S-vector space defined
over the S-ring Z;s.

(1) Find three S-quasi set vector subspaces of V
defined over the set P = {0, 1, 17}.

(i) Find S-quasi set subtopological vector
subspaces of T of V defined over P.

(i) What is the order of S-basic set of T?

(iv) IfPisreplaced by P, = {0, 17} will those two
S-topological spaces be isomorphic?

Let V=71, x Z15 x Z1, X Z;, be a S-vector space
defined over the S-ring Z;,.
LetP= {0, 5, 7, 11} ngz.

(i) Find how many S-quasi set vector subspaces
can be defined on P?

(ii)) Find the S-quasi set topological vector
subspace T of V defined over the set P < Z5.

(iii)) Find the S-basic set of T.

(iv) Does T contain S-quasi set subtopological
vector subspace of V defined over P? (find
atleast 3 such spaces).

(v) Can T contain S-quasi subset subtopological
vector subspaces defined over proper subsets
of P?

(vi) Find the lattice associated with T.
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13.

14.

Let V= <Zlg ) I> X <Zlg ) I> X <Zlg ) I> be a S-
neutrosophic vector space defined over the S-ring

(Zig U T).

(i) For P ={0, I} < (Zy U I); find the S-quasi
set neutrosophic topological vector subspace
T of V defined over P.

(i1)) Is T pseudo simple?

(i) Find S-quasi set neutrosophic subtopological
vector subspace of T defined over P.

(iv) LetM={0,3,3l,5,51,7,71, 11, 111, 13, 131,
17, 171} < (Z;y © I). Find a S-quasi set
topological vector subspace A of V defined
over the set M.

(v) Does M enjoy any other special properties?

(vi) Prove M is not pseudo simple.

(vii) Find 3 distinct S-quasi subset subtopological

vector subspaces of A defined over some
three distinct subsets of M.

(viii) Find three distinct S-quasi set subtopological

(ix)

vector subspaces of A defined over three
subsets of M.

Find B}, and the associated lattice with A.

Let V = {(aj, ay, a3, a4, as) | a; = x; + y;g with x;, y; €
Zi; 1 £1<5 g=4 € Zi} be a dual number
S-vector space defined over the S-ring Z».

(i)

(1)
(iii)

(iv)
V)

Let P={0,2, 6,4, 8 < Zj,. Find the S-quasi
set topological vector subspace T of V
defined over P < Z,.

Find B}.

LetP, =1{0,1,3,5,7,9} < Zi,. Find the S-
quasi set dual number topological vector
subspace M of V defined over P;.

Find B}, .
Compare the S-topological spaces T and M.



15.

16.
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s a, || ai=xtyig +zig + sig; with

Xi, Viy Zi, Si € Z15; 1 <1< 6 and g =6, g, = 8 and
g3 =9 € Zy,} be a S quasi set vector space defined
over the S-ring Zs.

(1) For the set P, = {0, 1, 14} find the S-quasi
set topological vector space T, of V defined
over P;.

(i1) For P, = {0, 3, 5} < Z;s, find the S-quasi
set topological vector subspace T, of V
over P,.

(ii1) For P; = {0, 2, 7, 11, 13} < Z;s, find the S-
quasi set topological vector subspace T; of
V over Ps.

(iv) Let P, = {0, 6,9, 10, 12} < Z;s, find the S-
quasi set topological vector subspace T4 of

V over P,.

) Compare all the four topological spaces T,
Tz, T3 and T4.

(vi) Compare the S-basic sets of Ty, T,, T; and
Ty

Let V=(Z;; ul) U {Z;; Ul be a S-vector space
over the S-ring, R =(Z;; U ).

(1) For P, =Z,; < {(Z;7 U I) find the S-quasi set
topological vector subspace T, of V defined
over P;.

(i1) Let P,={0, 1} < (Z;7; U I) be a subset of R;
find the S-quasi set topological vector
subspace of V; T, defined over P,.

(ii1) Let P3 = {0, I} < (Z;7; U I) be a subset of R;
find the S-quasi set topological wvector
subspace T; of V defined over P;.
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17.

18.

19.

20.

(iv) Compare the 3 spaces Ty, T, and Ts;.

v) Find S-quasi subset topological vector
subspace of T; defined over P;.

(vi) Prove T, and Tj; are pseudo simple!

(vii)  Find S-quasi set subtopological vector
subspaces of T;, T, and T; defined over Py,
P, and P; respectively.

a; € Zse; (g1, &) =

Xityig +218 | Xi, ¥is Zi € Zos, 81 =4, 2 =6 €
Z3}, 1 £1< 14} be a S-vector space defined over
the S-ring Zys. Let Py = {0, 13} < Zy. T be the S-
quasi set topological vector subspace of V over the
set Py and P, = {0, 1, 25} < Zy.

M be the S-quasi set topological vector subspace of
V defined over the set P,. P; = {0, 3, 5,7, 11, 13,
17,23} < Zy. Let W be the S-quasi set topological
vector subspace of V over Ps.

(1) Prove T is not pseudo simple.

(i1) Prove M and W are not pseudo simple.

(ii1) Find S-quasi set subtopological vector
subspaces of T, M and W.

(iv) Find S-quasi subset subtopological vector
subspaces of M and W.

Does there exist a S-quasi set topological vector
subspace which is not second countable?

Does there exist a S-quasi set vector subspace
which is both first and second countable?

Give an example of a pseudo S-quasi set
topological vector subspace of infinite order.



21.

22.

23.
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e (QuUI),1<i<4}bea

{al az}
LetV =
a, a,

S-quasi set vector space defined over the S-ring
R={QuT.

Let P= {0, 1} < R. Is T the S-quasi set topological
vector subspace of V defined over P, pseudo
simple.

Let V={(a; a, ..., a50) | as € RUI); 1<i<10}
be a S-vector space defined over the S-ring (R U I).

(1) Let T be a S-quasi set topological vector
subspace of V defined over the set P = {0, 1} <
(R UI).

(a) Is T second countable?

(b) Is T first countable?

(c) Is T pseudo simple?

(d) Give two S-quasi set topological vector
subspaces of V defined over the set
P={0, 1}.

M= (al a, .. ag ]
a, ag .. a,
be a S-vector space defined over the S-ring (R U I).

(i) LetP={v2,3,0, 5,7, V11,13 }

(R U I); T be a S-quasi set topological vector
subspace of M over P.

(i1) Is T first countable?

(ii1) Is T second countable?

(iv)Find S-quasi set subtopological vector
subspaces of T defined over P.

e RuUl), 1<i<12}
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24,

25.

26.

27.

28.

29.

Let P = {Zys x Zys x Zys} be a S-vector space
defined over the S-ring Zs.

(i)  Find the total number of S-quasi topological
vector subspaces of P.

(1)) How many of them are pseudo simple?

(iii)) Does there exist atleast 27 pseudo simple S-
quasi set topological vector subspaces?

Let V= <ZIO |\ I> X <ZIO \ I> X <ZIO v I> be a S-
vector space defined over the S-ring Z,,.

(1) How many S-quasi set topological vector
subspaces can be constructed using V?
(i1) How many are pseudo simple?

(1i1) Will all the S-quasi set topological vector
subspaces of V defined over subsets of Z;g
be second and first countable?

Does S-quasi set neutrosophic topological vector
subspace of a S-neutrosophic vector space defined
over a S-ring R enjoy any striking and special
properties?

Let V be a S-dual number vector space defined
over a S-ring. Does the S-quasi set dual number
topological vector subspaces of V enjoy any special
features?

If dual numbers in problem (27) is replaced by
special dual like numbers will those S-quasi set
special dual like number topological spaces enjoy
any special properties?

Study the same question in (28) when special dual
like numbers are replaced by special quasi dual
numbers.



30.

31.

32.

33.

34.

35.

36.

37.
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Can every S-quasi set neutrosophic topological
vector subspace be realized as the S-quasi set
special dual like number topological vector
subspace? (Justify your claim).

Show a S-quasi set special dual like number
topological vector subspace in general is not a S-
quasi special dual like number topological vector
subspace.

Every S-quasi set topological vector subspace
defined over a set P of cardinality two is always
pseudo simple.

Can every S-quasi set topological vector subspace
defined over a set P of cardinality greater than two
always have a S-quasi subset subtopological vector
subspace?

Compare the S-quasi set topological vector
subspaces and set topological vector subspaces.

Let V be any S-vector space defined over the
S-ring R.

(i)  Characterize those S-quasi subset topological
vector subspaces whose associated lattice is
not a Boolean lattice.

Suppose T is a S-quasi set topological vector
subspace of V defined over a set P.

Will the associated lattice of T be a Boolean
algebra?

Let V be a S-vector space (R U I) [x] defined over
the S-ring, (R U I).
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38.

(i) Can we have S-quasi set topological vector
subspace of V which is finite?

(ii)) Can we have S-quasi set topological vector
subspace of V which is not second or first
countable?

(iii) Can V have S-quasi set topological vector
subspace which is both first and second
countable?

Let W = (Z, U I) [x] be a S-vector space defined
over the S-ring, (Z, U I).

Study the problems (i) to (iii) given in problem 37
in case of this W.



Chapter Four

NEW SET TOPOLOGICAL VECTOR SPACES

In this chapter we for the first time introduce the notion of New
Set topological vector subspaces defined over the set. For more
information about set vector spaces refer [17].

DEFINITION 4.1: Let V be a set vector space defined over the

setS. Let P cS. T = {collection of all subset vector subspaces
of V defined over the set P} (P is a proper subset of S).

T is given a topology with respect to P and it is easily
verified T is a topological space and we define T to be the New
Set topological vector subspace of V with respect to P and they
are abbreviated as NS-topological vector subspace of V defined
over P c §.

We will illustrate this situation by some examples.
Example 4.1: Let

V=1{0,2,4,678,10,...,2n,...,5, 15, 25,35, ...,0} bea
set vector space over the set S= {0, 1, 3,7, 11, 13,9, 17}.
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Let T = {collection of all subset vector subspaces of V
defined over the set P = {0, 1} < S}. T is a NS-topological
vector subspace of V defined over P.

The basic set of T defined as the new basic set or NB-set of
T is given by NBTl or B?l = {(0, 0), (0, 2), (0, 4), ..., (0, 2n),

.., (0,5),(0,15), ..., (0,2m), ...} < T.

Clearly the lattice associated with T is a Boolean algebra of
infinite order.

Example 4.2: Let

V={1,0,2,4,6,8,12, 14, 16, 18, 5, 10, 15, 7, 14} < Zy.
S=1{0,1,5, 3,6, 10, 4, 8} < Zy. V is a set vector space
defined over the set S. Weseeifs € Sandv € V, s.v=t(mod
20) € V. ForP={0, 1, 3,5} = S. T = {collection of all subset
vector subspaces of V defined over the set P} be the NS-
topological vector subspace of V over the set P. The NS-basic
set BY = {x;=(0, 2, 6, 10, 18, 14), x, = (0, 4, 12, 16, 8) and so
on}.

The lattice associated with x; and x5 is as follows.

{x1, X2}

X1 X2

{0}

It is important to note that {x; U X,} # V, infact x; U x, <
V. X1, X generates a NS-subset subtopological vector subspace
of V over the set P. Take P, = {0, 2} < S. Let M = {collection
of all subset vector subspaces of V defined over the set P, < S}
to be the NS-topological vector subspace of V over the set
P, ' S. Consider the NS-basic set of M.
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BY={(0,1,2,4,8,16,12) =y, y2= (0, 5, 10), y3 = (0, 7,
14, 8, 16, 12, 4), ys = {0, 6, 12, 4, 8, 16}, ys = {0, 15, 10} and
ye=1{0, 18, 16, 12, 4} }.

