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Chapter 1

Introduction & Preliminaries

Classical Set Theorv has a compact structure and henee it is considered as
Hard Set Theory, Revolutionary and expeditious developments in research world
made a talk among researchers for the need of loosening its tight structure at the
earliest. Several rescarchers have been found on working in this area to find out new
paths, Some of them messed up things and some other put narrow openings along
with suffocating difficulties and some other people lead to total wrong destinations.
These turbulences delivered vigorous outputs in the zone of invention. Long walk
to this direction started in the early half of twenty’s century itself but found a mile
stone only in the end of twentyth century with the formulation of Soft Set and
Nentrosophic Set. Both emerged out around the same period of time. Frame work
of Soft Set is with it wunlimited perameler set stvle which made loosened the tight
structure of crisp set, By putting forward a new tool indeferminacy Neatrosophic
Set alzo launched in research platform by showing a green signal of hope in research
circle. Using existing data and tools, a theoretical enguiry towards the invisible
areas of hidden knowledge, for paving new paths has been made in this research

work.
Chapter Scheme :

Section 1.1 : Prologue Chronicle
Seetion 1.2 ¢+ Historieal Sketch
Section 1.3 : Preliminaries

Section 1.4 ¢ Author's Contributions
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1.1 Prologue Chronicle

Ever since from human history three major problems faced is that of data-loss,
cloudy/blurred data and confused data from perplexed chances of life-situations. Our
forefather’s used stones, tally marks etc. for counting purpose. In along course of time, it
made them to think of more easier ways. Several works can be found along with time to
handle this crisis namely, Classical Probability Theory (Gerolamo Cardano, 1501-1575)
[68], Classical Set Theory (Georg Cantor, 1876-1894) [32], Fuzzy Set Theory (Lotfi
Aliasker Zadeh, 1965)[50], Rough Set Theory (Pawlak, 1982) [61], Intuitionistic Fuzzy
Set Theory (Krassimir. T.Attanassov, 1986) [48], Multiset Theory (Wayne.D.Blizard,
1991) [87], Vague Set Theory (Gau & Buehrer, 1993) [31], Theory of Interval
Mathematics (Raymon. E.Moore, 1996) [72], Neutrosophic Set Theory (Florentin
Smarandache, 1998)[28, 107], Soft Set Theory (D.Molodtsov, 1999) [53], Plithogenic
Set Theory (Florentin Smarandache, 2016) [29, 102].

Probability theory may count as a pioneer work in ancient era. Later Crisp Set Theory
stepped into the scence. It was a famous work of the Russian mathematician Georg Cantor
[32]. Logic of fuzzy put forth more place for representative value instead of 0 and 1 of set
logic. It generalized fixed boundries of crisp sets to reality and takes any value from [0,1].
Person behind this remarkable achievement, Lotfi Aliasker Zadeh[50], died on 6th
september 2017. Elements with partial membership can’t record inside a set. Upto a level,
this issue got settled through fuzzy set theory.

Pawlak [61] pointed out soft sets and spoke on why it is the need of the hour in a
concrete way during a workshop in 1993. This influenced Molodtsov [53] who was an
attendee of it and he put a goal in mind to develop the idea presented by Pawalak. He
succeeded in it and came out with feathers by gifting a parameter set to the axiom kit of
set logic. It has loosened all the existing rigid structure of classical sets. Neutrosophic set
also evolved around this time with an additional aid of cloudiness representor. Hybrid
structures like fuzzy soft [13], soft fuzzy [13], vague soft [89] etc. developed later to make
things more easier. All of them are found rich with parameterization tools.

Set theoretical ideas lying in the primary zone of this thesis are - vague,
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neutrosophic and soft. This dissertation presents three hybrid forms vague binary
soft, pythagorean vague binary soft, and neutrosophic vague binary by insisting
a binary universe to break the conventional way of single universe structure. An additional
point used is the pythagorean concept of vague set. Neutrosophic Vague
is a combined form of neutrosophic and vague. Binary universe concept has been applied
towards this set to draw out its binary effect.

Being a backbone to this work, idea of vague deserves some more attention. Point
to be noted is that Intuitionistic Fuzzy Set(in short, IFS)[48] is totally different
from vague even it seems to be same. Difference is in its defining criteria of falsehood.
In IFS falsehood is got by subtracting truth value from 1. But the argument of
vague is that this deducted value will be a combination of false membership value
& indeterminacy/ hesitancy membership value. This idea is important since these
two values have their own place in research areas.

Neutrosophic Vague Binary Set has been framed via newly developed Vague Binary
Set. Four different algebras namely, BCK/BCI [95], BZMVIM [14], K][24],
G[73] -to Neutrosophic Vague Binary Set with its properties, notions and examples
are also provided.

1.1  Historical Sketch

This section is divided into four subsections each of them will be a pointer to historical
paths.

Various Pure Uncertain Set’s

This section deals with various pure uncertain sets without any collaboration
in its structure which found as base for chapter’s 2 and 4. its operations, topology
and related concepts are also provided.

In 1993, Gau and Buehrer [31]introduced false membership function for an
element in a set and developed vague set. Truth membership value of an element
gives the lower bound of an element’s membership value. False membership value
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gives the lower bound of how much an element does not belong to the set.

In 1995, Florentin - Smarandache (28, 30 coined the word  indeterminacy
additional to truth & false. In 1998, neubrosophic set has evolved using this new
term, Based on the dependent and independent nature of truth, false and hesitant
variables, sum of these three variables always lies in [0, 3]. More clearly, if all the
three variables are independent, sum lies in [0, 3. Il two variables are dependent
and one is independent, then sum lies in [0, 2], Finally, if all the three variables are
dependent then, sum lies between [0, 1), that means it becomes completely Dy,
In 2012, Salama. A. A and Alblowi. S, A [77] introduced neutrosophic topological
spaces and several basic ideas regarding neutrosophic set and its operations. In
2004, Alblowi. 5. A, Salama. A. A and Mohmed Fisa [5] explained new concepts
of neutrosophic sets. In 2018, Vildan Cetlan and Halis Aygiin [85] presented an

approach to neutrosophic ideals,

In 1999, . Molodtsov [33] framed soft set, by adding a non - restricted parameter
set. Lot of sophisticated real-life problems that are not - answered so far made nse
this new tool to solve the complicated sitnations, Pioneer work in soff set operations
has done by Maji. P K. Biswas. R and Roy. A, B [51] in 2003, In due course,
s0 many modifications came on these definitions by different anthors. Main change
happened in the definition of intersection and subset notions. Redefined definitions

and related works ean be found in the papers of Ping Zha, Qicoyan Wen [67] ete.

Various Hybrid Set’s

Hybrid sets act as foundation stones for chapter 2, 3 and 4. They are discussed in

this section.

In 2010, Wet Xu, Jian Ma, Shoupang Wang, Gang Hao [EEI] presented vague soft
set by applying vague concepts into soft set theory. It is a clear extension of soft

set theory. In 2012, Xiaokun Huang, Hongiie Li, Yungiong Yin [92] gave notes on

vagne soft sets and their properties.

In 2015, Showbat Alfazaleh [EI]| introduced newtrosophic vague set theory, by



CHAPTER 1. INTRODUCTION & PRELIMINARIES G

restricting truth and false values as dependemt variables. It is an extension to
neutrosophic set theory by inserting vague concepts into it.  Clearly, sum total
of variables in this theory lies between [0, 2. In 2019, Haezwani Hashim, Lazim
Abdullah and Ashraf Al-Quran|34] developed algebraie operations on new interval

neutrosophic vague sets.

In 2016, Ahu Acikgiz [02] introduced binary soft sel with its operations. Binary
or double universe concept has made use in this extension work of soft sets. Here
the parameter set is mapped to Cartesian Produet of power set of universal sets.
Elements of Cartesian Product are in ordered  pairs. In ordered  pairs, order of
elements are very important. In turn, binary soft sef theory demands high concern
while arranging its elements. In 2017, Shivanagappa. 8. Benchalli, Prokoshgouda.
G, Pathil, Abeda, 8. Dodamani and Praodeepkumar, J [81] discussed on binary soft
topological Spaces and also on its Separalion Arioms [12]. In 2019, Sabir Hussain
[75] diseussed on some structures of Binary Soft Topological Spaces. In 2020,
P. G. Patil and Nagashree. N, Bhat [538] gave New Separation Arioms in Binary
Saofi Topological Spaces. In 220, Sabir Hussain [T6] presented Binary Soft
Connected Spaces and an Application of Binary Soft Sets in Decision Making
Problem

In 2014, Ronald. R. Yager |[74] introduced Pythagorean Fuzzy Set to extend
Intuitionistic  Fuzzy Set.  In 1986, Krassimir. T. Allanassov [48] imtroduced
classical Intuitionistic Fuzzy Sets and it's gecond type respectively, Second tvpe
allowed square sum of membership grades strictly < 1. Pyvthagorean Fuzey Set's
handled both < 1 and > 1 eases flexibly. In 2016, Harish Garg [33] presented
novel correlation coefficients between pythagorean fuzey sets and its applications to
decision making., In 2017, Khaista Rahman, Soleem Abdulloh, Muhommad Sajjad
Ali Khan [45] developed some basic operations on Pythagorean Fuzey Sets. In 2019,
FPeng. X [62] introduced new operations for interval-valued Pythagorean Fuzzey Set.
In 2019, Murat Kirised [57] mentioned new type Pythagorean Fuzey Soft Set with

its application in decision making,
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A word to Distance & Similarity Measure

A literature sketeh can be viewed regarding variouns measures in Chapter 3.

Similarity measures are very useful to measure similarities between objects,
Entropv and distance measures are also found to be useful to the same extent as
similarity measures - while measuring uncertainties in dav to day real- life.
Different kinds of distance measures viz,, Hamming, Normalized Hamming, Eu-
clidean, Normalized Euclidean are found to be useful in an effective way in day to

day life.

Ideas of similarity measure and distance measure between vagne sets can be
found in the papers [26, 27, 38, 83, 88, 90, Similarity measures for soft sets are
clearly mentioned in [10, 64]. Fuzzy soft set’s entropy and similarity measures are
given in papers [65, 70, 100], Entropy, distance measures ans similarity measures for
vague soft sets can be found in the papers [17, 18, 22, 66). In 2016, Kalyan Mondal,
Suraponti Pramanik, Florenfin Smarandache |-l[]] mentioned Several Trigonometric
Hamming Similarity Measures of Rough Neutrosophic Sets and their applications in
decision making. Notions like entropy, distance measure and similarity measure for

Pythagorean Fuzzy Sets is well mentioned in papers [52, 59, 60, 93)

Various Algebra’s

This section deals with a preliminary historical outline to varions algebras kept as

base for chapter 5

In 1966, Yasuynk: Toai & Kigeshi Tseks [95] introduced a logical algebra namely
BCK,/BCl-algebra. In 1999, G, Catteanco, K. Giuntini, K. Pilla[14] introduced
BEMVM glgebra. It is a logical algebra and is a combination of BZ and MV -
algebra  in  de- Morgan atmosphere, In 2003, Akram & Dar [09] introduced
K - algebra [24] and their work is published in 2005, In 2012, Ravi Kemar Bandaru
& N. Rafi [73] introduced € -algebra as an extension work to (S - algebra. In 1999,
Sun Shin Ahn and Hee Sik kim [84] introduced QS- algebra,

A deep discussion towards BCK /BCI- algebra in different directions can be found in
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the papers [1, 6, 8, 44, 46, 47, 49, 79, 99]. Similarly. papers connected to BZMY M.
algebra are [T, 15, 16, 37, 82, 91, 96, 'EP-F';] Lot of diseussions i different directons
related to K-algebra can be seen in the papers [3, 4, 23, 41, 42, 43], Several papers

well-disenssing different facets of G -algebra are [20, 25, 86|

Remark 1.2.1.

Part of homeomorphism can't discard in any fopology. [t is well-connected fo
continuily. Some base papers relaled o continuily wsed for chapler 2 and chapler
4 oare [9, 11, 21, 36, 69, 78], Some papers found as bulding bricks fo coset notion
developed in chapler § ave (19, 58], In the vasl spectrum of algebras, some of them
needs a special atfention s properly mentioned in papers [35, 39, 54, 55, 71, 94, 97]

1.3 Preliminaries

Definition & Notions to Various Pure uncertain Sets

Definition 1.3.1. [31| { Vague Set)

Let X be a space of points {objects), wilh a generie element of X denoted by r
A vague set Vin X is characterized by a truth-membership function t, and a false-
membership function f.. U, (x) is a lower bound on the grade of membership of ¢
derived from the evidence for x, and f, (x) i5 a lower bound on the negation of x
dervived from the evidence agamst x . (x) and f,(r) both associate a real
number in the interval [0,1] with each point in X, where 8, (x) 4 o (x) < 1. That is,
te: X = [0,1], fo 0 X = [0,1] This approach bounds the grade of membership of x
to a subinderval (8, (x), 1 = [y (x)] of [0.1]. In other words, the exact grade of mem-
bership g (x) of 2 may be unknoun but is bounded by [t (x) < po (x) < 1 = f, ()],
where £, (2) + f, (x) < 1.

The precision af our nowledge about x 15 smmediately clear, with our uncertaindy
characterized by the difference 1 = f, (x) = L, {x). If this is small, our knowledge
about r iz relabively precise; if it is large, we know correspondingly tittle. If 1 - f.(x)
is equal to t, (x), our knowledge about x is eract, and the theory reverts back fo
that of fuzzy sels. If 1 = [ () and £, (x) are bolh equal to 1 or 0, depending on
whether o does or dees not belong to V, our knowledge about x iz very eract and the

theory reverts back to that of ordinary sels (Le., sels with bwo-valued characleristic
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Sfunctions ).

Definition 1.3.2. [31] {Operations on Vague Seis)
Let a vague sef is defined as in defimition 1.3.1.

1.

2,

7,

W

A vague set is emply if and only if its truth membership and false membership

Sunctions are wdentically zero on X

The complement of @ vaque set A is denoted by A" and is defined by

(a) £y (x) = falx)
(b) 1= fy(x)=1-ts(r)

A vague set A 158 contained in the other vague sef B, A C B, if and only of

fa) ta <tp
.ﬁ!} l=fa=1l=fpn

Two vague sefs A and B are equal, writfen as A = B, if and only of A C B,
and #C A ; that is

fa) ti=tg

(1= fa=1-fg

The union of two vague sels A and B with respective bruth - membership and
false - membership funchons £y, fa, tp and fg is o vague sef O, written as O

= A U B, whoese fruth membership and false-membership funclions are related
to those of A and I} by

|'rﬂ..;| T..:_' = T4ar |:E_.q1fﬁ::|
M) 1= fo=mar (1 - fa.1 = fg)=1- min (f4, fs)
The intersection of fwo vague sets A and B with respective bruth - membershap

and false - membership functions £y, fa.tn and fy is a vague sef O, written
as O = AN B, whose truth membership and false-membership funclions are

related to those of A and I by

fa) te = min (L, tg)

(1= fo=min(l = f4.1 = fg) = 1= maz {fa, a)
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Definition 1.3.3. [64]{ Vague Continuous)

Let (U, 7) and (Y.ad) be any two lopological spaces. A map [ (U, 7) = (Y, ) is said
to be vague continuous |V continuous m short) if f-1 (V) is vague closed set in
(L5, 7)) for every vague closed set Voof (Y.

Definition 1.3.4. [28, 30| (Neutrosophic Set)

Let U be an universe of discowrse then the nealrosophic set A is an olject having the
form A = {{x: Talx), Lalx), Falx))y,x € U} where the functions T.I.F : U —
|70, 1| define respectively the degree of membership {or Truth), the degree of inde-
terminacy, and the degree of non-membership (or Falsehood) of the element z € U
ta the set A with the condition —0 < Ty (r)+ fa(e) + F4(x) < 3%, From philo-
sophical point of view, the neatrosophic set takes the value from real standard or
non-standard subsefs of |70, 1% So instead of | 70,1 we need fo take the inferval
[0.1] for technical applications, because |70, 17| will be difficwdt to apply in the real

applications such ns in scientific and engineering problems.

Definition 1.3.5. [77] {Complement of a Neulrosophic Sel)

Let A = {pa. o4, 74} @ Newtrosophic Set (NS, in short)on X, then the complement
of the set A (C{A)  for short), may be defined as three kinds of complements
(Ch) ClA)={{r.1=palx),l —aal{z). 1 =74(z)):x € X}

(C2) ClA)={{z.valzx),aalx), palz)}:x e X}

(Ch) ClA)={{r.valz), 1 —=oyix),palr)):z e X}

Definition 1.3.6. [77] (Subsel of Neuwlrosophic Sel)

Let X be a non-empiy sef, and Newbrosophic Subsets (NS5, in short) A and B in the
form A = {pa(z).oq(r),vale)) and B = (uglz) , oplz) . 15(z)}, then we may
consider two possible definitions for subsets (A € B) may be defined as

(IJAC Be palx)<pplx), valz)zqelr), ealz)<oplr) Yre X
(F1AC Be palz)=pplz), valr)Z2islr), dalz)zop(r) VreX

Definition 1.3.7. [77| {Intersection & Union of Neutrosophic Set)

Let X be a non-emply set, and A = {jiz (x), 04 (£), 74 (=)}, B = {up (z) o5 (x) , 73 (1))
are NS5, Then

(1) (AN B) may be defined as

(h) (AnB)={zr, palz)pelr), eoalr)oplr), valz).elc)

(fz) (ANB)={r, palz)Applr), oqlr)raog(r), valx)Vyglr))

ify) (AnBY={z, palz)rpplr), ealz)Vaplr), alr)Vslz))
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(2} (AU B) may be defined as
() (AuB)={r, palz)Vpglz), calr)Veoglz), valz)Ayglc))
(Ua) (AUB)={zr, palz)Vpplz), ealr)hog(z), yalz)ryelz))

Definition 1.3.8. [77] {0y & 14)
Oy in X may be defined as :
() Oy = {{0,0,1):re X}
(Dg) On={{0,1,1): x e X}
(03 Op={{0,1,0):re X}
(0g) Ox={{0,0,0):re X}
1y in X may be defined as :
(L) 1y ={{1,0,0}:r € X}
(1g) 1x={{1,0,1): x € X}
(la) 1y ={{L,1,0):re X}
(1) 1a={{l,1,1):x € X}

Definition 1.3.9. [77] {Newlrosophic Topology)

A neutrozophic topology (NT, for short) an a non emply set X 15 a fomily v of new-
frosophic subsels in X satisfying the following arioms

(INT ) Oy, I 7

INT; )G NGe et forany G Ga €T

INT;) UG, e v {l:ieJ}Cr

In this casze the pair (X, ) &5 called o neutrosophic fopological space (NTS  for  short)
and any neulrosophic sel in 7 is known as neaterosophic open set (NOS  for short)
in X. The elements of T are called open newtrosophic setz, A newtrosophic set F s
closed if and ondy if it C (F) is neutrosophic open.

Definition 1.3.10. [53] (Soft Set)

Let U be an initial universe and let E be a set of parameters. A pair (F, E) is called
a saft set fover U) if and only if F is a mapping af E into the set of all subsets of
the set U, A soft set can be viewed as : (F, A) = {Fle)~e € A}, Every sel Fie)

Srom this famaly may be considered as the sef of ¢ - approvimate element of the soft

set (F, A)

Definition 1.3.11. |67 {Redefined Definition - Intersection of Soft Sets)
The intersection af two soft sets (F, A) and (GG, B) over a common universe U is the
soft set (H,C) where © = (AU B), and Ve €
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Fle). if eeA-H
Hie) = ¢ G(e), if ecB-4A
Fleyrn(ie), if ee ANB

It s denoted as (F, A)0 (G, B) = (H,O)

Definition 1.3.12. [51] {Union of Soft Sets)
The union of two soft sels (F, A) and (G, B) over a common universe [ is the soft

set (H,C) where O = (AU B), and Ve € C,

F(e), if eecA-B
Hie) = § G(e), if eeB—A
Fle)UGle), if e ANB

It is denoted as (F, A) (G, B) = (H,C)

Definition 1.3.13. |51,67 {Complement of a Soft Set)
The complement of a soft sel (F, A) denoted by {F :'I.]r anad 18 defined by (F) .Jljlr =
(£, A); FT 1 A= P(U) is a mapping given by Fo(e) = U= F(e), for cach e € A F*

is called the soft complement function of F.

Definition 1.3.14. [67) {Redefined Definition - Soft Subset)
For twoe soft sels (F, A) and (I, B) over a universe U, we say that (F, A) is a saft
subset of (7, B) if

. AC B

2. Yee A Fle) C Gle).

Remark 1.3.15 (53).

I. Family of all soft sets over a common universe U with a fired parameter sef A
is denoted by SS(17) 4

2. A soft set (F, A) over U7 18 smd to be

{a) a null soft set denoted by (B, A)if for all e € A, Fle) = &,
() an absolute soft sel denoted by (U A)if for alle € A Fle) = U.
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Definition 1.3.16. |53] (Soft Point)
The saft set (F) .Jl]l e 550U )4 15 called a soff point in (U, A} denoted by £(FA) OF
e if for each element e € A, Fle) £ ® and Fe') = &, ¥e € A — {e}

Definitions & Notions to Various Hybrid Set’s

Definition 1.3.17. [92] { Vague Soft Set)

Let U be a universe, E be a set of perameters, VU] be the power set of vague sef on
Uand A C B. A pair (F, A) is called a Vague Soft Setl over U is a paramelerized
family of vague sets of the universe U, For e € A, pple) : U — [0,1] is regarded as
the set of ¢ - approrimale elements of the vague soft sets.

Definition 1.3.18. [30] (Neutrosophic Vague Set)

A Newtrosophic Vague Sef Ay (NVS in ghort) on the universe of discowrse U can
be written as Ayy = {{u: 'ffqm. f.it;l.f_4,_.”.i.r}l. ﬁ‘,._.“.lj.r};.r £ L)} whose fruth mem-
bership, indeterminacy membership and falsity membership functions are defined os

Tapel@) = [T, T4, Lago (2} = [I7, 14, Fayulz) = [F-, F*] where
L. TP ={(1-F ), Fr={1=-T") and

2 (a) 0ST- +I-+F <2t
() 0 < T+ + I+ F+t <2+

Definition 1.3.19. [02] (Binary Soft Sel)
Let Uy, Uy be two inifiod universal sets and E be a sel of parameters, Let P{LL ), P{Us)
denote the power sel of Uy, Uy respectively.

Also let A, B C E. A pair (F, A) 15 called a Binary Soft Set over Uy, Uy where
F iz defined as below : F 1 A — P{UL) = P(LY), Fle) =(X.Y) for each ¢ € A such
hat XCULY CUy

Definition 1.3.20. |57 (Pythagorean Fuzzy Soft Set)

Griven an initial universe sef U and a universe sef of parameters E.

A pair (F, A) s referred to as a Pythagorean Fuzzy Soft Sct{PFSS, in short)on U
fACE and F: A = PF(U), where PF(U) 15 the family of all Pythagorean fuzzy
subsets of [



CHAPTER 1. INTRODUCTION & PRELIMINARIES 13

Formulae & Notions to Various Measures

Definition 1.3.21. [64] { Various Distance Measures between two Soft Sets)
Let U = {xy, 09, ==, 1.} be a universal set and E = {05, ==, ey} be a fired set
of parameters, For two soft sets (F), E) and (Fy. E) over U based on E we define
D (FyL Fy) between two soft sets as

I, Mean Hommang distance;  DF (F), F;) between fwo soft sets as

DY (Fy Fy) = {EZHJ )exs) = J'"z{f'i]"[fjﬂ}

i=1 §=I1
2. Normalized Hamming distance:  L* (Fy, ) between two soft sels as
L (F, Fy) = — {Z 2 |Eilen(;) = Fale: }[zm}
=] f=I

3. Euclidean distance: E*(Fy, F3) between two soft sets as

E*(F.F) = J N {Z Y (File)(x;) — Fales)(x;) }

i=1 =1

4. Normalized Euclidean distance: Q* (F), F;) between fwo soft zets as

Q" (Fi, F2) = J % {Z Y (File)(r) - mr:,nm}*}

iml jml

Definition 1.3.22. [ﬂﬂ]
{Szmidt and Kaeprzyk's Distances between Vague Sets)

dif (A B) = —E" Lo ()] + 1A ()] + | Anli)]]

a4, B) = % 18]+ 1A400)]+ An(i)]

(A, B) = \/ %Ez'=1 (1800 + 80 + [ An ()]

(A, B) = \/%E:;] (180 + |80 + [An(i)]

where
Ao(i) = talz) — tglxs),
Apli) = falx) = fulx),
Apli) = Malxz;) — Mgix)
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Definition 1.3.23. |33

{Similarily Measure belween Vague Sels)

A and B are two vague sets over the universe of discowrse U = {x), 12, — — —, 1.}
Vilzi) = [Lalxzi) 1 = falx;)] is the membership value of r; in vague set A and

Valxr) = [telx), | = falx)) is the membership value of ©; in vague set B Lel

4= 3 [taehlo fae] | g3 talznl= fae]

Simlarilty between vague sels A and B can be oblained by the function,

1 i (1 — |8 (Valx:)) - 5”’}.![4'-3}”)

T(A.B) = — )

T(A, B) € [0,1].

