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Abstract

A field is a fundamental algebraic structure that finds extensive applications in algebra and various mathemat-
ical domains. On the other hand, a Q-complex neutrosophic soft set (Q-CNSS) is a unique hybrid model that
combines the characteristics of soft sets and neutrosophic sets within a complex number framework. It utilizes
the effectiveness of Q-set as a powerful tool in the domain of this particular model. In this article, we leverage
this model to define fields under uncertainty. We present the Q-complex neutrosophic soft field (Q-CNSF) and
examine the unique algebraic properties associated with this model. Additionally, we explore the relationships
between Q-CNSF and Q-neutrosophic soft field (Q-NSF). Furthermore, we define the Cartesian product of Q-
CNSFs and delve into the relevant properties. Through this comprehensive exploration, our aim is to enhance
the understanding of Q-CNSFs and their properties, ultimately contributing to the field of algebraic analysis
and its practical applications in handling uncertainty and vagueness.

Kewords: Complex neutrosophic soft set; Q-complex neutrosophic soft set; Q-neutrosophic soft field; Q-
neutrosophic soft set.

1 introduction

In real-life situations, human thinking faces many situations that are fully hidden, uncertain, and impartial.
To translate these positions and to handle the outlined uncertainties, Smarandache! provided the definition of
a neutrosophic set (NS), since the preserve is not able to handle the outlined issues. On the other hand, one
of the Russian researchers set out to introduce a new mathematical tool called the soft set (SS)2 This set is
distinguished by giving a more accurate description of the data on daily life issues. The NSs and SSs attracted
the attention of researchers around the world to present many research works that have wide applications.
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As a combination of SS and NS in several environments, scholars proposed different models with a more pow-
erful ability to process real-life problems. For instance,>* discusses the topic in the context of soft computing,
while®’ covers its import to analysis and®® to graph theory, complex analysis\% and algebraic structures
Additionally, Palanikumar et al ¥ proposed many methods to solve design-making problems. A multi-criteria
decision-making approach was introduced by Broumi et al'# when they extended NSs to plithogenic set. Al-
Shargi et al'') came up with NSS in matrix form and showed its application to real-life problems. Working on
NSSs Al-Quran et al1® also presented some studies with some applications. Some researchers' 2% also give
similarity measures between NS-sets and some of their properties and applications.

On the opposite side,since its inception in 1971 with the pioneering work of Rosenfeld?” the study of fuzzy
abstract algebra has continued to captivate the attention of numerous researchers. Over the years, the academic
landscape has been enriched by the emergence of numerous scholarly papers exploring a wide array of fuzzy
substructures within algebraic systems. Within this extensive body of literature, one particular focus of investi-
gation has been the fundamental algebraic structure known as fields. Extensive research has been conducted by
Malik and Mordeson!' on the subject of fuzzy subfields, where they thoroughly examined their fundamental
properties. Based on this foundation, Mordeson®® delved into the exploration of fuzzy field extensions, verify-
ing the connection between fuzzy sets and finite fields. Anandh and Giri*® conducted an in-depth analysis of
the concept of intuitionistic fuzzy subfields in relation to (T, S)-norms. Bera and Mahapatra,>* investigated the
structural characteristics of neutrosophic soft field. This work was further expanded upon by Abu Qamar et
al.> who extended the study to the realm of Q-neutrosophic soft fields. In the complex setting, Gulzar et al 2
extended the discourse on complex fuzzy sets by introducing a novel concept of complex fuzzy subfields. This
advancement involved the incorporation of a second dimension into the membership function of a fuzzy set,
resulting in a significant expansion of the concept and its applications in complex space. Khamis and Ahmad?*’
introduced a novel structure called the Q-complex intuitionistic fuzzy subfield, which originated from the ex-
isting framework of complex fuzzy subfields. This new model expands the scope of investigation beyond TM
values to include both TM and FM function values.

On the other hand, Ali and Smarandache?® coined the concept of complex neutrosophic set (CNS) as an
extension of neutrosophic sets (NSs) . To further enhance its practicality in solving decision-making problems,
Broumi et al™® extended the CNS framework by proposing the notion of complex neutrosophic soft sets
(CNSS). Expanding on these advancements, Al-Quran et alZ?3% took the CNSS framework even further
by introducing the concept of Q-complex neutrosophic soft sets (Q-CNSSs). In this paper, our objective is
twofold. Firstly, we seek to extend the range of Q-NSF beyond the unit interval [0,1] in the real space to the
unit disc in the complex space. Alternatively, we endeavor to incorporate the complex-valued IM function to
the structure of Q-CIFS field. This enhancement will pave the way for the introduction of Q-CNSF as a novel
concept deserving of exploration.

2 Preliminaries

Within this section, we provide an overview of the fundamental principles underlying Q-neutrosophic soft set
(Q-NSS) 2 Q-CNSS with their operations, Q-NSF and Q-CIFS field. These essential concepts and operations
serve as the building blocks for our forthcoming analysis in this article.

Definition 2.1. = Let Y and ) be two non-empty sets, and let A denote a set of parameters. The Q-NSS
(F,A) in Y is unequivocally defined by the following distinct characteristics:

(F,A) = {< a;Tpa) (¥, 0)s Ara) (¥, 9), Qra) (y,0) >: a € Ay € Y,q € Q}. The resolute functions
') (¥, 9), Ara)(y, @), and Qp(q) (, q), unyieldingly, represent the TM, IM and FM functions, respectively.

Definition 2.2. “° Consider W and @ as two non-empty sets, and let A represent a set of parameters. We
define a Q-CNSS (H, A) in W as follows.