The lattice associated with {yi, ya, y3) of B}, is as follows:

iV y2L ys)

{y1Uy2} {y2Lys}

Here alsoy, Uy, Uy; # V.

Example 4.3: Let V= {1, 0, 10, 20, 40, 5, 15, 25, 30, 35, 45, 2,
4,6,8,12, 14, 16, 18, 22, 24, 26, 32, 34, 36, 38, 42, 44, 46, 48}
be a set vector space defined over the set S = {0, 1, 2, 10, 5, 8,
44} c Z50.

Take P = {0, 1, 5, 8} < Zsp. Let T = {collection of all
subset vector subspaces of V defined over the set P}; be the
New Set topological vector subspace of V over the set P.

Consider the new basic set BY = {(0, 1, 5, 8, 25, 40, 14,
20, 12, 46, 30, 18, 10, 44, 2, 16, 28, 24, 42, 36, 38, 6, 4, 32, 48},
(0, 15, 20, 25, 30, 40, 10), (0, 35, 40, 20, 10, 30, 25), (0, 45, 25,
10, 30, 40, 20)}.

Clearly o( B} ) = 4.

We see the associated lattice of T is a Boolean algebra of
order 2°.
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Example 4.4: Let

v=1{03,6,9..3n,..7 14,21, ..., 7n ...} be a set
vector space over the set S = {Z" U {0}}. Take P = {2Z" U
{0}} = S.

Let T = {collection of all subset vector subspaces of V over
P}. BY has only two sets and the lattice associated with it is a
Boolean algebra of order four.

Example 4.5: Let
Cl

d d, .. d
V—{‘“ az}(bl,bz,bg,b“bs), ° ,{1 : 7}
a, a, lldg dy ..o dy,

CIO
a,e€3Z,bpeSZ,ce2Zandd, € 7Z;1<1<4,1<k<5,
1<j<10and 1 £m <14}
be a set vector space defined over the set S = Z.
Take P={Z" U {0}} < S.

T = {Collection of all subset vector subspaces of V over P};
is NS-topological vector subspace of V defined over the set P.

= {0 0 w) =)

{(Oa Oa 07 Oa 0)9 (bl’ b27 b39 b47 b5)9

Now
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O|c || —¢
Oflc, || —c,

(7b1’ 7b25 7b33 7b45 7b5)}3 Bk : ) : )
O Cl() C|0

00 .. 0][d d, .. d7[~d, —-d, .. —d,
00 .. 0)dg dy .. dy||-dy —dy .. —d |||
Clearly o( B} ) = 4.

Thus the associated lattice of T is a Boolean algebra of
order 2°.

Example 4.6: Let M = {3Z x3Z,5Z x 5Z,7TZ x7Z xTZ} be a
set vector space over defined the set S = {0, +1, £3, +5, £7}.
Take P = {0, £ 1, £3} < S, W = {collection of all subset vector
subspaces of V defined over P}, be the NS-topological vector
subspace of M defined over the set P.

Now we proceed onto define the notion of NS-
subtopological vector subspaces defined over the set P of a NS-
topological vector subspace over the set P.

DEFINITION 4.2: Let V be a set vector space defined over the
set S. P < S (P a proper subset of S). T = {Collection of all
subset vector subspaces of V defined over the set P} be the NS-
topological vector subspace of V over the set P.

Let W < T (W a proper subset of T), where W = {collection
of subset vector subspaces of V defined of the set P}; we define
W as the NS- subtopological vector subspace of T defined over
the set P.

We will illustrate this situation by some examples.
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Example 4.7: Let

a1 aZ
V: a3 a4 ’|:al a2 a10:|’|:al a2:|’

aS a6 all a12 a20 0 33
a; ag

_al

a2

a, [,(a,,a,,...,a,) | a € Zy, 1 £1<20}

a4

a5 ]

be a set vector space over defined the set S = {0, 2,4, 1, 5}
Zyy.

Let P= {0, 1, 5,4} < S and T = {collection of all subset
vector subspaces of V defined over the set P} be the NS-
topological vector subspace of V over P.

Let
al
a,
al a2 .
W= 4(a,,a,,...,a,0),| a5 |, a,€”Zp; 115}
0 a,
a4
L35

where these elements in W are subset vector subspaces of V
defined over the set P contained in T}; W < T is the NS-
subtopological vector subspace of T over P. T has several NS-
subtopological vector subspaces over P.



New Set Topological Vector Spaces | 95

Example 4.8: Let
al

V:{26X26, a, aieZ6,1SiS6}

a3

be a set vector space defined over the set S = {0, 2, 4} < Z.
T = {Collection of all subset vector subspaces of V defined over
the set P} be the NS-topological vector subspace of V over P.

BY, the new basic set of T is {{(0, 0), (0, 1), (0, 2), (0, 4)},

0

0,]0[,]01[,]0][F, {(0,0),(1,0),(2,0), (4,0)},
10[|0]]0]]0]

fol[o][o][0]

o,/ 11,2014}, {(1,1),(0,0),(2,2), 4, 4)},
10[|0]]0]]|0]

1(0,0), 3, 3)1, 1(3, 0), (0, 0)5, 1(0, 0), (0, 3)5,
{(0,0), (5, 0), (4,0), (2,0)} ...}

Consider
o]fo][o][0]
M = {{(0, 0), (1, 0), (2, 0), (4, 0)}, 2| O [,/ 0|, 0 ],| O},
1[]o]]2]]4]
0][2][4 (370
20,101,141, 2%, {(0,0), (0, 1),(0,2), (0,4}, 4/0,] 0|,
o|lol]o]]|oO 0|0

{(1,4),(0,0),(2,2), (4,2)} }.
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M generates a NS-topological vector subspace of T over P.
Thus (M) is a NS-subtopological vector subspace of T over P.

Consider

N={{(0,0), (1, 5), (2, 4), (4, 2)}, (0, 0), (5, 1),
(4,2), 2,4}, {(0,0), 3, 1), (0,2), (0, )},
{(0,0), (1, 3), (2, 0), (4, 0)},

1{]0}[2]|]|4 01130110
1,/0],)21,/41]¢,4]0],/01,{01,] 0
21101412 O[[5((4]]2

Now N generates again a NS-subtopological vector
subspace of T over P.

Example 4.9: Let

a
V ={Zsx7Zsx7ZsxZsxZs, {b} a,b e Zs}

be a set vector space defined over the set S = {0, 1, 2, 3} < Zs.
Take M = {collection of all subset vector subspaces of V over
the set P = {0, 2, 3} < S}. M is a NS-topological vector
subspace of V over the set P.
The new basic set of T denoted by
By = {{(0,0,0),(1,0,0),(2,0,0),(3,0,0), (4,0, 0)},

{(0, 0, 0), (0, 1, 0), (0, 2, 0),

Oj[1(]2]3]|]|4
wsoson (YR oo

4,0),(1,0),3,0} ...}.
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212 0,0), (2,0), (4,0
Lollollolf {00 (2 0), (4 0),

(1, 0), 3, 0)}, {(0, 0), (1, 2), (2, 4), 3, 1), (4, 3)}, {(0, 0, 0),
(1, 0, 0), (2, 0, 0), (3, 0, 0), (4, 0, 0)}}; generate the NS-
subtopological vector subspace of T over P. (W) < T; (W) is a
NS-subtopological vector subspace of T over P.

Example 4.10: Let

a3
V= {Zy x Zs,
a

o

a, a, .. a
,{ l ’ 10} a; € 74,151 220}

aZO

be a set vector space over the set S = {0, 1, 3}.

LetP={0,3} = S;

T = {all subset vector subspaces of V over the set P}, be the
NS-topological vector subspace of V over the set P. The new
basic set of T is as follows:

BT = {{(0,0), (1, 0), (3, 0)}, {(0, 0), (2, 0)},
{(0,0), (1, 1), (3, 3)}, {(0, 0), (2, 2)}, {(1, 2), (0, 0), 3, 2)},
{2, 1),(0,0),(2,3)}, {(0, 0), (0, 1), (0, 3)}, {(0, 0), (0, 2)},

{(0,0), (1,3), G, D},

oo ool o7 o)

oo

0 0((0 1((0 3
0 0|0 OO0 O
0 0/lo 0|0 of] "~
0 0|0 O[O0 O
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00 .. 001 0 .. 0)(0 3 0 .. 0
00...0’000...0’000...0’m}'

Consider the subset

L ={{(0,0), (1,0), 3, 0}, {(0, 0), (0, 1), (0, 3)},
00 .. 0)(1 0 ..0)(30..0
00 .. 0o 0. 0)loo0. 0
{(oo...o)[()lm0...0](03030...0}} N
s , c B;.
00.0/00101..1l00303..3

L generates a NS-subset subtopological set vector subspace
of T over the set P, = {0, 3} < S.

We can in this way get many NS-subtopological set vector
subspaces of T, by varying the subsets of P where T is the NS-
set topological vector subspace defined over P.

If a NS-topological set vector subspace, T does not contain
NS-subtopological vector subspaces then we define T to be
simple. If T does not contain new subset subtopological vector
subspaces then we define T to be pseudo simple.

We will give examples of them.

Example 4.11: Let

a1 aZ .
V={(@b), |a, |, a,abe”Zpy 1<i<4}

3 93

be a set vector space defined over the set P = {0, 1}.
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We see using V cannot define any NS-topological vector
subspaces over any subset of P as P cannot have a proper subset
of order two.

Thus it is in the first place very important to note all set
vector spaces do not pave way to built NS-topological vector
subspaces. We call such set vector subspaces as topologically
orthodox set vector spaces.

We will first give examples of them and then characterize
them.

Example 4.12: Let

a4, a,
a a a a a a a
_ 3 9y 1 1 2 e Ay
V_ a[ j7|: i|ﬂ(a17a2a---aall)
as A | \a3 a4) [ 3 ... Ay
a, a,

aleZm,ISlSZO}

be a set vector space defined over the set P = {0, 2}. Visa
topologically orthodox set vector space defined over P.

Example 4.13: Let

M={QxQ, | ||aecQ1<i<4

be a set vector space over the set P = {1, -2}. M is a
topologically orthodox set vector space defined over P.

Inview of this we have the following theorem.
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THEOREM 4.1: Let V be a any set vector space defined over a
set P of cardinality two. Then V is an topologically orthodox
set vector space.

Proof : Follows from the fact the order of P is two so P cannot
have proper subsets of order two.

THEOREM 4.2: Let V be any topologically orthodox set vector
space defined over a set P of cardinality two.

V' cannot have even any simple NS-topological vector
subspace associated with it.

Proof: Follows from the fact that on V no NS-topological set
vector subspace can be defined as V is topologically orthodox

set vector space.

Example 4.14: Let

a € ”Zis; 1 <i<10}

be a set vector space defined over the set P = {0, 1, 5} < Z;s.
Let T = {Collection of all set vector subspaces of V defined
over the set S = {0, 1} < P < Z;5} be a NS-topological vector
subspace of V over the set S. T is pseudo simple NS-
subtopological vector subspace of V over S = {0, 1}.

However we say T is pseudo simple if we cannot find a NS-
subtopological set vector subspace of T over the subset M < S;
that S has no proper subset of order two.

In view of this we have the following theorem.