Larger value of T(A, B) indicates more similarity between the sets,

Definitions to Various Algebra’s

This section deals with definitions to varions algebras acted as base for chapter 5

Definition 1.3.24. [95]
Let U7 be a non-empty set with a Winary operation » and a constant 0, Then ([, «,0)
is called a BCI -algebra if if safisfies the following condilions: for all x, y, z € U

(1) (lzxy)*{zsz))*(zxy) =0

2} (rx(rxy))xy=10

(3} (z+x)=0

(4) l(zxzx)=0and (x+z)=0imply x = ¥

If o BCT - algebra X satisfies (OQsx) =0 forall z € U, then Uiz a0 BOK - algebra

Definition 1.3.25. [14]
A de Morgan BEM V-algebma {df:nr.lfr:r[ s H.E-'.’lf'lr""f'"j_. i o BAMV algebra

A= {A, & -, 0) which satisfies the following arioms: forallz, y, z€ A

(BEMV])(zDRy)Bz=(yDz)Dr
(BZMV2)(r&0)=x
(BZMV3)=(-x)=1=x



CHAPTER 1. INTRODUCTION & PRELIMINARIES

._.
om

(BEZMVA)~(~xdy)@y=-~(rd )bz

(BZMVS) ~ 2 @ = = —{)

(BEZMVE) 28 rvre 7 =rore

(BZMVT) ~ == (z@-y) @yl = (v~ z@ o~ y) @ o~y

The wnary operation = @ A — A is o Kleene [or Zadeh) orthocomplementation

f:mynfirmj- The unary operation ~ @ A = A s a Brouwer m'H'lm.mupfr:mr:n!niirm

(negation)

Definition 1.3.26. [24]
Let (G, e) be a group in which cach non-identily element 45 nol of order 2. Then
K - algebra is a structure K = (7, .. @, ¢) on a group & in which induced binary

operation @ : G % G = G is defined by @ (xr,y) = (r@y) = cy!

and safisfies the
follownng @ - amoms; forallz, y, z € G
(Ki)(zogalraz)=(ralleaz)oleay)))or
(K2)za(roy)=(ray')Or=(z0(c0y) o

(K3l {zmx)=0¢

(K) (x@¢) =z

(K5) (emz)=a2""

Definition 1.3.27. |73
A G - algebra is a non-empty set A with o constant  and a binary operation «
satisfying arioms: for all x, y € A

(By)(xxx)=0 (Byg)lrx{z=y))=1y.
A G- algebra is denoted by (A, 0)

Definition 1.3.28, 03]

A vague set A of X is called avague BCK/BCI- subalgebra of X if il satisfies
the following condition;

Vile # ) = rmin {Vy(z), Valg}, for all z, y € X, That is,

Iotale = y) = min {8 a(x), Lalu)}

21— falzsy) =min {1 — falz), 1 — falu)}

Remark 1.3.29. |08
Let D0, 1] denote the family of all closed sub-indervals of [0, 1], Refined Minimum
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(briefly, v min) and an order 0 < 1 on elements Dy = oy, ]| and Dy = |ag, by] of
D0,1] as : v omin (D, I) = [min{ay, az},min {b,b}] . Simiarly, define = =
and r maxr. Then the concept of v min and r mar could be extended fo define r
inf and r sup of infinife number of elements of D0 1], 1t is a known fact that
L={D01],rinf, rsup, <} is a lattice with universal bounds [0,0] and [1,1].

Definition 1.3.30. 03]
A vague sel A of a BCT - algebra X s ealled o vague ideal of X if the following

condifions are true :
1. Vy(0) = Viy(z):Ve € X
2. Vil # y) = rmin {Va(z), Valy)};Va, gy € X
Definition 1.3.31. [99] ( Various ideals under Vague Concept)

. Vague p -ideal: A vague sef A of X is called a vague p -ideal of @ BCT -
algebrn of X if it safisfies
fa) Val0) = Vilehi¥re X
) Valz) = rmin {Vy({zsz) % (y*2))} Ve, p2 € X

2. Vague g -ideal: A vague set A of X 15 called a vague p -ideal of a BCT -
algebra of X if it safisfies

fa) Va{0) = Vy(z);Vr e X
() Valz #2) = rmin {Vylx+ (g *2)), Valg) }:¥o,y,2 € X

3. Vague a -ideal: A vague sef A of X is called a vague a -ideal of @ BCT -
algebra of X if if safisfies

fa) Val0) = Vyiz);¥re X
(b) Valy * x) = rmin {Vy((z * z) = (0% ), Va(z)} ;¥ g2 € X

4. Vague H -ideal: A vague set A of X is called o vague p -ideal of o BOT -
algebra of X if if safisfies

(a) Val0) = Vaz); ¥re X

) Vil s z) = rmin {Vy(r« (g*2)). Valn)}: Yo,pze X
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Remark 1.3.32. [101]
In 2018 Smarandache generalized the Soft Set to the Hyper Soft set by transforming

the classical uni-argument function F into multi-argument function.

Definition 1.3.33. [29, 102] (Plithogenic Set)
A plithogenic set P is a set whose elements are characterized by one or more at-

tributes, and each attribute may have many values. Each attribute value v has a cor-
responding degree of appurtenance d(x, v) of the element x to the set P, with respect to some
given criteria. In order to get a better accuracy for the plithogenic aggregation operators,
a contradiction (dissimilarity) degree is defined between each attribute value and the
dominant (most important) attribute value. The plithogenic aggregation operators
(intersection, union, complement, inclusion, equality) are based on contradiction degrees
between attribute values and the first two are linear combinations of the fuzzy operator t-
norm and t-conorm Plithogenic Set was introduced by Smarandache in 2017 and it is a
generalization of the crisp set, fuzzy set, neutrosophic set, since these types of sets are
characterized by a single attribute value (appurtenance): which has one value
membership for the crisp set and fuzzy set, two values (membership and nonmembership)
for intuitionistic fuzzy set, or three values (membership, nonmembership and

indeterminacy) for neutrosophic set.

Definition 1.3.34. [103, 104, 105, 106]: (Neutro-Algebra and Anti-algebra)

In 2019 and 2020 Smarandache generalized the classical algebraic structures to Neutro

Algebraic Structures (or Neutro Algebras) whose operations and axioms are partially true,
partially indeterminate, and partially false as extensions of Partial Algebra and to Anti
Algebraic Structures (or Anti Algebras) whose operations and axioms are totally false. And
general he extended any classical structure, in no matter what field of knowledge, to a neutro

structure and Anti Structure
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1.4 Author’s Contributions

Following are the contributions.
l. Three different sets are developed

(a) Vague Binarv Soft Set
(b) Pythagorean Vague Binary Soft Set

() Neutrosophic Vagne Dinary Set
2, Operations & Properties of the above mentioned Sets

3. Different Algebraic Structures of Neutrosophie Vagne Binary Sets

MNotations

VESS (. E.-'Ig];___- - Set of all vague binary soft sets over the binary universe (L,

under the fixed parameter set E

VBSS - Vague Binary Soft Set

VB555-Vague Binary Soft SubSet

VEBST - Vague Binary Soft Topology

VBSTS - Vague Binary Soft Topological Space

VBSOS - Vage Binary Soft open Set

VBSCS - Vague Binary Soft Closed Set

PVBSS - Pythagorean Vague Binary Soft Set

NVES - Nentrosophic Vague Binary Set

NVBST - Neutrosophic Vague Binary Solt Topology

NVESTS - Neatrosophic Vague Binary Soft Topological Space
VBSS ([7),.05) - Set of all VBSS's over a binary universe ({7, L75)
PVEBSS (U, Uy) - Set of all PYBS5's over a binary universe (U, Us)

17

(5

[:}':" . .4.) = Vague Binarv Soft Set with a fixed parameter set A under the mapping F

I:f.-’l-f,-'g.fd.t.':ld - Vague Binary Soft Topological Space with a Binarv Universe

(L. Us) with a fixed parameter set A C E



Chapter 2



Chapter 2
Vague Binary Soft Set

One of the integral parts in the configuration of Molodtsov’s [53] soft set
theory is single universe. In literature meaning, word Binary indicates Two. Ahu Acikgo'z
[02] extended single universe concept of soft set theory to double/binary universe notion
and kept the name as Binary Soft Set theory. Wei Xu, Jian Ma [89] have done vague
extension of soft sets and named it as vague soft set theory. New set developed in this
chapter is a combination of the above two theories.

Chapter Scheme:

Section 2.1 : Vague Binary Soft Sets & its operations

Section 2.2 : Algebraic Properties of Vague Binary Soft Sets
Section 2.3 : Vague Binary Soft Topology
Section 2.4 : Vague Binary Soft Continuity

2.1  Vague Binary Soft Set and Its Operations

Vague Binary Soft Set (In Short, VBSS) is the newly framed set presented in this
section by combining vague soft and binary soft concepts. In this section, its
operations have also been constructed

Definition 2.1.1. (Vague Binary Soft Set)
Let (U1, U>) be a binary universe with Uy = {u1, uz, ——, ur, ——, ui},

Uz = {v1, v2, ——, vs, =, Vj}. E ={e1, e2, ——, er, ——, ex} be a fixed parameter set
where A ={ei, e2, ——, ep, ——, em} With A € E. Let V (U1), V (U-) denote power set

18
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of maque sets on Uy, Uy respectively.

A pair (F A:] 18 said to be @ Vague Binary Soft Set {in short, VBSS) over (U7, U)
where F is o mapping given by, F @ A — V{l7}) = Viillz).

Here, (F. .-4) = {f‘-p e A/ ("p* P{“P:')}

wiere

.. (Ve Ve, (0,
F{fp] = { <L{u};'ﬂ‘!r‘, e A Vu, € I,"|> . <LH;H;_-P e Ay, & J_rar2>)}
\ Ter s

- [ '1
/ ( _!.i"[r,.:u[“r:'- 1= ff'*"l']{”r}] Vep € A, Vu. e U/ >
H il 1 " 1 !

iy

( :: Fopy ()1 = _ff-.ﬂ,.r]{r.-,.]]
\

v,

Ve, € A, Y, € {f-_;>

% *

Truth Membership function i‘;-[,_”{u,“,l is a lower bound on the grade of
membership of u, devived from the evidence for u, € Uy for the parameter £ under
the mapping . False Membership function fiee,yltte) is @ lower bound on the grade
af membership of u, derived from the evidence for u, € Uy for the parameter ¢, under
the mapping F & Similarly for Epe, Wts) and fe o(va) where v, € U &
Grade of membership of u, € Uy in the vague binary soft set (R A) is bounded to
a siuh-inferval [Fﬁ,__p]{u.-},l - ,I'-;-[,r:,[lir]] af [0, ”'

e, (e )s fiye,y(ur) 2 Uy — [0, 1) 0 < tgy,, () + S, (ue) €1

Grade of membership of v, € Uy in the vague binary soff sel (f- .-'l) is bowunded Lo
a sub-interval [f-ﬁtp]{f-‘,.},l —fﬁ.[m{m}] of (0, 1]

e (V) Sppepy () 2 U2 = [0, 1] ¢ 0= '!P[f.,sl:'-'a;' * e (ts) £ 1

Vague Binary Soft Value, FF'u;.r,,Jf”r] = [E.F'[r,.l{”'}‘] —_ -'Irl:'l;r,..J[-“"]] indiciates that the
exact grade of membership ,u;-[,_n,{url af u. € Uy may be unknown, but it 15 bounded
by : '!.F'qr,;:[”r] < .H,f:,;,.’]f"r} <] - Jr}.hliu,}

Vague Binary Soft Value, Vi, \(v.) = [t,ei,',:,[v,}l. 1- fﬁ-,:cp](['.]] indicates that the
exact grade of membership p pw]{t-*,} of v, € Uy may be unknown, but of is bounded
by - :;Z'[fr;.li"-'n:l = .F*ﬁ;,_:':’-':] =1- f;i'.:.r,.:ll’-':]

Example 2.1.2.
Let Uy = {by, by, by} and Uy = {1}, 13,13} be food varietics for break - fast and lunch
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respectively. Add a parameter set for characteristics of different hotels say
£ = lurury, e: = famous, e3= warm — serviced,
E= ey = early  check in  and  late  check — out,
£y = honest  information eg = hospitality

A customer’s preferences arve given by the parameter set A = {eg, 66}

Vague Binary Soff Set (VBSS) according to customer’s inferest is given as,

(I 5 .-'1) =
o |IZ].Z].I'|I.5]1[ﬂ..';'r.ﬂ.?]‘[ﬂ.i',ﬂ.ﬂl | [ﬂ.-l.ﬂ.ﬁll[ﬂ-ﬁ.ﬂ.ﬁ]. 0.5, 0.9]
( (<|t].£|ﬂ.ﬁ] [ﬂ.[ﬁl.ﬂ] [{I.EITJ[J.H|> <[{.l.-11|!.1[l.ﬂ| [[]_.‘;.?t].ﬁ] |l:].'?'j.:{l].'.}]>))
(ﬂﬁ' (< b by >< h "ol 3 >))

Notation

1. Soft St is denoted with a mapping. To indicate the mapping any capital letter
from english alphabet is allowed I::F' i used in common ). To denote vague soft
set, “hat' svmbol on the top of the letter is nsed (for example, F ]. For binary

soft set, - syvmbol is used on the top of the ]rr.h:rli fosr example, P

2, To indicate the mapping in VBSS a new svmbol s provided. All english
capital alphabets are allowed with a “double dot” on top of the letter used for

underlying mapping (# is nsedd in common). Double-dot, . . . mives a

tvpical representaion of two universes [ and L

Literature Meaning for symbolic representation ¢ | |
oy
Definition 2.1.3. {Null & Absolute - Vague Binary Soft Set)

Let (U, Uy) be a binary wniverse with Uy = {u, ug, ==, up, == 1},

Uy = {ry,va, ——, 00, — .5}, E = {e),€2,——, 60, —, €4} be a fired parameter set
where A = {e), 63, ==, €p, ==, 8} with AC E.

A Vague Binary Soft Sel (F‘.A} over a binary wmiverse (U, U5) with a fired

parameter sel K having A © FE is smd to be a



CHAPTER 2. VAGUE BINARY SOFT SET 2]
1. Null Vague Binary Saft Set (in short, Null — VBSS) denoted by (&r. A} if

e () 1= Fppe(uel] = 005 [ty (0a)) 1 = ()] = [0,0]

2. Absolute Vague fBinary Soft Set {in short, Absolute- VESS) denoted by {f.:'._.-l}llf
[E,‘,—'-[‘,P]{i!,}l. 1- -ff"'!r,p]("r}l = [1. 1]: [Ef'[rp]{ﬂn}:l‘ 1 - -ff'frp]{ﬂ-]'] = [1. 1]

We, e A, ¥ w el ¥V v, el

Example 2.1.4.
Let Uy = {p1.pz2} and Uz = {1} be a binary universe and A = {e).e3}.
A Null-VESS and Absalute - VESS according to this condert is groen by,

(%,4) =

(e (G50 CN) (=(GR5D- I
(i7.4) =

(e (G5 G (= (G 5 G

Vague Binary Soft Set Operations

Remark 2.1.5.

I. Cantor set operation symbol s not applicable fo VBSS, Therefore, notations
for VBSS operations have fo change.

2. Soft Set Clperation is denoted with ~ symbol over Cantor sel operation symbol.
For example, 1J for soft set union, here \J, is the Cantor set union. Similarly

soft set inlersection is denoted as 0 instead of 1

1. Vague Soft Set operation is indicated with A symbol  over confor sef

operation symbol. For example, vague soft union is denoted as, U,

4. Binary Soft Set operation is indicaled with = symbol over canlor sel

aperation symbol. For example, binary soft union s denoted as, U,

For VBSS, double dot - symbol over. cantor sef operation symbol is made use

with! For crample, vague binary soft unmon is indwcated oz 1 instead af L.

S

Same work fo other vague binary soft operations !
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Definition 2.1.6. { Vague Binary Soft Complement)
Let (U, Us) ke a binary wniverse. E be a fired set of poramelers with A € E.

Vague Binary Soft Complement of a Vague Binary Soft Set (F A) with respect to
Absolute Vague Binary Soft Set (U, A) is a mapping given by

Fe: A= V() x V(U) where, (e, 4) = {e, € A/ (e, Fley) }

Feley) =

Vipep, olu Vel
{( < el _r}Z‘u't.', € A, Yu, € L":l> ' <Lﬂ_ﬂ:\“" €4, € ﬂz>)}
e Vs

. < :F"r[r.pr{"f]' 1 — fjir“p]fﬂr]

.

(Wep € A Vu, € f;'1> R

Tt

< o) (U9): 1 = e (04)]

1y

Ve, € AV, € f-":r>

#

wiene

{iﬁ.,.tg_:‘[u,] = _f_-,-.rnp}{u,}l 11— f,:ﬂ,,:g_:,[u,] =1- tﬁﬁ]{u,} (W, € AjVu,. e Uy

'ri:"'[fp:'[:"-*:l - -'rf-"lq-J{F"} = IF'-'[;,}'[FH} =1- tf:.[fp:'[:l'l"':] Ve, € AV, € Uy
It is denoted by (FA} - [F .4}

Example 2.1.7.

L= {8y, by by By B} be the set of  books
Let { | { l 1 } } be the binary universe

Uy = {pr.pr. .} be the sel of pencils

ey = cheap, eq = exrpensive, gy = attractive,
= be the set of parameters,
ey = small, e = long, e = color ful

A stationary shop proprietor decided to purchase some books and pencils from a

wholesale dealer, Let a VBSS [:F. A} describes his taste, where A = {ea, 65} gives

features af the ilems as per his faste,

<[u.2.u.3] [0.4,0.6] [0.2,0.8] [0.5,0.5] [D.T,IJ-E]>
I!.I'| ' Elig: ' b‘: I b-l. I bﬁ L
<[l].5,ﬂ.ﬁ] 0.2,0.6] [0.8,0.9] [[I.-L[J-T])

mo ok M M

Fleg) =
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<|n.3.n..|] [0.5.0.7] [0.5.0.6] [0.6,0.7] [n.&,n.ﬂ])_

Fleg) = b b b b by
e <|u.?.u.a] [0.4,0.7] [0.2,0.8] [LI.E-.[J.E:]>
mo ok m T m

Vague Binary Soff Complement of above VBSS is given by

(;'-‘, .al): - [(r:g, f-'*{fg]) , (r.'ﬁ. ;'-‘*‘{;-..,}) ] where

[ <[u.?.:1.s] [0.4,0.6] [0.2,0.8] [0.2,0.5] [u.:a.n-:s]} 30

J:':""{f:g} ) by ) by by Iy : by : !
10.4,0.5 [0.4,0.8] [0.1,0.2] [0.3,0.6]

u<l‘J|LJ-’2.P-31PI> .

(/ <[u.ﬁ,n.?] 0.3,0.5) [0.4,0.5] [0.3,0.4] [u.1.u.2]> 'R

F¥(eg) = 1 T Y "R ' |
0.2,0.3] [0.3,0.6] [0.2,0.8) [0.5,0.5]

. l".< In 1 Iz ) Pa ) ™M > /o

Definition 2.1.8. {Intersection & Union of Vague Binary Soft Set’s)
Let (U, Ua) be a binary universe. E be a fired set of parameters,
Take Uy = {uy, g, ==,y ==, w;} Uy = {0, 09, == 0, ==, 155} .
E = {e), e2, ——, 0, ——, €.} where
A= ey eq, == ep == 8q} B = {e),e3,——, 05, ——, 65} with A, B C E.
Let C=(AUB) = {e), 09, ——, €, —— €} U {e), 09, —— €, —— €, }
= {ey 63, ——. €5, ——.ex} | U is Cantor Set Union Operation |

I. Vague Binary Sofl Inlerseclion
Consider fwo VIISS's (F . A) il {:G’ E) ever (U, Us).
Let output ﬂf{P-A}ﬁ[ﬁ‘, B) is {f:’,-lf}l where K+ C = V(L) = V().
where O = (AU B); U represents union operation in Canfor Set Theory
Then Ve, € C,
Fl[urp}: We, € B e is Candor Sel Complement wilh respect to O
ﬁ’[{!g] = é(e,,]: We, € A e is Cantor Set Complement with respect to C

ﬁ'l[r'”]- n (f_'!'[n,rj; Ve, eq € (AN B, N is Cantor Set Intersection

e, Lt ) :We, € B° s, € U)
t!':'1’*‘5-]{1:""} - Enﬂ'[;,}{“r} Ve, e A° T

i {Iﬁ'n;r,;l["r]' ff’.'[r,,]{”r}} (Vg g € (AN B); Yu, € U
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= fi‘-q.-,,]{“r]' Ve, € B° ; Vuy, € U
L= fiigenlur) = 1 = fiette) e, € A° TV, € U

I {l - IF'[rpr{""}l= ]l - f{'_'-h.‘:,[nr]}- Vep, eq € (AN B);Vu, € U

e,y (Va) Ve, € B° W, € Uy

f'j.iq._-']{!-'a} = !ﬁ'l*-'-r'lli”"] e, € A° W, € Uy
min {l’pl:“:l[l.'_._’. tf_ah:,l;r_l.]} Wep e, € (AN EB) (W, € Uy

1 T IF‘I'_J‘I{T.-]} ';lv-!rp E H :lli‘lilj E I-'I-E

L= [pe (0] = 1= fige (v 1V, € A° Y, e Iy

i {1 = e )i 1= fc:.,:,.q:,[i.',j} Wep, eg € (AN B) Yy, € Uy

2. Vague Binary Soft Union
Consider hwo VIBSS's (1' .-'1.) el (l_":-' J'.:i) over (L7, Uh).
Let output of (F, A) 0(G, B} is (H.C), where fT : € — V(U,) % V(Ua)
where O = (AU B): U represents union operalion in cantor sel theory.

Then We, € O,

F"I,’Ei.] Wep € B cis Cantor Sel Complement with respect to C

H{l’.'n.}l = lf,'!'[n,i,_] ;"l;";',li| e A% eis Cantor Sef Complement with respect fo O

F‘[f:p] U lf?[e,,.}l; Yepeg € (AN BEU& M are as in Cantor Sel Theory

E e, N te) Ye, € B° VW, € 0

ey L tir ) = bésieg) (tir) ey € A Wy € Uy

T {ﬂﬁ[rpl_{rl.ﬂﬁ[h]{ﬂ,}} Weg e, € (AN B); Yu, e Uy

1 - JI’_l-{ﬁ:]l[t:,]n Ve, € B° 1V, € U

1 = fippe,y (i) = 1 — fege,s (e Ve, € A° (Ve € U
L {1 - .lrrl"lrl.J{“r}'- 1 - .r{:'.;.-“:.[“rj} s Wep, &g € (AN B);Vu, € U

t j.-kpl{t:.} Ve, € B° -

e ) ¥a) = beie,1(Us) e, € A° Vo, € U

T {Ej,-‘-[“p]{'il'_.}. t,f;i,q:,[u,}} Wep e € (AN B): Yy, € Uy
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1 - jll:'-j.-lp]{'r-'-] (Wep € B (W, € U
L= fijieg(ta) = 1= fegelvs) Ve, € A° o, € Us
T E, {1 - JrF‘lr,.J{”!}J - Ii—r'Er-,.J{i"-"}} iVep, g € (AN B) Ve, € Uy

Example 2.1.9,

Let Uy = {by, ba, by, by by b} . Us = {1, pa. pa.pu} e the set of books and

pencils respectively

£y = cheap  eq = erpensive ey = atfroctive
E = he the set of paramefers
ey =small ;. ey=long : e5= colorful

Let A and B be two parameler sels formed, based on the parenl parameler sel E.
Take, A = {eg, eq, 05} and B = {es, eq,05) with A, B C E. Frame fwo VASS's
namely (F .*1) and {II_"}' B) over kinary umiverse (L7, Us) based on A and B respec-
tively.