(H7 A) = {< a; 71’HI(a)(57Q)aIH(a)(SaQ)fo(a)(57Q) >rac A7S eEW,qe Q}a

where Va € A, s € W,q € Q, Tra) (5, q) = Trca) (5, q)ei2mh(a) (5:9) Tri(a) (5, @) = Am(a) (s, q)e?2mVa (5:9)
and F(a)(s,q) = Qua) (s, q)e??mwn@ (5:9) are, respectively, the complex-valued TM, IM and FM functions.
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Definition 2.3. > The union of two Q-CNSSs (H, A) and (G, B) in W is a Q-CNSS (M, E), where E = AUB
andVe € E\V(s,q) € W xQ,

Tre) (s, q).e2mHe) (5:9) Jifeec A—B
TM(e)(S; q) = Fg(e)(s, q).eizﬂlm(e)(s’q) ,JifeeB—-A
(FH(E)(Sa qQ Vv FG(S)(S,q)).e”“(ﬂﬂl(e)(qu)v“‘@(@(57‘1)) Jifeec ANB,

Ase) (s, q).e2™ i (5:0) JifeecA—B
Ty (s,9) = Ag(e) (5, q).2me@ (50 JifeeB— A
(Ake) (5, @) A Age) (8, q)).€2 Wi (DA e (a) if e € AN,

(o) (8, q).€"2mm(e) (5:0) Jifec A—B
Frae)(s,q) = Qg(e) (s, q).e2mwse) (5:9) ,JifeeB—A
(0 (5,0) A Qe (5, @))€ (M (0)if ¢ € A,

Here, V represents the maximum operator and A represents the minimum operator. The union of (H, A) and
(G,B) is denoted as (M, E), i.e., (H,A) U (G,B) = (M, E).

Definition 2.4. “Y The intersection of two Q-CNSSs (H, A) and (G,B) in W is a Q-CNSS (M, E), where
E=ANBandVe € E,V(s,q) € W x @, the membership degrees of (M, E) are:

TM(e) (57 q) = (F]H[(e) (57 q) A FG(@) (57 Q))'eiQﬂ(#H(e) (s:0)AHe(e) (s,q))y
Do) (5,0) = (M) (5, 9) V Ag(e) (5, 0)) 700 (50 Vieio (5:0),
Frae) (5,0) = (Qmae) (5,0) V Qg(e) (5, )70 (0o (5:0),

Here, V represents the maximum operator and A represents the minimum operator. The intersection of (H, A)
and (G, B) is denoted as (M, E), i.e., (H, A) N (G, B) = (M, E).

This part unequivocally elucidates the profound connection between Q-CNSS and Q-NSS.

Definition 2.5. 2 Let’s consider the sets W and @, and suppose (H, A) represents a Q-CNSS in W. The Q-
CNSS (H, A) can be represented by a collection of elements in the form {< a; Tri(a) (5, 9), Zu(a) (5, 4), Fii(a) (s, q) >:
a€AseW,qe Q},wherea € A, s € W, and ¢ € Q. In this context, the TM, IM, and FM functions

can be defined as follows: Tg(a) (s, ) = Tm(a) (s, q)er2mrnca) (5:a) To(a) (5, @) = Am(ay(s, q)e’? i@ (5:9) and
Fri(a)(5,9) = QH(a)(s,q)eﬁ”“’*ﬂ(“)(s’q). Based on this, (H, A) generates two real Q-NSSs in W using the
following formulations:

(1) The Q-NSS (b, A) is defined in the form of {< a;T'y(a)(5,q), Ap(a)(5,9), Qpa)(5,9) >: a € A,s €
W,q € Q}, wherea € A, s € W, and ¢ € Q. Within this context, I'y(q) (s, q), Ay(a) (5, ¢), and Qy(q) (s, q) rep-
resent the amplitude terms associated with the complex valued membership functions Tg(a) (s, ¢), Zs(a) (5, @),
and Fp(q)(s, q), respectively.

(2) The Q-NSS (8, A) is defined in the form of {< a; pg(a)(5,q), Va(a) (5, 0), Wa()(5,q) >: a € A;s €
W,q € Q}, where a € A,s € W, and ¢ € Q. Within this context, j5(a)(5,q), Vs(a)(5,q), and wg(a)(s, q)
represent the phase terms associated with the complex valued membership functions Tg(a) (s, 4), Zs(a) (5, @),
and Fp(a)(s, q), respectively.

Definition 2.6. “? Let’s consider two non-empty sets, W and ). Suppose we have a Q-CNSS (H, A) in W,
characterized by complex-valued membership functions defined as:

H{(a)(é’, q) = FH(U)(Sa Q)eﬂwuﬂ(u)(s’q)’IJHI(a)(Sv q) = AH(u)(S» Q)emﬂyﬂ(")(&q)’ fH(a)(Sv q) = QH(u)(sv q)eizﬂwﬂ(u)(&q)-
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Now, for a set (H, A) to be considered a homogeneous Q-CNSS, the following conditions must hold for any
s,tin W and ain A:

9] FH(U) (57 q) < FH(CI) (tv Q) if and Only if HH(a) (57 q) < HH(a) (t7 q)a
2 AH(a) (S, Q) < AH(a) (tv Q) if and Only if VH(a) (87 q) < VH(a) (ta Q)9
(3) Qm(a) (5,9) < Qmia) (¢, g) if and only if wr(a) (s, 9) < wi(a)(t; 9),

Definition 2.7. U Consider (H, A) and (G, B) as two Q-CNSSs in W, which are characterized by the following
complex-valued membership functions:

For (H, A): 73-]1(a)(57Q) = FH(a)(&Q)e7327r/ﬂﬂ<ﬂ)(qu), IH(a)(87 q) = AH(Q)(s,q)em””}ﬂ(w(sv‘ﬁ and ]:H(a)(& q) =
Qpr(a) (5, q)- €270 (),
For (G, B): 7_?23(&)(57Q) = FG(CL) (3, Q)eiQﬂ'#G(n)(S’q), IG(a)(S,q) = AG(u) (s, q)eiQ‘“'”G(n)(sv‘I) and ]:G(a) (s,9) =
Qg (a) (s, q).2me@ (),

Q-CNSS (H, A) is said to be homogeneous with (G, B) if and only if foralla € ANB, s € Wand q € Q, we
have

(D) Tr(a)(s,9) < Tga)(s,q) if and only if pip(a) (s, q) < pig(a)(s, Q)s
() A]HI(u) (57 Q) < AG(a) (57 Q) if and Ol’lly if V]HI(a)(Sa Q) < VG(a)(Sa Q)’