THEOREM 4.3: Let V be a set vector space defined over the set
P. Suppose T is a NS-set topological vector subspace of V over
the set S = {a, b} < P, then T is pseudo simple and in general
not simple.
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Proof: Pseudo simplicity of T is direct from the fact that S has
only two elements so S cannot have a proper subset with two
elements.

However even if T has atleast two elements in the new basic
set BY we can take one element and generate the two element

set topology which will be NS-subtopological vector subspace
of T. Hence the theorem.

We will describe this by examples.

Example 4.15: Let

a
a, a, .o dg
V= {Zl4 X Zl49 b 5 a, ba C,a; € Zl47
Ay Ay ... Qg
C
1<i<16}

be a set vector space defined over the set S = {0, 1, 2, 3} < Z4.
Consider T = {all set vector subspaces of V defined over the set
P={0, 1} < S}, this T is a NS-topological vector subspace of V
over the set P = {0, 1}.

The new basic set of T;

By = {{(0,0), (1,0)}, {(0,0), (0, D}, {(0,0), (1, )},

1 0110 0
{(0,0),(2,2)}, ..., s{0,|] 0|, 51 O| L ]|p, <101, O,
0[]0 00
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00 .. 0)(fO1 0 .. 0

00 .. 0)lo o 0 .. off°""
00 .. 0Y(2 3 456 7 89
0 0 .. 0l10 11 2 0 1 13 0 4|

We see any element in BY will generate a NS-subtopological
set vector subspace of T. The least element of the associated
lattice of T is ‘¢’ the empty set since B} is the new basic set we
see even intersection of {(0, 0), (1, 0)} N {(0, 0), (0, 1)} is (0, 0)

and so on. Thus the lattice is not a Boolean algebra but the
atoms are not defined.

0)(1 0
(0010 (0015 1 9]] 0

10,0)}

One need to study such lattices.

However we can get many number of NS-subtopological
vector subspaces over P. T is NS-pseudo simple and V is not a
topologically orthodox set vector space over the set S.
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Example 4.16: Let

V:{Z4XZ4XZ4, |:E:| a,beZ4}

be a set vector space over the set S = {0, 1, 2} < Z,. Let
T = {Collection of all subset vector subspaces of Z, x Z4
defined over the set P = {0, 2} < S} be a NS-subtopological set
vector subspace of V over the set P — S. The new basic set of T
is as follows:

BT = {{(0,0), (1, 0), (2, 0)}, {(0, 0), (0, 1), (0, 2)}, {(0, 0),
(1, 1), 2, 2);, {(0, 0), (3, 0), (2, 0)}, {(0, 0), (0, 3), (0, 2)5,
{(0, 0), 3, 3), (2, 2)}, {(0, 0), (1, 2), (2, 0)}, {(0, 0), (2, 1),
(0, 2), 10, 0), (1, 3), (2, 2)}, {(0, 0), 3, 1), (2, 2)}, {(0, 0),
(2,3), (0, 2)5, (0, 0), (3,2), (2, 0)} } .

We see o( B} ) = 12 and T has 2'? elements in it. Further the
lattice L associated with T is a Boolean algebra of order 2'%.
These 12 elements of B} serve as atoms of L. The least

element of the lattice L is {(0, 0)} and the largest element is
Z4 X Z4.

Now we give the NS-topological set vector subspace for
which V is the largest element and empty set is the least
element. We work only with the same set P = {0, 2}.

Let

M = {set of all subset vector subspaces of V over the set P} be
the NS-topological set vector subspace of V defined over the set

P = {0, 2}. The new basic set of M denoted by B}, and

. . 0] o]0
e )
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Lo HEb (o )
HHHAHEH,
DRI

We see o By, ) = 26. Thus the lattice L associated with M is of

order 2°° and empty set as the least element and V as the largest
element of M. Clearly T < M is a NS-subtopological set vector
subspace of V over P = {0, 2}.

Now if L = {Collection of all set vector subspaces of Z,
over the set P = {0, 2}}, L is a NS- subtopological set vector

subspace of M defined over the set P. Thatis L ¢ M. B} =
{{0, 1, 2}, {0, 3, 2}}.
a
Now S = {collection of all set vector subspaces of LJ with

a, b € Z, over the set P}; is the NS-subtopological subvector
subspace of M over the set P = {0, 2}. Thatis S ¢ M.

We have given three NS-subtopological set vector
subspaces of V defined over the set P = {0, 2}. However we

have several other NS-subtopological set vector subspaces of M.

Suppose W is generated by the set

{{(0,0), (1, 0), (2, 0)}, {(0, 0), (1, 3), (2, 2)}, {0, 1, 2},
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BH AR

W is a NS-subtopological set vector subspace of M with 2°
elements and ¢ is the least element of W and

L2 | L L2 oo 0. @013, @2
{”305 0’033’(’)’(5)5(’)’(3)3(’)}

is the greatest element of W.

Consider the NS-subtopological subvector subspace B of M
over P where B is generated by the set

023012320012203122
{"’072’07172’(’)’(5)’(’)5(’)’(5)}'

Clearly order of B is 2"°.

Now we proceed onto define the new notion of semigroup
topological vector subspace of a semigroup vector space over a
semigroup defined over a set P  S.

Here we describe some properties associated with it.

DEFINITION 4.3: Let V be a semigroup vector space defined
over a semigroup S. Let W < V; if W is a set semigroup vector
subspace of V defined over the subset P < S; that is if wp, pw €
W for allw € Wandp € P.

We will first illustrate this by some simple examples.

Example 4.17: Let V = {5Z,5 x 3Z,5} be a semigroup vector
space defined over the semigroup Z,s under product.
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Take W = {5Z;5 x {0}} < V. W is a set semigroup vector
subspace of V over the set {0, 3, 5, 10} < Z;5. Take M = {(5,
0), (10, 0), (0, 3), (0, 9), (0, 12)} = V. M is a set semigroup
vector subspace of V over the set {0, 3, 5} < Zs.

Example 4.18: Let
a b
V =
{{c d}
be a semigroup vector space defined over the semigroup
Zzo =S.

e

be a set semigroup vector subspace of V defined over the set
P= {0, 4, 8, 10, 16} QZZO.

a, b, C, de 2220 |\ SZZO}

a, b, C, de 4ZngZzo} gV

Example 4.19: Let

V={(@,b,c,d)|a,b,c,de3Z U52"U19Z" U {0}}
be a semigroup vector space defined over the semigroup
S=Z"u {0}.

Consider M = {(a, b, c,d) |a,b,c,d € 382" U 10Z"} c V;
M is a set semigroup vector subspace of V defined over the set

S=5Z"U {0} U2Z" U {57Z"}.

Example 4.20: Let

a, b, C, de 8240 |\ 5240}

o o o

d

be a semigroup vector space defined over the semigroup Zso
under product. Take
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a, be 16240 |\ 10240} - V,

S o O e

N is a set semigroup vector subspace of V defined over the set
S = {16, 10, 0, 20, 4} < Z4,.

Example 4.21: Let

a; € 57190 U 42100; 1<i< 10}

be a semigroup vector space defined over the semigroup Z .

Consider

M: a1 aZ a} a'4 aS
0 a,Z, 0 0 0

c V,V e M as V is a trivial set semigroup vector subspace of V
over the set P.

a; € 102100 \ 162100; 1<i< 6}

If 0 € P; {0} is the least element in M. If 0 ¢ P, the empty
set ¢ in M is the least element.

We see union of elements in M is in M. Also finite
intersection of elements in M are in M.

Thus a topology can be defined on M and this topology is
defined as the semigroup topological set vector subspace of V
over the set P < S.
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The following observations are interesting.

) The semigroup topological set vector subspace
depends on the set over which it is defined.
(i1) There exist several semigroup topological set vector

subspaces depending on the number of subsets in
the semigroup over which it is defined.

We will illustrate this situation by some examples.

Example 4.22: Let V = {(a;, ay) | a;, a» € {0,2,4,6,8, 10, 12,
14, 16, 18, 22, 5, 30, 20, 25, 35, 15, 24, 26, 28, 32, 34, 38, 36}
c Z40} be a semigroup vector space over the semigroup Zg.

T = {Collection of all semigroup set vector subspaces of V
defined over the set S = {0, 2, 8, 32, 5, 15, 20, 35} < Z4}. Tis
the semigroup topological set vector subspace of V defined over
the set S.

Now if we try to find the semigroup basic set of T and
denote it by S(Bt). S(Br) = {{(0, 0), (1, 0), (2, 0), (8, 0), (5, 0),
(32, 0), (15, 0), (20, 0), (35, 0)}, {(0, 0), (0, 1), ..., (0, 35)}, {(O,
0),(1, 1), ...,(35,35)}, ..., {(0,0), (39, 38), ...} }.

We see the least element is (0, 0) and the largest element is
V.

Example 4.23: Let V= {(a,b)|a,b € {0, 2,4, 3} < Z¢} be the
semigroup vector space defined over the semigroup Zg.

Let T = {Collection of all set semigroup vector subspaces of
V over the set P = {0, 2, 1} < Z¢} be the semigroup topological
set vector subspace of V defined over the set P = {0, 1, 2} < Zs.

S(Brt) of T is as follows:

S(Br) = {{(0, 0), (2, 0), (4, 0)}, {(0, 0), (0, 2), (0, H},
{(0,0), (2,2), (4,9}, (0, 0), (3, 0)}, {(0, 0), (0, 3)} }.
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Clearly the lattice of T is of order 2°. This is a Boolean
algebra of order 2°. Clearly T is of order 2°. The least element
is (0, 0) and the largest element is V.

Example 4.24: Let

V=1b||ab,ce{0,254,6 8 <Zs

be a semigroup vector space over the semigroup Z .
Let T = {Collection of all set semigroup vector subspaces of
V over the set P = {0, 2, 1, 5} < Z;o} be the semigroup

topological set vector subspace of V over the set P.

The new basic set T is

0 0] [0 0] [0 0][2
,0 s 07 ) 90 b} 07 B
0 00 02 0|2
070 210 070 0
230 b 50 b b b 4’0 b 850 b
2|10 | 0o 00 0
070 o] [o][o][o] o
612]t, 4/ 0L O[O O[Ot} isthe SBr) of T.
0 o|[4]]6]|8]|2

Example 4.25: Let V = {3Z x 5Z} be the semigroup vector
space defined over the semigroup S = Z under product. Let
T = {Collection of all set semigroup vector subspaces of V
defined over the set 2Z° U {0} < Z} be the semigroup
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topological vector subspace of V over the set 2Z" U {0} under
x. The semigroup basic set S(Br) is of infinite order. We can
choose L = 3Z" U {0} also to be a set over which semigroup
topological set vector subspace can be defined.

Example 4.26: Let V = 37y, x 4Z,, be a semigroup vector
space defined over the semigroup Zy,.

T = {Collection of all set semigroup vector subspaces of V
defined over the set P = {0, 3, 4, 6, 8, 10, 15, 21} < Z,4} be
semigroup topological set vector subspace of V defined over P.
The semigroup basic set of T is S(Br) = {{(0, 0), (3, 0), (12, 0),
9, 0), (18, 0), (6, 0), (21, 0), (15, 0)}, {(0, 0), (4, 0), (12, 0),
(16, 0), (8, 0), (16, 0)} ...}.

Now we proceed onto define substructures on them.

DEFINITION 4.4: Let V be a semigroup vector space defined
over the semigroup S. Let W < V be a set semigroup vector
subspace of V defined over the set P < S. Let M < W, if M is
itself a set semigroup vector subspace of V defined over the set
P S, we define M to be a set semigroup vector subspace of W
defined over the same set. Let L < P where L is a subset of P if
T cVandif Tis a set semigroup vector subspace of W defined
over the subset L. < P we define T to be a set semigroup vector
subspace of W defined over the set L of P.