(F.A) =

) (W (< 0. 1:.:} 4 _ 0. 13“ s [0 ﬁb::} i [0 25:] 6] ‘ 0. i;b:l 5| ) | { [n.ai;]u_gj ‘ [n_gi;:_g] ‘ [ﬂ_lﬂ_ﬂ >) ) \

{ (e ({504, 0203 D207 RSS s]‘[u; i) (0201 0503] [04.03))) |

. (q—.. ( { 0.5 rb :]. 6 [0. Ehzﬂ- 4 [0. Eb;ﬂ 7 [0 45:3 4 [0 b:l 8] ) . < [M;; :J-?] . [ﬂ-::;zl:l.ﬁ] . [ﬂ-i .t::u_s] >) ) |

It is clear that. in this contert, F : A = V (L) = VL)

(¢.8) =
(tz ({ (0.4, 0.6] ) (0. 'Ehlﬂ 5| " (0. 4,}:} 7] . [0. Eb:] 9] (0. 2;}::] 3]> <[ﬂ2mﬂ-l] . [ﬂ';:]ﬂ] . [{IEF:J{'!-] >:]) ]
(P ({[I] O l}ﬁ]1 [0.4,0.5) [0.6,0.8) [0.3,0. [i] [0.3, 0. 5]> | {[0.2.0.9]1 [0.7,0.9] [0.5, D?]}:]) ,
(v

s

Bz ) By 1 by b, ™ 2 - i3

(< [0.2,0. EI] [0, Eb:} 4] 1 [0, Eb:} A 1 [0, Eb:] B [0, u&: T]> <[D.ﬁ.ll'.|"] 1 (0.7, 0.8] _ [0.1, 0.9 })) |

M L) f L

It is clear that, in this contert, G 1 B = V(U,) x V()

=(AuB)= {-r:';:,. :'f.;,ll?"].} L {E‘;r.. !?3,-[?5} = {15‘1_.{'3, :':.111?5_.{'“.]'
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(F.a)u(6B) = (K.C) =

26

(o ({0406 02,03 (0.4 07]1[1]209] 02,03\ /[0.2,0.4] [l}lﬂ:]-] 0.2, 0.6]
EP: Eg[ﬂaﬂﬁ]‘[l].:b‘:}EL[l]ﬁb:}E]‘[ﬂﬂﬂﬁ]jﬂ::]ﬁ]; E[uatns-] [ﬂ?l]El] [ﬂEl]T]i%%
! (Pd ({[03 04] [0 4}3|1[u2b:}7]1[u403]1[1}3&'1“13]} {[uznr] [1}31‘.!5] [ﬂﬁ:ﬁ]}))
[0.2,0.9] [nzuij [nzb:}-.j [nznﬁj [u-frrn‘r] 06,07 [u?nﬂ] 0. :hnn]
(e e e S =)
(ﬁ ({[[muﬁj_[nunj [trsb;}?j [{H l]i'!:] [n‘..{jm]) {[{uu?] [ﬂ.il]".-] [0.4, 0.5 ]}))
Fal| P
(f- .—1) (f" H) (H r“)
({104, ll}ﬁ]‘[l]ﬂ 03 fou ﬂ?]1[1]21]9]1[1}2ﬂ3] (0.2,0.4] [1}1 ua] 0.2, 0.6]
EP: gé[DlDEL[I}:i ll}u|1[l]ﬁb:}i‘|1[ﬂ2ﬂﬁ]1[ﬂ3&rﬂﬁ]§ E[uzna] [ﬂznsr] [ﬂ;ﬁnﬂ;g%
( (<[na .0.4] [0.2,0.3] [nzb:}"] [0.4.0.8] [n:r;n ]> {[nznr] [nanﬁ] [n;hns]}
| ﬂﬂuﬂj1[n2ui]1[n2hun]1[u2ﬂﬁ]1[u:|-ﬂ'.r] 06.07] [u:rns,] [ﬂ:hnﬂ] ))
(oo (2 5, 52 B BT, (B =)
Lo 00| 2 0] 02 0T {FII]H ﬂ".-l-']H- (2 1. "-.‘,“]"1 L1 B
((q[dl_[h][h][ | 1 ]){[F]TJ[ ][m]>))

Definition 2.1.10. [ Vague Binary Soft Subset}

Let (U, Uy) be a binary universe E be a fired sel of parameters

Take Uy = {uy, g, —— e, ——, w; }  Ug = {0y, 0, —, v, ——, 05} &

E={e ez ——0p,——. e} with A, B C E.

Alsa let A = {ey, 64, ——, Ep, ——, Emb. B = {e, ea, —— &y ——, ea}.

L represends union u,tmmrt'mi in canfor sef theory.

A Vague Binary Soft Sef ) is conbained in another Vague Binary Soft Set

(G, B) demoted as (F,A) € (G B) if
{1} A C B ; C denotes Subsel Operalion in Cantor Sel Theory

{2)¥ e, € A, dsome e, € B such that ﬁ'(r‘,] C G'{f,l,} ;T denofes Subsel
Operation in Cantor Set Theory.

In this case,

(F. .q] is called Vague Binary Soft SubSet of {:G
&

({'_T H) 18 clled Vague Binary Soft Superset of (F

B) denofed as {:F .4)

)

¢ (¢ )

)

,.4) denated ns (l}' Bl [:F..q
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Remark 2.1.11.
Vague Hinary Soff SubSet is writfen in shorf as VBSSS

Example 2.1.12.

Let Uy = {by. ba.ba}: Uz = {p1. 2. m}:

E = {“11"5215'3-“4}: A= {'“;h ff.l.} CE and B = {'“':1 '5;:15'1} CE

Let {F .r!) and (G H:] be two VEBSS's over binary universe (U7, Us).
(F,4) =

(ﬂ:h ( < |u.‘2£,'ln.3]1 [n.-rlif.ﬁt [u.;[:f-fl} | {[ﬂ.::ln-ﬁll [H.L::lﬁ]_ IH-F;;:]-!}] ))
(o (2520527 323, (0525 i i)

(¢.B) =
(ﬁ ( 0.4, 1},}] 0,5, Dﬁ]l [0, f :.|> | <[ﬂ'i.ﬂrﬁ|' [U.F;;:ﬂ.ﬁ]l lﬂl“'ﬂ]») \

(- (g s pitn ), (ke nftn )

( ( |us. 114] [0, d&f 1) [o. b:: EE}. <[”‘i;:lu‘3i.[”'T’:]'?].ln'ﬂ'"'a] ))

I this case, (. A) £(6, B).

ie. (#..4:] is o vegue.binary doft subset of {{:H
As a consequence (f" E} [:F A)

ie, (G, ﬁ) is & vagiie binary soft supersel of (F, A)

Definition 2.1.13. (Vague Binary Soft Equal Operation)
Let (F .J!) and (:: E) are two VBSS's.

These sets are said to be vague binary soft equal sf,

(F‘. .Jl) iz @ vague binary soft subset of {ﬁ'. B)

enril

[ :} 15 a vague binory soft superset of {F 4.:}.

It is denoted by( ) ( )
e, (F,A) 2 (G, B) and (G.8) 5 (F,4) = (F )= (&, B)
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Remark 2.1.14.
(;'5, _4) 5 (f;*. E) and [f';'_ B) 3 (F _4) - (ﬁ,_q:} & (c';*. E)
will be true only if A = B
Definition 2.1.15. ( Vague Binary Soft Cartesion Product Operation)
Let (U, Ua) be a binary universe with
Uy = {uy, vy, ==, iy, == w3}, Uz = iy, 19, ==, 035, ==, erl,-}-
E ={e),e5,——, &, ——,er} be a fired parameter set where
A={eyeq,——ep—— 8} . B={e. e, —— 65, ——, 8.} with A, B C E.
Vague finary Soff Cartesian Product of (F' ..4) and ({: .i".l') denoted as
(F.A) % (G.B) is a mapping N : Ax B =V (Uy x Uy) x V (Uz x Us)
nfere

P=(AxB)={ler.er) lerez) . —— lepe), ——. (€, €4 }

(L7 = Uh) = {{ag, 1), (ug, te2), ==, (g, 1)y, ==, (g5, 05) }

and (U % Uy) = {({vy, 0], (01, 02), ==, (v, 1), ==, (v, 15) }

Let the oulpul is denoted as (J-:F: I") }

¥ lepegd EP ¥ (upu) e VU xUh) and ¥ (v, 0,) € V(U = Uy),
r"l-:r(r,,.-,,;. (e, e J0g, 0 )) = ﬁ',;,._.,.” (T {:;':,.ql,.*] (g, Us)

:';:I’[,,qu:, ((2te, e ) {0g, 05 )] =

; < [m‘;" (ti:'[r,-:l[“"-]‘F"-:i'qu-]l::ur}) Lt (I = e,y (tte), 1 = f.:';-lr,]l[r:r]')] >

[FTHNTIR

o

(th, )
Yiemeg €P ¢ YViu,u) e (U = Uy} @ VWive,w) € (U= Uy)
Example 2.1.16.
Uy = {ty Iz} be set T - shirts; Uy = {ky, kz} be set of kurthas.
E = {ey, ea,eq, 04, €5, 65} be set of parameters, A= {e, e} C E; B = ey 64} C F;
Let {F A) and (c‘:. E) be two VBSS's over (U, Us)

{F A} ) (‘511 (( |E]-‘E;]l}.ﬂ] ‘ |l}.-lr:!ﬂ.llj]> 1 ( |l}5£:]ﬁ] 1 [ﬂi;ﬂ? >))
(o (23202 (i

< [;rm:n (tF'[r,:.[‘-'A:'- flfi‘l--;]{"-]} , T (l - "I:'-:--,..]{"-]‘ 1= .I‘{-_-,:,_q:,[l.'}:lj‘]] >
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(c.5) - ([,31 ( < [n.?.ln.a] _ In.s;gn.ﬂl ) 1 < in.j, Iln.l::»] 1 [n&.:;:{;I 0.6] ) )
(m. ( ( [n.ur‘.ﬂ.?]‘ |n.4:.zu.3] > . < (n. li In 8 [o. 3;; :n ]}) )

(L = Uy) = {t.ta} = {td2} = {{8nta) (B ta)  (fes By ) (f2, 22 ) }
(Uy % Ug) = {ky, ko) x (ko kad = {(kyo ey} (Ko ko) (ks k) (R ) )
= (A x B) = {{e1,e5) , (€1, 24) , (€2, €3) , (£2, €4)}

(;':-, ,1) % (r B) = (3[1_,4 X B‘)

- (‘” P} ) ([ﬂ],u;ﬂ“ﬂ[q.cg]}. ({c].r_'.j}-ﬂ_.f{q,c.ﬂl).
| (tenes) M Genes)) . ((enien) 0T ez, en))

{[r y { (02,05 0.2,00 {406 [0.4,0.9 <|I:I.I,1Hi| [0, o] L2 0] i, o) :I}
e (B tad * (hnadad " (i) T (lata) Kok} " (Rika) T Dk k) " (ke ka)
{[h e, {’ [0:2,0.7] E og] fea0.7] o408 {ID.E.MI [03,0.7 j0.2,08 f0.207) j}

(tr. g " (hpadad ' Qba,dg) " (B2, 02) (kg by )" (R, kea) T (R b)) T Dk, kz)

{ - { (0.3, 0.5] ﬁu 3,00 04, 0.7] |u.a.u.9]} {[u.d,ﬂ.m [0.5,08] 04, 07] J03,0.7]
er el W\ i) Gt ' Gt /N k)" (k)| (g dend (b, )
{[r.z-r..] { [0.3,0.7] .j-u..':.n.H|l pn.ﬁ.n.ﬁl |u.1.1|.r-:]} . {||:|.1:.~ 0.8 [0.3.08 :1,|..L.n.|;||l i3, 0.7]
[Bi.t1) (g, dad o (dzdy)  (fz.02) (ky k) (Rpaka) (R, kg) (ke kz)

Definition 2.1.17.

{AND Operation & OR operation in Vague Binary Soft Sets)
Let (U, Uy) be a binary universe with

Uy = {uy, e, == 0, ==, }  Us = {09, —— v, ==, 4 }.

E = {ej. 60, ——, e, ——, e} be a fired parameter set where

A= {e), e, == ¢y == tn} B ={e) e, ==, 00, == e,} with A, BCE.
Let P=(Ax B)={{ei.eq) . —— . (epeg) s —— (€ €a) },

be the Cantor Set Cartesian Product of parameter sets A and B,

1. AND operation befween (F, :1.) il (ﬁ', H} is denoted os (I .-'1) (f‘ H)
Let the output be denoted as (X1, P), where M : P = (AxB) — V(Uy)xV (U)

ﬂl"f.;,r,,d (e v,) = JE}..P] (1) M L'";]..‘;. (1)
Vo olep g€ P, W (e, v5) € V(L) x V(U3)

Here M denotes Cantor Set Intersection
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2 OR operation between (F A} and {G B:] is denoted as (F A) (G‘ E)
Let the output be denoted as (""r F), where N : P = (AxB) = V{U,)xV(Us)

‘H';rie,.r‘.] {1!,-.. ‘t"-s::l = -Fit,] I:1:'|'r'} L E'Iir,-:l Eus] '
Voo (epe ) € PV (v € VUG x VI(U;)

Here U denotes Canlor Set union

Example 2.1.18.
Let Uy = {by, by, by By b Bg } Be the sel of buses; Uy = {ry, rg, vy} be the sel of roules;

ey = rural e, = urban; e3 = infer — state
K = be the set of paramelers

ey o= air = s, ey = lurury:  eg = sleeper
Let A = {es, ey} CE  and B={es} CE; Alsolet (Ax B)be P;
S P=AxB={(ege3), (eq.e3)}

Two VESS's formed for the above context is as follows:

liu_{{ul.:l.u.'-lf]_[I-1.:p_l.lltl-|| [u.u,u.ﬂ 0.2, m..] h.m 0.5 <|u.| us] [ 8] [, ujl}})
F ..4 = _bl bz b by rz LE]
A, .- - :
{ ' ]' [{“ r:{u_uu] [uum] [EIL.II.| 4, LH] HI.‘E:I:IH-| <||r u'.fj [|:|.+,1u] [nd|u|>}:l}
' [ [ by
['5' B) = {{ Hh,:u:ul HH ur-] Inmhusl_ru&uﬂ_[ﬂ&uﬁl {:M uJi II.l? 0.5 |umﬂ}}}}

AND operation between (F, A} il (lf;', E) 5 qiven os {:;‘l_L P)
where M P = (A = B) = V() x V(Us)
(M, P) =

{(M Y {m.u.rt] In.ln;:u.sjl[ﬂ.&h:l‘|1[nzhn.ﬁ| j0.3, nr|}{|n2u$j [ﬂi&ﬂl uin.:|}}}

(1-1 el {m M]'IM::EJ l':'i":‘-l'l mi”' j0.3, nm}{m n-'rj [0.3. 0.5 m.n,5|}]

L]

Of operation belween {F A) and (G B) is given as (.-"-'ﬂ’, P)
where N : P = (A x B) = V(U,) x V(Us)
(N.P) =

|+|u ur] [ous, ] [ouG,is] . :|u.| [u': 0.5]% F [0, 0.9 [ur 0.9] 0.5, 0.7]
[(*m* S B B (5 = })}

(11:4 e} {pu &, 0.6 r]. [o.a, u*a] [, I;;Il.zﬂ- [, LIHI hu 4] } {|u a2, us:] [0.7, |r.-J| 0.5, 0.7 }jl

L]
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2.2 Algebraic Properties for VBSS Operations

Previous seetion discussed about VBSS s operations and concluded that they are not
same as Cantor Set operations. A detailed discussion on the algebraic properties for

Vague Binary Soft Set Operations are presented in this section.

Theorem 2.2.1.

Let (U, Us) be a binary universe, E be a fired set of parameters

Take Uy = {uy, iy, ==, 0y, ==, 1;}  Us = {1y, 09, ==, 05, ==, 15} &

E = {e,eq,——, e, —— e} with A C E, where A = {e), ¢4, —— By ——Em},

I represents canfor sel union operation.

1. {Identity Laws)
For anv VBSS {F . .-1} defined on the absolute VBSS {E :1:}

(a) (F.A)0($.4)=(F )
(b) (F.4)7 ({'.3’, .-1) = (F,4)

2, (Domination Laws)
For anv VBSS (f- .fl) defined on the absolute VBSS (L-Jl)

(a) [rJ‘j ﬁ{:i:.,q) - (i-, .4}
(b) (#.4) (0, .4) = (07.4)

3. (Complemental Laws)
Null - VBSS (J:E. .4) and Absolute - VBSS (L .4} following are true:

(a) (4, .-11:}r = (17,4)

() [L 1) — (@, A)

Proof.
. (a) Let {F.A}

Ve, ()
<”*—‘r‘r Ve, € A, Wu, € {,-'l>.

([

Vi (s
< Fi |-|{‘ }: l';'lf'p £ A Yy, £ L'I;g>

iy
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)

[*' Fieg)\tir )i 1 — .-r#"rr-,r{“rj] )
- Vg € Avu, el ).

i,

[fp"[gpg.[“a:'- 1 - f:'-"t:,](t’n]]

LT

1

-

(e, € A Vo, € L"2>

#

(/0.0

o (FA)0 (8 4)

Also, (1':3. .4)

e, e A, WYu, £ L’|> (

0,0

v,

Ve, € A, Vi, € L’-;>)}

!

1= frepthlo0l]) >
L Ty, I e

S

[ LT ( t e,y (e)s [0,0] |, max
.

<rim:|: ( t e,y (0s), [0,0]] , max
L Un

1- f e,y (Ve |”'“]]} e, € L >
(W, € L

< [t (1), 1 = g (10)

iy

Ve, € A Vu, € b’]> .
= [:F'..Jl)

< [rﬁ'-:e-,]t"-:h ]l - -l';'.-“r:l[l.',]_

2y

e, € Ug>

(b) Proof is similar to 1{a)

2. (a) Let (f- .f{)

f'.'g l:.”r]' 1 = -Ilr e {“"J
<[Hp] hix ]: Ve, € A, *:m,EL-':>-
iy
iz 4 [4-'..:'- 1 - -iF"'e'. l:-rl"']
( Fles) - o : Ve, €A, Wu, € U-:>

(ﬁ. .4} 3 (;-—'. A)

(

£ (80): 1 = S ()] .

i

£p € A, Yu, £ f,",> .

Ye,e A, Wy, € U;.)
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r
< ey () 1 - f}._[rpl{u,}]

(.

We, € A, Wu, € L"|> .

< i (00):1 = i, (04)] :

;
Uy

Ve, € A, Yo, € L-';r>

L4

<mm t”f_:,[ur].ﬁg-lrﬂ{u.}) TN (1 — Fipe,(ued 1 - f;:-[frb[ur]}>

iy

(
<mm (t”fr:,[u,J. fj.'-{ry]{!’:}) , T (I = Fpeplva)i 1 — _.rj.'-l-rp]{i":})>

Ly

Ve, € A, Yu, € L Yo, € Us

< ;rﬁ-':'!'p]l:'nr]'l - fj‘["pl‘{yr]] .

LIS

Ve, € A, Wu, € L"|> .

< :'rfz'(e',]l:.r"l]‘ ] - -.Ir}'-"|rr,|{”.|}] )

= (#.4)

(b)) Proof is similar to 2(a)

Ve, € A, Wi, € L’g)

3. (a) Let (I" fl) and (‘Iﬁ .-1] are s defined as below:
Also let (F,A) = (B, 4). Then Ve, € A, F(e,) = d(e,)

() )
(o) (2 )

= Flep) = dle,)

= Fle,)* ={ ({%:Vu. = {F.> : <| 4_:J] W, € U >) }r
- { (<%;vu, € UL> : (llTl]-.vz.-, £ L-’:)) }t = Ufep)
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s Ve, € A, (d} .—i)" = ({:r_ .J.)

(b) Proof is similar to 3(a)

Theorem 2.2.2,

Let (U, U) be a binary universe. E be a fived set of paramelers
Take Uy = {uy,ug, ==ty == u;} Uy = {0y, 09, ==, v, ==, 15} &
E ={ey,e3,—, e, ——, 6} with A, B C E,

Also lel A = {ey, 2, — —, Epy ——, Cm}. B ={e, 00, —— g — —.en}-

U represents union operation in cantor set theory.

fa) {Commutative Laws)
For any VHSS (F, .-"l) ral (f:’ H) aver Absolute - VESS {f' E)

w (Fa)n(c.)=(¢.8)A(F.4)
i (F.A)0(é 8)= (G B)0(FA)

(h) {Associative Laws)
For any VBSS (F A} ( B) rmn!( ) over Absolute - VBSS (17, E)

i ((F.a)a(éB))a (o) = (B a)n((6B)n (i.c))
o ((r)o(em)a(ic)= (-0 (e)o )
(i) (Distributive Laws)

For any VBSS (P A} { B} nd {Fi' c) over Absolute - VBSS ({7, E)
C
C

))=(F.4)A(6.8)0(F.4)A(#.c)
)= (Fa)0(é.5) (F.4) 0 (i.c)

< (Fa)a((é.z)o (.
“( A)o((6.8) 1 (4

Proof, Steps are Obvious

Remark 2.2.3.
Set of all VBSS's over the Binary Universe (U, Uz) with a fived parameter set
E is denoted as VBSS (U, Us) g

Theorem 2.2.4.
Let (F.A) and (G, A) be two VBSS's in a VBSS (U3,U3) .

Then follmping are frue.

(a) (F.A)E (G A) & (F )R (Ga) = (Fa)
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(b) (F .q) - {&.A) = {:F ,4) 0 (G A} = (G .4)
Proof.
(a) Assume (I- .-1.) CiG,A) =

. AC A
ii. F’[::p] - -L:i'{t.'P}, Wep € A [See definition 2.1.10]

Let (f'if, _4} 2 [:F .4) A (rr .4)
= A(e,) = (Fle,) NGley)) . Ve, €A
.F'*'"ft",.} Ve, € A°
= ﬁ'[rP] = G{q‘.,ll- Ve, € A°
min (Fley).Gle,))  iVep € (AN A)

S By assumption, I-'.ir[.t:,_.j = (Ffrp] H{E{f:pj} r F[r‘,] Ve, € A
Moreover, A C A

s Vague Binary Solt Equality conditions got satisfied in this case

[By Definition 2.1.13]
= (H A] i (f A)
- (F .J.) f (G .4) = {F A)

Conversely, suppose, (F' .-‘n) g ({.-' .ﬂ.) = (f’, A).
Also, let (H .4] & (F ,4) f {G .4)

= fi(ep) = (Fle) N Gle))  1¥ey € 4

= Fle,) = (J’:’r:e,.] néle)) Ve, €4

= Fle,) C Gleg) Ve, € A

= (F,A) C(G. A)

i S

{(b) Proof is similar to (1)

Theorem 2.2.5.

Let (Uy, Us) be a binary wniverse. E be a fired set of parameters
Take Uy = {uy ug, — up, —, w3} Uz = {1y, 09, ——, v, ——, 5} &
E = e, eq, == ¢, ——, 63} with A, B C E.



CHAPTER 2. VAGUE BINARY SOFT SET A6

Also let A= {ey, 63, ——,ep,——, 6}, B = {e1, 63, ——. 60, ——. 4}
For any VH5S (F' .4} ard ({: B) aver Absolute - VIHSS ([' E)

(a] {(F A} 0 (G E))r - (F A)"fj {G B)r
) (F.A) 1 (GB) £((F.a)n(6B))
Proof.

Let U= (AU l) = {r:hr'-;. ——,r_,?,——,-r:;,}

(a) Let (F.A) (G, B) = (H,C) where C = (AU B)
Ye, € 0 imr’:l[:nr], L-‘[r ;.[“r:]- !f'j'trgil[“’l‘ fi'ltr,,:u["-::} are defined as
in definition 2.1.1. Here, ((#,4)0(&,B)) = (f1.c)
Using definition 2.1.6, Ye, € O,
f"{urP]I e € B°
.";"[39] = ﬁ"{fq} 18 € A

j‘:w{-l'!P} L {;‘.{ﬂq}: iy By (= {-'4 n ﬂ]

S (ter) e, € B W € U)
i‘,;f[ni‘]{ur]l = fa[m{u,} Ve, € A° i T
s { Fi ) te), S (1) } 1Yo eq € (AN B)¥or, € U
1=t () Ve, € B Wu. e U,
U= Fiepegyltte) = 4 1=ty (ur) Ve, € A° JWu, € U
nm:t.'{l — Epp (1), 1 — i,;-;-[,.f]{t.r.]-} (Ve e, € (AN B)  Yu, € U
_Fp,:r_:,[u,] Ve, € B Yy, el
ey (ts) = ey () Ve, € A" Ve, e Us
Mz [ ftepy (), ,r{-,w{n}} Ve ey € (AN B) Ve, € Us
1=t 4(v) Ve, E BT Vo, e Uy
U= Siaeteg(00) = 1= tag (v) Ve €A Vo el

maxr { 1- tj_-'-[,l.p]{'i-'..}. 1-— tﬁ{ﬂ:‘fu,]} Vep e, € (AN B) Ve, € Uz
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Lot (F .—1)" () (r:, H)r — (§,C) where C = (AU B). Then, Ve, € C,

Fe(e,) 1ep € O°
Mieg) =4 (e, ey € A°
Fle,) U (e, )iep g € (AN B)

Fie,(te) e, € BT TV, € U
J'I.['”‘.F]{'EE,}I = I'f:‘i':q-]{”'} Ve, € A° Vu, € U

maz { St te), fﬁ.[,ﬂ{u,}} Ve, e, € (AN B):¥u, € U,

L = FI'-"»:--,.]'[”F]' Ve, € O° sV, € U
I - Iﬂ.—rh-,]{ur} =4 1- Equ:llfnr] Ve, € A° Y, € U,

T {1 — "I-"-:e-,.]rx"-‘L 1 - f.:-_ah_q:.[u,.;l} Wep, eq € (AN B);Yu, € U)
fﬁ'qr,,]'["-]' (We, € B° VW, € U
TI{'”{.P]{'E-',.} = fﬁ,._f][r.'.] We, € A° e, € Ul
i {-IF-F”-huﬂ{r!']- f{-;-{ﬁ:llir.'_,]} Wep e, € (AN B) Wy, € U
1= tp,(va) Ve, € B° Vo, e Uy
1 - I.'l_ri--,]{”ﬂ} ={ 11— f{r..“,u][l',] e, € A° e, e Uy
maz {1 =t (0,1 = g0} Ve eq € (AN B) Vo, € Uy

s e, € C F.l""[\::ﬁ._] = "U{fﬂ.jl Moreover, O C O
By definition 2.1.10. (ﬁ’. E':]L is a vagne binary soft subset of (ﬂ.i‘:}

Thus ((r .4) 0 ({“ H) ) & (I .—1)’{,‘1 (p H)‘

(b) Proof is similar to (1).