(3) Q) (8, 9) < Qg(a) (8, ¢) if and only if wi(a) (8, 9) < Wi (a) (s, )-

Definition 2.8. “° Consider a Q-NSS (D, A) over a field (F, +,.) . Then, (D, A) is said to be a Q-NSF if it is
satisfying the following conditions for all m,n € F, ¢ € Q and a € A:

1. F]D)(a) (m+n, q) > min{FD(a) (ma Q)a F]DJ(a) (n7 q)}7 AD(CI) (m+n> Q) < maX{AD(a) (ma q)a AD(a) (n7 q)}7
and Qp(q) (m + 1, ) < max{Qp(q) (M, q), p(a)(n, 9)}-
2. Tpay(=m, q) > Tpea)(m, @), Ap(a)(=m,q) < Apcqy(m, q) and Qp(q) (—m, q) < Qp(qy(m, q).

3. F]D)(a) (m'n7 q) > min{rﬂ)(a) (m7 Q)a F]D)(a) (na q)}a A]D)(u) (m'n7 Q) < maX{A]D)(a) (m7 q)a A]D)(a) (TL, q)}a
and Q]D)(a) (m'nv Q) < ma’X{QD(a) (m7 Q)7 Q]D(a) (Tl, q)}7

4. Tpay(m™,q) > Tpy(m,q), Apay(m™",q) < Apy(m,q) and Qpay(m =, q) < Qp(ay(m, q).

Theorem 2.9. %? Let’s consider a Q-NSS denoted as (D, A) defined over a field (F,+, ). In order for (D, A)
to be classified as a Q-NSF, it must satisfy the following conditions for allm,n € F, ¢ € Q, and a € A:

L F]D)(a) (m_n, q) > min{rﬂ)(a) (ma q)a 11]]])(&) (n7 q)}7 AD(CI) (m_n7 Q) < maX{AD(a) (ma q)a A]D)(a) (n7 q)}a
and QID)(CL) (m -n, Q) < maX{QD(a) (m7 Q)a Q]D)(a) (nv Q)}

2. Ip(ay(m.n~",q) > min{Tpq)(m, q), Ty (7, @)}, Ap(ay (m.n~t, q) < max{Ap(q)(m,q), Ap)(n,q)},
and Q]D(u) (m'nilv Q) < ma’X{QD(u) (m7 Q)a QD(u) (TL, q)}7

Definition 2.10. “”Let (S, A) be a homogeneous Q-complex intuitionistic fuzzy soft set(Q-CIFSS) over a field
(F,+,.). Then (S, A) is said to be Q-CIFS field over (F,+,.),if foralla € A, ¢ € @ and all m,n € F, the
following conditions are fulfilled:

L Ts(ay(=m, q) 2 Ts(a)(m, q),

Fs(a)(=m, q) < Fsay(m, q),

Ts(ay(m.n, q) > min{Ts(a) (s, q), Ts(a)(t, 0) },
Fs(ay(mn, q) < max{Fsa)(s,q), Fs(a)(t; )}
Ts(ay(m +n, q) > min{Tsa)(s, ), Ts(a) (£, 0) }
Fs(ay(m +n,q) < max{Fsq)(s,q), Fs(a)(t,0)}-
Ts(ay(m ™", q) = Ts(a) (s, 9),

Fs)(m™,q) < Fsay(s,9),

® N kWD
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3 Q-Complex Neutrosophic Soft Field

In this section, we introduce and rigorously define the powerful concept of Q-CNSF. We delve into an in-depth
exploration of its various properties, thoroughly examining and analyzing their intricate interconnections.

Definition 3.1. Suppose that (H, A) is a homogeneous Q-CNSS over a field (F, +, .). It is stated that (H, A)
is categorized as a Q-CNSF in (F, +,.) if, forevery a € A, ¢ € Q and all s,t € T, the following conditions
are fulfilled:

L Taga)(=5,9) > Ty (5,0)s Traa) (=5, 0) < Zua) (5, q), and Fra) (=5, 9) < Fa(a) (S, 9)s

2. 7i-]l(cl)(s'ta q) > min{ﬁ(a) (87 q)7 7i-]1(u) (t7 q)}, IH(a) (S'ta Q) < maX{IH(u) (87 q)u IH(a) (t7 q)}7 and ]:H(u) (S.t, q) <
max{]:H(a) <S7 Q)7 ]:]Hl(a) (t7 Q)}a

3. Tra) (s 4+ t,q) > min{Ta(a)(s,9), Ta) (£, @)}, Laea)(s +t,q) < max{Zgq)(s, q), Zr(a) (t, )}, and
fH(a) (S + ta Q) < maX{J:H(a) (57 q)7 fH—H(a) (tv q)}

4. Ta) (7 0) = T (5:0)s Tuay (s~ q) < Iuay (s, q), and Fay (s~ q) < Fragay (s, ),

Proposition 3.2. Consider (H, A) is a Q-CNSF in (F,+,.). In this context, we establish the following prop-
erties for the additive identity Op and the multiplicative identity 1p. Foralla € A, g € Q and all s € F, we
have:

1. Ta(a)(Or, @) > Traa) (5, 0)s Za(a)(Or, 4) < Trica) (5, @) and Fra) (Or, @) < Fraca) (5, q)-
2. Taee)(Ir, @) > Ta(a)(5,49), Zuea)(1r, @) < Ta(a)(s, q) and Fray(1r, @) < Fr(a)(s, q)-
3. Taea) (08, @) > Taga)(1r, ) Za)(Or, @) < Ima)(1r, @) and Fr(ay(Or, ) < Fu(a)(1r, ).