We will illustrate this situation by some examples.

Example 4.27: Let

a b
V —
{{c d}
be a semigroup vector space defined over the semigroup S =
Zlg.

a, b, C, d c 2218 () 3218}
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a b
P:{|: :| a,b,C,dG4Zlng6Z]8}gV

c d
is a semigroup vector subspace defined over the set {0, 6, 4} <
Z15. Now T = {Collection of all set semigroup vector subspaces

of V defined over the set {0, 4} < Zs} is the set semigroup
topological vector subspace of V defined over the set {0, 4}.

Example 4.28: Let V = {5Z,5 x 3Z,5} be a semigroup vector
space defined over the semigroup Zs.

Consider the set P = {0, 1} < Z5. We see T = {Collection
of all set semigroup vector subspaces of V defined over the set
P = {0, 1}} is the set semigroup topological vector subspace of
V over the set P.

The semigroup basic set S(Br) = {{(0, 0), (5, 0)}, {(0, 0),
(0, 3)}, {(0, 0), (10, 0)}, {(0, 0), (0, 6)}, {(0, 0), (0, 9)}, {(0, 0),
(0, 12)}, {(0, 0), (5, 3)}, {(0, 0), (5, 6)}, {(0, 0), (5, 9)}, {(0, 0),
(5, 12)}, {(0, 0), (10, 3)}, {(0, 0), (10, 6)}, {(0, 0), (10, 9)3,
{(0,0), (10, 12)} }.

o(S(By)) = 14. We see o(V) = 15 and o(T) = 2",

So the topological space has 2'* elements with {(0, 0)} as
the least element and V as the largest element.

Example 4.29: Let V = {271y x 5Z,0} be a semigroup vector
space defined over the semigroup S = Z;o. Let P, = {0, 1} <
Zyo. Suppose M = {Collection of all set semigroup vector
subspaces of V defined over the set P;}; M is a set semigroup
topological vector subspace of V defined over the set P;.

The semigroup basic set of M is S(By) = {{(0, 0), (2, 0)},
{0, 0), (4, 0)}, {(0, 0), (6, 0)}, {(0, 0), (8, 0)}, {(0, 0), (0, 5)},
{(0,0), (2, 5)}, {(0,0), (4, 5)}, {(0, 0), (6, 5)}, {(0, 0), (8, 5)} }.
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Clearly o(S(By)) = 9 and the number of elements in M is 2°.
M is a set semigroup topological vector subspace with (0, 0) as
the least element and V as its largest element.

Example 4.30: Let V = {27, x 137y} be a semigroup vector
space defined over the semigroup S = Zy.

Take P = {0, 1} < Zy. D = {Collection of all set semigroup
vector subspaces of V defined over the set P = {0, 1}} is a set
semigroup topological vector subspace of V over P.

Clearly 0S(Bp) = 2%.
Inview of all these examples we first make a definition.

DEFINITION 4.5: Let V = {p;Z, xp2Z, X ... Xp, Z, | n =p; p> ...
p: where p;’s are distinct t primes 1 <i <t} be a semigroup
vector space defined over the semigroup S = Z,.

Let P = {0, 1} and M = {Collection of all set semigroup
vector subspaces of V defined over the set P = {0, 1}} be the set
semigroup topological vector subspace of V defined over the set
P = {0, 1}. We define M to be the fundamental set semigroup
topological vector subspace of V defined over the set P = {0, 1}.

We give examples and derive some associated properties
with them.

Example 4.31: Let V = {373y x 273 x 5Z3y} be the semigroup
vector space defined over the semigroup S =Z;,. P={0, 1}
Z3. Let A = {Collection of all set semigroup vector subspaces
of V defined over the set P} be the set semigroup topological
vector subspace of V defined over P. Clearly A is the
fundamental set semigroup topological vector subspace of V
defined over P.

The semigroup basic set of A is S(Bx) = {{(0, 0, 0), (3, 0,
0)} {(0,0,0), (6, 0,0)}, ..., {(0,0,0), (27, 0, 0)}, {(0, 0, 0), (O,
2,0)}, ..., {(0, 0, 0), (0, 28, 0)}, {(0, 0, 0), (0, 0, 5)}, ..., {(0, 0,
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0), (0, 0, 25)}, {(0, 0, 0), (3, 2, 0)}, ..., {(0, 0, 0), (3, 2, 25)} ,
.., {(0,0,0), (3,4, 0)}, {(0, 0, 0), 3,4, 51, ..., (0, 0,0), (3, 4,
25)1, ..., {(0, 0, 0), (27, 28, 25)} }.

o(S(BA)=9+14+5+9%x14+9x5+14x5+9x14x5
= 899.
We see this can be generalized into a theorem.

THEOREM 4.4: Let V = {p;Z, xp:Z, X ... XxpZL, |t <n, p;’s are
distinct primes p;/ n; 1 <i <t} be a semigroup vector space
defined over the semigroup Z, If T is the set semigroup
topological vector subspace of V over P = {0, 1} that is the
fundamental set semigroup topological vector subspace of V,
then the number of elements in T'is o(V) — 1.

Proof is direct hence left as an exercise to the reader.

Example 4.32: Let V = {2749 x 5Z49 x 7Z7} be a semigroup
vector subspace of V defined over the semigroup Z.

T = {collection of all set semigroup vector subspaces of V
defined over the set P = {0, 1} < Z;} be the set semigroup
topological vector subspaces of V defined over P.

o(SBr) = {o(V) - 1}.

We define now dual of the fundamental semigroup
topological space after giving a few examples.

Example 4.33: Let V = {3Z¢ x 2Zs} be a semigroup vector
space defined over the semigroup Zs. Let P = {0, 5} < Zs.

T = {Collection of all set semigroup vector subspace of V
defined over the set P = {0, 5} < Zs} be the set semigroup
topological vector subspace of V defined over P = {0, 5}. The
semigroup basic set associated with T is SBt = {{(0, 0), (3, 0)},
{(0, 0), (0, 2), (0, 4)}, {(0,0), (3, 2), (3,4)} and o(SBy) = 3.
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Example 4.34: Let V = {274, x 77,4} be a semigroup vector
space defined over the semigroup Z;4. Let P = {0, 13} < Zy4
and W = {Collection of all set semigroup vector subspaces of V
over the set P = {0, 13}} be the set semigroup topological
vector subspaces of V defined over the set P = {0, 13}. The
semigroup basic set of T is SBt = {{(0, 0), (2, 0), (12, 0)}, {(0,
0), (4, 0), (10, 0)}, {(0, 0), (6, 0), (8, 0)}, {(0, 0), (0, 7)}, {(0, 0),
(2,7), (12, 7)}, {(0, 0), (4, 7), (10, 7)}, {(0, 0), (6, 7), (8, 1)} }.

o(SBy) = 7 = o(V)/2.

Example 4.35: Let V = {375 x 5Z,5} be a semigroup vector
space over the semigroup S = Z;5s. Take P = {0, 14} be a proper
subset of S = Z,;s.

Let T = {Collection of all set semigroup vector subspaces of
V defined over the set P = {0, 14}} be the set semigroup
topological vector subspace of V defined over P.

The semigroup basic set of T is SBr = {{(0, 0), (3, 0),
(12, 0)}, {(0, 0), (6, 0), (9, 0)}, {(0, 0), (0, 5), (0, 10)}, {(0, 0),
(3, 5), (12, 10)}, {(0, 0), (3, 10), (12, 5)}, {(0, 0), (6, 5), (9,
10)}, {(0, 0), (9, 10), (6, 5)}} o(SBr) = (15-1)2=1.

o(T)=2".

DEFINITION 4.6: Let V = {p;Z, xp:Z, x ... XxpZ, | n =pp> ...
p» t < n; pi’s are distinct primes, 1 <i <t} be a semigroup
vector space defined over the semigroup. Let P = {0, n—-1} <
Z,. T = {Collection of all set semigroup vector subspaces of V
defined over the set P} be the set semigroup topological vector
subspace of 'V defined over the set P. We define T to be the dual
fundamental set semigroup topological vector subspace of V
defined over the dual set P = {0, n—1} (P = (0, n—1) is defined
as dual set of {0, 1} < Z,).

Example 4.36: Let M = {374, x 274 % 774} be a semigroup
vector space over the semigroup Zs,. Let P = {0, 41}.
T = {Collection of all set semigroup vector subspaces of M over
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the set P} be the semigroup topological set vector subspace of V
over P.

Now the semigroup basic set SBr = {{(0, 0, 0), (3, 0, 0),
(39, 0, 0)}, {(0, 0, 0), (6, 0, 0), (36, 0, 0)}, {(0, 0, 0), (9, 0, 0),
(33, 0,0)}, {(0,0,0), (12,0, 0), (30, 0, 0)}, {(0, 0, 0), (15, 0, 0),
(27, 0, 0)}, {(18, 0, 0), (0, 0, 0), (24, 0, 0)}, {(0, 0, 0), (21, 0,
0)}, {(0, 0, 0), (0, 2, 0), (0, 40, 0)}, {(0, 0, 0), (0, 4, 0), (0, 38,
0)}, {(0, 0, 0), (0, 6, 0), (0, 36, 0)}, {(0, 0, 0), (0, 8, 0), (0, 34,
0)}, {(0, 0, 0), (0, 10, 0), (0, 32, 0)}, {(0, 0, 0), (0, 12, 0), (0, 30,
0)}, {(0, 0, 0), (0, 14, 0), (0, 28, 0)}, {(0, 0, 0), (0, 16, 0), (0, 26,
0)}, {(0, 0, 0), (0, 18, 0), (0, 24, 0)}, {(0, 20, 0), (0, 0, 0), (0, 22,
0)}, {(0, 0, 0), (0, 0, 7), (0, 0, 35)}, {(0, 0, 0), (0, 0, 14), (0, 0,
28)}, {(0, 0, 0), (0, 0, 21), (39, 40, 0)}, {(0, 0, 0), (3, 4, 0), (39,
38,0), ..., {(0, 0, 0), (21, 20, 0), (21, 22, 0)}, ..., {(0, 0, 0), (21,
20, 21), (21,22, 21)} }.

Example 4.37: Let V = {274 x 7Z,4} be a semigroup vector
space defined over the semigroup S =Z;4. Let P = {0, 1, 3, 5,
11, 13} < S. T = {Collection of all set semigroup vector
subspaces of V defined over the set P}; be the set semigroup
topological vector subspace of V defined over P. The
semigroup basic set of T; SBt = {{(0, 0), (2, 0), (6, 0), (4, 0),
(12, 0), (8, 0), (10, 0)}, {(0, 0), (0, 7)}, {(0, 0), (2, 7), (4, 7), (8,
7)7 (67 7)7 (10’ 7)3 (127 7)}} = {S], S, 53}'

o(SBr) = 3. The lattice L associated with T is as follows:

{s1U s 83}

{81182} } {s3Us3}
XX
N

{(0,0);

81
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L is a Boolean algebra of order 2° with {(0, 0)} as the least
element and V as its largest element. However o(V) = 14.

Let us take P, = {0, 1, 13} < P. Suppose M = {collection of
all set semigroup vector subspace of V defined over the set P},

M, is the set semigroup topological vector subspace of V over
P;.