Theorem 2.2.6. {De-Morgan's Low)
Let (U, Us) be a binary universe. E be a fized set of parameters
Take Uy = {uy, ug, ==, 0y, ==, 145} , Us = {1y, 09, ==, v, ==, 15} &

E ={ey,eq,—— e, ——, &3} with A C E with A = {e1, 00, ——, €5, ——, € }
For any VBSS {F A) and (-—:: A] over Absolute - VBSS (L E}



CHAPTER 2. VAGUE BINARY SOFT SET a8

(a] [(F .—1) (G A)}”: (F‘_A:]':ﬁ({;'r__q]:]':
Y [(R.q)ﬁ(i?, A))r= (P.A:]' L‘:(é.m)'
Proof.

(a) Let (;;',_4) - (F A) 0 (6. A). Then, Ve, € A, f{e,) = Fle,) U Gle,)

={ <:.l':'[-rp:l[“1':]'] - .Ir!'-"[l:p|{“|-']|]:-,ll_l||”III = E|> . <[Ej-:1tp]{!r:}1 | — fﬁ-[fp:lt’.]:"'i'li‘ L= Lf:g)} N
- s

t-f“{p ]{Hr} 1- fﬁ:r}:‘ n,]| Vi, € {,.'|> !<l!r:.;f,;.ftl.;:|-1 - .J':‘i'[.a,]tls];w_lﬂ e U—;>}

ty

J:m:r ”E ][Je,} f'”,_. ]fi!r]'} I::ﬁr{l —_.fﬁ;,](ur} 1 - ft.r:- ]'{Hr}lj] e U> .

o

rrm:.— it-x[p plvsd de, ]{m}lj] mu:.—{ = S tvsh L= S }{n}:} . )
1-. b

(vs)
H[rp] |
rrurr Ia (e by, ylue) ) omin (1 — feo (we) 1= f ET™ ]
Flegp ) L (1r)) Hr{ Fileg) e (1)) HifHFEL,L>
4 ]
rrrm Hf :l[l-,:l i{r[f :'{r.l,:l) rin (l -f{-"lr ]I:i,] 1= -fﬁ"lr ]I:i,]-:] e EU?)
(2] '

] .I"-= [F]"'r-plﬂ (tee) ) omin |1 — e rhl- e r
<mm{ Flepi [t B (2 :I liit:r[: fn P](“ ) fr'r p]{ﬂ }'jl -V, € L"L>
| [ b
” (""-" (,mm[..-,].rmm[u.]) .m:’n{l = e, (s ) 1 = f{;’-m,]{t‘.-}} . € U >
(v A

Let (A1,4) = (F,A) A (&,4) = ve, € A AH(e,) = Fo(e,)06(ey)
L J‘-I{'E'F'J =

{ <_F;:-i,_3iﬂr]~ 1“_ f:‘-mnf”r” v U.) I<Uﬁ[-.p]{-z.-,}. ]t._ Eﬁ[rp]{ia.]-]:vt.-. € LE)} a
{ <[.-r{'-'l:r.-:l|:nr]‘ L_ -f{:'-:.-,.]':”r]'l;'ﬂ"rrr = Ul> I<LIII-E":['-'J{p"}1 IU_ fﬁlﬂlj{uﬂ}];vu’ . Uﬂ>}
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i

iy

<miﬂ [:"-pr]{“r b t{":wp]':"'}} TR {1 B Iﬁ'[““b{urjl L f(’;.:.-__:.[“rl} iV, € U > |
: Vi 1

<,m-n (t ey () iy ) ) ermin (1= S L= S, () b >
LWL 2

v,
[H{;.-,}]' -

(]-r”-” {If-"[r,;.{"']‘rilr'[rpil[""]‘} L mm {I. - Ij.-.“.k]l:"r}- ] = Jrr';'l_q-h_l ':.:ur}] ey c Lrl>

3

iy

<m|—" (Ic'.:[e,.:l[i!"']' iﬂ[rp:l{”':l:} T (l - f&irp][l-'.-]f' - .ff.."q-_—,]fl-‘.- }} o, € U >
(v) .

= NM(e,), We,€ A= (ﬁf. A)E = (M, A)
Proof follows,

{(b) Proof is similar to (1)

Theorem 2.2.7. (Idempotent Property for AND L OR Operation)
Let (U7, Uy) be a binary wniverse. E be a fived set of paramelers

Take Uy = {uy, ug, —— ttp, —— 5} U = {0y, 09, ——, v, ——, 15 } &
E={ejeq——, e ——. e} with AC E. Also let A= {e), 62, ——. €5, —— €}
For any VIISS (F' ..4:] over Absolule- VHAS ({:’, .F..'} Jollowing is frue:

(a) (F,A) A (F A) = (F A)
) (F.A)V(F A) = (F.A)
Proof,
(a) (F.4) ﬁ(F.A) = (.ﬂ.r::) :
Let (= I[.-l w A). Then, ‘ﬁ"l[t.',, e) € (A= .ill'l = {
M(e.,er) = Fle,) 1 Fle)
ﬁ'i':n:'
=¢ Fle) Using definition 2.1.8 (1)
min (F{a,] ﬁ'{f!!})
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= (M1,.C) = (F.A) = (B, A) A (F,4) = (F.4)

{b) Use definition 2.1.8(2). Proof is similar to (1).

Theorem 2.2.8.
Let (U, L) be a binary universe. E be a fived set of paramelers
Take Uy = {uy,ug, —— ttp, ——, u} U = {1y, 09, ——, v, —, 15} &

E ={ey,eq,—— ey, ——, e} with A C E with A = {e),e3, ——. €y, ——.Em}
Let I['IF, B) and (U7 1) represents the Null - VESS and Absolute - VIHSS
respectively.

(a) (F.A) l'_'.l(éfﬁ:ﬂ) - (.L:,J.) = BCA

) (F.A)0(0,8) = (0,4) e ACB

Proof,

(@) (F.4) = {e €A/ (e Fle)) |

where ﬁ'{e,.] = (<MLHH, £ L’.> . <M:‘ﬁa (S L’;>)

< [tm,m'{"r}* 1-f ;'-;,,;[Hrl]

.

Vg € AV, € L"|>.

<[’f'“if-ﬁ[”’]=l_fi‘w]':""]].w € AW EE>
Ve, € AV, 3

v
Also let r:'
oL {( ) {08, e )
Let () ( j (ﬂ. {:} where € = [.a;um
Fleg) cey € B°
Ve, € C, Ney) = Gley): 1ep € A"

Fle,) U Gley)ie, € (AN B)
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[.rp;.'[ ::'

Ve o
| T L’|> . (F—;
s
"i"tl, = ffg})

' ( < Vi i)
(v cv) (57

41

Yo, € Ug)) e € I

jep € A7

(( LT [:1.-’1;;.‘___?]{“,-}, 0, ﬂ]}

Ve (0,), 0,0
:wreb’l>‘<mur( ey (1), 10,0])

[I!‘:-.‘r yltad, 1 = ,,r‘;,l*_l[u,]]_

Ua

o Ug>)

iep E(ANB)

o) (M
et (B )

. ,[ur] b= f e yitr)
( b
(5

= {

W, £ F:;}) jep € B

jep € A7

( (mﬂ:([!ph ,:u.] 1- ,r,," ] [0,01) . m), (mu[[lplﬂl[h].l = Fpeyytel] [0}

- Yo £ UJ) ( ['”‘ﬂln‘]‘ s
(B (200

1= Sy b0 :]

va
iep € (AN E)
L= Sy 0] e u,)) -
e e A7

. [t#eemte):
Y- € Ly ) ( o

i

(( [Etey (81 = Fipg, ()]

0, e 1), (20
i, ',

Ve (1, v
Veen(te) 0 o [,r]>1<

(1.
1.

(
I

Let BC A= (ANH) =

S Above becomes,

.'“'.;’{ﬁj,} = (<w:'ﬁ:

Ve, e B &
= ﬁ'[np],h'-r:P e A
Conversely, (F‘

Ve, B

(b) Proof is similar to (1)

; Ff'_"ifr][u"}.-.i.ru cU Ve, (V)
A P KL St
e, £ U >)

ﬁ"q.-ﬂl::t'-i]

= U|> .<Fﬁfr;1{tr_"}:

Wi, EL;))::,EHHB}
Yy, € L"g>) N

rep € A7

(W, € L"g>) ep € (AN B)

= Ug>)

) {@B} (FA):-muB} A=BCA

)
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2.3 Vague Binary Soft Topology

Vague binary soft topological space over a Binary Universe with a fixed parameter
set is developed in this section. Notions like interior, closure, exterior, boundary,

neighborhood, separation axioms are also discussed with some of its properties

Definition 2.3.1. ( Vague Binary Soft Topology)

Let 75 be a collection of vague binary soft sefs over an tnitial binary universe (L7, Us)
and A be a non- emply subsel of a fived sel of parameters E (ie, A C E). Then the
family T4 is saud fo be a Vague Binary Soft Topology (VEST, in short) over (L7, Us)
if it satisfies the following arioms

I. Null - VBSS, (IIF .-i) anid Absolute - VBSS, (J".'.-"l] belongs to Fa

2. Vague Binary Soft Intersection of finite collection of VBSSs in Ta belongs to Fa.

i.e., for any (fj...-l) 5 (lf—“g. A:] € Fa, {:ﬂ.. .-'l) ) (lf;'m A} £ Fa
3. Vague Binary Saft Union of arbiltrary eollection of VBSS's in 74 belongs to 74
t.e., for any fomily {(G*!:] fie IV C Fa, Uit {G‘ A} £ Ta

I this case the f-tuple (U Uy E
Space (VEBSTS in short) and any VEBSS in T 15 nown as a Vague Binory Soft
Open Set (VBSOS, in short) an (U, Us)

Fa)y is called a Vague Binary Soft Topological

Example 2.3.2.

Let Uy = {by b} U = {m.m}; and E = {e), €2, €3, 24, €5, 85}

Alsa let A = {eg.eq}. 11 is obvious that, AC E

Let (I.I-",.-"!:] anl (H .-1) be two VBSS's in VBSTS (Uy, Uy, E,7a), defined as fol-

lots:

W, A =;(
"0

(;';r, .4) =4

'(
{

€3,

LF

3,

£,

(%
((%5

[0.4,0.6] [o. 2 0.4]

5,05 [06,0.8

[nanm[n4n4

J'J'| jl:
0.3,06] mﬁuﬂ

[0.2,0.6] [[]E n?]

[[]-.: 0.6 [l}-l uuj

[uanq[nsﬂm

M
[EI.E i, J] |l}l l}ﬂ-]

(%5
((%5

by

)
)
)
)

("
(5
(
5

1]

))
)
)
)

e

H

)
)
)
)
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In this rase,

. l}]_|l] o]\ /10.0] [0.0]
(o5 8 5
02,06 [0:2,0. {|> <|:: 5,0.5 [04, [H:u|

m

({55, )
(e pais) (o wiba

(& (S5 E5)
({[nan&] [nnms]} <[ﬂ.’lﬂﬁ] [nﬁn?]>))

1

(cn (L) Y (L1 [L1Y) )l
)
NORC

Null VBSS, (

-.___.-ﬂ
Il

(1, .4} (. d.:] (A, 4)

(0.4, 0.6] [nam])

{H'-'_A} {H 4} = « 4}

IS
(¢
(o
(+

Absolute VBSS (['.:',.-1} _

(f.,. (< “!;]1]. [1!;:]> , <[1Ml]| L]

Then, clearly, the collection T4 = {('[J .f'l) . (]-I .-"l) . (H .-"!] (’U A LA
iz a VBST. Alzo.all the elements of 75 are VBSOS's

i, 1)}

Notions in Vague Binary Soft Topology

Definition 2.3.3. (Vague Binary Soft Closed Set):
The relative complement {:F .-i) ' of o VBSOS [:F ,-l) in a VBSTS (Uy, Uy, 7. E)
is called a Vague Binary Soff Closed Sel (VBSOS in short) over (U, Us)

Example 2.3.4.
In example 2.3.2. (\f .4:] s a VBSOS, Let (’lf .4){‘ = {B A}

.. [ [/104.08] [0.7.08]\ /[05,05] [0.4,0]
{ﬁ-ﬂ} - E:i Eé[u'{[w]'[[]-{E]‘?];g[[]-{}]-ﬂ]‘lt]{}'ﬂ]>£ is & VBSCS

Theorem 2.3.5.
Ta and 5 are fwo VBSTs over an initial binary universe (U, Us) under a fired
parameter sel E with A C E. Then

I. (Fa B Fa) is also a VBST over (U, Us)
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2 (Fa O da) need not be o VBST over (U, Uy)
Proaf.,
1. ¥4 and @45 be two VBST's over (L, U3) under a parameter set E with A C E.
(a) ({7.4) € #a and (07, 4) € 5 = (0. 4) € (7aféa) ;
[&'r,_d) & ¥a and {Jl?-. .4) € fa = (.];_ .4) € (4 s)
(b) Let (N, A), (L, A) € (#aFFa)
- {-. .4) [L A} € #4 and {ﬁi-‘. .4) . (L A} A
Hutﬁ1m+LVHET.ﬂl(ﬁ,ﬂ)ﬁ(ﬂﬂd)Eij
similarly, (N, 4) 1 (£, 4) € s,
Thus, (.-‘1', .d} A {:L _A.) € (7al)
(¢) Let (""r :1)!‘“ = [fg,,ll"'rr':i‘,_-,}l; Yoo e Al
Then ("v.ri) N € Fa. Vo e A and (,’i.;-'! .-‘.) EdaVae A

A

Fa and Fa are VBST s over (17, Uz)

= 0n, (¥.4) eta & On,(V.4) e
U, (N, A) € (Fad,

= i { )_&" (Falda)

- (#afi34) is a VBST over (U;, Us)

2, Proof is given through a counter example, Consider example 2.3.2

Fa = {(-fr. A) _(i'i-'-.—t) ,(H,.—l:] , (.ﬂ,.—l) , (ﬁ?-.—i) (1 1]}
s = {n-iw..q}.iﬂ.,q],{i",.qj.u'i'r.,q],{c;'},.q}l.iﬂ',m} is another VBST under
same conditions

[ | [04,05]\ /] ] | ]
(ﬁﬂ)_{( ( 'I]E-IZJEIIIHU ><|::1:h[13 nam)))

<
(([ 1[:IH| [[J-j[]4]> <[[:3n.a] |tuu.:] ))
(<[ A4, 0.8] [n‘nm]:I {[n:hn 5| [ﬂ?[lﬂ|>))}
( )
( )
( )

€4,

RA) = (w
(#.4) (o

P
( [uzu4]l[u1ua] [u.:*;:_lﬁ] [0.4 ur:.|>)

(s
‘F’.A=<(
(¥.4) (

. {[nz 0.3 [0.6,0.7]

by ™ ' Th

[0.1,0.4] [u1u4]> ([u& u5;| 0.2, m])%

<[n4 0.8] |l]‘i 0.5]

™M m
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“lﬂ (,.1(<|" 09] [0, L:H]} {[[1.4!;[:1.::]_|c1.?::].1}] ))
(@) ( ( [uz US| (0.3, [J-.:]> <[u.s;u.ﬂ]L|U.4.u.ﬁ]>))
(b.4). [u’ A).(HrA). (1. 4). (W.4).
(0.4).(V.4) . (#.4) . (Q.4) . (6.4)
yoon-{ b m o )
(5 )5 5)

(1, 4) € (7308) and (6, 4) € (73065) » (1,4) 0 (0, 4) € (7alas)

(Tallda) =

Definition 2.3.6. (Vague Binary Soft Discrete Topological Space)

Let (U5, U%a) be a bnary universe and E be a sef of fived porameters with A C E
and let Fa be the collection of all vague binary soff subsets which can be defined
over (L7, Us) . Then 74 15 called vague binary soft discrete topology on (L7, U )and
(L. Uy Ta, By is said bo be vague binary soft discrele topolagical space over (U, )

Definition 2.3.7. (Vague Binary Soft Indiscrele Topological Space)

Let (U, U5) be a binary aniverse and E be a sef of fired paramefers with A C E and
let F4 = {(‘Iﬁ .-1) . ([-:'- "1.)} Then 75 is called vague binary soft indiscrete topology
on (Uy,Us) and (U7, Us, 74, ), 15 said to be vague binary soft indiserete topological

space over (L, Us)

Definition 2.3.8. (Vague Binary Soft Point)
A VESS (;'r", _4} is called a VHSP if

Fle,) = ®le,), Ve, € A
Flep) # Bley), Ve, € A—{g;}

Definition 2.3.9. ( Vague Binary Soft Interior point)

Let (U, Us, #a, E) , be a VBSTS over (Uy, Us) and (f ,4) be a VBSS over a binary
wmiverse (U, Us). Then J"'-‘{.rf!,} i5 said fo be vague binary soft interior point of {L .-i.)
if there exists a VBSOS (1;3 ;1) such that F(e,) € (1;3 _=‘|) - (f .-1)
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Definition 2.3.10. {Vague Binary Soft Interior of a VBSS)
Let (17, Uy, 7a, E), be a VBSTS over (U, Uy} and (f .-i) e o VIBSS over the binary

wmiverse (LN, 0%), Then vague binary soft interior of {I A:} iz denoted by hs int
. - 40
(I,.-"!) o (f: :1) and s defined by

o int (I .-'1) = U{(H’ .-1) ETa (J'L .-"!) - ( ﬂ.)}
ths int (f .4) is the largest VBSOS in (J' .d)

Example 2.3.11.
Let V) = {ml,mz} = {n., rrz} be @ binary universe;
Also let E = {e),eg,e3,¢4. 65,65} with B = {eg,e3} T E

A VBST defined over (V) V2) with a fired parameter sel B is given as,

tas = {(#.8).(51,B), (E.B),(8.8).(0.8)}
o (D (EAED)).
( ) ( (([ﬂﬂ]1[u{l]> <[ﬂn| [(::1]}))
o ( (([ﬂ :”-II}ﬁ] [ﬂ?ﬂiﬂl> <[ﬂE:“D a) [0, UE]>)) |
{ ) (!ﬁ ({[{I zj”[u | (i :1"n 5 .<[[Jd 0.6] [0.6. l}"]>))
[ (s 203 (0503 eonsyy)
{ :} ( ( <|ml}] [lr}“u]> <|:14”]'|t14“]>))
| (o (R0 (o3 02Y))
{ } (p.; ( <[u iru A0 o :1“0 d]>t <[U':flu'ﬁ].|"'{:”'r]>))
oo CGES-GES0))
{ ) (re.- (< [:“11‘ [:“1]>‘<[1“ 1]. |1n. 1]>))

. |I]--l,ﬂ.ﬁ]1[ﬂ.?.ﬂ.ﬂ] 1 [ﬂ.ﬁ.ﬂ.ﬁ|1[ﬂ.ﬁ,[!_ﬁ| 1
{“IT'H)I; ((fﬁ(é [ur.:_:..]u.u]‘[u'.:fu.n?> I<<[U.I;L.u.ﬁirl[n.':;n.?]);)))

Ciis
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Definition 2.3.12. {Vague Binary Soft Closure of a VBSS)
Let (Uy, Uy, 74, E) 4 be a VBSTS over (U, Us) and ({; .JI] be a VBSS over (I, Us).
Then vague binary soft closure of {E:‘#.) is denoted by hs ol (l:'_- d:] or (G .5.) 15
the intersection of all vague binary soft closed super sets af ({'_:‘ .J!J :

ths el (G A} iz the smallest VBSOS containing (G‘ .-’l) over (U, UL) and it is a
VBSOS

Example 2.3.13.
Using the data in example 2.3.11, find some VBSCS's :

e (G Sl (G
(&.B) = ((rﬁl((<<[1,1|l[1,l1|>> <<[1 i . 1]>>)))
. [n..:,n-ﬁ|l[n_?,n-3] | [0.5,0.5] [0.2,04] A
{‘ﬁ'ﬂ )n N ((:(é <[n”1“n 2] jt]ﬂ:u u]>> << 0.4, :}"]_ [uF.J; u4]>))))
[H.J.I:..-Lij [n.f.r:iq [u.n.I[JII_E.] [[:_z_I[r]:] *
{E,ﬂ:}r=1 E > Loy >))

W

55, 1
iy e rj

E<[Lf]-[hf)-<‘h‘]-'L”)))

(i'”]rz‘ (FH (<E|:11”1:]n[£ri|]u>; S:rql] [1|r::|21*|.>n)ﬂ) 0.3, 0.4]
(= (2 ()

o ({100 0,01\ /10.0] [0.0]\))
()

All these sets are VBSOS's ;  Let (z B] {E E)

(: B) (E.B)

. [0.4,0.6] [0.7,0.8] | 0.5, 0.5] | [0.2,0.4] _
( (<[I.FIT [1,1] N [|.>I] <[l. I]”] h >))
(Fﬁ1(< my >< m ol om >))

£y

e
Ll
==

e

Il
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Definition 2.3.14. [ Vague Binary Soft Exterior of a VESS)
Let (Uy, Uy, 74, E) 4 e a VBSTS over (U, Us) and (E .JIJ be a VBSS over (I, Us).

Vague Binary Soft Exterior of (E A) iz denoted by vhs ext (E .4.:] ar [:E .J-’l:]ﬂ irnil
is defined as [E A:}ué [[:E,' A}I.]"

(E ..-'l.) ig the largest VBSOS contained in (E A)--

1]

Remark 2.3.15.

1. VBSS's {H .-4:] il (H.AT. have the same vhs b
2 (H .-1) is a smallest VBSS over Uy, Uz conlaining (Hd)

Definition 2.3.16. { Vague Binary Soft Neighborhood )

Let (U, Us. 4. E), be a VBSTS over (U, Us). (F-A) be a VBSS and . €
(rl) Then (r _4) is said to be @ vague binary soft neighborhood of F._
denoted by whs mbd, if there exists a VBSOS (E’ .*i) such that F;r £ (ﬁ'.ﬂ) - (F .4)

Remark 2.3.17.
Collection .";;'5-“ of all vhs nbd's af F 15 ealled the vague binary soft neighborhood
system of F}P

Theorem 2.3.158.

Let (F.A) be a VBSSS of a VBSTS (Uy,Us, 7, E),, (F.A) is a VBSOS, each
VBSP F. of (ﬁ’,zl) has o vbs nbd contained in (;'-", .Jl). Consequently, (.r ,1) i#a
VBSOS < (F,A) is a vhs nbd of each of its VBSP's.

Proof.

Let (F‘ .-1) is 4 VBSOS, Then for each VBSP F(e,) of (F‘ ﬂ). there is a vhs nbd of
.#'I::FJ.]. namely, (F . A} itself, contained in (F . .-1.). Conversely, suppose that, each
VBSP of (f?‘,.q) has a vl nbd contained in (,4). Let Fle,) € (1’-", .d). Then by
l|y|mt|]ms.Ffﬁ,.] has a vis nhd {.ﬁ.xi) C (F .-1.). Hence ﬁ'ff‘,.] £ [:L A) - (I{' .*l)
for some VBSOS (f ,1). Thus for cach Fle,) € (_:- .d.) (Fley) € (L .r*.) & (J'-;',.—l)
and 80 ey (L .4} - (F A}. Also {F .-’|) € Uies (L ﬁ.]. Hence [:F A} = ey
(L. 4) is a VBSOS, so their union (F,4) is also VBSOS
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Theorem 2.3.19.
Let .-"in;’j-r be the vhs nbd system of o VHEP Jr'l[rlu} in the VBSTS (U Uz, Ta, E) 4.
Then,

o (K.A)E (A1, A) and (K. A) € Vg = (§1.4) € Ny

2 (K.A).(01.4) € Ny = (R.A)A(N1,A) € N

Proaf,

L (K. A) € Ny = Fle,) € (L.A) € (K. ) for some VBSOS (L, 4) .#(c,) €
(£, A) € (K,A) and (K,A) is a VBSOS, But (K, A) € (A1, 4).

So Fle,) € (L.xl)i (;;-.:1)12(.\1:1) = F(e,) € (1..4) §(.ﬂ..-1) and
(£.4) is 2 VBSOS = (A1,4) is a vis nbd of F(e,) = (¥1,4) € Np,
proves (i)

2. Let (J’i‘-.—lj] ,[:_-'I.:f,.sl) e Ny = (ﬂ',;l) is a vis nbd of Fe,) = Fle,) €
{G‘ .-1.} - (h .4) for some VBSOS (G ..4] and F{ﬂr}l = (H .4) - (‘Lf .4).
for some VBSOS (H,4) = Fle,) (G.A) 1 (#.4) € (K, A) 11 (A1.4) =
(K.4)7 (N1, 4) is a vis nbd of Fe,), since (G, A) 71 (#,A) is a VBSOS
= (E,.;l} f (.{;r_ A) € Ny, . Proves(ii)

Definition 2.3.20. {Vague Binary Soft Accumulation Point or Limit Point)

(;'-.". A] be a VBSSS of a VBSTS (Uy, Uz, #a, E), . Then a VBSP K(e,) of (U3, Uz, 7a, E)

is called a vague binary soft accumulobion point for lmait pond lof (H .4:]. if every
ths nbd {.-"?..sl) of E{urp} contains a point .’i'.-'frp] af (ff..—l:] with ﬂ'{::,]l%.-"-{'{fp}.
Set of all vague binary soft accumulation points of (f{'. A) is knoum as the vague
binary soft derived set of (ﬂ'.d} and is denoted by D (f{'. _,-1,)

Theorem 2.3.21.
Let (P. A} be a VBSSS of [{'1-'..4). Then

i (I" .Jl) is the logest VBSOSS of (I" ..-'l.)

2. (P.A) is a vBSOS. (P, A)“E(F‘. A)
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Proof.