)

Proof. Foralla € A, g € @Q and all s € F, we have:

L. 7iﬂ(a (O]Fa q) 7i{ (S -, q) > mln{ﬁﬂ(u) (Sa q)7 Rﬂ(a) (87 q)} = 7iﬂ(a)(sa q)a

I]HI(u)(OJFa q) = Tp(a) (s — 8,9) < max{Zy(a)(s, q), Zea(a) (5, @) } = Tria) (5, 9)5
@) (OF, @) = Fr(ay(s — 8,q) < max{Fs(a)(8,q), Fra) (5, 0)} = Fr(a)(s, q),

2. 7in(a)(1F,Q) Toiey (.57, q) > min{ Taa) (s, 9), Ta) (s @)} = Taa) (5, 9),
Tnay(1r, @) = Tugay (5.5, q) < max{Zy(a)(s, q), (o) (5, )} = Ta(a) (5, 9),
fH(u)(1F7Q) = ‘FH(CI)(S'S 7Q) < max{fH(a)(Sa q)v‘FH(u) (S7Q)} = fH(a) (37 Q)7

3. Tra)(Or; @) = Ti(a) (1F — 1r, q) > min{ Ty (a) (1, @) Ta(a) (1r, 0} = Ta) (1r; 9),
IH(G)(OF>q) = IH(G)(lF - 1]177 q) < maX{IH(a)(1F>q)7IH( 1]Fa )} IH a)(th )7
Fri(a) (O, @) = Fr(a)(1r — 1r, @) < max{Fu(a)(1r, ¢), Fr(a) (Ir, 9)} = Fr(a)(1r; 9),

O

Definition 3.3. Consider two homogeneous Q-CNSSs denoted as (H, A) and (G, B). It is asserted that (H, A)
is designated as a Q-CNS subfield of (G, B) only when the following conditions are met with absolute cer-
tainty:

1 (H,A) C (G,B), where C is a Q-CNS subset.
2 Both (H, A) and (G, B) are Q-CNSFs.
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Definition 3.4. Suppose that (H, A) is a homogeneous Q-CNSS over a field (IF, +, .). It is stated that (H, A)
is categorized as an anti- Q-CNSF in (I, +,.) if, for every a € A, ¢ € @ and all s,t € T, the following
conditions are fulfilled:

L. Taga)(—5,9) < Traa) (5, @) La(a)(—5,q) > Trica) (5, 9), and F(a)(—5,q) > Fa(a) (s, q),

2. Tray (8-t q) < max{Tra)(5,9), Ta(a)(t, @)}, Luca)(s-t,q) > min{Zga)(s, ), Tra) (t, @) } and Fa) (.1, q) >
min{ Fy(a) (8, 9), Fra) (1, @) }

3. 7%—]1(11)(3 + ta Q) < ma‘x{,]i‘ﬂ(a) (Sa Q)7 7i'ﬂ(a) (ta Q)}7 IH(CI) (S + ta Q) > min{IH(a)(Sa Q)vzH(a) (ta Q)}7 and
-F]HI(CI) (5 +1t, q) > min{fH(u) (57 q)a ‘FH(CI) (tv q)}

4. 73‘]1(11)(5717 q) < 7&']1((1) (Sa Q)v IH(a)(Silv Q) > ZH(C[) (Sa Q)7 and ‘FH(G) (5717 Q) > ‘FH(G) (57 q)?

Theorem 3.5. Consider a homogeneous Q-CNSS denoted as (H, A) over a field (F,+,.). It is asserted that
(H, A) can be classified as a Q-CNSF in (F,+,.), if and only if, for everya € A, q € Q, and s, t € T, the
following conditions are satisfied:

1 ’TH(a)(S —t, Q) > min{IEHI(a)(Sa Q)v 7iﬂ(u) (t, Q)}a

2. Tu(ay(s — t,q) < max{Zy(a)(s,9), Tu(a)(t, 9) },
3. Fr(a)(s —t,q) < max{Fu(q)(s,q), Fr(a) (£, 0) },
4. Taey (s:t71, @) > min{ T (a) (s, 9), Taa) (6, 0) },
5. Inay(st™, q) < max{Zy(a)(s,9), Tu(a)(t, @)},
6. Fray(s:t™", q) < max{Fpa) (5, ), Fra)(t, 0)}-

Proof. = Consider that (H, A) is a Q-CNSF in (FF, +, .). Then,
Ta(ay (s — t,0) = Taa) (s + (=), q) = min{Tag(a) (5, 9), Tra(ay (=1, @)} = min{ Ty (5, 0), Traga) (t5 @)}

Tr(ay(s — t,q) = Ta(ay (s + (=), ¢) < max{Zr(a)(s, q), Za(a)(—t, ¢)} < max{ZTe(a)(s, q), Zu(a)(t, 9)},

]:IHI(a) (S -1, Q) = ‘FH(a) (3 =+ (_t)a Q) < max{]:]}]l(u)(sv Q)a ‘FH(a)(_ta Q)} < maX{FH(a)(Sv q)v ]:H(a) (t7 Q)}
Ty (st @) = min{ Tey(a) (5, 0), Ty (71 @)} = min{ Taa) (s, @), Traa) (£, @)}
IH(a) (S't_17 q) < maX{IH(a) (87 q)7IH(a) (t_lu q)} < maX{IH(a)(SJ Q)azH(a) (t7 q)}’

Fia(a) (st q) < max{Fua)(s,q), Fr) (™", q)} < max{Fya)(s,q), Fu)(t @)}

< In the converse scenario, where conditions 1-6 are met, our objective is to establish that for every element
a € A, the pair (H, A) fulfills the criteria to be classified as a Q- complex neutrosophic subfield.