The semigroup basic set of M is SBy = {{(0, 0), (2, 0),
(12, 0)}, {(0, 0), (4, 0), (10, 0)3, {(0, 0), (6, 0), (8, 0)}, {(0, 0),
0, )}, 400, 0), (2, 7), (12, D)}, {(0, 0), (4, 7), (10, 7)}, {(0, 0),
6, 7), (8, 7}, {(0, 0), (7, 7)}} and o(SBy) = 8. The least
element of M is {(0, 0)} and the greatest element is V.

The lattice associated with M is a Boolean algebra of
order 2",

Let P, = {0, 1} < P and N = {Collection of all set
semigroup vector subspaces of V defined over the set P, =
{0, 1} < P} be the set semigroup topological vector subspace of
V over P,.

The semigroup basic set of N; SBy = {{(0, 0), (2, 0)}, {(0,
0), (4, 0)}, {(0, 0), (6, 0)}, {(0, 0), (8, 0)}, {(0, 0), (10, 0)}, {(0,
0), (12, 0)}, {(0, 0), (0, 7)}, {(0, 0), (2, 1)}, {(0, 0), (4, 7)} {(0,
0), (6, 1)}, {(0, 0), (8, 7)}, {(0, 0), (10, 7)}, {(0, 0), (12, 7)} .

o(SBy) = 13.
The associated lattice of N is a Boolean algebra of order 2"°.

We see N and M are subset semigroup topological vector
subspace of T over P, and P, respectively.

Example 4.38: Let V = 47y, x 10Z,, be a semigroup vector
space defined over the semigroup Z,,. Let P, = {0, 1, 3, 7, 11,
13, 17, 19} < Z,y and T; = {Collection of all set semigroup
vector subspaces of V defined over the set P;} be the set
semigroup topological vector subspace of V over P;. The
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semigroup basic set of Ty be SB. = {{(0, 0), (4, 0), (12, 0), (16,
group T,

0), (8, 0)}, {(0, 0), (0, 10)}, {(0, 0), (4, 10), (8, 10), (12, 10),
(16, 10)}} = (vy, va, V3).

o(SBt) = 3 and the lattice associated with T, is a Boolean
algebra of order 23, Let us take P, = {0, 1} < P,
T, = {Collection of all set semigroup vector subspace of V
defined over the set P,} be the set semigroup topological vector
subspace of V over P,. The semigroup basic set of T, be

SB,, = {{(0, 0), (4, 0)}, {(0, 0), (8, 0)}, {(0, 0), (12, 0)},

1(0, 0), (16, 0)}, 1(0, 0), (0, 10);, {(0, 0), (4, 10)}, {(0, 0), (8,
10)}, {(0, 0), (12, 10)}, {(0, 0), (16, 10)}}.

o(SBy) =9.

Take P; = {0, 19} < Py; let T; = {Collection of all set
semigroup vector subspaces of V over the set P;} be the set
semigroup topological vector subspace of V over P;. The
semigroup basic set of T; is SB, = {{(0, 0), (4, 0), (16, 0)},

{0, 0), (8, 0), (12, 0)} {(0,0), (0, 10)} } and o(SB; ) =3. Tsis

also a subset semigroup subtopological vector subspaces of T
defined over the subset P; < P;.

Example 4.39: Let V = {37510 X 2Z310 X 7Z2190 X 5Z510} be a
semigroup vector space defined over the semigroup Z,o. Let P,
= {0, 1} < Zy0; Ty = {Collection of all set semigroup vector
subspaces of V defined over the set P,} be the set semigroup
topological vector subspace of V over P;.

The semigroup basic set of T is SB; = {{(0, 0, 0, 0), (3, 0,

0, 0)}, {(0, 0,0, 0), (6,0,0,0)}, ..., {(0,0,0,0), (207, 0,0, 0)},
..., {(0,0,0,0), (207, 208, 203, 205)} }.

o(SB; )=o0o(V) - L.
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Take P, = {0, 1, 209} < Z,;p. Now T, = {Collection of all
set semigroup vector subspaces of V defined over the set P,} is
the semigroup topological set vector subspace of V defined over
the set Ps.

The semigroup basic set of T, is SB; = {{(0, 0, 0, 0),

(3, 0,0,0), (207, 0, 0, 0)}, {(0, 0, 0, 0), (6, 0, 0, 0), (204, 0, 0,
0)}, {(0, 0, 0, 0), (9, 0, 0, 0), (201, 0, 0, 0)}, ..., {(0, 0, 0, 0),
(3,2,7,5), (207, 208, 203, 205)} }.

Example 4.40: Let

v=1" "lab
e o>

be a special semigroup vector space defined over the semigroup
S= Zlg.

a,b,c,d e 3Z3}

Take P = {0, 5, 7, 11, 13, 17} < Z;5; T = {Collection of all
semigroup vector subspaces of V defined over the set P} be the
special set semigroup topological vector subspace of V defined
over the set P. The special semigroup basic set of T is denoted

by

o 0 obo )& )AL 2He SN o)
(o o} o}

{(0, 0, 0), (3,0, 0), (15,0, 0)}, ..., {(0, 0, 0), (3, 3, 3), (15, 15,
15)}, {(0, 0, 0), (6, 6, 6), (12, 12, 12)}, {(0, 0, 0), (9, 9, 9)}, {(0,
0,0),(3,6,9),(15,12,9)}}.

Example 4.41: Let V = {3743, 4743, Z4g x 6Z43} be a special
semigroup vector space defined over the semigroup Zs.
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Let P = {0, 1, 47} and T = {Collection of all set special
semigroup vector subspaces of V defined over the set P} be the
special set semigroup topological vector subspace of V defined
over the set P.

Suppose the special semigroup basic set of T be SBt and if
P, = {0, 47} be a subset of Z;3 with T, = {Collection of all set
special semigroup vector subspaces of V defined over the set
P} as the special set semigroup topological vector subspace of
V defined over the set P;.

Let the special semigroup basic set of T, be SB, then
o(SB; ) = o(SBr) and they are the same in structure.

However if P, = {0, 1} < Z4s and if T, = {Collection of all
set special semigroup vector subspaces of V defined over the set
P,} is the set special semigroup topological vector subspace of
V defined over P,. Let SB; be the special set semigroup basic

set. Clearly SB,; # SB; .

If we take P; = {0, 1,5, 7, 11, 13, 19, 23, 29, 31, 37, 41, 43}
c Z4s the associated set special semigroup topological vector
subspace would be distinctly different from T;, T, and T.

Example 4.42: Let

aj (S Z7(), 1 S_] < 10}

be the special semigroup vector space defined over the
semigroup S = Z;. Let P = {0, 1, 5, 18} < Z; and
T = {Collection of all set special semigroup vector subspaces of
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V over the set P} be the set special semigroup topological
vector subspace of V defined over the set P.

Example 4.43: Let

abec

a
V=1{ZxZ, |b]|,
d e f

} a,b,c,d, e, fe3ZuUS5Z}

be a special semigroup vector space defined over the semigroup
S=Z"uU {0}.

Let P= {0, 1, 5} < S and T = {Collection of all set special
semigroup vector subspaces of V defined over the set P} be the
set special semigroup topological vector subspace of V defined
over the set P. The cardinality of the semigroup basic set of T is
infinite.

Now we proceed onto define, describe and develop the
concept of set group vector subspaces of a group vector space
defined over the group G and the notion of set group topological
vector subspaces of G defined over the set S < G.

DEFINITION 4.7: Let V be a group vector space defined over
the group G. Take P a proper subset of G and W <V (W also a
proper subset of V). If forallp € Pand g € G; pg and gp € P
then we define W to be a set group vector subspace of V defined
over the set P c G.

We will first illustrate these situations by some examples.

Example 4.44: Let V = {3Z x 5Z x 7Z x 11Z} be a group
vector space defined over the group G =Z. Let B = {9Z x {0}
x14Z x {0} cVand P=27Z U 5Z U 11Z < Z be a subset of Z.

We see B is set group vector subspace of V defined over the
set P.
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Example 4.45: Let V = {{Z;\ {0} x Z; \ {0}}} be a group
vector space defined over the group G = Z; \ {0}. Take
M =1(2,2), (5, 5), (6, 6), (3, 1), (4, 6), (2, 1), 5, 6), (1, )} <
V, a proper subset of V. Let P = {1, 6} < Z;\ {0}. M is a set
group vector subspace of V defined over the set P.

Consider N = {(3, 3), (4,4), (3,4),(4,3)} c V; Nisalsoa
set group vector subspace of V defined over the set P.

Example 4.46: Let

al all
a a .. a a a
_ 1 2 7 2 12
V_ { } : : ,(31,32,33)
ag Ay ... a, || : :
a a

10 20

a € Z19\ {0}; 1 £1<20}
be a group vector space defined over the group G =Z9\ {0}.

Take P={9,2, 1,18} = Z;s\ {0} = G and

a a a .. a
M= ,(alaazaa3)
a a a .. a

M is a set group vector subspace of V defined over the set P.

a,a; € Zp\ {0} =G}V,

M is still a set group vector subspace of V defined over the
setPy={1,2} cP.

Example 4.47: Let

a, a, a, a, a,
V=13la, a; ag|,(a,a,,.,3,), a;, a,
a'7 a’S a9 aS aé

316223\{0},1S1S9}
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be a group vector space defined over the group G = Z»;\ {0}.

Take P = {0, 5, 3,7, 11, 13,17, 19} < G and

a1 a2
M= {(a,,a,,...,a,)|a, a,||acG1<i<10}cV;
aS a6

M is a set group vector subspace of V defined over the set P.

Example 4.48: Let

a
V= {6218 X Zlg, b a, b, C e 2218}
C

be a group vector space defined over the group (Z;s, +).

Let
a

M= {{0} x3Zs, |a|| a€2Zg} = V;

a

M is a set group vector subspace of V defined over the set P =
{03 19 17} gzl&

Example 4.49: Let

aa a
V=1{3Zyyx27y,|a a a|| acZy}
aa a

be a group vector space defined over the group G = Z,4 under
addition.
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Let

aaa
M={6Z,yx4Z,|a a a|| a€3Zy}cV
aaa

be a set group vector subspace of V defined over the set P = {0,
3,2,1} cG.

Now we can define two substructures on set group vector
subspaces of a group vector space defined over a set.

DEFINITION 4.8: Let V be a group vector space defined over
the group G. Let M c V be a set group vector subspace of V
defined over the set P < G. Suppose N < M and N is a set
group vector subspace of V defined over the set P < G then we
define N to be the set group strong vector subspace of M defined
over P. If M has no such set group strong vector subspace then
we define M to be simple over P.

Example 4.50: Let

V = {3Z30 x 5Z30, (a1, a, a3, a4, as),

W

c o o o
S

N

a; € 2Z30,bj S 10230, 1<i<5and|l SJS4}

be a group vector space defined over the group G = Z3, under
addition.
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Take

P=1{0,1,15,5} cZyyand M = {(a, a, a, a, a)

c o o o

ae€2Ziandb € 10Z3} <V
be the set group vector subspace of V defined over the set P.

Take N = {(a, a, a, a, a) | a € 273} < M, N is a set group
strong vector subspace of M defined over P.

Take

b € 10Z3} = M;

o o o o

L is also a set group strong vector subspace of M defined over
P. Thus M is not simple over P.

Example 4.51: Let V = {3Z¢ x 2Zs} be a group vector space
defined over the group Z¢ under addition. Now V = {(0, 0),
(3, 0),(0,2),(0,4),(3,2),(3,4)}. LetP=1{0,1}. M= {(0,0),
(3, 0)} < V is a set group vector subspace of V defined over the
set P.