1. Let [:P .4) he a VBSSS of (L-’ A}. For anv VBSP in {F A]Iu there exists

a VBSOS (H-.—l) in ({':’.A) which contains that VBSP and contained in
the VESS {F .4}. Clearly follows that every VBSP belongs to (.F"LA) also
helongs to (F‘.fl). indicates that {F’ .4) is a vbs nbd of that VBSP. Now let
(H .-4) is VBSOS, Obviously, every VBSP in (H A} also belongs to (F .-1}u

follows (H A) {; {P- .4.}". Thus (P A}n is a vbs nbd of any VBSP in it

o 0 =
FFoalloows that (F‘, .-1.) i a VIRISOS, Lt (T, .a'l) b the vague binary soft union

of all the VBSOS's of (F. 1} So (F. .—‘1)"§ (T. .q). On the other hand if

some VBSP belongs to (T, ﬂ.) implies it belongs to some VBS0SS of [:I" .-'!)

2 i v )
and so that VBSP belongs to (P, .-l) . Therefore (T. .-i) C {:P. .4} He:l:lm

(ﬁ_ A)"e (1 A). the union of all VBSOSS's of (P. 1) Hence (P, A) s
the largest VBSOSS of {p _4)

2. 1f (P, A) is VBSOS, then (P, 4) is a VBSOSS (£,4). Since (P,4) is
the largest VBSOSS of (J_’, _il) . (F .-l) t'._: {:.F“’: .-1)0. Also it is obwious that
{F‘ A}“ﬁ {:F A). Hence vague binary soft equality holds, Conversely, let

(f:‘_ .Jl) = (f". ;1‘}n. Since [:I"“- .—1)“ is a VBSOS indicates that (f"'. .-1) is also
VBSOS

Theorem 2.3.22.
A VBSSS (fﬁr. .-1) of (f;'..sl:] is a VBSCS & {r:* .—1) :(r .-1)

Proaf,
Assume (f' .*l) s a VBSCS. Then ((-’ .-‘l) is wvague binary soft closed superset

of ({'H' .*l:]- But as per definition, (l_'" ;1) is the smallest vague binary soft closed

superset of (C‘ .al} and therefore {E: 4); {E"‘-.al:]_ Bt (C‘..ﬂl) E(E .4}. always,

Result follows,

Theorem 2.3.23. {Properties of vague binary soft intevior)

For VBSS's (D, ), (5,4) in o VBSTS (U, Uy, 7, E),
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1. (ﬂ',.d) and (dﬁ .-1) are VBSOSs.

Using second part of theorem 2.3.21. proof follows

.. o .
2, Choose an arbitrary VBSP of (D. ..4) . Then there exists a VBSOS {:]’..*’I)
in (X .4) which contains that VBSP and contained in (LJ' .-"I). Proof follows,

- 0
3. {D, .*1:} i5 a VIS0S, Using second part of theorem 2.3.21. proof follows.

" . i o L1
4. Let (D, .-‘l) C (.5', .41.)- Choose an arbitrary VBSP from {D-A:] . Clearly
there exists a VBSOS sav (f .ﬂ.} such that it contains that VBSP and which
iz contained in (D .-i). &0 in {E.A) al=o, nsingour assumption. So (.‘}, .-1.} is

- i ¥
a vis nbd of the arbitrary selected VBSP. Thus that VBSP belongs to (.5 ,Ji)

also, Since VBSP is selected as arbitrary the proof follows.

5. [(u ..1.) A (-? .4)] & gﬂ_;l)-[(f),sl) (a .rl:]] (:L .al) u
[(;:r A)A (:-, 4}] & (b.a) ,[(ff-l...q) (54)] & (s A}.n
Also (D..ﬂ.) = (D.4) and [{ﬁ. 4}] -;(E:.A) and [(54)] ¢ (8.4).

using second part of current 1I|gqm m.
Theretore, |(5.4)'1(3,4)] € (B.4) A (3.4) Ctearty. (b,4) 1 (3, 4)'
is a VBSOS contained in (D, A)h(.‘} %} But [( ) ( )

largest VBSOS contained in (D .4} (.f:n 4} But [(D A) (.5 .J-'I)] is the
largest VBSOS contained in (f’ f‘l) i (.5' fl)

So (D, .-1}“|'-'1(:'-},.d) ¢ [(B.a)n (3, d)l Proof follows.

]“ is the
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Theorem 2.3.24. (Properties of vague binary soft closure)

For VBSS's (1]’-‘. .4] ,(';"'_ .4) € (f,'-'_.ai)

5. (W a)=(1, 4)
y (H 1]&(:?’"._:1):(11 ’l)u(f .sl)
5. (WoA) A (T, A)E (1, A)A(T )

1. (!IJ, .-1.) is a vagne binary soft clopen set [a VBSS which is both VBSOS and
VBSCS|. By theorem 2.3.22. proof follows,

2, Clearly follows from the definition of vis ol

3. {lli"'. .4) is obwviously a VBSOS, Resalt follows from theorem 2.3.22.

4. Observe that [:H 4) {H A) (T A) (T ﬁ.) from (2)of the current the-
OTeI. S0 {(TI 4) {T A)) (II 4) {T A} which is a vague binary soft
closed superset of ((H' : A:} [:T. 4.:}) But {H'. .4} U (T A} is the smallest

vague binary soft closed superset of (I-'l" 1) L ('f‘_ .—’l)_

Hence (W, 4) 0 (T, 4)E (W, A)0(7. 4). " _
Again (u . .ri) & ((n ,.d) () (T. .—1}) and [T, _4) & ((H-’, ,1) 0 [T, d_J)
Hence (W, )07, 4) & (W, 4) 0 (7, 4)) Proof follows.

5. ((W.4)A (7. 4)) € (1.4) and (1. 4)) 5 (7. 4) € (7. 1)
= ((¥.4) A (F, 4) (1, 4) and (3, 4) (7 4) )£ (. 4
= ((W.4) (7. 4))(W. 4)A(7. 1)

)
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Separation Axioms for Vague Binary Soft Topological Spaces

Developing vague binary soff separation arioms is the main target in this section,

For that, separation axioms for vagne soft sets are essential.

Separation Axioms for Vague Binary Soft Set’s

Definition 2.3.25. (Vague Binary Soft 1,- aziom)

A VBSTS (U, Us, 7a, E) , over VL) =V (Us) is sard to be vague lnary seft To—
space if and only if for each pair of distinet vagne binary soft points F( e, ) and G (eg)
in (Uy, Uy, #a, E) ,, there exists a VBSOS [:f. _-1) such thal cither Fle,) € (; .Ju)

and Gle,) & (1, 4) or Gle,) € [:f..d.) and Fle,) ¢ (f..qj

Definition 2.3.26. (Vague Binary Soft T, - aziom)
A VBSTS (U, Us, 7a, E) y over V (U) % V(ls) 15 said to be vague binary soft Ty
space if and only if for each pair of distinct vague binary soft points rall £} and 'el| €l

in [f.-ﬁ-b'g.i:a.ﬁ.':lri- there erists VBSOS s (f-:l) and (.f,:i) such that ii'.'[r'l.] £
(7. A) and Gle,) ¢ (1. 4) and Gie,) € (J, A) ani Fir,) ¢ (. A)

Definition 2.3.27.

{ Vague Binary Soft Hausdor{T Space or Vague Binary Soft T,— space)
A VBSTS (U, Uy, 745, E), over V(U] x V(Uy) is said te be a vague binary soft
To= space or vague binary soft howsdorfl space of and ondy if for each pair of distinet
VBSP’s F(e,) and Gle,) in (U, Us, 5. E),, there erists a vhs nbd (L .4) of Fle,)
and o s nbd (‘ﬂ-d) of ﬁ'{;'u} such that ((L.Jl) u (’U.ﬂ’l)) = (1131)

Definition 2.3.28. (Vague Binary Soft Regular Space)

A VBSTS (U, Us, Ta, E)y over V(U)) x V(U3) is said te be a vague binary soft
requlor space at a VBSP .FI{J.'P:I € (U Us. Fa. E]r. if for cvery VBSCS |:l‘."r A) of
[Ul,{.-’g,".':ﬁ,E]__i not condaining F[rpj there emsts disjoint VISOS s [:.5»..-1.) iyl
('L .-'1} such that F{rp]- e {S :1.) and (I'.ﬂ' .-'1) '5; [:1.:’-.-'1) AU Uz, Fa, B s said
to be vague binary soft requiar space if i s vague binory soft regular ot each of s

vagque binary soff points,

Definition 2.3.29. (Vague Binary Soft T, Space)
A VBSTS (U, Uy, 74, E) y over V(LT ) = V (Us) is said to be o vague binary soff Ty

space if it is vague binary soft regular and vague binary saft T)
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Definition 2.3.30. (Vague Binary Soft Normal Space)

A VBSTS (U, Uy, 7a, E), over V()] % V (Iy) is said to be a vague binary soft
normal if for every fwo disjoint VESOS's ({" .-i) iril (D .-‘1.) af (U, Us, Ta, E),
there exists fwo disjoint VBSOS ("3' ..-'!.) an (':;'-,-"l} suech thal ({” .-1} E (‘3' .-"!)
and (D*i] - (S A} , where V(L) ,V (Us) denotes power set of vague sets on
(L. Us) respectively.

Definition 2.3.31. (Vague Binary Soft T,- Space)
AVEBSTS (U, Us, Ta, F)a over V(U ) = V(L) is said to be a vague binary soff Ty—
space if it is vague binary soft nermal and vague binary soft T)

Theorem 2.3.32.
1. Every Ta, space is a Ty, space
2. Every Ta, space is a Ty, space
Proaf,
1. Proof is straight forward.

2. Let (U4, Us, 74, E) , be a T4, space. For two disjoint VBSP's ﬁ{ﬁ.} and 5'::'-,.]
from (I.:"-.-"I) there exists atleast one VBSO0S's (H .-'l:] and [, .ﬂ.) such that

ﬁ'l[r,.] (= {B A} an .’E":"l{r-,.]- = (f‘ A} andd (E.ﬂ.) i {f’ .-’|) = (*Il A:] clearly

implies ji‘{:.'p} i (l':'. :1) and .‘.5-'[:',} i (H .-"Ij] indicates vague binary soft space

(L0, U, Ta, B} is Ta, also, In general, converse is not troe,

2.4 Vague Binary Soft Continuity
In this section continuity is developed for vague binary soft set.

Definition 2.4.1. (Vague Binary Soft Continuily)

Let (U, Us, E,7Ta)y and (W, Wo, E°, 84 )y be twe Vague Binary Seft Topological
Space’s over {U, Uz} and {W, W3] respeciively, where A C E, B C E*. Lel
G:Uy =W, G U= Wo and W . A — B be mappings, Then vague binary soft
mapping g = (. G) ) (U U E Fa) = (W W5, E7 84 ) is said te be vague

binary soft continuous f the inverse image under g of any vague Wnary soft open



o

CHAPTER 2. VAGUE BINARY SOFT SET i

-

set [:H B) € s with H : B — V(W) = V(W,), there erists some vague binary
saft open sel (f: .-'l) € Fa with G : A = V(L) = V(Uy)

Remark 2.4.2.
Vague Binary Soft Classes are collections of vague binary soft sets. Vague Binary

Soft Class is denoted by (H’..’l).

Example 2.4.3.

Let (U Uz, B, Ta), and (W, W, E° 84), be twe VBSTS's. Let Uy = {p.q.r}.
Uy = {a,y} be a common universe with a ficed parameler sel A = {ea, 04} C
E = {ey,eg,e5,6e0,65}. Let Vi = {m,n,d}, Vi = {k,1} be another common uni-
verse with fired parameter sl B = {t;!_;f;} cC E = 1{!:’;,1’.':;,.- ::;5- 1.*‘":.';_, :.{5}. Let
G Uy = V) is defined as G (p) =d, Glg) =n,(ir) =m (p 2 Uy = Ve 18 defined as
Galx) =1 Galy) =k and ¥ : E — E* is defined as ¥(ey) = e, Wey) = ¢,

Let#s = {(#,4), (F,4), (B 4), (B A) (B, 4) (0,4)} bea vasT,

[0.3.0.4] [{|1 0.5) [0.6,0.7]Y /[0.3,0.6] [0.7.0.8]
(F1,4) = ( (<[u1u:s] [uz u4| [[JlLJT‘]> <[uﬂ U'F] |uau‘r]>)) ’
(= ({5 )- (Bt 22 n)))

. ({0405 [u1u3| 02,06 /01,07 [0.2,09]
(F*"’i}:‘ % Eg[ﬂl 0.8 [nznu 0.1, n;]i E[nzur] |u-a?u.ﬂ§§% ’
( (([ne.n:] 0.1, n1| 0.2, DG]> <[n1nﬁ] |n_;n-3]>)):
(s 4) = (“ ({[UIUL.] [uz[u| 0.1, [JE]> <[tunﬁ] |ndyu?]>)) ’
i 4
. ({0405 [u1 uu| 06071\ /[03.07] [0.7,09)\}Y
(Fna) = ( (<m| 0 [02 |::4| [D4Dr]> <[ |Dﬁ”l]‘r']>)) ’
(= ({ )- (Bt B n))),

Lemﬁ_{(c:r ﬂ) ( B) ( ) (51 B) { )}bﬂu VEST

[0.1,0.7] [ﬂE[H| 0.1,0.8] [0.5,0.7] [0.2,07]
( (<[u*2um] [u1 u3| [u4 UL;.]> <[Lu u,;] 0.1, u‘r]>))
(5 ) ()
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( <[ﬂ|ﬂﬁ] 0.2, n1| [n1 [:ra] [[Jﬁt] ul |I:]u,l]ﬁ]
(¢5) =

. <mﬁuﬂ m1u4 mauq m?um maum

[]aﬂﬂ mﬂum

. <wlum mzuﬂ WIUH

e

0.6,0.7] 0. ,-.,n-]

<m|nﬂ mznﬂ mlnm

(¢8) =

= (1: B) = {&:-_..,4). W (6B) = (FA), R {{ﬁ';ﬂ.ﬂ} ={F.-1)
ﬁ-'ﬁz,ﬁ)-—(p;;q_ = (ﬂhlﬂ = (Fi.a). h"(U:H)-(HFA)

So h iz vague binary soft confinuous mapping.

£

1 ) (™ )
(5 ( ) (5 )

(Gis, B) =1 ( ( } < >))
( I(([wum [m |:::-:| [usm]> <[n2 0.) |U!ﬂﬁ]>))’

(% ) ()

(5 ) (M)

<mﬁuﬂ mlnq m4u4 m?nﬂ MJHﬂ

Definition 2.4.4. (Vague Binary Soft Open Map)

Let (U, U, E Fa), and (Vi Vo, E, 84), be tuo VBSTS's. A vague binary soft map
g (U Us, B Ta)y = (VL Ve, E da)y 15 called a vague binary soft open map if
i (ﬁ'..-i) is vague binary soft open an (Vi Ve, E, 84), for each vague binary soft
apen sel (K .-1) e (U, U, E, Ta)y-

Theorem 2.4.5.

Let (UG U E\75) o and (Vi V5, E 84) g be fwe VBSTS's, g @ (U, Uz, E.7a), —
(Vi Ve, E.Galg be a mapping. Then the following conditions are equivalent:

og: (U, U, I, ':'I'ﬁ]._l = (1), Ve, I, ii._-.t_:lﬂ g @ vague bnory soft continuous
mappng

2. g7 (H,A) is VBSCS in (Uy, Us, E,#a) , whenever (I, A) is VBSCS in
(Vi Vo E Fa)y

Proaf.

1. Let g be a vague binary soft continnons mapping. (H A] be any VBSCS of
(Vi.Va, E.Fa) . Then (J':.I’, :’I.) is VBSOS in (Vy, Ve, F, &4 5. Since g is vague
hinary soft continuous, ' (H..ﬂl] is VBSOS in (U7, Uy, E,74) ,. Therefore
g '(.i'jr,A) is VBSCS in (U, Us, E, #4) ,
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2, Let [:H A) be a VBSCS of (V), Vi, E, 84) 5. Then using assumption g [H A)
is VBSCS in (L. Uy, E, i‘ﬂjlld. Therefore g is vague binary soft continuous

mapping

Theorem 2.4.6.

A vague binary soft mapping g : (U, U5, E 7a), = (Vi Ve, E 04, #5 vague -
nary soft continuous if and only if If,l(f;',.d) - Iq(ﬂ',.d) Jor every (H’d) i
(Ln. U B Ta)y

Proaf,
Let g be a vague binary soft continuous and (H : A) be anv VB55S of (E: AJ.

Lot o (I:f:ﬂ) = (E.JI.) Therefore ("l.'.-"l) - (::q'.-"l) But (,’i.;-‘:, iz VBSCS

of (Er..-‘l) = g'g(H.A) is a VBSCS of (E‘.A) = gtg(H.A) = g7'g(H.A).

Now -}(H*!:} c q{HJ.} =+ {HA} gty {H.ﬁa) = (H A} g g(H A}
‘q (ﬁr”:,) = y{ﬁ’.f-‘i) C g(ﬁ'.ﬂ), Conversely, let g : (I, Uy, E,7a), —

(Vi Va, B a4y is vague binary soft mapping with y{ﬁ’ .4} C g (H A} for any
vBss (fi, ) of (Eq) Let (47,4) be an arbitrary VBSCS in (1'?',.4) =
m = (d1.4). Now g (41, 4) is a VBSSS of (?f',.—l) = g1 (31.4) ¢

(N1, A). But g (N1, A) € gt (A1,4) = 97" (N1, 4) isa VBSCS in (b A) =
g is vague binary soft continuous mapping.

Theorem 2.4.7.
Let (U Uy, E 74) , and (Vi V5, E.84), be VBSTS s,
SeoU U E 7))y = (Vi Ve, B 84) . Then the following are equivalent:

1. fis vague binary soft confinuonus

2. For every VBSSS {.F .Jl) of (Uy, Uz, E.7a),- _f( ) C _.r( )

3. For every VBSCS (T, A) of (Vi,Va, E.a) ,, the VBSS [ (T, ) is
VBSCS in (Uy. Uy, E, %) ,
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. b . - . .
4. For each F, € ([I, A and each vhs nbd (T, .ﬂ.) af F(F.) there is a vhs nbd
( .-1) af F. such that f( ) C (T_" .Jl}. In this case [ is vague binary soft
continuous al the poind f':',._ [ {_-’, A

Proaf,

Here (i) == (ii)==+ (i) and (i)== (iv)== (i). From theorem 2.4.6 and 2.4.7 (i)==

(1) and (iii)= (i)are clear. To prove (ii)=+ (iii). Let (J‘ .4:] be VBSCS in (TG’ A)

anad let (J'_" .-'1) - J"_] (.F .d). To prove (T .-1) is VBSOS (ﬁ .-’I.)- By elementary

set theory, f (T.4) = £ (7 (J,4)) € (V.4). Henceif £, € (T.4), f ()
f(T.4) € £(F,4) € (J.4) = (J.4). Therefore F, € £ (J,A) = (T, 4).

Thus (T ,:]) Z (T ,:1) and (T .‘I) (T .-i'l.) Combining (T .4) = (T .d_} =

-
{T .-1) is VBSOS in ( ) i (.F :] is VBSCS in [E", Alas reguired. To

prove (i)= (iv), let F. € ( ) and
(.f. _,d.) = YT, A)is a vis nbd of F, such that f{.J,A) c (T, A). To prove (iv)

) be a vis nbd of f(F.). Then the set

= (@) let (f "1) be a VBSOS of (F,.—l). Let £, be a VBSP of f-! (: .4) -
f (I") € (I "1)- Therefore by hypotheses there exists a vis nbid (H :1.) of F,
such that f (ﬁ' .-5.) c {T .4.} . It follows that fF (T Aj can be written as the

vague binary soft union of VBS0S's | hence it is VBSOS = [ is a vague binary soft

continuons mapping.

Theorem 2.4.8,

Let (UG, Us, E, 7a }A and (1, Vi, E, &.:ih ard (i'r"l, Wy, E, 1-"_1) . be three VBSTS s
If g (U, Us, B, 7a) = (Wi, Va, B,54) , and h: (W, Va, E,#4)

— [:H'H. Wi, E, 1'.'3'3.) \ are both vague binary soff confinuous then their composition

hog: (U Uz, E,75), — (H-'l.ll-';. E, I‘Ej_;)ﬂ are both vague binory soft continuows

Proof.

Let (W, A) be a VBSS in (f'..q). Then ((hog)™ (V. 4)) = (s 1) (V. 4).
Sinee g is vague binary soft continuons, ([g".h"] ( }) is Vague Binary Soft
Open Set in (U7 Uy, E, Taly
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Theorem 2.4.9.
A vague bnary soft mapping k(U Us, B 74 ) = (V) Ve, B a4) 15 vague binary
soft continuous if and only of k~° [i-‘E‘H int {P .4) C vhs int [ﬂ"‘ (F" 4)]] for every

(P.a)c (i'f”, .d.)
Proaf,
- b
Lot (.F’. A) be a VBSS in ('Ir .4) and also let k be vague soft continuons mapping.

Clearly vbs int (13, _4} is VBSOS of (t”.—i) But vhs ;m(fh .-1) c (f{ .-1] —

f i [(}_?1 1)] c k! (I“ _ﬂ_) = phs int [k'l [r.lllm int (F f’l)] = vhs int :J:_' (ﬁ: ﬂ.):

- . b
= k-l (F: .-1). Conversely, let (I’, .d) be an arbitrary VBSOS in (l .-"l)ﬁu that

whs int (F’ .-1.) (P .-"I) By hvpotheses, k™! [I bs int [ P, A - C vhs ind P .-1)-
— k1 (P, A) < vbsint [k (P,A)]. But vhsint [k (P,4)] < k- ‘(P A)

..-0"'-"'\1.

always — vbs int [.t~-* (7. .4]] = k1 (PoA) = k' (P.A) 1s VBSOS of (Ef’ ,4)

== k is a vague binary soft continuons mapping

Theorem 2.4.10.
If [ and g are vague binary soff continwons functions on a VBSTS (U, Us, E, 74,

with values in a vague binary soft hawsdorff space (Vi V3, E, d4) , then

{c: (U1 U, E,a) g s f (Ge) = g{l'j,}} is a VBSCS

Proof.

Let T = {G‘. e (Uh, Uy, E\7a)y i f [:E-L) =g (G,}} To prove T is vague binary
soft closed, it is enough to prove that T¢ = [{'}.‘4 € (U, Us, E,Fa), : f {f}‘r) # 4 ('ﬁl)}
is VBSOS, Let i, be a VBSP of T, Then | [ﬁ-) ey [ﬁr) with f [:ﬁ‘:] g (n) =
Vi Vo, E.d45) . Since (Vi V5, E, 84), is vague binary soft hausdorff, there exists
VBSOS's (1, 4) and (N,4) € (Vi, Vi, E.5s) , such that [ (R.) € (41, 4),
g[:ﬁ') (S (4':’..-4.} and l::.‘lhi..fl:] N ("wfn) = (11* .4). Since f and g are vagne
binary soft continuous, f~' g~! are VBSOS in (U, Uy, E, ), such that it €
f! [1! .4) and i, € g°" [.-"'-:’, .-4.) and so R, € {.-ﬂ’, :1.) n (.-'i-", A) = {I .4) also,
To prove that (f: .-1:] T Assume (f: .-‘l] @ T Then there exists at least one
point in (I :1.}, sy D, such that 1), # T with respect to (Vi V5, E 74 . Now if
B. e (I.A) = D. e f' (§1.4) and D, € g7 (V. 4) = 7 (D.) € (41,4)
andd y(ﬁ,.) € (.-‘-'-".,-5.). Also I, g T = D, e T = I(ﬁ,.) = y[ﬁ",:] 50
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f {:D,) £ (;ﬂ'. .4.) N (;‘:’. A] is a contradiction. Thus D, € {:I .-1.:] c T*. Since 1),
is taken as arbitrary 7% contains a vhsnbd of each of its points. Therefore T s
VBSOS == T is VBSCS = {C. € (U Un E fa),: f(G) =9 (G)} is
VBSCS.,

Theorem 2.4.11. {Pasting Lemma in VBSTS's)

Let (U, U, E 78) 4 and (V) Vo, E, 84) ; be two Vague Binary Soft Topological Space s
with (f .4) = (F.A)U (r: A) where (F, A) and (&, A) are VBSCS in (Ef' .4).
Let f:(F.A) = (V,Va.E6a), and g: (G A) — (Vi Vo, E.ia), be vague

linary soft continuous, If [ ("v,.) = (;'il;’,._) Jor cvery N, & (:’;’: .-1) N (-ﬂ- .-"!) then f
and g combine to give a vague kinary soft continuens function h 2 (U, Us, E, 74) , —

(Vi Va, E, ) defined by setting h (E.) = £ (N.) if K. € (F.A) and b (N.) =
i (,"l:} I._|F .P:lnr'-, € (Gq 1‘!}

Proaf.,

Lt ({_f, :1) bhe a VBSOS in (V3. Va, E. Falye [is vague binary soft continnous =
f'l ([', A) 15 VBSOS [F .J'l) in turn which is VBSOS in (E, A)- £ 15 vague
binary soft continuous = ¢! ({"*!} is VIISCS (G’.—'I) in turn which is VBSUS
in (Eg.fl) Hence their vague binary soft union f! ((" .4) Lg~! (C .4) is VBSCS
in (Fq ;1). Let bt (i’ .-‘l) = f-! (ﬁ': :1] Uyt (r_‘" .d) = b : (), U, E, Ta), =
(Vi Ve, B a4) s vague binary soft continuouns.