Consequently, Eﬂ(u) (75, Q) - ’Eﬂ(a) (OIFfsa Q) > min{ﬁﬂ(u) (O]F> Q)a 7-H(u) (57 Q)} > min{,rH(u) (57 Q)a ,EHI(a) (S, Q)} =
,E']I(u)(sa q)a

Tri(ay)(—5,9) = ()OO — 5,q) < max{Zy(a)(Or, q), Za(a)(5,¢)} < max{Zw(a)(s, q), T (5,9)} =
I]HI(CI)(S7Q)’

-FH(u)(_Sa C]) = }—H(u) (OIF - 37Q) < max{]:H(u) (OJF7 q)fo(u)(st)} < maX{]:]HI(u) (S, Q)fo(u)(sv(J)} =
]:]HI(a) (87 q)

Ty (s4,q) = Tagay (s-(671) 7, q) > min{ Taa) (s, @), Taee) (™, @)} = min{ Tea) (s, @), Tage) (£, 9) }

Thay(st,q) = T(ay (s-(071) 71, q) < max{Zu(a) (s, q), Tu(ay (¢, @)} < max{Zu(a)(s,q), Zn(a) (£, @)}
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Fia(a) (8-, 0) = Fraga)(s-(t1) 7", ¢) < max{Fu(a) (s, 9), Fra(y) (" @)} < max{Fu(a) (s, 9), Fraa) (. 0) }-

Tr(a) (s +8,0) = Ta(a) (s — (=), ¢) = min{Tr(a) (5, 0), Ta(a) (¢, @)} = min{Tsa) (s, 9), Trua) (¢, 0)}

Tr(ay(s +t,q) = Tu(a) (s — (=), ¢) < max{Zy(a)(s, q), Zu(a)(—t, q)} < max{Zy(a)(s, q), Zu(a)(t, 9)},

Fra) (s +1,q) = Frea) (s — (—1),q) < max{Fga)(s;q); Fr(a)(—t,q)} < max{Fua)(s,q), Fr(a)(t, @)}

Taa(a) (571 @) = Tiga)(e-s~", @) > min{ Taga) (1w, @), Tra(ay (85 @)} = min{ Taaa) (5, 0); Terga) (5,0} = Taay (55 0)}

IH(a)(silaq) = IH(a)(]-]Fﬁilaq) < maX{IH(a)(vaq)vIH(a)(saq)} < maX{IH(u)(qu)azH(a)(S7Q)} =
IH(G)(S7Q

Fu) (571 q) = Fa(le.s™h q) < max{Fua)(1r, q), Fra) (s, ¢)} < max{Fu(a)(s,q), Fu)(s,q)} =
]:H(u)(sa Q)}

This completes the proof.

O

Theorem 3.6. Let (IF,+,.) be a field, and let (H,A) = {< a; Ty (7, @), Zrnca) (7, 4), Fr(a)(r,q) >: a €
Ar € W,q € Q} be homogeneous Q-CNSS over (F,+,.). Suppose (H,A) generates the two Q-NSSs

(ha A) - {< a; Fh(a)(ra q)v Ab(a)(ra Q)a Qb(u) (T’, CI) >:1a € Av LS VVv qc Q} and (ﬁ, A) = {< a; :uﬁ(a)(ra Q)v Vg(a) (7”, Q),
Wa(a)(r,q) > a € Ajr € W,q € Q}. Then, (H, A) is a Q-CNS subfield of F if and only if both (b, A) and
(R, A) are Q-NS subfields.

Proof. = In order to establish the validity of the first direction of this theorem, it is essential to demonstrate
adherence to the conditions specified in Theorem (2.9).

Consider that (H, A) is a Q-CNS subfield of F, then for all a € A, s,t € F, g € Q, we have,

Ciy(ay (s—t, q).€5@ 578D = Ty oy (s—t, q) > min{Tig(a) (5, 0), Trga) (£, ¢)} = min{Tyyq) (s, q).=0 (50,
FH(u)(t,q) eth(a) (¢, q)} min{FH(a (s,q),T H(a (t q)}. et min{pmca) (5,0),m(a) (1,0} | Thys,

Piiay (s =1, ¢) > min{Ls(a) (5, 9), Traca) (£, 4 )} and [E(a) (8 — t,q) > min{pm(a)(s, q), tr(a) (t, @)}, (Since
(H, A) i

A) is homogeneous ).
Likewise, we can derive,
H(a) (5=, q).€™8@ =00 = Ty oy (s—t, q) < max{Ty(a) (s, q), Ta(a) (£, )} = max{Ag(q)(s, q)-™a (),

a><, 0161009} = ma{ ey 5,0), Ary (1)1 50 (0 500 0. T,

AH(u)(s —t,q) < max{AH(a)(s q), AH(Q) (t,q)} and vg(q)(s — t,q) < max{vu(q)(s,q), Vn(a)(t, q)}, (Since
(H, A) is homogeneous ).

Q

By employing a similar approach, we can obtain Qg(q (s—t, ¢) < max{Qa)(s, q), Qa)(t, ¢) } and w(a)y(s—
t,q) < max{we(a) (5, q), Wr(a)(t, q) }. Therefore, condition 1 is satisfied.

Next, Doy (s, @)t (00 = Ty (37 @) > min{ Taga) (5, @), Too (1 @)} = min{Tigay (5, )50 (),
D) (t,q)-e i (a) (b q)} min{Tgq) (s, q), Ty (£, ) }- et min{pmca) (5,0),m(a) (1,0} | Thys,

Piaay (st @) = min{Tu(a) (s, @), Trcay (¢, @)} and pga) (547, q) = min{pum(a) (s, @), oo (¢, @)}, (Since
(H, A) is homogeneous ).

Similarly, we can obtain

(e (5471, )@ 1) = Ty (.67, q) < max{T(a) (s, 0), Taa(ay (£, @)} = max{Ag(a) (s, q).e™5® (50,
)( ) “’H—U(u)(t‘rq)} — maX{AH(u)(57 q), AH(a) (t, q)}.ei max{v(a)(5,9),VH(a) (1,0} Thus,
)(s.t
A)i

Cl

) q) < maX{AH(a) (Sa Q)a AH(u) (t7 q)} and VH(a) (S-tila Q) < maX{VH(u) (57 Q)> VH(a) (ta Q)}a (Since
is homogeneous ).

AH(u
(HL,
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In the same way we get,
Q) (s, q) < max{Qpa)(s,¢), Yma) (£, @)} and wygay (5.6, ¢) < max{wp(a)(s, q), waa)(t, 9)}-
Therefore, condition 2 is satisfied. Which implies that (h, A) and (R, A) are Q-CNS fields.

In order to prove the second direction of this theorem, it should satisfy previously defined six conditions listed
in Theorem (3.5).