Clearly M is simple as M can have only {(0, 0)} to be a set
group strong vector subspace which is obviously trivial.
Another set group strong vector subspace being M itself.

Example 4.52: Let V = {3Zy x Zy} be a group vector space
defined over the group Zo under addition. Take M = {3Zy x
{0}} < V to be a set group vector subspace of V defined over
the set P= {0, 1, 8} < Zo.
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M = {(0, 0), (3, 0), (6, 0)} = V. M is a simple set group
vector subspace of V defined over the set P.

It is important and interesting to make the following
observation. A simple set group vector subspace defined over a
set P need not continue to be simple over some other set P;.

This is explained by the following example.

Example 4.53: Let V = {5Z,5s x Z,s} be a group vector space
defined over the group Z,s under addition. Let M = {(0, 0),
(5, 0), (20, 0)} < V; be the set group vector subspace of V
defined over the set P = {0, 1, 24}.

Now M = {(5, 0), (0, 0), (28, 0)} is a simple group vector
subspace defined over P.

However take the set P, = {0, 5, 1} instead of P; M = {(0,
0), (5, 0), (20, 0)} is not simple for N = {(0, 0), (5,0)} c M isa
set group strong vector subspace of M defined over P;.

Thus the notion of simple is a relative concept depends on
the set chosen from the group G over which the group vector
space is defined.

Now we proceed onto define another type of substructure.

DEFINITION 4.9: Let V be a group vector space defined over
the group G. Let M < V be a set group vector subspace of V
defined over the set P < G. Let S < P where S is a proper
subset of P if N © M is such that N is a set vector subspace of V
defined over the set S < P then we define N to be a subset group
vector subspace of M defined over the subset S < P. If M has no
subset group vector subspace of V defined over any subset in P
then we define M to be a pseudo simple set group vector
subspace of 'V defined over the set P.

We will illustrate this situation by some examples.
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Example 4.54: Let V = {27,y x 57,0} be a group vector space
defined over the group G = Z;, under addition. Let M = {2Z;, x
{0}} < V be a set group vector subspace of V defined over the
set P= {0, 1, 5} < G. Take N = {(0, 0), (4, 0), (8, 0)} = M.
N is a subset vector subspace of M defined over the subset
P, ={0,5} < P. So M is not pseudo simple.

Example 4.55: Let V = {27, x 3Z,} be a group vector space
defined over the group G = Z;; under addition modulo 12.

Let M = {{0} x 3Z,} < V be a group vector subspace of V
defined over the set P = {0, 1}. M is pseudo simple.

Example 4.56: Let V = {47,y x 575} be a group vector space
defined over the group Z,, under addition modulo 20.

Let M = {87, x 10Z5} < V be a set group vector subspace
of V defined over the set P = {0, 1} < Zy. M is pseudo simple
but is not simple for N = {87,y x {0}} < M is a set group strong
vector subspace of M defined over the set P = {0, 1}.

In view of these we have the following theorems.

THEOREM 4.5: Let V be a group vector space defined over the
group G. Let M < V be a set group vector subspace of V
defined over the set P = {a, b} < G. M is a pseudo simple set
group vector subspace of 'V defined over P.

The proof follows from the fact the cardinality of P is two
and so P cannot have a proper subset of cardinality two.

THEOREM 4.6: Let V be a group vector space defined over the
group G. Let M be a pseudo simple set group vector subspace
of V defined over a set P — G. M in general need not be simple.

Proof: Follows from the following example. Take V = {3Z5, x
5730} to be a group vector space defined over the group Zs
under addition.
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Let P= {0, 1} < Z3p and M = {6Z3y x 10Z39} < V be the set
group vector subspace of V defined over the set P = {0, 1}. M
is a pseudo simple set group vector subspace of V defined over
P = {0, 1}. However M is not simple for take N = {6Z3y x {0}}
c M c V. Nis a set group strong vector subspace of V defined
over the set P = {0, 1}. So M is not a simple set group vector
subspace of V.

We now proceed onto define set group topological vector
subspace associated with group vector space.

DEFINITION 4.10: Let V be a group vector space defined over a
group G. P < G (P a proper subset of G). Let T = {Collection
of all set group vector subspaces of V defined over the set P}.
We can define topology as in case of set semigroup vector
spaces. We define T as a set group topological vector subspace
of V defined over the set P.

It is important to note that the set group topological vector
subspace is dependent on the set P in general. At times T is the
same for more than one set.

We first illustrate this situation by some examples.

Example 4.57: Let V = 3Z¢ x 2Z¢ be a group vector space
defined over the group Z¢ under addition. P = {0, 1} < Zs.

T = {Collection of all set group vector subspaces of V over
the set P = {O’ 1}} = {Vl = {(05 0), (05 2)}a A {(O, 0)5 (Oa 4)}7
V3 = {(0, O)a (3’ 0)}7 Vg :{(O, 0)9 (37 2)}a Vs = {(O’ 0)7 (3, 4)}9
ViU Vo, VI U V3, ViU Vy, VI U Vs, Vo U V3, Vo U Vy, Vo U Vs, V3 U
V4, V3 U V5, V4 U V5, VI U Vo U V3, VI UV U Vy, VI UV U Vs, V)
U V3 U Vg, ViU V3 U Vs, VI U Vg U Vs, Vo U V3 U Vy, V) U V3 U
Vs, Vo U V4 U V5, V3 U V4 U Vs, VI UV, U V3 Vs, ViUV U V3 U
V4, VIU VU V4 U V5, VU V3 U VLU Vs, VU VU V4 U Vs, {(0,
0)}, vi U v, U vz U v4 U vs = V} is the set group topological
vector subspace of V over the set P = {0, 1}. o(T) =32.
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Example 4.58: Let V = {37 x 5Z x 11Z x 19Z} be a group
vector space defined over the group Z under addition. P = {0, 1,
-1} < Z be a subset of Z. T = {Collection of all set group
vector subspaces of V defined over the set P = {0, 1, -1}}. Tis
set group topological vector subspace of V defined over P.

We can as in case of set semigroup vector subspaces
defined over a set define the group basic set of a set group
topological vector subspace.

We will illustrate this situation by some examples.

Example 4.59: LetV = {774 x 3Z4 x 2Z4,} be a group vector
space defined over the group Z4, under addition.

Let P= {0, 1} < Z4 be asetin Zy. Let T = {Collection of
all set group vector subspaces of V defined over the set P} be
the set group topological vector subspace of V defined over P.

The group basic set GBt = {{(0, 0, 0), (7, 0, 0)}, {(0, 0, 0),
(14, 0, 0)}, {(0, 0, 0), (21, 0, 0)}, {(0, 0, 0), (28, 0, 0)}, {(0, O,
0), (35, 0, 0)}, {(0, 0, 0), (0, 3, 0)}, ..., {(0, 0, 0), (0, 39, 0)},
{(0, 0, 0), (0,0, 2)}, ..., {(0,0,0), (0, 0,40)}, ..., {(0, 0, 0), (35,
39,40)}}.

Infact o(GBy) is finite and the associated lattice L of T is a
Boolean algebra of order 2°“®*" and o(GBy) = o(V) — 1.

Example 4.60: Let V = {27,4 x 77,4} be a group vector space
defined over the group Z,4 under addition. Let P = {0, 1, 13} <
Z14 and T = {Collection of all set group vector subspaces of V
defined over the set P = {0, 1, 13}} be the set group topological
vector subspace of V defined over the set P = {0, 1, 13}.

The group basic set of T is GBt = {{(0, 0), (2, 0), (12, 0)},
{(0, 0), (4, 0), (10, 0)}, {(0, 0), (6, 0), (8, 0)}, {(0, 0), (0, 7)},
{g(}),}o), (2,7),(12,7)}, {(0,0), (4, 7), (10, )}, {(0, 0), (6, 7), (8,
N}
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o(GBr) = 7 and if L is the lattice with T and order of L is 2.
Infact L is a Boolean algebra of order and o(T) = 2’.

Example 4.61: Let V = {374, x 774 x 274} be a group vector
space defined over the group G = Z4, under addition. Let P; =
{0, 1} < Z4gp and T, = {Collection of all set group vector
subspaces of V defined over the set P,} is the set group
topological vector subspace of V defined over the set P; = {0,

L.

The group basic set of T denoted by GB; = {{(0, 0, 0), (3,

0, 0)}, {(0, 0, 0), (6, 0, 0), ..., {(0, 0, 0), (39, 0, 0)}, {(0, 0, 0),
0,7,0)}, {(0,0,0), (0, 14,0)}, ..., {(0, 0, 0), (0, 35, 0)}, {(0, 0,
0), (0, 0, 2)}, ..., {(0, 0, 0), (0, 0, 42)}, {(0, 0, 0), (3,7, 0)}, ...,
{(0, 0, 0), (39, 35,40)} }. Clearly o(GB; ) =o0(V) - 1.

Take P, = {0, 1, 41} < Z4, and T, = {Collection of all set
group vector subspaces of V defined over the set P, = {0, 1,
41}} is the set group topological vector subspace of V defined
over P,.

The group basic set of T, denoted by GB, = {{(0, 0, 0), (3,

0, 0), (39, 0, 0)}, {(0, 0, 0), (6, 0, 0), (36, 0, 0)}, {(0, 0, 0), (9, 0,
0), (33, 0, 0)}, ..., {(0, 0, 0), (0, 7, 0), (0, 35, 0)}, ..., {(0, 0, 0),
(0, 0, 2), (0, 0,40)}, ..., {(0,0,0), (3,7, 2), (39, 35, 40)} }, we
see 0(GB; ) >0(GB,)).

Example 4.62: LetV = {22210 X 37510 X 5Z519 X 72210} be a
group vector space defined over the group G = Z;;o under
addition.

LetP=1{0,1,2,3,5,7} < Zo T = {Collection of all set
group vector subspaces of V defined over the set P} be the set
group topological vector subspace of V defined over the set P.

The group basic set of T is GBr = {{(0, 0, 0, 0), (2, 0, 0, 0),
4,0,0,0),(8,0,0,0),(16,0,0,0),(32,0,0,0), ..., (208, 0, 0,
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0), (6, 0, 0, 0), (10, 0, 0, 0), (14, 0, 0, 0)}, {(0, 0, 0, 0), (0, 3, 0,
0), (0, 6, 0, 0), (0, 15, 0, 0), ..., (0, 207, 0, 0)}, {(0, 0, 0, 0), (0,
0, 5, 0), (0, 0, 10, 0), (0, 0, 15, 0), ..., (0, 0, 205, 0),}, {(0, 0, 0,
0), (0, 0, 0, 7), (0, 0, 0, 14), (0, 0, 0, 21), (0, 0, 0, 28), (0, 0, 0,
35), (0, 0, 0, 42), (0, 0, 0, 49), ..., (0, 0, 0, 203)}, ..., {(0, 0, 0,
0),(2,3,5,7), ..., (208, 207, 205, 203)} }.

Example 4.63: Let V = {273 x 37,3} be a group vector space
defined over the group G =Z;5. Take P= {0, 1,3} < Z;5 and let
T = {collection of all set group vector subspaces of V defined
over the set P} be the set group topological vector subspace of
V defined over P.