Theorem 2.4.12.

If {.D ..-1.) s a VBSUSS of a VBSTS (U, Uy, E.Ta) 4 and if any vague binary soft
continuous erfension k (D .-’|) — [—1,1] has a vague binary soft continuous
erlension fo (U7, Us, K, :i‘ﬁ]r‘. then (Uy, Uy, E, Tal)y is vague binary soft normal space
Proaf,

Lt (H' .-'1) anid (I .-"I) be disjoint VBSCS's in a VBSTS (U, Uy, E, i;'—‘l-}.-'l' Then
(f-'?'. .=‘|) u {T A] is a VBSCS in (U, U3, E.74) - Define a vague binary soft contin-
uous function & : (H .-1) 0 (f .Jl} — [—1, l] I}y k (’I.IE) = 1 if ."I.-l'r = (T 1) Bv

hypothesis, k has a vague binary soft extension b : (U, Us, E,74), — [-1,1]. Since
k is vague binary soft continuons, |—-1,0)  and (0, 1], Also (R .a’l) C (5’, .4).

VBSOS's in [—1,1]. Therefore (a .4) = k1 [=1,0) and {J .4] = k=1 (0,-1].
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Also {;'f.'..q] c (ﬁ.A}. {T A) C (J.A}. (é:'..q)ﬁ{j'. .4) = (ft'-.A}. Henee

.Uy E, '];11:',.1 is vague binary soft normal space.

Theorem 2.4.13.

Homeomorphic image of a vague inary soft normal space is vague Finary soft normal
Spaee

Proof.

Let (0, Us, B, Ta },-1 and (V7. Vs, E, Faly be two VBSTS's. Let f: (U, Uy E, Taly —+
Vi, V5, E,a45), be a vagne binary soft homeomorphism. Let (U7, Us, E,74), be
vague binary soft normal gpace. Let {E'_. .4) an (F : A) be any pair of digjoint
Vague Binary Soft Closed Set’s in (13, Vo £, #4) ,- 1 (E ..4) and 1 (.F' ..4) are
Vague Binary Soft Closed Set's in (U, Uy, E. 74, using vague binary soft continu-
ity of [. Now ! (ff .*l) % [:I .-"I) = f-1 [(J':. .*1) i (I .ﬂ’l)] = f- (131 .=1) =
('Iﬁ A)- Since (L7, Uy, K, 74, is vague binary soft normal space, there exists VB-

SO8's (G, A) and (H, 4) such that /' (£, 4) € (G.4), ' (F.4) € (#,4)
and (rfi. ,d.) i (#, .? = (#,4). Thus / [,.r 1 (F —1)] cf (tfi. ,d.). f [_f“’ (F.q)]
C I(H:f’.) and f [:

omorphism, fis vague binary soft open mapping = f (l}' A} and f [H : .-4:} are
VBSOS's in (Vy, Vi, E.#4) . Therefore there exists disjoint VBSOS's f (ulf?, A) and

f (fr, ,4) such that (r ,4) c j’{lf:‘, ,4), [f’-*,,q) Cf (;}, ,4). Hence (Vi Va, E, #4) ,
iz vague binary soft normal space.

G, ,1) i (H 1:]] = (dﬂr 1} Using vague binary soft home-

Theorem 2.4.14.

Let b2 (U, Us, B 7a)y = (VI Ve, E a4)  be a one-one, vague linary seft contin-
wons mapping with (Vy, Vi, E, 64) , is a vague binary soft hausderff space and then
(L, U, E, i;gl:ld is also o vague binary soft howsdor{l space

Proof.

Let B, and K, be two distinet VBSP's of (Uy, Uy, £,74),. Since h is one-one,
h [ﬂ,) =T, and h {ﬁ.} = P with T, # B. Using vague hinary soft hausdorff prop-
erty of (Vi, V. E. #4) | there exists disjoint VBSOS's (f" _ﬂ.) and (H ;1) auch that
T, € (Cr" .*-'l) and P, € (H .4}- Therefore I3, € k™! (E‘ A) K, € b (H A). Also
(G A) A (H.4) = (8, 4) = n[(G.A) A (4)] = h (8,4) = 1 (G.4)

ath (H .4} = (‘Ii' A). Therefore there exists distinet VBSP's £, and K, contained
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in disjoint VBSOS's (ﬂ A} and (H .4) in (Uy. Uy, E, %) ,. Hence (Uy, U, E., 73,

is also vague binary soft hausdordl space.

Theorem 2.4.15.
The property of being a vague binary soft hausdorff space is preserved by bijective,
vague binary soft open mappings and henee is a vague binary soft lopelogical property

Proaf.

Let koo (U U E 7)), — (Vi Ve B @4}, be a bijective, vague binary soft open
mapping where (U, U, . 7a), is a vague binary soft hansdortt space. It will be
established that (V, 15, E.54) , is also a vague binary soft hansdorff space. Let
P Py € (U, Uy E,#4)  are two VBSP's with P, # P.,. Using vague binary soft
hausdorff property of (U, Uy, E, 74) ; there exists disjoint VBS0S's (.E'..AJ and
(F‘?. .—l) with P, € (F’, A) and P, € (ﬁ';..—l). Now using bijectivencss of k there
exists VBSP's T, and T., such that & [ﬁ;_,j - k(ﬁ'l,_d:] and n—(:’iz} -
T, €k (H.A}. Also {ﬁ.a)ﬁ(ﬁ,.a) - (:'1%:..4) — [(P..A) ﬁ[ﬁj.A}] -
&k [(&g 1)] == [(f‘h _-1) 1 (fl"g. .-"I)] - ('IJ' .-"I) . Sinee k is vague binary soft open
mapping. k (F‘L .-1.} and & [Pg- .4:] are VBSOS's, Therefore k (F. A) and & (Pg .*i)
are disjoint VBSOS's in (Vi, Ve, E.#4), containing T,, and T,, respectively, with
’f., # ’i,, Henece (V3, Vs, E.d4)  is & vague binary soft hansdorff space, So property
of being a vague binary soft hawsdorff space is preserved under bijective, vague binary
soft open mapping == it s also preserved under vague binary soft homeomorphism

= vague binary soft hansdorff property is a vague binary soft topological property.

Conclusion

Vague binary solt Sets, it's operations, properties, topology and continuity are
developed in this chapter, Topological properties for vague hinary soft sets are found
invariant under vague binary soft homeomorphisms in vague binary soft hansdorff

spaces, Pasting lemma holds good for vague binary soft sets too,
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Chapter 3

Various Measures of Vague Binary

Soft Sets

This chapter aims o develop different measures namely, Distanee, Similarity aond
Entropy measures for VBSS's, Distance Measures & Similarity Measures are dual
to each other, These are two widely used tools in uncertainty theories. Simalarity
Measure between two  sets will project fow much almn two sets are. Similarly,
Distance Measure & Entropy Measure will act as  good comparing weapons in
uncertainty set theory. VBSS has been developed in chapter 20 This chapter aims to
monld Distance Measure & Similarity Measure for this Set, Moreover, Pythagorean
version of VBSS (in short, PVBSS) with its operations, distance measure & entropy
measure have also been designed. Pythagorean Vagoe Binary Soft Set is a special

tvpe of VBSS. It is developed in this chapter with prime importance.
Chapter Scheme:

Section 3.1 @ Distance Measure of Vague Binary Soft Set’s

Section 3.2 @ Similarity Measure of Vague Binary Soft Set’s

Section 3.3 : Distance Measure of Pythagorean Vague Binary Soft Set’s

Section 3.4 : Entropy Measure of Pyvthagorean Vague Binary Soft Set’s

fd
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3.1 Distance Measure of VBSS's

Distance measures and Similarity Measures are very useful in decision making
problems. Being duals, comparison between them is also found beneficial in certain
real-life situations. In this section, firstly developed distance measures for VBSS's,
Basedd on this, a special distance foromlae for VBSS namely, Trigonometric

Mormalised Hamming/Euclidean Similarity Measures have also been constreted
for VBSS's. Szmidl and Kacprzyk's Distanee formulae [88] (which includes
uncertainty also and hence will draw a reliable output), s used as the fundamental
stone for this work. It can be further extended to correlation like similarity measures
and to different set theoretical approaches. In this section, firstly, varions distance
measures are developed for vague soft sets using Szmidt and Kacpreyk's [23] Dis-
tance formulae. It is further extended to vague binary soft sets with an example

and verified all the conditions to become a distance measure,

Distance Measure of Vague Binary Soft Set’s
(Using Szmidt and Kacprzyk's Distance formulae)

Definition 3.1.1. {Arioms for Distance Measure of VBSS's)

Let (U, Us) be a Binary wniverse with Uy = {uy, up, == 0y, — = wy}  and
Uy = {wn,ve, — vy, ——,v5}. Also let E = {e), e, ——. 00, ——. e} be a fired
parameter sel wilth A = {ey,e3, ——,ep, ——, e} where A © E. Lel {I .-'l) il

({'*., .4] be fwo VBSS's such that (F .4) .(rfi. _4} e VBSS (.10,

Let d : VBSS (U, U;) = VBSS (U, Usz) = |0, 1] be a mapping.

Then rf{:{f'.'. .-1.) . ([.‘ 1)) s called the distonee measure of these VESS s
if if satisfies the following conditions:

Cd((F.A).(6.4)) =d((G.a).(F.4))

F.A),(G.A)) € o)
4).(6.4)) =0 ( 4) = (6.4)
) (6.4)) =1

F1(r

LY

=]

Ll

at

A

.-"-_"‘w.r"-_"'\w..-""_-‘H
Inl1
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Ve, e A, Yu, €l

{rﬂhﬂm]=u taen (i) =1 or g (u) =1 te,, (u)=0 &

.lrj-"h-ﬂ () =1, ff;.;ﬁ_] (e ) =0 or _.fj;-h.}.] (e ) =10, f@,:r?] (te) = 1;

and ¥Wey, € A, Yo, € Uy

{t;-[rp}{r,}mll e,y (04) = 1 or g, () =1, te, () =0 &

_f;-_.':.}] (t,) = 1, ff’:[r,.:. (1) =0 or ff—"[.—,:. (1,) = 0, fr‘fu-..] (v,) = 1;
5. (F.A) c(@.a) (P.a)
=% ({.F" .-1) . (J_’, :1)) R (T (d’ ((F .4!:} . (f:' .r‘l)) il ((fx’ .-"l) . (f’ 1)))

uthere (f .-"!) . (ﬂ' .-1) . (J" .ﬂ.} e VBSS (U, Uz) & ACE

Definition 3.1.2. (Distance Measure of Vague Binary Soft Set’s)

Let (U, Us) be a binary wniverse with Uy = {uy, 00, == 0y, — = w}  and
Uy = {uy, 9, —— vy, ——, 05}, Also let E={ee0,——,60,——, 6} be a fived
parameter sel where A = {e), 3, ——, 5, ——. & } with A C E. Let,

Cardinalify of universal sef Iy = #(0) =i ; Cardinality of universal set Us = #(105) = 3
Candinality of parameter set B = #(E) = k; Cardinality of parameter set A = #(A)=m
Let I[F . A} and (G ..4} be two VESS's over binary universe (U7, Uy)

(1) Hamming Distance:

Hamming Distance Measure of Vague Binary Soft Set's (F .-1} arid [:l'::' .-"I) s

denoted as dif oo [:(F .4.) : {G’ .4)) and it 15 qiven as follows :

dlfpss ((F.).(6.4)) =

|t{:'["r:' (1er) = E‘f"."l".--] (1ur) |tf'":r;-] () = !f-":r;-] ()
+ _ +

1 i
At EL Z] |.lrp1‘_j] (1) — f.—-,-(,ﬂ (21 ) + T E |lfj_-.[‘_p] [i75) = -r!'"r'l;r,] (1)
+ +

J"ﬁwﬂm}‘“muﬂ"J J“ﬁuﬂﬁl—ﬂmuﬁﬂ}
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(2) Normalized Hamming Distance:

VARIOUS MEASURES QF VAGUE BINARY SOFT SETS

il

Normalized Haomming Distance Measure of Vague Dinary Soft Sel's {Fﬂ} irnad
(€, A) is denoted as @3 [:(F :1.} . {GA):] and it is given as follows :

dni o ((r :1) : (F 4)) -

Yy

p=1 r=1

!F—':":-] (arp) = ['f:'l.*',-l (T
Siteg) () = St (ue)|

nﬁ-‘,-] (u,) — n{'.'[r,,:u [ti)

+

-+

(2) Euclidean Distance:

| -
.

i

H4m

L4

i

| e, (ve) = gy ()

E(egy (0s) = Bige,y (0e)

+

fh‘p] (,] — Jr-e"j'[n,,] (1)

-+

Euclidean Distance Measure of Vague Binary Soft Set's (F .A} arnd [:G" .4) i5
denaled ns rff.'H_.,.H [:(f' .ﬂ_) , (ﬂ' .-"I)) and it 15 given as follows :

dEpss ((F.4) . (G.)) =

(4) Normalized Euclidean Distance:

' T - T
|!‘r:.["'r:' (ur) = !"::-""'r] i“r]l |tf:'l;-rr:' les) = t{'-"l:-rr! ()
+ +
I i P E I i ] 4
m z Z |.Ir_'l_-1..j] (ae) — .ﬂ",‘(.-_:. () + m Z |l|fﬁ‘_p] [ur5) = Iﬁ[rﬂ {vy)
p=1r=1 p=1 s=1
T +
2 2
IIIII - |Il::T"P] [!rr] - H':-:'['Pf I::“I::I d L |I1j-'l:l'p:| [!r"] - ﬂi.'.-'[rp] ':L-"} J

Euclidean Distance Measure of Vague Binary Soft Set'’s [F .a’l:] areil (E—:‘. _,-1_) is

denoted as odnE

VESS

[:{F .11) , (G ..f-'lj) and it 15 given os follows :
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dnE ((F ,1) : (f}, d_))

67

i L - 7 =

[tf'[r.,p (ne) — "f,'.:gl:. (tar) ’#::,5. (vs) — I{E{:,:. (1)
] ™ I 2 1 i 7 2
drmi E E I'ff-'":'fr] (1er) = f.{;[,” (ur) 4mj E E |-ff""1c;-] () = Ilii‘[rp} (vs)
p=1r=l pel aml
+ +
2 2
1III | I“ Fieg) (ar) = r'[l'i;‘lcl.] () i | |“F-':ﬁ-:| (v;) = n‘fﬂ‘.p] il"rl]I )

Proof.

Method of proof:

Vertfication of vague binary soft distance measure axioms given in definition 3.1.1.
Axiom (1) :

dlass ((F.4) . (6.4)) =

EI:-“'.l'] |:I.I!r]' . !I'_::'I_rl._l fl!.—} tlﬁ:fr:' {LI‘“:I h E'l:-":'!'r] [LI":I
+ +
L 1 - i
m Z Z IF["PF {t'l-r::l - ff:“"‘p] (tee ) m E -'r.F'li'p] (s} = 'rﬂl;rr:' {ﬂ'}
p=Ir=1 p=1 s=I
+ +
i l-Iji-.'[r;-l (ur) = "ﬂtr.] (ur) ] | n,;“fp] () = Hl:"f[rp'l () ]
F‘lf:'{.pp] ':.hl'} - E,l-"[..-\;ﬂ] '::“i’} rmrp:l [tln] - f,_«tr?:l [tln]
+ +
1 1 o
m E Z I':"[rr':' {Hr.:l o 'Ij'.-‘h'.l-] iur]' + m E Z ‘rf;'lil._l |:'¢_1_'} - 'rf:[r,.:l {:Ix}
p=lr=1 p=1 s=1
+ +
i Hﬁ'[-‘-p} (the) — "P"n:.-,fl (ur) ] | Ilf'pr] (we) — 11‘-,-.[%] (1) ]

((¢.4),(F.4))

Axiom (2):

i
= fss

ey () s Fprgeny (e ) My (e ) by (i) s g,y (e Ty ()
Fleg) Fleg) Fieg) ep) Gileg) Cles) all belong to [0, 1]

tjﬁ"P] (). -ff""!*p] (ta) Hj.‘qrj] () i{:"[.-_,p (ws) -..re"}[.-_” (.}, ni‘j‘[e,p ()
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Hence dif pcq [:(F. A) (G’ .4)) € [0,1]
Axiom (3) :
Ye, € A, Wu, & Uy and Y, € U,

s (54).(6:4) =

ey (Ue) — By, (tir) tFiey) () — tae, (1)
+ +
1 m i 1 mo )
- m E ; fﬁ'[,-:. (up) = Irj[rj,] {y-) + m E g fj."{;r] (v} = fﬂ[eph (1) =10
+ +
I HF'[!'-P {tll-r-j - "ml"p] [u.-]l_ | nj’“"‘p] [!5'"] - HI:L:['I"'F] ':1:'.1} ]
= |tj':'{¢'p] I:J!r} — t-‘-"i'[--pr {Tlr::l =1l |1||r".-'.+‘:|1?:I [i.:,-]- — -rl!ji:..? {Tlr::l =], |IIj':'1i'p] [I.I,-:I — Ii&[gp} I::ﬂ;} =1

=0, |, (00) = Tlg, (o) =0

ey (00) = L) ()| = O[Sy (00) = S, (00)
— EFI'I';-'I {ur} = EGIEPF {Hr:] ' 'fFr{'p] {ﬂ'r} = ff.:l:e-.:ll:“'r:l' I'-'IF-(EPEI [“TJ = ]-[Glt'p] I{H,}
iey) (1) = b ies) (1), Jri:'lir.-:l (1) = JI’,:-‘-.II._P] (1), 1'|;:.|:__r:| () = P ()
- (F .4) - ({' A)
Axiom (4):
Ye, € A, Vu, € U} and Yv, € U,

dllyss ((F.4) (G.a)) =1

Efep) (Ur) = by (e t e,y (te) =ty (V)
+ +
] ™ i 1 |
ﬁﬁ Z Z -rf:'lfi:p:l (be) — Iﬁ'l’{-,] (ur)| |+ im z .fj:"{{.j,] () — .r[;[cp:, () =1
=1 rF=1 p=1 a=1
+= ==
| [Mitep) (or) = Mgy, [“']I. | [Me,y (28] = Tgyge,y (0l

=) Either

=, |n1‘{¢p] () = Do,y [“rll =0

[t (1) = by (ur)| = 0, | Py (1) = Sy (o)

=1, |1-|f:'|:c.,:| (vs) = Mgy, [m.’ll =1

|'r;:'|;¢.,:. () = fr::[r,] (m)| =1, |.|rf'-'[.,,}'[i"n} - ff;;.r“:.{i".q}
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Cir

[t (1) = Loy ()| = 1. T (1) = Sige ()| = 1. [ Wy () = Mg, ()| = 1

= 0, | Fiy (1) = Foig ()

|fﬁ=.r{“w} = teq (U4) =1, |n.i-[=,] (va) = Dgg ) (va)| =0

= Either
e, (ur) = L) (tr) f.t*:rpj (ue) = fr‘:.:.-.,.} (ur) Hﬁ[n,} (1) = I-Inr':l:r,j (ur)

treg () = taean () S () = faieg () gy () = Tgg (1)

O
tie,) () = teige,) (Ued s Sige,) (Ue) = fisge,) (0e) s g, () = Mgz, (1)

lf-‘q.-.;l (v,) = '!ﬂ'qr,,; (), f;:‘;r,,;. () = fﬁ'[-l-_r] (va), "1"{--*] (v) = IIﬂtrF] ()

o Either
FF“-';D] {ur} - ']" ff:'l:frj [:H'F.:I - I ] f':r[l-'pl‘ {uf} — 1- f,.::"cp] {ur} — ']

t!'.'il"'q:l [:II.,:I = IJ', _,rf'-[ru] {t:'ﬂ} S I. : Tﬂl:rq}{l.‘,} = 1., ‘fﬁI:I"q:l [:t-';:l -_— “
Or

ey (a) = Lf.F‘u;-—,;u () =10 ; Eesten) (tr) = 0, fizpe,y (1) = 1

e (v,) = ].fﬁ-[h] (v,) =0 ; L) (v,) =10, -ff-'te.;] (v, =1

Axiom (5):
Let [F .4) € VBSS(Uy, ).  Also let (F A} - {G ,q) & (.E-, ,4)
= Ve, €A, Vu. €l amd Vo, €y
[ fﬁ'tglﬁ [HT.:I ﬂ 't,f'."“.j‘] {ur} ﬂ EF["‘F] {ﬂr}
Sitte, (o) 2 fsge, () 2 fpge, ()

S |: e (1) = tqe,) [;.r]]

[ ey (e} = Figeyy ()| = | Fiiyy () = Sty ()

!P[n-i (1) = I.ﬂ'ir,n ()
=
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= 4 ((; .4) (:‘3. 4)) = dl e ((;. ,1) (r 1))

Similarly, it can be proved that,

= dfpss ((FA) (P.A)) 2 difpss ((6.4) (P.4))

Combining,

s ((F.A) () 50 s ((74) (6:4)) s (64 (7. 4)]

All the axioms for Vague Binary Soft Distance Measure given by, definition 3.1 1. got

satisfied by the newly defined Hamming Distance Measure dff .. ( (F .el} [:{.-‘ ﬂ.)) :

S0 d{fm,-_.,- [(F . .4} (L’ 4:}) i5 clearly a distance measure for VISS's, Simalarly, i
couwld be proved for other three newly developed distance measures

dnlt ((F‘ .ﬂ.) (¢ 1:]) df pss ((F.4) (f;*. _4)) and  difss ((F.4) (6.4))
for VBSS's. 5o all the above defined formulae clearly indicate a Distance Measure
for Vague Binary Soft Sefs.

Example 3.1.3.
Letly = {uL ug.ui_} Uy = {u:,. r:i} be a binary untverse and E = {eq, 02,03, €4, 05}
be a fired parameter set, Consider A € E with A = {ey, 3,65}, Two VBSS's framed

based on the above data are given as follows:

o 0.2,04 (06,07 [0.8090Y /05,06 [0.7,09]
1 r:l ! r:i ! Hi HI ! HJ3
B 0.6,00 [0.4.05 0607\ /0407 [0.3 06]
[:F ‘1) = ( (( T u' ' ud2
0.1,0.3 [0.2,06 [0.7,0.8 [0.2,0.7) 05,09
{'5 rII ' H'2 ' Hf_ HI ' HJ2 r
|nl.ﬂ-ﬁ 0.7,08 [0.3,0.5Y  /[0.6,0.7] [0.8,0.9] y
Cowd T owd wl 7wl
(.5 I]I-H 0.1, l}-I [ .G, 0.8 LT, 0.9
(G.a) = (((l 08 (01,04 103,05 <[ 08] 0. 1))
H II H
|:]2 lm |n4 07 05,07\ /04, 0. 9] |l:]? u 5
5 75 ' TLE
- L
For above defined YVBSS's various distance measures are caleulated as follows:

o s ((F.A),(G.A)) =04€ 1]
7, A

)
[(Fq){c ))=016€0,1]
o g ((F.A),(G.A)) =01€ 1]
((£.4).(¢:4)) =

0.0407 € [0, 1]

7]
o dihes
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3.2 Similarity Measure of VBSS’s

Similarity Measure (in short, SM) indicates resemblanee of two objects. It takes
value zero if objects are totally different and takes value one if objects are same,
Chang Wang and Anjing Qu [17] defined a new similarity measure for vague soft
sets based on the notion core or support. In this section, this idea is made use to

formmulate a new similarity measure for VISS's.

Definition 3.2.1.  (Arxioms for Similarily Measure of VBSS's)

Let M VBSS(U,,Us) =« VBSS (U L) — [I.'L li he @ mapping.

Let (. A) and (G, A) be two VBSS's such that, (F, A) . (6. A) € VBSS (U, Uy).
Then M ((F .r'IJ] . ({}T ’l)) 15 called a simailarity measure of VESS's if o satisfes

the following arioms:

3. M((F.4),

- ) (G-))
2. M((F.4), (-—f;'..qj) € [0,1]
). (¢.4))
1. M((F.A), (¢ a))

{Ip(r”[ur] =, fm_,ﬂfnr] =0 or fﬁ_*][ur] =1, r-r':.:.-:.[“r] = &

Fien(e) =0, fou () =0 or feo (ud =1, fae,(u)=0

and
":l'r',_. = A, i, & Uy

{:F-.[,ﬂ[;-,;=u, b0 =0 or tp (0] =1, fg (n)=0 &
Frenwd =00 fae,(w) =0 or feo(v) =1 fa.,(v)=0

5. (I .q) c (ﬁ‘, .-1) C [:f'*. .4)
= M [:(I'.Jl:} (P.A)) = min (2 ((F.),(G.4)) .M ((G.4).(#.4)))

where (F. .4).(:’.’?.A).(F_.—l}EL"BSS{b’].L-'g] and ACE

Definition 3.2.2. (Formula for Similarity Measure of two VBSS's)

Let Uy = {uy, ug, —— e, —— 1 } Uz = {uy, 09, — 0. ——, 15} be a binary universe
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and E = {e),e3.——. 65, ——.ex} be a fired set of parameters. Henee (Fﬁ.) =
{(:.'p. f:'{:.',]l) Ap=1,2 ==, m} 14 (G’ f'l) = {({:,, fi'[r-,.]l) Ap=1,2 = m} {are
two families of VISSs.