< Suppose that (h, A) and (&, A) are two Q-NS subfields. To prove that (H, A) is a Q-CNS subfield, we have
to show that:

Ti(a)(s — . q) = rH(a) (s —t, q)_eium1<n)(f—t,q) > min{Tg(q) (s, q), (e (t,q)}.€! min{ s (a)(5,9):1m(a) (£:9)} =
min{l'gq)(s, q).eca) (5:9) Cr(a) (L, q).eu@ ) = min{ T (a) (5, 9), Ta(a)(t, @)} ((H,A) is homoge-
neous).

Thus, we obtain 7E[-H(a)(s —t, Q) > min{ﬁ(u)(sa Q)v m(u) (tv q)}

In a similar manner : Tg(q)(s — t,q) = Am(a) (s — £, ¢).e™5@ 0D < max{Ag(q) (s, q), Am(a)(t, )}

et max{vi(a)(5,0),Ve(a) (6,0)} — maX{AH(a)(S, q).eil/][-]](n)(s,q)’ A]HI(a) (t, q).eiy]]-]](u)(t,q)} — maX{IH(a)(s, Q)aIH(a) (t, q)}
((H, A) is homogeneous).

Thus, we obtain Zy(q) (s — t,q) < max{Zg(q)(8,q), Zra)(t,q)}-

In the same manner we show that Fyq) (s — ¢, ¢) < max{Fu(a)(s,q), Fu(a)(t,q)}. Therefore, conditions 1,
2, and 3 are satisfied.

To verify the validity of the conditions 4, 5, and 6, we have to show that:
E‘I[(Cl) (s_t_17 q) = FH(&)(S't_la q).ei“]]{(a)(5~t71,q) Z min{FH(a) (57 q), FH(CI) (t7 q)}.ei min{)u']]{(a)(qu)Hu']H[(q)(taQ)} —

min{FH(u)(s,q).ei“H(“)(S’Q),FH(a)(t,q).ei“H(ﬂ(t’q)} = min{Tx(a)(s, q), Tr) (t,¢)}. ((H,A) is homoge-
neous).

Thus, we obtain Tg(q)(s.t™", ¢) > min{ Ts(a) (s, q), Tra) (¢, 0) }-
Similarly, we can obtain
Tiagay (5:71,0) = Moy (.71, @) ™50 700 < mac{ Agy(q) (5, ), Ma) (£ 9) }. 7 {0 (5:0) v (b)) —

max{Ag(q) (s, q) -5 (5D Agq) (¢, q).e™ EDY = max{Tiga) (s, ), Taga) (£, @)} ((H, A) is homoge-
neous).

Thus, we obtain Zyq) (st ™", ¢) < max{Zs(a)(s,9), Zuca)(t, 9)}-
Using the same steps, we can show that Fy(q)(s.t ™', ¢) < max{Fp(a)(s, ), Fua)(t, @)}-

Thus, the six conditions listed in Theorem (3.5) have been verified. Which proves that (H, A) is Q-CNS
subfield. O

Theorem 3.7. Consider a field (F,+,.) and let (H, A) and (G,B) be two Q-CNSSs in F, where (H, A)
homogeneous with (G,B). If both (H,A) and (G,B) are Q-CNSFs in T, then their intersection (H, A)
(G,B) is also a Q-CNSF in F.

is
n
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Proof. Suppose (H, A) and (G, B) are two Q-CNSFs. Let’s begin by establishing the validity of the first three
conditions of Theorem (3.5).

First, We examine the complex-valued truth membership function of the intersection.

Forallec ANB,q € @, and s,t € F,

Tinc(e) (s — t,@) = Trng(e) (s — t, g).e2mHans(e (s=1a)

= min{Tge) (s — t,q), Tg(e) (s — L, q) }.e727 mintusee (s=t0) oo (s—ta)}
> min{min{FH(e) (5, Q)7 FJHI(e) (f, Q)}v min{FG(e) (Sa Q)7 FG(e) (YZ Q)}}
et2m min{min{um(e) (5,q) k() (t,9) }min{pg(e) (5,9) e (e) (8,0) 1}

= min{min{FH(e) (87 q)» FG(e) (87 Q)}a min{FH(e) (t7 Q)a FG(e) (tv Q)}}

e#2m min{min{uu(e) (5,9) e (e) (5,9) rmin{pue) (8,9) ;15 (e) (8:9) }

= min{min{FH(e) (Sa Q)v 1—‘G(e) (Sa q)}

ei2mmin{pz(e) (5,05 (SO} min{Tye) (£, ), To(e) (¢, q) ™27 minlie (B0mse (GO} ((H, A) is homogeneous
with (G, B))

= min{Trng(e) (s, ). 2™5060) (50 Ty oy (E, g).€™2mHansee (b))

= min{,THﬂG(e) (S, q)a mﬂ(}(e) (tv Q)} Thus,

Tanc(e)(s — t,q) > min{Tang(e) (5, 9), Tanc(e) (t, 9) }-

Second: We will verify whether the condition for the indeterminacy membership function of the intersection
is met.

IHOG(E’) (s—t,q) = AHQG(e)(S —t, q),eiQWVHnG(C)(s—t,q)
= maX{AH(e) (S - t7 q), AG(@) (S — t’ q)}.eiQﬂ' I‘Ilax{yﬁl<e) (s_taQ)aVG(E)(S—t,q)}
< max{max{Ag(c) (s, q), An(e) (¢, ) }, max{Ag(c) (s, 9), Ag(e) (t,9) } }-

et2m max{max{vy(c)(s,9),vu(e) (t,0) }max{vg(e) (5,9) Va(e) ()}

= max{maX{AH(e) (87 q); AG(e) (57 Q)}a maX{AH(e) (tv q)a AG(e) (ta Q)}}

ei2m max{max{vi(c)(s,9),Vs(e) (5,0) }max{vu(e) (6,0) Ve (ey (6,0) 1

% max{maX{AH(e) (57 Q), AG(e) (Sa Q)} )

er2mmax{vace (.a)vece) ($OF, max{Ag(e) (t, ¢), Ag(e) (t, @)} max{vaco (B0 vao (B0} (G, A) is homoge-
neous with (H, B))

= max{Agng(e) (5, ¢)-€2™0e@ (D Ay ) (t, q).€"2mansee (b))

- maX{IHﬁG(e (T7 ) IHﬂG(e (t Q)} Thus

Trrc(e) (s — t,q) < max{Zung(e) (5, 9), Zunc(e) (1, 9) }-

Third: Using the same steps as in the case of indeterminacy membership function, we obtain:

Frnc(e) (s — t,q) < max{Fung(e) (5, @), Frnc(e)(t, q) }-
Conditions 4-6 of Theorem (3.5) can be examined as follows.