The group basic set T; GBt = {(0, 0), (2, 0), (6, 0)}, {(0, 0),
(4,0, (12, 0)}, {(0, 0), (8, 0), (6, 0)}, {(0, 0), (10, 0), (12, 0)},
{(0, 0), (14, 0), (6, 0)}, {(0, 0), (16, 0), (12, 0)}, {(0, 0), (0, 3),
(0, 9)}, {(0, 0), (0, 6)}, {(0, 0), (0, 12)} {(0, 0), (0, 15), (0, 9)},
{(0, 0), (2, 6), (6, 0)}, {(0, 0), (2, 9), (6, 9), (0, 9}, {(0, 0), (2,
12), (6, 0)}, {(0, 0), (2, 15), (6, 9), (0, 9)}, {(0, 0), (4, 3), (12, 9),
(0,9)}, {0, 0), (4, 6), (12, 0)}, {(0, 0), (6, 6)}, {(0, 0), (8, 6), (6,
0)}, {0, 0), (10, 6), (12, 0)}, {(0, 0), (12, 6)}, {(0, 0), (14, 6),
(6, 0)}, {(0, 0), (16, 6), (12, 0)}, ..., {(0, 0), (16, 3), (12, 9), (0,
91, {(0,0), (16, 15), (12,9), (0, 9)} }.

We see elements in GBr are such that they have non empty
intersection in many cases. Thus depending on the choice of the
set P the elements of the group basic set GBr happens to be
distinct or overlapping.

Now we proceed onto define substructures of set group
topological vector subspace of a group vector space.

DEFINITION 4.11: Let V be a group vector space defined over
the group G and P < G (P a proper subset of G).
T = {Collection of all set group vector subspaces of V defined
over the set P} be the set group topological vector subspace of
V defined over P. If S < T (S a proper subset of T} is a set
group topological vector subspace of V defined over P, then we
define S to be a set group subtopological vector subspace of T
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defined over P. If T has no set group subtopological vector
subspace then we define T to be simple.

We will give examples of this situation.

Example 4.64: Let V = {3Z,5 x 57,5} be a group vector space
defined over the group G = Z;5s under addition. Let P = {0, 1,
14} < Z;s and T = {Collection of all set group vector subspaces
of V defined over the set P} be the set group topological vector
subspace of V defined over P.

The group basic set of T, GBr = {{(0, 0), (3, 0), (12, 0)},
{(0, 0), (6, 0), (9, 0)}, {(0, 0), (6, 0), (9, 0)}, {(0, 0), (0, 5), (0,
10)}, {(0, 0), (3, 5), (12, 10)}, {(0, 0), (6, 5), (9, 10)} }.

Consider the set group topological vector subspace
generated by S = ({{(0, 0), (6, 0), (9, 0)}, {(0, 0), (6, 5),
(9, 10)}}) < GBr. S < T and S is the set group subtopological
vector subspace of V defined over P.

Infact T has several set group subtopological vector
subspaces.

Example 4.65: Let V = {270} be a group vector space defined
over additive group Z;o = G. Let P = {0, 1, 3} < Z;o and
T = {Collection of all set group vector subspaces of V defined
over the set P = (0, 1, 3)} be the set group topological vector
subspace of V defined over P.

The group basic set GBr of T is {0, 2, 6, 8, 4} = V. Thus
for this P, GBr is a singleton set V and so T is simple.

Example 4.66: Let V = {274} be a group vector space defined
over the group G = Z¢, under addition. Let P = {0, 1, 3} < Zg,
and T = {Collection of all set group vector subspaces of V
defined over the set P} be the set group topological vector
subspace of V defined over P. Let GBr be the group basic set of
T; then GBr = {{0, 2, 6, 18, 54, 38, 52,32, ...}. Wesee T is
not simple.
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We leave it as an open problem.

Problem: Let V = {2Z,,} be a group vector space defined over
the group G (p a prime). Let P = {0, py, 1 / p; a prime different
from p and 2}. T = {Collection of all set group vector subspaces
of V defined over P} be the set group topological vector
subspace defined over P.

Will T be simple? Find those p; in Z,, for which T is
simple.

Example 4.67: Let V = {275} be a group vector space defined
over the additive group G = Z,, (p =11). Let P, = {0, 1, 3} and
T, = {Collection of all set group vector subspaces of V defined
over the set P;} be the set group topological vector subspace of
V defined over the set P;.

The group basic set of T; be GBTl = {{0, 2, 6, 18, 10, 8},
{0, 4,12, 14,20, 16}}. of GBTI ) =2 so T is not simple.

Take P, = {0, 1, 5} < Z»; and let T, = {Collection of all set
group vector subspaces of V defined over the set P,} be the set
group topological vector subspace of V defined over the set P,.

The group basic set of T, be GBT2 ; GBTz = {{0, 2, 10, 6, 8,
18}, {0, 4,20, 12, 16, 14}}. o GBTz ) =2 so0 T, is not simple.

Consider P; = {0, 7, 1} < Z»; and T; = {Collection of all set
group vector subspaces of V defined over the set P;} be the set
group topological vector subspace of V defined over the set P;.
The group basic set of T; be GBT3 = {{2, 0, 14, 10, 4, 6, 20, 8,

12,18, 16} }; o( GB, ) = 1 so T; is a simple topological space.

Consider P, = {0, 1,11} < Z,, and T4 = {Collection of all
set group vector subspaces of V defined over the set P4} be the
set group topological vector subspace of V defined over P4. The
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group basic set of T4 be GBT4 = {{0, 2}, {0, 4}, {0, 6}, {0, 8},

{0, 10§, {0, 12}, {0, 14}, {0, 16}, {0, 18}, {0, 20}} and
o(GB;, ) = 10 so Ty is not simple. Consider Ps = {0, 13, 1} <

Zy.

Let Ts = {Collection of all set group vector subspaces of V
defined over the set Ps} be the set group topological vector
subspace of V defined over Ps. Suppose the group basic set
GB,, =1{{0,2,4,38,16, 10, 20, 18, 14, 6, 12} }; o(GB, ) = 1 so
Ts is simple. Let Ps= {0, 17, 1} < Z», and let T4 = {Collection
of all set group vector subspaces of V defined over the set P¢}

be the set group topological vector subspace of V defined over
Ps.

The group basic set of Ty is GB, = {{0,2, 12, 6, 14, 18,

20, 10, 16, 8,4} } and o( GB; ) =1 so Tg is a simple topological
space.

Let P; = {0, 1, 19} < Z,, and T; = {Collection of all set
group vector subspaces of V defined over the set P;} be the set
group topological vector subspace of V defined over P-.

The group basic set of T; be GBT7 = {0, 2, 16, 18, 12, 8, 20,
6,4, 10, 14} and o(GB, )=1 so Ty is a simple topological space.

Thus it is yet another interesting open problem.

Problem: Let V = {2Z,,/p is a odd prime} be a group vector
space defined over the group G = Z,,. For which of the subsets
P in G the related / associated set group topological vector
subspace Tp of V defined over the set P < Z,, is simple.

Characterize those prime numbers q € Z,, which give way
to simple set group topological vector subspaces.
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Example 4.68: Let V = {2734} be a group vector space defined
over the group G = Z,.

Let P, = {0, 1, 3} < Z34 and T, = {Collection of all set
group vector subspaces of V defined over P,} be the set group
topological vector subspace of V over P;. The group basic set
of Ty is GB; = {{0, 2, 6, 13, 20, 26, 10, 30, 22, 32, 28, 16, 14,

8,24,4,12}}. Wesee o(GB; ) =1so T, is simple.

Take P, = {0, 5, 1} < Zs4, T, = {collection of all set group
topological vector subspaces of V defined over the set P,} be
the set group topological vector subspace of V defined over P,.
The group basic set of T, is GBT2 = {{0, 2, 10, 16, 12, 28, 4,

20, 32,24, 26, 18, 22, 8, 6, 30, 14}}. o(GB, ) =2s0 T, is not

simple.

Let Py = {0, 7, 1} < Z34 and T3 = {Collection of all set
group vector subspaces of V defined over the set P;} be the set
group topological vector subspace of V defined over the set Ps.
The group basic set of T; be GBT3 = {{0, 2, 14, 30, 6, 8, 22, 18,

24,32,20,4, 28,26, 12, 16, 10} and o(GB; ) = 1.

Now we proceed onto define substructures in the set group
topological vector subspaces.

DEFINITION 4.12: Let V be a group vector space defined over
the group G. P < G be the subset G. T = {collection of all set
group vector subspaces of V defined over the set P} be the set
group topological vector subspace of V defined over P. Let P,
< P (P; a proper subset of P). If M < T; (M a proper subset of
T) is a set group topological vector subspace of V defined over
the subset P; of P, then we define M to the subset group
subtopological vector subspace of T defined over the subset P,
of P. If T has no subtopological vector subspace we say T is
pseudo simple.
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We will illustrate this situatin by some examples.

Example 4.69: Let V = {2Z,,} be a group vector space defined
over the group G = Zy,. Let P= {0, 5, 1} be a subset of Z,, and
Tp be the set group topological vector subspace of V defined
over the set P. The group basic set of Tp is

GB, = {{0,2, 10, 6, 8, 18}, {0, 4, 20, 12, 16, 14}}. We
see by taking Py = {0, 5} < P, let T, be the subset group
subtopological vector subspace of V defined over P,. {0} €T, .
Consider P, = {0, 1, 7} < Z», and TP2 = {collection of all set

group topological vector subspaces of V defined over the set P,}
be set group topological vector subspace of V defined over the
set P».

Now the group basic set of TP2 is GBTPZ =40, 2, 14, 10, 4,
6, 20, 8, 12, 18, 16}. o(GBTPZ) = 1. So T,,2 has no subset

subtopological spaces though P, has subsets.
Based on this we have the following theorem.

THEOREM 4.7: Let V be a group vector space defined over a
group G. Let P < G (P a set with cardinality greater than two)
and Tp the set group topological vector subspace of V defined
over P. Tp can be pseudo simple. That is even if o(P) > 2 still
the set group topological vector subspace may be pseudo simple
as well as simple.

Examples given earlier are evidence of this claim.

DEFINITION 4.13: Let V be a group vector space defined over a
group G. P < G and Tp the set group topological vector
subspace of 'V defined over the set P. If Tp is both simple and
pseudo simple we then call Tp to be a super simple set group
topological vector subspace of V defined over the set P.

We will give some examples of this situation.



136 | Quasi Set Topological Vector Subspaces

Example 4.70: Let V = {274} be a group vector space defined
over the group G = Zyy.. Let P = {0, 3, 1} < Zu.
Tp = {Collection of all set group vector subspaces of V defined
over the set P} be the set group topological vector subspace of
V defined over P. GBTP = {{0, 2, 6,4, 12, 8, 10} } is the group

basic set of Tp.

We see o( GB,, ) = 1 so T» is both simple and pseudo simple

so super simple.
We suggest the following problem.

Problem: Let V be a group vector space defined over a group
G. P < G and Ty the set group topological vector subspace of V
defined over P.

) Find conditions for Tp to be simple.
(i1) Find conditions for Tp to be pseudo simple.
(1i1) Find conditions for Tp to be super simple.

Example 4.71: Let V = {3Z;5} be a group vector space defined
over the group G = Z;s. P = {0, 2, 1} < Z,5 and Tp be the set
group topological vector subspace of V defined over P. The
group basic set GB; = {{0, 3, 6, 12, 9}}. So Ty is simple,

pseudo simple and super simple.

Example 4.72: Let V = {3Z,,} be a group vector space defined
over the group Z,;. P = {0, 2, 1} < Z,;. Tp be the set group
topological vector subspace of V defined over P. The group
basic set of Tp is GBTP = {{0, 6, 3, 12}, {0, 9, 18, 15}}.

o(GB, )=2.