A Similarity Measure of [ﬁ' . A) and (G .4) is defined as follows

M ((F‘, ‘4‘) r(ﬁl- A)) _ Mg [ FA)[E,A))

where M, [:(F .ﬂ.} ; (G .*‘ID i d':ﬁrmi as follows;

M, ((Iv A) (@ .—1))

IJ
= 1= 55 2 [ty ) = S 0| + [ty 00) = e )] + [ () = S o)

i
T Z |Sﬁ[=,:[“’-] = '?&ig,:.f”u]I + |‘j-"[c,]{"ﬂ - "d'rg,,r'['-'-] + |ff'[.=,}'['f-'=-}' - ff.'-qf,.][‘-'a}
A=

Ype A, Yu. €U, and Ye,el

where Sp, (ur) = (r.m () = Sotey) {u,;:] is called core of Fle,) in universe U,
Sfpe, (Ua) = {fﬁalm () — Sage,y (Us) ) is called core of F {ep) in universe Uy
Sty (1) = (Leseyy (1) = Siey) ()} i called core of Gi(ey) in universe U
Sf;wp]{t (EG[‘.P}{E f._-_,:e (1) ) iz called core of f"'_;{ﬁy} in universe Uy
&

Srie,) (el Sppey(Ua)y S, ek, S@E,”{:.-,}lel—'l.l]
Proof.

Proof is straight forward verification of the axioms in Definition 3.2.1.

Example 3.2.3. {With fized parameter set)

Let Uy = {ug, )}, Uy = {ug u,} be a binary universe with a fived set of parameters
E = {enea,eq.eq} and A = {e),e3}. Let (F.—'I) and (G.—"l) be twre vague binary
saft sets defined as follows :

(Rd):"( (<[{I'I 4 [1}301."1-> <|Dﬁ IJE].[D5I]T>))‘

{[mnr 08,09y /[0.7,08] [ﬁ"iﬂlﬁ

(o (1 ). (522 230)).
(¢.4) = (e (% "”“”} (o207 lﬂﬁuv>))~
O )}

- ([mu. [uaux:n 07,08 [ﬂmﬁ

Siest

£
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Using above method Similarity Measure of these sefs 15 found os

M ({:F .4) . (r’:‘, 4}) — 045 € [0, 1]

Example 3.2.4. (With different parameter set)
Let Uy = {ug e} U = {1, u,} be a binary universe with a fired set of parameters
E=e,ea} and A= {e eq,e0}, 8 = {eq. 04,65}, Let (F .Jl) and (f}' ﬂ) be two
VEBSS's defined as follows:

i,

[l}?'EII] ['EI] |]5|
( (< [nrnf1| [[J'HH]

) ()

o (2202 125 nrbot b3
(e ({0103 0306 <[uzu4| [nrm1>
)4 )

)% )

)

0.5,0.6) [0.4,08]

(:‘5. .4} =

ds

Ty tp (7.

0.6,08) ['I]-I uzu|

1
(

({_H ((lﬂ-ﬂ 0.7] [05,09] [0.2,09] [uq 0.8]
1

)
)
)
)
)
)

(G.B) = ( (U"}ﬁl [ﬂlus.] |
iy,
( ({h]lnﬁ] [ﬂ’:mﬂ?]> <|nr:n7] 0.2, nq|

Using above mentioned method Similarity Measure of these .':!:-fb i

M((#.4).(¢B)) =026 0,1]

Remark 3.2.5.
A and B are both empty or any one of them fakes empty value, Similarity Measure

between these sets will be always zero,

Some Special Kind of Similarity Measure's of VBSS5's

In this section, two special kinds of Similarity Measure's are developed for VBSS's.
Hammang / Euchdean in its “Normalised Zone”™ s combined wnth trigonometric

functions to measure ‘similarities’ of VBS55's, One application algorithm, for
hoth these tools has also been provided with proper examples to convey the result

properly.  Trigonometric Functions discussed in this section are CO8Sine, Sine &
OO Tangent.

Definition 3.2.6.
Let Uy = {uy,ug, —— 1, ——, 5} and Uz = {oy, v, —— 05, ——. 15} be a binary

wreiverse under consideralion. Porameler sel under concern, related o this hnary



CHAPTER 3. VARIOUS MEASURES QF VAGUE BINARY SOFT SETS T

universe is K = {ey, 63, ——, ;. ——, e} with A C E where A = {e), 63, ——. €5, ——.Em}.
Let (F .1!:} crpeed (I‘."r' .11.) e twa VSN s Let

Cardinality of universe Uy = (1) = i ; Cardinality of universe Uy = #(Us) = j;
Cardinalily of parameler sel E = #(8) = & Cordinelily of porameler sef A = #(A) = m
{1): Trigonometric Normalized Hamming Similarity Measure

Let (F .-'l) arnd [;F A) be two VBSS's. Various Trigonometric Normalized Euclidean
Similarity Measure of (F A} and (3, A) is defired as follows:

I. Cogine Normalised Hamming Stmlarify Measure ;

=54 __
vl'.'?rmv mss =

h f E!Prrp:'[“r:l B rf.:'lrl,l‘{“f::ll \II
N |
mz Z{-"“HH -+ ”fli.-.p:-[“r:l - -f-t'-'-:f,.]“-‘r]" +

p=1 r=i
||'. + |"|.:-|-|_FF'[HJ-:| - Ilq".'.;.-‘_]t”r}l )I

i )

f{'-'.:.r,:.[":J T f.:':'[._-”'[i’x ]
—EEE.’;}::E + | feiylve) =
dmj i e Flep)\Us

\ T n-’:'[-rr:'i“';l - n{'-"h'.--]tr""

/

2 Sine Normalised Huommaing Sivilarily Measure :

Sinph=sM —
|-l'j..|:r?:|[ﬂr:l = !',E-;I:,.IJ[HFH

" EEZH*" + e (e) = S, ()|
+ |1-IPI:r-,:||:-“r'] - nfi‘[q-p]{“r}l

IF‘[r,.:u[".u,:l — ff;'l_rpr{ I‘_.‘::I
Jrau Z ;&m_ e () = fozie, (vs)
T nl-‘n;.—,.:["-} - nq’.‘.:.-l.]{“-]

3. COTangent Normalised Hamming Similarity Measure :

a5
Cotypss =

|t!"'.|rp-||::ur} - fﬁ{rp]{!frﬂ
+ |-lr}'"|_q-|,_||::”r} - ff';l;rr;[“r:ll
+ WMy, (e ) — gy (0 )]

+

= | 5

' m
drrvi Z Z Cot 5

p=1 r=I]
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+

) ij-"lr,,]{"s} ay '{?[1-n]{“u}
1l == .| 0 10
4;-”.-;' E E Cot I_-ll + E + _Irf'[,.-p]{l-.!} - jﬂ'(,.':l[l'_‘,jl

+ r.[j_:-l-fnl{?:l.} Sy I]f:l:l.'-.:ll:‘u‘e‘.:ll

(2): Trigonometric Normalized Euclidean Similarity Measure
Let (.‘;'...-"I) ard I[J'_ A) be lwo VBSS's. Various Trigenocmetrie Normalized
Euclidean Stmilarity Measure of VBSS's (5‘, .-4.) and (T, A) is defined as follows:

1. COSine Normalised Euclidean Similavity Measure, Cos}53MN =

P e T O] Il:|-'.~;r,,,[u4 ~ gyl + gy (e) — e,y tun)] + [, fue) - un,_ﬁ..,;r%

2 @
+in T Tl Coal] {|4;¢,,,1u.]—1f.._.[r.]| + | ey vnd = Frgayyiee)

2
+ Mg, o) — gy, i)

2. Sine Normalised Euclidean Similarity Measure, SEIJ:.,}:I_.'E.'“ =

)
)

3
+ Mgy, lue) = My, ur)

- ;
+ | Fage, () = Frpe,y ur)

1~ gk T By Sinl] Eltgww gy )

-1y T Thay Sinf]

3 .
¥ nﬁl:rl..l-l:"l" - n':"l-rp._l{r':l

T
|'£Lr..|':"‘]' - "I"'crpy':'-'lf'l + |f£|_¢,||:"-] = Je,ite)

3. COTangent Normalised Euclidean Similarity Measure,  Cotpo 3N =

Fitepyved = Fpgeyytoel] + Mgy, toa) = g, i)

# E;‘—1 Elr-l Coat {-II- + I:EI (lr.':'i'l[“".l - r'r'n;.-,;.':“- Fl‘ + |-r.‘:'|il-'|‘lrh] - IT|.I.|["F.I|2 + |"_J;‘-|..-||_Up] - "'ﬁ:ﬂ,:,t“' F|J%%

2 2
+ w7 Lopet Lamy Ol [:’T' +% {l'-ﬁ—.a':'":' ~ b rel| +

Theorem 3.2.7.
Cosine Normalised ffomming Similarity Measure of VBSS's satisfies follownng prop-

A)) <1

({}' 1
2.0 < CosiisSV ((FoA)(6,4)) =14 (F.A) = (6. 4)

3. Confyss (). (6.4)) = contys ((¢:.4) . (F.4))

Proaf,

erties

1. f-_ll_'- ep) |::1'Ir }.. tﬁtr- P{ ﬂr}: fj.‘-[i.P]{lI!r}: ff;’-{i.p] |::1'Ir-}, ].-In:..p:l |:1‘Ir], ]'-Il'l:l;rp.:l [:-H r:]-
I"F-h_"]{!-'.]‘ tﬂ!{rpl{ﬂ_‘}.‘ fF‘l’p]{u"]" I&tfr:[“‘}' nf.'.'[rpl-{ i:‘_.}.l n{:1fp]{u"]
and the value of Cosine Function are within [0,1]. So Cosine Normalised

Hamming Similarity Measure based on VBSS's also lies in [0, 1]
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2, For any two VBSS's (ﬁ'. A:} amd (lﬁ‘.d) if (ﬁ'.d) = (lﬁfl::l gives

=1

!.f-‘q.—,j{"r} = Lﬁii‘p] Iit.[,} = |r}-"[.~.,,] {T.Ir} - tﬁ[ﬂp]{ur}

.

Fiten(ttr) = Jeteptie) = |Figep (1) = Figepp ()| = 0

Mo,y (te) = Mg, (ue) = |Hﬁ'n:=;.:|f“r] = Hgye, (1)) =0

=10

rr;:-te,;tt'al=f-::'¢e,]t"-] = Irﬁrr,tr.-,J—r_:-_.tc’](u,.]
Feten®) = Jaign@) = |Friep®0) = fere,

I-'[Ii"l_r.-ll{l"‘:l = Il(:'l_r,:ll::”*] =5 |II|F'I:¢,:|[1"::I - “ﬁl_ﬂ'..]{r:"} =}

e

Henee ﬂ':m:'.j:,;ﬁ” ([:I .-"l) ; (!f.' .-:1.)) =
Conversely, if Cosles™ ({I"‘ A:} ’ (G‘ 4):] = 1, then

=0 | F ey tir) = Figeyy ()] = O |n#[=p,{ur] ~ g, () =0

i = "ﬁ"."-p:lt:hr} = Ig";.:n_:,[url i fj:.;,-_:,[ﬂr] = fr.:.:zlﬁ'[“r] : n;."c,.__:.{“r] = Ht"j-[.-,p]{**r}' =10

-

) |iﬁ.[=”{ﬂ.r:| - I'c';':e’][li,-}

E(ap) (08) = sy ()] = 03 £ (00) = Sy ()] = 05 Ly () = Mgy )] = 0

= tf?q;p]h"a]‘ - t&.[fph{ul] H ..rlr-[, '{L!.:I -'rlir[r F{r"} H r-[j."wp]{r'a} - "c}.:c’][i-":l] =10

= (F.4) = (G.4)

3. Proof is trivial

Theorem 3.2.8,
Sine Normalised Hamming Simﬂ'nrﬂy Measure of VESS's salisfres fuﬂﬂmﬁng
properfies |

1. 0 < Sinhil-SM {(F A} (G‘A}) <1
2. Sinplfs™ ((F.4).(6.4)) =14 (F.A) = (G.4)

5. Sz ((F,4),(G.4)) = sinlfss (6. 4)
Proof.

Similar to theorem 3.2.7.

A))
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Theorem 3.2.9.

Cotangent Normalised Hamming Similarity Measure of VBSS's sahisfies following

properfies

1 0< Cotps? ((F.4),(6.4)) <1

2 Cottlfef™ ((F.A), (6. 4)) =1 e (F.a) = (€,4)
5. Cotlfs$ ((F.4) . (G.A)) = cotylss™ ((6. ), (F.4))
Proof.

Similar to theorem 3.2.7.

Applicational Algorithm and Numerical Example for VBSS's

In this section a decision - making  method using Trigonometrie Normalised
Hamming/Eunclidean Similarity Measure for VBSS's are developed and it is used in
a mumerical example.

(i) Algorithm

Step 1 : Find hinary universe and parameter set for the problem under concern,
Let it be (U, U%) and A € E, where U and Uy are universes and E be a fixed pa-
rameter set,

Step 2 ¢ Depending on this, frame VBSS [F . .4) for the problem under
consideration

Step 3 : Determine the benefit tvpe attribute and cost type attribute from the
given parameter set. Benefit type attribute will be obtained by taking maximum
and Cost type attribute, by taking minimum

Step 4 : Fix the ideal VBSS (t_‘? .-1.) using bencfit type attribute and cost tyvpe
attribute

Step 5 : Using the newly developed formulae, Hemming/Evclidean for VBSS's,
find similarity measures o each of the parameters with ideal VBSS

Step 6 : After fixing the parameter, using step 5, we do one more filtration to find
hest choice among the universal sets depending upon the context. Le., simultaneons

selection or independent selection among the alternatives.
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(i) (Numerical Example - Hamming)

wy = portable mini  washing machine,
Lt Uy =4 we = fully automatic,

gy = handy  bucket  washing machine

Jo = double  door  refrigerator

{_ﬂ = single door refrigerator, }
Ly =

be a binary universe of domestic utensils under consideration.
Let the parameter set under consideration be

{F] = service  after  sale, e = reasonable  prize, }
A=

£q = cuslommer  eare, 4 = discount

Let VBSS (F . _ﬂ.) be the VBSS framed for the corresponding binary universe and to

fixed parameter set. For above problem, let [:G' ..4) be the constructed Ideal VBSS

<mznﬂ_mdu4>

[”°““.W3“4>

(0.2.0.6] [0.3.0.5] [0.1.0.8]

iy we 1

. <w2um 0.3,05] 01,08

it 1ify lify

i

(F.4) =

[02,0.6] [0.3.05] [0.1,08]

(02, 0.6] mﬁnﬂ
.

)
(1t psis))
(psta psish)
<Wiﬂﬂ Wd"4>)
(1sen pser))
(1520 w120
(psta pris)
(152 pssa)

‘,:-v

mlum [0.1,0.5] [0.1,0.5]
({88} L]
07,08 [0.7,0.8] [0.7.08]
T iy ' 1y
[03,0.4] [0.3,0.4] maug
< 1ty 1ify
<[ﬂ'i’ﬂ‘-]| ['I.'I'i"[!ﬂ| [[Ja [JEI]

' 1y

iy
e LI ity
Wy

(o )
(e )
(o (" )
kGl(<W1PM Wi:# Wlﬂﬂ>
(e )
(o )
(o )
& )

'\.
"
'\.

i

£z

7.0.9] m?nm>
7

(0.7, 0.5] mruﬂ>
fi

[0.5.0.9] mauﬂ
)

-

(6.4) =

S

£x

)
)
)
)
)
)
)
)
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First iteration for the ideal parameter gives the following result:

“'['ﬂ _|rl'..|F' HH

. . N 004 for eq
Cosilhas ((1 ,,l) , (r;. ;.)) -

002 for ex;

004 for ey

Clearly, 0.04 2 0.04 = 0,03 = 0.02
-~ [r:m;;f,g;.ﬁ-“ ((F. .4) (6.4) )L > [E'm;'.’f;_;.ﬁ” ((F.4). (é. ,4))] )
> [costiis™ ((F.4), (6.4))] L2 [Cosiltas™ ((F.4).(¢.4))] .

Caleulations showed that, prime carve, should be assigned to risk factor |
In next stage, second iterations have done depending upon ¢4 only to both of the

universal sets independently. Results showed that,

i 0.22275  for wy;
0.23775 for w

Coshoead ((F . .*1} . {G’ FI)) =4 025 for wy

0.23775  for  fy;

| 0.25 for fa

Selection is in two ways

Case (i): (Simultaneous selection of universes)

[cosys™ ((#,4). (¢, A})] > [Costlise ((£.4), (¢.4)) i
> [costtsd™ ((F.4). (¢, .4))]“ > [Costlisd™ ((F.4), (¢,4)) )
= [Cosliss™ ((F, ), (€. 4)) )
Case (li): (Independent selection of universes)
(ot ((7-4). (6.4))], > [costisz ((7.4) . (6.4))],,
> [E’,’m‘;,{.’;_.,.ﬁ"” ((: fl.) . (r:w))] = oot ((:u .4) : (f;-, zl))]h
> feot (£.4)- (6-4)],
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Case (i) indicates, wy will be good choice.
Case (11) indicates, wy will be good choice for first set of universes and for the second

set of universes fu will be the good choice for first set of universes,

Remark 3.2.10.
Above method could be applicd to other two trigonometric similarify measures and

the resull can be verified.

(ii) (Numerical Example - Euclidean)

A large family of viruses transmitted from animals (civet cats, camels, ete) to human
are called Corona virnses, [t's a very dangerous situation and has become fatal. It
is spreading in an unecontrollable way and it has become a great issue for different
countries and their governments, [ts outhreak is from China and recorded death
rate i2 large. Let (L7, 0%) be a binary universe which deseribes the people returned

to their home countrics.
Let L) = { i = wihan, iy = beijing, wy = shmaghm'}

Uy = { fi = ziantao, fy = Frfmgﬁ.'fmy}
These peaple are kept under observation in two different army hospitals of a country,

Let the parameter set under consideration be

£ = fever and cough,
A =1 e9 = shortness of breath and breathing  dif ficullies,
£y = pneumonia, ey = kidney  failure
Let the VBSS (.5' A) give the vague binary soft values of the corresponding universal

sete and parameter set under congideration. Ideal VBSS constructed for the above

set is given as

(e ey
(Q"{)=' E” Eg[n;fnﬂ [ﬂ::!:.[[ll [:3]? E[nznr]hunujigg [
(r.w (([u*-.;rlil_lu] [u:ﬁiw (. ;“UE]> <[uzjuu] 0.3, m]}))
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[0.6.0.7] u]ﬁll"]

7 50)
<[U: DQ]‘|[] T, ﬂﬂ]})) |
<[n? 0.8] [0.7, ua])))
( )

. <HDI 0.5 [0.1.05] [0.1,0.5)

T ity ' ey

(o )
(o (™ 2 2
(= )

(7.4) =

03.0.4] [0.3.04] [03.0.4)

T we 1y

( (<[u. 0.9 [urusq 0.7, na]>

First iteration for ideal parameter gives fnl]-:m.mg resnlt:

£33,

[0.5,0.9) |ug IJ!’}]
fi

(06209 for e,
Cf"‘*‘tfj;:_-;:-“[:(su‘i}.(f..-'i):]=., 0.5268 for e,

05175 for e
05498 for e,
(06686 for ex:
04742 for ez

SinltE5M ((:f; .-1) , (? 1}) -

04606 for  es;

05300 for ey
.

06118 for ey

04108  for ey

ot ((5.4).(7.4)) -

03989 for ey

04498  for ey

Comparing above results, it is clear that,

ottt ((5:4)-(F.4))],, > .
> [costiss ((3.4). (Ra))]. > Cosid ((s- A).(1.4))]

Similarly,

W
Q
z
'...','

o

o
-
=
]
==

T

Eae]
[
s

o S—

L T—

3”’1j}:<~3” [:(-‘:.A) (:T A))]” 2 :“’”ufﬂbin ((“5 "1) ‘ [:T A})]”
s st (5.0)-(R)] > [soitid ((5.0)-(1-0)].
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ot (5.0, (1), > o (50). (-],
> [f:'mf,ﬁ;;;“ ((:;. A), (T .4))L > [::_'nr;'_.’;,;:;“ [:(5 A) _ (T A)}]”

Each tool of measurement, indicates that similarity is greater for parameter ;. So
risk factor is high for ¢, ie, for fever and cough. COVID - 2009 test [COrona
Virus Disease - 2019] should be conducted for fever and cough-affected people with

tnacly cation.

Theorem 3.2.11.
Cosine Normalised Euclidean Similarity of VBSS's satisfies following properties:

10 < Costff ((5.4) . (F,4)) <1

2.0 CospligZV ((8,4)(T.4)) =14 (5,4) = (1, 4)

5. CospiS ((8.4). (T A)) = cospfid ((7.4). (5. ,ﬂ.))
Proof.

1. tl.;-wp]l[trr b Eﬂtﬂ[ur}. fgi,ljl:u.-]. ,,I"-j-'nh.P:ll,rrJr}. "_a;,::l:ll:ﬂ.-:l. nf[np}{il.—}l.
bave (V) Bpealsds  Fop(teds  Fipeglvn)s II_{;[er[l-'a::l: II.I,-.il_IJ{erﬂ} anel
the value of the cosine function are within [0, 1]. So cosine normalised enclidean
similarity measure based on VBSS's also lies in [0.1]

2. For anv two VB55's (L‘? .-"I) and (f .41_) if [‘;' .-"I) = (T .fi)

=10

then
! Egpe,) (e = by, (0r) = |r_;=-.§rﬂiu.} - Iﬁrﬂiurli == g, (ue) = Epg (i) = 0
) Jr.i[e,.r'[“rﬁ-I = f'.i"‘qc,]f“r} =F |_.|"_g-|,PJer} = -I‘L-i"'[.e.,,p'[”rﬁ-I o i ifﬁ'q._-,]'{“r} - ffrpp1{"r}' : =10
| Mg, () = M, () = F"ii:-r:[“’] S n.ﬂ,__,[u,]| =0 = |115.[rp]{u,} ~ T, () :
' E e, (08} = by (0a) = |f§i=_][ar.] = e,y (ts)| =0 = |I$‘t=p:u["'] = gy s) - 0
3 500y (1) = Ly (00 = [T (00) = Fiyy 00)] = 02 [ f0y 00) = Sy (w)|” =0
| Mgy ) = Mgy (00) = [T (00) = Mg ()] = 0= Mgy () = Ty ()] =0

Henee ﬁ'fm[ﬁﬁ;';'" ({:I .-"l) . (ﬂ'd)) = .
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Conversely,  if CosP5 3 ((S .4} . [T .4)} = 1, then

2
== =0

10y (20) = ey 1) b 1) = ey (1)

=0

F
|t‘gll-cr]{p"} a r.'ﬁ:'!'!":'[-;I'I"':l’l =0= |t§[rpi{i?‘} - Efl:rr](r"n]

{Trm%'— = | gives

F]
=1

'E.".':Ll:r;.:ll:uf} = !'J'(r,;[“r] =% I!_.«;-h_ﬂ[nr] - fT[r,}{ﬂr}'

2
=1

| ey (Va) =t (06) = |t§[e.a["‘*]'_fﬁfpl':”"]

; -&[ﬂp}{“r] N .Iri'.:,_:,[ﬂr] = |-lr§l:-'.pb{ur] - .fii'liﬂ-:[ﬂ,.]r =10

3 I-;[rpi{r-l::l = -f'l'-'[rp?[r"::l = |I‘E.|-'|']{r:'} . Ij...l-'ll']{r:'}

I'

2
=

F
”.'E[r,,p{ﬂr]' - H'ﬂ";rl.:.[“r::ll =10

2
=0

II_erpb[ie,-:I = ll‘i"qr,;ulz“r] =

Moo =Tgy(0) = [Mg(0) = Mg, ()

3. Proof is Obwious

Remark 3.2.12.

If the parameter sels are diffevent then the intersected region or common elements

are considered for colewlations.

Theorem 3.2.13.

Sine Normalised Euclidean Similarily of VBSS's satisfies following properties ;

1. 0< SinfESM(S, A), (T, AN <1

2 SinpEEM(S AT AN =1 & (54)=(T A

5 SinpEEM((E A) (T A) = SinfESM((T,A).(5, 4))

FProaf.

VESS

Similar to theorem 3.2.11.

Theorem 3.2.14.
Cotangent Normalised Euclidean Similarity Measure of VBSS's salisfiez following

properfics

=3
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1. 0= CotP M8, A) (T A)) =1
2. CotpESMUS, AT A) =1 & (5.4)=(T, A)
g CottESMS, AT, A)) = CotpiZM((T, A), (5, A))

Proof,

Similar to theorem 3.2.11.

Pythagorean Vague Binary Soft Set & Properties

Pythagorean Vague Binary Soft Set is a special kind of Vague Binary Soft Set. In

thiz section, this special version of VBSS is developed with some of its basic notions,

Definition 3.2.15. (Pythagorean vague binary soft set)

Let (U, Ua) be a binary universe and & be a fired parameter set with A C E.

Let PV(Ly) and PV(L;) denote the power set of Pythagorean Vague subsets on U7},
{5 respectively.