For the complex-valued truth membership function of the intersection, we obtain

. —1
Tanc(e) (5671, 9) = Tang(e) (547, ). 2mHne@ (54750)

= min{Tie) (547", q), Do) (5471, q) }e2m mindico (175 sioie) (47 0)}
> min{min{I'w () (s, q), Trce) (t, @) }, min{Lg ey (5, q), Tge) (t, )} }-
i2m min{min{u ey (5,q):p1(e) (8,0) }min{ e ey (5,0) s ey (£:) } }

= min{min{FH(e) (Sv q); FG(e) (57 q)}a min{FH(e) (ta Q)7 FG(&) (ta q)}}

et2m min{min{uy(e) (5,0) 15 (e) (5,9) }rmin{pu(e) (8,9) a0y (4.9) } }

% miI_l{min{FH(e) (57 Q), FG(e) (57 Q)} ) )

el2m mln{ﬂ]}ﬂ(c)(S)Q))MG(C)(S7q)}’ min{FH(e) (t’ q)7 FG(@) (t7 q)}.eﬂﬂ' min{pm(e) (¢,9) 16 (e) (WI)}} ((G, A) is homogeneous
with (H, B))

- min{FHﬁG (e) (Sa q)- 127"#1}1m;( )(g 7 FHQG(E) (t7 Q)'eizﬂ—uﬂm@(e)(t,q)}

= mln{ﬁﬁ@(e ( 5 q) 73%@ (e) (t q)} ThllS

Hﬂﬁ@(e) (5 t~ a ) > mln{,]EHIﬂG(e) (5 q) Eﬂﬂ@ (e) (t q)}
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For the complex-valued indeterminacy membership function of the intersection, we obtain:

Tiince) (5.7, 0) = Mg (547, ). €2 rnsce (1700
= max{As(e) (547", 9), Ag(e) (5471, @)}t max{via (7 a) woo (7))

< max{maX{AH(e) (Sa Q)v A]H[(e) (ta Q)}7 ma‘X{AG(e) (Sa Q)v AG(e) (t7 Q)}}
ei2m max{max{vy(c)(s,9),u(e) (t,0) }max{vg(e) (5,9) Va(e) (£,9) }}

= maX{maX{AH(e) (57 Q)v AG(e) (57 Q)}a maX{AH(e) (tv Q)v AG(e) (ta Q)}}

et2m max{max{vy(c)(5,9),vc(e) (5,0) }max{ve(e) (t,9),ve(e) (t,9) } }

= max{maX{AH(e) (37 C]), AG(e) (87 Q)}

ei2m max{va(e) (5,0):V6(e) (5:0)} max{Age)(t, q), Ag(e) (£, q) }.e2mmax{vie) (ba)vee (B} (G, A) is homoge-
neous with (H, B))

= maX{AHﬂG(e) (8, q)'ewﬂw{ﬂ@(e)(s,q)a AHﬂG(e) (t7 Q)'eﬂwuu{mﬂ(e)(t’q)}

= maX{IHﬁG(e) (57 Q)a IHF]G(@) (tv Q)} Thus,

Tunc(e) (st q) < max{Tung(e)(s, @), Zunc(e) (t: @) }-

In the similar way, we can show that Fng(e) (.t ¢) < max{Func(e)(s: @), Fanc(e) (£, 9) }-

Thus, the six conditions listed in Theorem (3.5) have been verified. Which proves that the intersection (H, A)
N (G,B) is a Q-CNSF.

O

4 Cartesian product of Q- complex neutrosophic soft fields

Within this section, we establish the definition of the Cartesian product of Q-CNSFs and subsequently demon-
strate its status as a Q-CNSF.

Definition 4.1. Consider two Q-CNSFs, (H, A) and (G, B), defined over (IFy, +, -) and (F3, +, -), respectively.
Let (H, A) be homogeneous with (G,B). We define their Cartesian product, denoted as (M, A x B) =
(H, A) x (G,B), where M(c, 8) = H(«) x G(8) for (o, B) € A x B.

In an analytical representation, for s € F1, t € Fy, and ¢ € @), we have:

M(ev, B) = {{((5,), @) Tra(a,8) (5, 8): @) Tnacan,6) (3, 1), @), Fraca, ) (5, 1), 0)) . where:
Tat(a,8)((8,1), @) = min{ Tre(a) (5, 9), Taaes) (£, @)}

Ti(a,p) (s, 1), @) = max{Tyy(a) (s, q), Zmes) (t, 0) }-

Fui(a,p)((5,1),q) = max{Fya)(s, q), Fams) (L, ) }-

Theorem 4.2. Let’s consider two Q-CNSFs, (H, A) and (G, B), which are defined over (F1,+, ) and (Fa, +, ),
respectively. Let (H, A) be homogeneous with (G, B). Then, the Cartesian product of these two Q-CNSFss, i.e.,
(H, A) x (G,B) is also a Q-CNSF defined over F1 x Fs.