Tp is not simple. Tp is not pseudo simple. But if we replace
P by P, = {0, 1} then T, is not simple.

However GB, # GBTP1 .
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T, T {{0, 3}, {0, 6}, {0, 9}, {0, 12}, {0, 15}, {0, 18}}.

The associated lattice of T, is a Boolean algebra of order 26

with {0} as the least element and V as the largest element.

Now we proceed onto suggest a few problems.

Problems:

1.

Find some special properties enjoyed by NS-topological
vector subspaces defined over a set P.

Let V=1{0510,...,5n,...,2,4,6, ..., 2n} be a set
vector space defined over the set N = {0, 5, 2, 18, 25,
48}. LetP;=1{0,5,25} cN.

(1) Find the NS-topological vector subspace T, of
V defined over P;.

(i) Let P, = {0, 2, 18} < N; find the NS-topological
vector subspace T, of V defined over P».

(iil) Compare T, and T>.

Let V=1{0,2,6,4,8, 10, 12, 14} < Zc be a set vector
space defined over the set S = {0, 5, 10, 2, 9, 3}.

(i) Find the number of NS-topological vector subspace
of V defined over subsets of S.

(i) Let P, = {0, 5, 10} < S; find the NS-topological
vector subspace T, of V defined over P;.

(a) Find BY .
(b) Find the lattice associated with T;.

(1) If P, = {0, 10} < S; find the NS-topological vector
space T, defined over P, and its new basic set B¥ .
(iv) Compare T; and T,.
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4.

10.

Let V= {Zg x Zs, a,b,c,d, e, a € Zs,

o Ao oo
l\’—|
o
S8
o oo
E S )
1

1 <1 <4} be a set vector space defined over the set
S=1{0,1,3,4,56} cZs. TakeP=1{0,1,4} cSc
Zs. Let T = {Collection of all subset vector subspaces
of V defined over the set P} be the NS-topological
vector subspace of V defined over P.

(i) Find B} and o(BY).

(i) Can T have NS-subtopological vector subspaces?

(ii1) Find how many NS-topological vector subspaces of
V defined over subsets of S can be constructed.

Obtain some interesting properties enjoyed by NS-
topological vector subspace defined over a set.

Characterize those pseudo simple NS-topological vector
subspaces defined over a set P.

Can we have a pseudo simple NS-topological vector
subspace defined over a set P of cardinality equal to 5?

Can the associated lattice of a NS-topological vector
subspace defined over a set P be a modular lattice?

Will all lattices of a NS-topological vector subspace be
a Boolean algebra?

Obtain some special features of set semigroup vector
subspaces of a semigroup vector space defined over a
semigroup.
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12.

13.

14.

15.
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Give examples of set semigroup vector subspaces of a
semigroup vector space V defined over a semigroup S.

Let V = {3Z;s x 5Zy5} be a semigroup vector space
defined over the semigroup S=7Z;s. LetP={2,5, 0, 8,
6, 9, 11, 7} < Zy;5s. Find all set semigroup vector
subspaces of V defined over the set P.

How many set semigroup vector subspaces can be
defined on the set P?

Obtain some special properties enjoyed by semigroup
topological set vector subspaces defined over a set in
the semigroup.

Let V = {3Z40 x 4Z420 X TZ420} be a semigroup vector
space defined over the semigroup S = Z .

(i) LetP=1{0,2,3,5,7,11, 13} < S; Find how many
set semigroup vector subspaces of V can be defined
on P?

(i1) If P, = {0, 11} < P; then will the set semigroup
vector subspace of V defined over P, be a
substructure of every set semigroup vector subspace
defined over P?

(ii1) Find the set semigroup topological vector subspaces
T, and T defined over the set P, and P respectively.

(iv) Find the semigroup basic sets of both the set
semigroup topological vector subspaces T; and T.

Let V be a special semigroup vector space defined over
the semigroup S.

a b
V ={Zy x Z, [ d},(al,az,...,ag) a,b,c,de2Z,
c

and a; € 3Z5; 1 <j < 8} be a special semigroup vector
space defined over the semigroup Z;, and multiplication
modulo 12.
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16.

17.

18.

19.

20.

21.

22.

(i) Find the number of set semigroup vector subspaces
of V defined over the set P = {0, 1, 8} < Z5.

(i) Find pseudo simple set semigroup vector subspaces
of V defined over the set N < Z,.

(i) Find simple set semigroup vector subspaces of V
defined over a set T < Z,.

(iv) Find the corresponding set semigroup topological
vector subspaces defined over the sets P, N and T.

Compare quasi set topological vector subspaces defined
over a set with set semigroup topological vector
subspace defined over a set.

Does these exist set semigroup topological vector
subspace of V defined over a set P < S, V the
semigroup vector space defined over the semigroup S
which is both simple and pseudo simple?

Give an example of a set semigroup topological vector
subspace which is simple.

Give an example of a set semigroup topological vector
subspace which is pseudo simple but not simple.

Does there exist a set semigroup topological vector
subspace which is both simple and pseudo simple?

Find all the set semigroup topological vector subspaces
of the semigroup vector space V = {2Z,¢4} defined over
the multiplication semigroup S = Z ;.

Let V = {3Z930 x 27930 X 5Z930} be the semigroup vector
space defined over the semigroup Zoj.

(i) How many set semigroup vector subspaces be
defined using the set P = {0, 1, 7, 11, 13, 17, 19, 23,
29} < Zg30?

(il)) How many set semigroup topological vector
subspace of V are simple?



23.

24.

25.

26.
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(ii1)) How many set semigroup topological vector
subspaces of V are pseudo simple?

(iv) Can one say there exists atleast 929 pseudo simple
set semigroup topological vector subspaces?

(v) Does there exists set semigroup topological vector
subspace of V which are both simple and pseudo
simple?

(vi) Give at least five distinct set semigroup topological
vector subspaces of V which are simple but not
pseudo simple.

(vii) Find the lattices associated with them

(given by (vi)).
LetV = {al a, a, a, a, }
a6 a7 a8 a‘) alO

be a semigroup vector space defined over the semigroup
S= Z3().

a; € 3Z30 o 2Z30}

(i) Find atleast three pseudo simple set topological
semigroup vector subspaces of V.

(ii) Give atleast three set semigroup topological vector
subspaces of V which are not simple.

(ii1)) Give an example of a set semigroup topological
vector subspace which is not simple and not pseudo
simple.

Does there exist semigroup vector space V defined over
a semigroup S using which we can have one and only
one set semigroup topological vector subspace?

Study the special features enjoyed by fundamental set
semigroup topological vector subspaces.

Characterize those dual fundamental set semigroup
topological vector subspaces of V, V a semigroup
vector space defined over a semigroup.



142 | Quasi Set Topological Vector Subspaces

27.

28.

29.

30.

31.

32.

33.

34.

35.

Enumerate some special properties enjoyed by group
vector spaces V defined over a group G.

Can we always define a set group vector subspace of a
group vector space V defined over G?

Give some interesting features enjoyed by set group
vector subspaces of a group vector space defined over a
set.

Obtain some special features enjoyed by set group
topological vector subspaces which are simple.

How does the associated lattice of a simple set group
topological vector subspace look like?

Can one say any thing about the order of lattice
associated with simple set group topological vector
subspaces defined over a set?

Find all set group topological vector subspaces of the
group set vector space V = {27,4} defined over the
group G = Z14.

Characterize those set group topological vector
subspaces which are super simple.

Let V = {3Z,9,} be a group vector space defined over
the group G = Z,9; under addition.

(i) Find at least 2 pseudo simple set group topological
vector subspaces of V defined over subsets in G.

(i1) Find atleast one super simple set group topological
vector subspace of V defined over the set P in G.

(iii)Let P={0,5,7, 11, 13,17, 19, 23, 29, 31, 37, 41,
43} < G be a proper subset of G. Tp be the set
group topological vector subspace of V defined
over P.
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(a) Find order of GB; .

(b) Is Tp simple?

(c) Is Tp pseudo simple?

(d) Find the lattice associated with Tp.

(e) Is T, with P, = {0, 1, 2} simple or pseudo

simple?

36. Let V = {2Z x 3Z x 5Z} be a group vector space
defined over the group Z under addition.

(i) Take P = {0, 1} < Z and find Tp the set group
topological vector subspace of V over P.

(a) Is Tp pseudo simple?

(b) Is Tp simple?

(c) Find o(GB; ).

(d) Is Tp the fundamental dual set group vector
subspace of V over P?

(i) Take P, =1{0,1,-1} c Z.
Let T, be the set group topological vector subspace

of V defined over the set P;.

(a) Is T, simple?

(b) Is T, pseudo simple?

(c) If Py is replaced by P, = {0, -1} < P is
T, =T,?

(d) Can any of the set group topological vector

subspaces of V defined over any set P’ in Z
yield a finite topological space?

(ii1) Does every set group topological vector subspace of
V defined over every subset P of Z satisfy the
second and first axiom of countability?
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37.

38.

39.

40.

41.

42.

43.

Let V={BxBxBxB|B=2Z4)\ {0}} be a group
vector space defined over the group B under product.

(1) LetP = {1, 3} < B find the special features enjoyed
by the set group topological vector subspace Tp of
V over P.

(i) If Py = {6, 8, 24} < B study T, the set group

topological vector subspace of V over P;.

(a) Is T, simple?
(b) Can T, be pseudo simple?
(¢) Find o(GBTP1 ).

Does there exist a group vector space V such that every
set group topological vector subspace built using V is
pseudo simple?

Does there exist a group vector space V such that every
set group topological vector subspace built using V is
simple?

Can there exist a group vector space V such that V has
no pseudo simple set group topological vector

subspace?

Compare the set semigroup topological vector
subspaces with set group topological vector subspaces.

Will every group vector space V vyield for the

construction of a super simple set group topological
vector subspace?

{{al az}
LetV =
a, a,

vector space defined over the group Zs,.

a; € 2Zg; 1 <1 <4} be a group




44,

45.

46.

47.
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(i) Can V have pseudo simple set group topological
vector subspaces?

(il)) Can V have simple set group topological vector
subspaces?

(i) If P = {0, 41} find the set group topological vector
subspace of V defined over the P.

Let V={Q x Q" U Q'} be a group vector space
defined over the group G = Q" under product.

(1) For P = {1, 2} < G find the set group topological
vector subspace Tp of V defined over P.

(i1) Is Tp second countable?

(iii) If Q" is replaced by R" will Ty be first countable
and second countable?

Does there exist a set group topological vector subspace
Tp of V, (V is a group vector space defined over a group
G) defined over P — G which is not second countable?

Is every set group topological vector subspace Tp of V
(o(V) < ) second countable and first countable?

Let V={a+bg|a be Zy g=6 € Z;} be agroup
vector space of dual numbers defined over the group
G = Z4 under addition.

(i) Find pseudo simple set group topological vector
subspace of dual numbers.

(i1) Is every set group topological vector subspace Tp
associated with V first and second countable?

(iii) Using this V can we built super simple set group
topological vector subspaces?
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48. Let V={a+bg+cg |a,b,ce”Zy,g=4andg =6 ¢
Z1,} be a group vector space of mixed dual numbers
defined over the group G = Z;;7 \ {0} under product.

(i) For P = {1, 16} < Z;; \ {0} let Tp be the set group
topological vector subspace over P.

(a) Find o(GB;, ).

(b) Is Tp simple?
(c) Prove Tp is pseudo simple.
(d) Is Tp second countable?
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