Proof. Let (M, A x B) = (H, A) x (G,B), where M(«, 8) = H(«) x G(8) for (o, 8) € A x B. Then for
((s1,t1),9), ((s2,t2),q) € (F1 x F3) x @, we have for the complex-valued truth membership function:

Tat(a,p)((51,t1) — (52, t2), q)
= Tu(a,p)((81 — 82,11 — t2),q)

— FH(a,ﬁ)((sl — 89,11 — tz), q).eil/"lﬁl(a,ﬁ)((51_32,t1_t2)7Q)

= min{Tg(a)((s1 — 52),9), To(g) (1 — ta), q) }.e'min b (1 =s2).0)pcis) (1 =t2).0))
= min{T(a)((s1 — s2), q).€#5 (175200 Do (¢ — to), q).e™e (h=t2):0)} ((H, A) is homogeneous
with (G, B))
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= min{Ta(a)((s1 — 52),9), Te(p) (L1 — t2),9)}
> min{min{Ts(a)(51, @), Tri(a) (52, ¢) }, min{ Tg ) (t1, @), Ta sy (t2, @) } }. ((H, A) and (G, B) are Q-CNSFs)

= min{min{7s () (51, ), Te(s) (t1, @) }, min{ Te(a) (52, 9), Te(s)(t2, @)} }-
= min{7u(a,p) (51, t1), Tm(a,p)(S2, t2) }. Thus,

Tai(a,p) ((s1,t1) = (52, t2),¢) > min{Tyi(a,p) (51, 1), Tai(a,p) (52, t2) }-

To validate the condition of complex-valued indeterminacy membership function, we employ a similar ap-
proach as that used for the complex-valued truth membership function.

Tvi(a,p)((51,11) — (52,t2),q)
= Dvi(a,p)((81 — 82,81 — t2), )

= Ani(a,8) (51 = 82,81 — t2), ). (5175201 =82).0)

_ maX{AH(Q)((Sl _ 82) )’ AG(ﬁ)((tl _ t2)7q)}.6i max{vp(a)((51—52),9),vc(p) ((t1—t2),q) }

= max{Ag(q)((51 — 52), q).€V5@ (175200 Ag o) (1 — ta), q).e™em (i—t2).a)}

((H,A)is homogeneous with (G, B))

= max{Zy(a)((51 — 52),2), Zg(p) ((t1 —t2),9)}

< max{max{Zy(a)(51,9), Ze(a) (52, @) }, max{Zg(s) (t1, ), Ze(p) (t2, ) } }- ((H, A) and (G, B) are Q-CNSFs)
= max{max{Zy(a)(s1, 9), Zg () (t1, )}vmaX{I]HI(a)(SQ,Q)aIG(B)(tQaQ)}}

= max{IM(aﬁ)(sl, tl) IM(OL7B)(827 tg)} Thus,

Do) (815 11) — (82, t2),q) < max{Zyy(a,p) (51, 1), Ina(a,p) (52, t2) }-

Similarly, we can demonstrate that: Fiy(q,5)((51,t1) — (52, t2),q) < max{Fu(a,z)(51,11), Fri(a,8) (52, t2) }-

Next, we will proceed to prove the remaining conditions as follows:

T, ((s1,t1)-(s2,t2) 1, q)

= Tm(aﬁ)((SLSQ_l, tl.tQ_I), q)

= FH(a,ﬁ)((31~3517 t1.t51)7 q)'eiuw(a,s)((314551,t1~t;1)7Q)

= min{T(a) (5155 1), 0), Toa) (1.t ), @) et Mt (102D 0 e (.45 5.00)

= min{Tga) ((s1.55 1), q)- e (515200 T o (t1.8571), g (120} ((H, A) is homogeneous
with (G, B))

= min{ Tisa) (5153 1), 0), Togs) ((t1-451), @)}

> min{min{7g(a) (51, q); Ta(a) (52, 9) }, min{Tg ) (t1, @), To(s) (t2,¢) } - ((H, A) and (G, B) are Q-CNSFs)
= min{min{Tg(a) (51, 9), To(s) (11, )}, min{Ta(a) (52, 9); Te(s) (t2,9)} -

= min{TM(a,g)(sl, t1), TM(Q’g)(SQ 2)}. Thus,

Toa,p) ((s1,t1)-(s2,2) 7, q) = min{Taaa,5) (51, t1), Taaa,p) (52, t2) }-

To verify the condition of the complex-valued indeterminacy membership function, we follow a similar ap-
proach as we did for the complex-valued truth membership function.

Ti(a,5)((51,11)- (82,152) )
= Tu(ap)((s1:55 5 t1t5 1), q)

= Asz(ap)((s1-55 1 185 1), @) eitem (s 01t 10.0)

= max{Ag(q) ((51.52 ),q)

= maX{AH(a)((Sl.SQ ), )

with (G, B))

= max{Zu(a) ((s1.55 1), 9), Zegs) (Bt5 1), 0)}

< max{max{Zy(q)(51,9), Zri(a) (52, 0) }, max{Zg g (t1, 9), IGU;) (t2,¢)}}- ((H, A) and (G, B) are Q-CNSFs)
= max{max{Zy(q)(51, q), Zg(p)(t1, @) }, min{Zs () (52, @), L sy (t2, @) } }-

= maX{IM(aﬁ)(sl, tl)al-M(a,B)(S% tg)}. Thus,

Ao (t1.43"), )} moncn (i) (1130}
eii(a) ((51-531),0) g ((trty Y, q). “’G(B>((t1-t51)v‘1)} ( (H, A) is homogeneous

Toi(a,p) (51, 1) (52, t2) 71, q) < max{Zyi(a,p) (51, 1), Ln(a,p) (52, t2) }-
Likewise, we can establish that: Fyy(o, 5)((s1,t1).(s2,t2) 7, ¢) < max{Fy(a,p)(51,t1), Fr(a,p) (52, t2)}.
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Thus, the six conditions listed in Theorem (3.5) have been verified. Which proves that (H, A) x (G,B) is a
Q-CNSFE.

O

5 Conclusion

This paper presented the notion of Q-CNSF. We defined and developed the algebraic structures pertaining
to fields for the Q-complex neutrosophic soft model. We explored the relationship between neutrosophic
fields in both real space and complex space, shedding light on their interplay. Additionally, we examined the
cartesian product of Q-complex neutrosophic soft fields. The proposed notion of Q-CNSF presents a novel
and promising idea within the realm of algebraic structure theory. It has the potential to be extensively utilized
in the future for solving a wide range of algebraic problems, making it a significant contribution to the field.
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