A Pythagorean Vague Bimary Soff Sel (in shorl, PVBSS) over a binary umiverse
(L. U3) is a pair (..F'.}l"l'}j. .-1) where Fpy g is @ mapping given by

Foyg: A= PV (L) = PV (L)

(Fovs.A) = {e, € A/ (e Frvn(e,) }

Voot
<M:\:’r-’, € AV, € E="i> J

. (1
uhere,  Fpyn ':':P] = )
1i'.-l:'.rwr:ll"rd{“"}l . i P
Jf.'ﬁrp e A Y, € Lz
[ /]t ()1 = Fip ey (112) ”
Fpyvalep) Ur)y L — Fovaleg) Uy ] e
< = - - : Ve, e A, Vu. el },
iy
= { . ]
-I'I'.-._ i :,[4-'_.:'.'- _fj.".. i :,[l'a}']
< | T Ep PyirlEp . "i"t'i. E ..-'JI. "I;I‘r',. E UE
‘Il}
\ Y,

where
"I.ﬁ',-.-rmr..r'[“r:' 0y = [0, 1]; L= fip e lte) 1 Uy = [0,1]: &
TF‘I".'H[FPI‘{F"} t Uy — [ﬂ' ”‘- 1 - f.l':".r,,|rp|.{r.|} sy — ['}. I].
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0= [thpynien (40)] + [1= Sy ()] <1
0< [fp,.”.h-,.]'{f'n}r + [l = S B mies) '["'“]'r =1

Example 3.2.16. (Erxample for Pythagorean Vague Binary Soft Set)

Let Uy = {fi, fa. fa}, Uz = {by, by, by} be the set of flights and trains from Kochi to
Bangalore respectively, and A = {¢y = first class, g = second class, eq = Hird class)
be the set of parameters with A C E. Let (ﬁ'm-.u.ﬂj] be o PVESS which describes
the availability of tickels as follows:

(ﬁwun‘!)

0.2,0.3] [0.4,0.2] [0.7.0.8]

[0.3.0.8] [0.6,0.7] [0.4,0.1]
hi fa fa ' '

by by bry

.

(o
(-

0.2,04] [0.4,0.3 [0.7,0.8]

)¢

[0.3.0.2] [0.6,0.7) [0.4,0.6)

S Iz Ta
0.2,0.1] [0.4,0.7] [0.7,0.8]

)

b. -f.lg fJH
0.2, 0.8] [0.6,0.7] [0.4,0.6]

)
)i

(= ({ A ).

Set of all Pythagorean vague binory soft sets over o binery universe (07, 0Us) is

denoted by PV BSS(U, Us).

fi fa Ja by by by

Definition 3.2.18. (Operations on Pythagorean Vague binary soft set’s)
Consider two Pythagorean Vague Binary Soft Set's as follows:

Let, Ve, € A Yu. el Yo, ell
; : < [ij."".-ni"r*w']' 1= -'r""."t-n'i-':d{r" }] >
. i, '
{F.uw;. .'1) =4 | €p: Y
< [EFI'"pI:'i'ri'frl"]'l B JI’;.Flthrr]I:r',]jI >
h Il\. \ Va
r r rf _"If!'r'! arlff;:I[ “"]' 1- "r'::-:'.l"rnit';-'l{u"}]
. Uy :
{G‘pg'u.:’i) = 4 L ;
_'r'f;r"l'lrl:f:-:ll::l”]" 1 - f[:j'iq'nlkp]{t:"]]
SR
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I. {Pythagorean Vague Binary Soft Union )
(ﬁm'm -“-) L {:'ﬁ' PV - -‘1) =

- <ri-m:t: [:l'jﬁh.ﬂ{t-l'r}‘ a‘,,-_-,:,_:,[u,]j  Mar (1 - fprl.ﬂ{u,]) . (1 - _.I"j.aw]{u.]l}>
1 <nrﬂ.r (i‘;;-,:,.p:,l:l.'ﬂ- fﬂlm{t-‘.}) , AT (] - f,-;-i,p:,[u,‘]) . (1 - _.I';ar,.ﬂl[!',]l}> .

2. (Pythagorean Vague Binary Soft Intersection)
(PP'I-'B- a’i) y (I?Frﬂ- -’1} =

. <mr’rl {rj-ﬂr,.'l{”r}-'rt".'-:e,]':”r]} JTHin [:(I - f,:-,:f’][r;,}) . ('l - fﬁ.ifp:,[u,])) >
5 | 25 <mj” (fﬁ'l:f;.:lir'l"']"tﬂ'l'rﬂ{ra}j} TR ((1 - fj.‘-“.j']l::i-',.}) : (I - fﬁ'.:;,:.f*-'s])) >
Uy

1. (Pythagorean Vague Binary Soft Complement)
{-IFr'J-"I'ILaq-) =

v

%
1= fer ylue), dp .~ (1)
<( Flep) - mhnl ),-'r,.EA.HrEE-"J>
4 Eps ) :l
L= Fipto (02) Ly ()
<[: Fleg) - il },-"r,. e A e E-"i>
, J

4. (Pythagorean Vague Binary Soft Sum)
(ﬁm'm -*‘-) & ("f;'.-=vn~-"!) =

(.hl."r*""l"':ur:'z - ‘c-_r,_;.';"' | - l:lFlr,I':"'r]}T' [rﬂ“pj{ur :']s- |:|_ - .r}'.;rr_-':"':'] N (L - r-l:‘-;rp_l':"':':|>

U
=)
L5 o

( I"III: Fregp 0l + g (el - 'i"r-'n-.nl"'J}z ' {rr-'e-..:""]]z‘ (1= Foge e - (1 = Loyl )
b (Pythagorean Vague Binary Soft Product)
(f"m'm-"-) & (ﬂm-'a--"!) =

) oo oo o O R G

Hr
L]

{.i.{l r,.-.,_,*.-n] v .r.-.._,,.n--.n} (l .I',.-..,F_,l'---l} |:| rﬂ.,_,-:-.:-:l.|:r}.,,_,|--.1:| -ﬂ,w,c-.:-j}

T

i
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Definition 3.2.19. (Properiies of PVBSS's)

Let (ﬁp"ﬂ, .Ji) i [tf}m"fj: .-'-'I.) e PVRBSS(I, ). Following properties found true:
(i) Idempotent Laws

Operalions union, intersection, sum and product follows idempolent lows for PVBSS s

1. (ﬁp.,-”, .4) f (P,,l-ﬂ, .4) = (Fpvp, A)
2. (Fove, A)U(Fpvn A) = (Frvs, A)
¢ (b ) () = ()

) = (Frvo.4)

i {F“;;A)cu:[:F,..Hli e |

fii) Commulativily

Cperations wnion, tntersection, sum and product follows commulabivity for PVESSs

1o (Fova A) 2 (Govn, A) = (Gpvi A) 71 (Fpva, A)
2 (Pﬂ.-ﬂ_.aa)tl(fkm-n A) = (Grva A) U (Frvp, 4)
b (P ) (G ) = (6o 4) 5 (i)
b (Fove.a) @ [:G:ui A) = (Grvo.A) @ (Fpvi. )

(iii) De Morgan's Laws

G py

Union and infersection molates De Morgan's laws, But sum and product operations

follows
I. ((Fm IS 4) [:f TPy, A Fpy ) (ff-nn--‘l}r
V'~ (o)’ (G )’
Fp

)) # (i
Bul ((fm_ﬂ. 1)“{F]‘Lﬂ 1)
)) ]I:“ )7 {G“H A)

2 {(F,”, A) (GHH A ;

But  ((Fovp.A)0(GrvuA)) = (Fovs, A) U (Grvp. A)
{_: Lvn ) (ﬂ'maﬂ.ﬂ)r
(7

5. ((Fove A) @ (Grva,A)) =
) = (Frvo.a) & (GrvmA)

{. ((F.rﬂ-':f-r‘l)'fﬁ(ﬁ'rrﬁ A )
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3.3 Distance Measure of PVBSS’s

I this section various distance measures of Pythagorean Vague Binary Soft Set's are
developed. For that consider two Pythagorean Vague Binary Soft Set’s as follows:

Ve, € A, Vu, €U, Yo, €U,

< :Fj'-,..l.n,:,.}_:,l:ﬂr]- 1- ff‘".l'rn-:-'k]l[”r }] >

U

{ﬁ'.uwn -"-} =< | € - ;
£y tep) (V): 1 - -'rf‘"r-'rn'i"ﬂl:r"']]
'. Fe
Ii'r":-':r"l'l.r';';-:":l"']' l - .Irf:‘,.l_-_l-,-lu-rj{r'rr'}]
- Uy l
{f._l'pl.'u““i) = 4 Epy ;

< ["{'-‘r-a-uca,af‘-'-]-] - -I'rr'h-rw,.ﬂ"ﬂl >

t'e

Definition 3.3.1.
Let (.E'.rq-". A} arid (:""_;,,,,-,,,,q:] be two PVESS s over a binary universe (U, Uy) and
let A © F be the set of parameters. Following formulae will give various distance

measures under pythagercan enviernment,

I. dpypss ((-‘;‘:'P-.-n, -4} , [:-lf;':rrﬂ- A)) =

q
it Frva (’p?[“"-:l . i':-:'-"l-'r!“'l'l{ﬂ'::l]

i q
HE:T:IE:TI +|(1 - Ir.“‘l"'l-‘]i':"'y]l:-”"]" = (1= f{'.",.-,.ul;.-rjl:ul']}
T

+ IIF’.I-*.'::#".»-]{"'} . IIf':'.lrrlI:-I*'.-J{”'lll

_|L

F.f.'.'r"l'Jr':'! p:li rl":l - :{-r'm.'ﬂl'l'pf{r"}

rlu ii + (l - f{'-‘l..-”r.-pr'[i‘a]'} - {1 - ,.I",_s;-ll,l_ﬂH_MI{E',.]-)|‘I

=1 s=I

* ”J""r-ru'h:-]':”"] o "f'-"r--. m:e'..-]tr'"]
2. dpypss ({Fr".'n- r‘l) , [:&:u'r;- -'1)) =

. :
L g g -
+7 B0 Bl [[tpiagstee '-:'-':-,.-':"5'| +

L ™ ¥ | £ ] e
m:l.l__l_.-__ .[lf.lr.”’llu,|—|'¢"’I|u,:||.--:{L-j*."rl.h.:lj—{:I-_I":-\_.{__Fllu,l:l '-I- ”r--a,||"r-'":'-:'.“|a,.:."‘" "]

k- 'rnl-'l-,.u':"} L 'riiur,.l""' T :lnl':r_,.:""' B “-l’r'l.,.l":":':
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where g is always a positive infeger. In this case, tg, e, Op ta, fo. g respectively
indicate 'r-’:'-r*,wn ! "rpf'.'u.'ﬂ ? nf':F'.'-.'rn ' Ff‘:'"."ﬂ'.'ﬂ ! f{-':'“.wrs : n':-"f".\"rn

I, Ifqg=1 then (1) and (2} reduced o hamming distance and normahised

hamming distance respectively and it is denoted as
dpag [:(ﬁm'n, -*1) ' [:-Ef:—'m*ﬂ. -4)) and  df s ((ﬁprn, -‘1) ' [:{f:—'m*ﬂ. -4))

2 Ifqg=2 then (1) and (2) reduced to euclidean distance and normalised

cuclidean distance respectively and i s denoled as
28 nss ({F.hrn, .4.) : [:{u-'m-u. ..-1):] and  d% pss ((ﬁ",}.”‘ .-1.) ] [:'ﬁ"m-u. A:}}

Definition 3.3.2.
Distance measure of Pythagerean Vague Binary Soft Set’s satisfies the following:

10 < dpee < 2(#(U1) + £(U2))

2 0<diflpes <2

3. 0 < diypss < 2 (#(Uh) + #(La))
{0 difpss <2
# denotes the cardinality of the sef

Remark 3.3.3.
It is ahserved that,

NE ¥ H E H
1. dpiipss = dpypss = dpypss = dpygss and

2, Calewlations showed that dilgee and dif ges are more accurale.

Application in decision making

In thiz section newly intreduced Pythagorean Vagne Binary Soft Distance Measures
are used in a decision making problem and the values are compared. An algorithm
iz given below,

Step 1: Construct Pythagorean Vague Binary Soft Set's (F}:.:_;‘l] andd (ﬁ‘m:g_.—’!)
based on the given real life situations.

Step 2: Calculate Pyvthagorean Vague Binary Soft Distances between these sets

St.Efp 3: Shortest distance indicates the result



CHAPTER 3. VARIOUS MEASURES QF VAGUE BINARY SOFT SETS a0

A real life example is given below:

Mr. X. wants to purchase a lap-top. Shops under consideration are U = {5, 52}
for H.P and U = {s], 53} for DELL. In the selection procedure the parameters
under congideration are processor, RAM and Hard drive. He went to these shops
and collected the details which are given as PVIRSSs.

Let the following PYBSS's give data related to qualities wise brands

,(J(<mqnm_m?nu> <anm1m30ﬂ

i0.5,0.7] mﬁn4] |uﬂnm [0.4,0.3]

(j-;]ﬁl,-'j].l ...-"l) = 4

(-
(e

r G' m?ﬂﬂ_w4UH> 0.7 Ud_mﬁﬁﬂ

(-!;-:P"'.ﬂz'-"!) =4 (i:r
(e

|uuuﬂ waum> mTum [0.%,0.4]

0.5,0.1] mlnﬂ> manm [0.4,0.5

)
(pien s (usso pins)
(niea ) (rso el
( (1zes peas)
(s ) (nsso pins
(Wﬁﬂﬂ_mduﬂ> <Wrﬂﬂ‘Wﬁ$N>
(Bres o) (ws0s poas
(nae psis) (msso el
(psea psbs) (wsen pesa)
(i p20s) (buo e
( (1sea pabl

)

0.7.0.8) m4nu> mﬂuq 0.9, 0.5]

(
(
(
(
(
o
(
{
(
(

{ﬁﬂﬂ q}_‘ G* manﬂ wau4> maum 0,3, 0.4] }
A= . .
( Inﬁnj manm> mann mﬁ;ﬂ
L 53
'G 0.5,0.1] mzﬂﬂ> mﬁﬂﬂ [0.7,0.9] )
. S
(ﬁwaJﬂ=i Q? msuu_muuq mauq mﬁhl
|naﬂﬂ mauﬂ Mmﬂm WA$J|
k("“ (( e >< 5 = ,

Let the following PYVBSS s give data related to qualities wise rates

e ptae g nel)
( ((I ][ 3 ﬂ} {[ I[ I>))
G3(<m?uﬂ wi;”> wtfq'wi;d>)),

g

(f::?m*n. ; fl:]
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( (<|nﬂﬂl]1[l}?ﬂ2]> <[nrn:]1[nrn:|>)
Orvend) =1 (e 0.7,01] [0.5.0.3]\ /[0.7.0.2] [05,03]
{ ] E Eémnnl]‘manq% %[ﬂ&-ﬂ]t[ﬂlﬂ |;%
|ntn?]1[n.5.n.3] 1 [n.ﬂ..n.ﬁ]jm'nﬂ
(fi'.?m-nrrl:] E{? Eém 7.03] [0. 1?:1 2]> E[u .!:I{H]‘ [u? 0.4 |§%
(ﬁ (<|n ua]_[uau2]> <[u us|l[ug Dﬁ|>)
(” (<|nru 1[ﬂﬂﬂﬂ] ([u?nqj‘[nnu |>)
Sovmnd) =1 (e 0.7,0.5) [0.6,0.1] [0409]1[013 0.5]
{Q q] E EE“]H 0.6 [n'lﬁn'ﬂ]gém'ﬁ:.ﬂ'?l~ [0.8, 0. ?|§)

a1

The shortest distance from table indicates qualities wise rates based on brands

Caleulations showed that shortest Pythagorean Vague Binary Soft Distance 1s for

Table 3.1:
| Universal Sets | S, | S: | S | S
| difiges | 04T | 0.666 | 0.5882 | 0707

show room 5. 5o better choice for Mr. X is to buy H.P from show-roomm 5,

3.4 Entropy Measure of PVBSS’s

In this section entropy measure of PVBSS's with it's definition and properties are
diseussed. PV ESS(U,, Uy) denotes st of all Pythagorean Vague Binary Soft Set’s

over the hinary universe (L7, Uy

Definition 3.4.1. (Arioms for Entropy Measure of PVBSS)

Let (U Us) be a binary universe with U

= {uy, g, ==, tp, ==, 5} and Uy =
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{vp.vg, —— w0, ——, 5}, Let E = {ey, 65, ——, 6, ——. e} be a fired parameter sel
with A = {ey, €9, ==, €y, ==, €} C E. Let H : PVESS (U, U,)x PV BSS (U, Uy) =
[0.1) be a mapping. Also let (Ppvn, A) € PVBSS (Uy,Us). H (Pov, A) is called
entropy of (ﬁ‘mfﬂ: :"l) if it safisfies the following arioms:

Ve, €A, Yu.ely, Vo, el

1H [F'H;“.A) —0e

(o aten ) = 0 (1= Sy nien ) = 108 (thpy ey (80)) = 1 (1= Sty ptep (00)) =0
(thmm e 9)) =0 (1= Ty (0)) = 107 (8550000 00)) = 1 (1= ity iy () =0
2 H (F'p.m..-’.) =1 n=p and
Vey € A, Vity € Ui, ) (1) = (1= Sy (1r)).
Vep € A, Yo, € U, 85,000 (7) = (1= Sy aien(04))
3. H (Prvo.A) = H (Povp, 4)
4. If, Ye,€ A, Yu, €Uy, and Vo, € Uy,
(a) (Prvs A) € (Rpvs. A) and
() ity e (8 = (1= Tt 4r)) &t ipten (05 S (1= Tt (05)) o
(a] {ﬁ,,.-,j..q] ':_'n(ﬁ,w.ﬂ) and
) tpyaten ) 2 (1= Tippaten () & im0 2 (1= Sipunten (v0))

then H {ﬁ'wu..q) < H {r‘?,,.-,;. .q}

Theorem 3.4.2.

Let (U Us) be a binary  wniverse with Uy = {uy, ug, ==, tp, ==, 1;} and

Uy = {uy, 09, —— vy, ——. 05}, Let A= {e, e, ——, 5, ——, €, } be a parameter set.
Let (f"p.:g-.ﬂ’l) = {FPpyaler) 0=k <m} beafamilyof PVBSSs. Hy (ﬁ’,n.-w_r,.il}

iz o fomily of pythagerean vague binary soft entropy’s . Define H (ﬁ‘.-.r-,-;;. .4.} i follons;

I [ﬁ.&'rﬂ- -4) - (EJW:[HJ (‘ij:"'}’li: A)) where

ul
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H (f -"") : E-u £ b f‘H alep) { ) { ﬂ velep) :I
) = g e e
h'-v mleg) * " F'rrwni-: ]
+
— | _ .
i i 1 |Ef'!'vnl:'= [ﬂ"] (1 Fryvalep) {1 })
_:.Irnj_ == ael |
1+ | Ffl-ﬂtﬂphl:l.l‘:l { FJ valep 'I )

Then H (ﬁm.-m A) is a pythagorean vague binary soft entropy .
Proaf.
1. H (fip.r-ﬂ:n) —0
& B H (Pove, A) =0
wl- |‘Fm ien) (7] = ( L ernten ']')|

fﬂrﬂ*—‘:i‘:[ }{1:,}5 1, 0<

l - |r§:‘pl1,-'nl|t'9:| {H’} . (l FJ' W lrtfpi[ :I) |
foro<t, ()<l 0<(1- 3, (w)) <1
SVe, €A, Vu.el), Ve, ell,

rvaten) = (1= Bt 00) [ 12 By o) = (1~ B ey '])|_1
(v} = [ 1- 15

.r"'_"-

[if,'l){la..

I'F-lr'.:rlir

l:u':l::ljflq ‘F'Ju[l:?lr' = oy 'r""PH[F y e )| =

F'rrl.-n[r;-:l eemleg]

* Eppym(ep) U} = O [.I' = ey ate) "II} =lorty () ivri=L {] "r-F'M'Hi*H':u',:I o
by pe,) o) = [t gt | S lh":':l =lor ‘F"H'ul_'::l (el =1. [I = Ty ales) ["‘J} =0
2 H (ﬁpl;ﬂ_...""l) =1 — E:";j H[ (Fprg- .."1.) = 1
& H(PovnA) =1

[ T i - Cevaten (r) = ( rmm-p]'[“"}ﬂ +
4mg  P=17r=l 2 _( )|
¥ IF‘WH[HM{“'} b= nhp]{ i)
1 e wd :I_|FJIF"""":'L'F':I f“":l (I Fpuplep) ."})| =]
-iTrj ] g ) o) — (1 })| =
Fpyvaleg) ** Fye vnl'l'p] Y
#LEHI i 1 - .E,_m”['__p}{u,.]l-—- "Irf".r-m'[ﬁ:]':j '})| )
qmi Pl 2
b |I Fpv H['P}{u} (1 PFlﬂ“'p]{ )|
- i — -
_1_ 1 T g 1 rﬂ‘l. alep F{ W) — (1 -lrf'l...l_,.mr’][:fr'n]”
= 5 T rtp=1te=1
3 ~lmj vee )= (1=, )|

03
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i = and

1 |r-pl"l'i1":fr:' [TI,.] (I 'ff"hr,u[n'.pl [“r]) | 1+
and

2 _ — [z
ipmfn{*‘-p] {u,} (1 "rrlt'v.rl":"r:' [nr]] |

1_|t1='* rrrrr te.n["']"[I"Fﬁ:—--utm{”’})|=1+|"'}' ----- tm'["']_(I_Fﬁj---ucm{”’]’)|

0= j and
2 - - It — - I
F-"‘P'r"m:"r? (ur) (I -r.F‘,..,-H[g,}{!"})l =0; Ve, € A, Vu, € Uy and

|t}:"rlr['!p:' (1) = {] = SFrvatey) '['”*]')| =0 Ve, € A Vv, €U

=1 = 7 and
Upenteny () = |1 = SfEpynies) {ur}): Ve, € A, Vu. €/} and
tppnteny ) = (1= Finunten [:_-_j] . Ye, € A, Vu, € Uy

3. H, (FM-H, ,4) =

LE’” b e ( - |t%~"lr'_a|.fr] () — [1 B ff_-’"'l-"ﬂ':c;-] fur]}| )
h 1+ |t§_"irw.-1q-] {u,} - (1 - I r‘ur]”

Fpyaies)
+
— |42 =01 =
L g o : |1anrc=.a["‘}' (1 S atey {”'})
i\ e - (1, )
1+ iFFlr'Fl["-pF{La} 1 ff"pvnwp:l (ve)

— — [ _ 42
= —l E'rF_LEi ! ( : (l IF;'"’E':""-F ["r]) IF}WB[,‘__F‘] i )
- - .
t Kl f‘?raﬁﬂ*{ur]) Tepynten {u'}|

— 2 . — 2 .
—1 el 1(1 |(l fﬁﬁ'nf"‘l:‘[i"}) !Ffd’ﬂ[w'] - )
dmj _ f2 v g2
! V| (V= 1 e ) = 8y ()]
2 — —
dmi =TT 2 1=
bt i'r'}:'ru': 'l"{"r::l (1 Jr'ﬂ::'rn{-"" ]I::TI })|

WJ=11-=r2
Lgm IEJ . : -ul:"'p?[i'*} (1 -'rl*;.wq“.-,]'[”-])
5 Tp=1Te=
4"u 1+ |II§:T".'|'J[1'F’{I?J} - (1 - ﬁf-vni-'"ﬁl] l::”':])

)
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= Hy (Pyvp.A)
S H (#NFH-H) = I {ﬁyru.ﬂ)r

4. I:I'I:I (.Iﬁ'pi-'_ﬂ-..fl) - (.ﬁm-’ﬂ: .r"l} &
ity ieg) 1lr) = (l - fﬂm-ui:pr{iir]) for Ve, e A, Yu, U, &
epyaton (0 S (1= Sipyaion (82))  for Ve, € A, Vo, € Uy

= 0 < Uy ey (80) S e () € (1= S ()

< (I fﬁ-rut el (1 ]) =1
&

Fey (e :Ei ) = bt ”{! )= (1 -f'i‘.IFI-"E[ﬂ.]{El})
= (1 - fﬁ:'wrt:.:n il'x]) =1

|fPP" alep) () = (I B -'F?watrp}{“'m
: |t=ﬁ:'nr|f=p:l (ur) = {:] — Rovutes) {i!r})|

0=<tig

1= I’H uiep I'r'“ (l - Iﬁfrru[ﬂp] {u,}l)| '

13, |:“ e [:]_'Ff‘;lﬂ. nipP{ﬂ })|
Z1+ |f§I'F'-'.'rlf-‘-.=b{u"JII = (] - Iﬁw“’l{’] {l'-!r})|

]_|tn ,Hlit-':l—(l e [I'{L})|
1J|!1_H“ {: = Lt []"r-")

1+|£§-,M_ sieyy (Ue) = {I Loy nteg ¥ })|
N TR CA e S () |

Thus H, (ﬁ,.p,j_.a) < H, (ﬁﬂfﬁ, .-1} = H (P,, o .»1) < H (R”H A)

(b)) Similarly when (J::’p;rﬂ,.-'l:} = (f-l'ppﬂ_..-"l} &
it mieg) (Ue) 2 (1 = fﬁ,.,.."[,p,{iir]l) iWe, € A, Wu, € U and
IE'lr':I"l.-'EI['r-]'{"‘"]I = (] h fﬁpug[rh}{vﬂ}) : Vep € A, Yo, el
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H, (ﬁ,.r,;. A) > H, {;"?WH. .4) .y [:;'5,“-,,..4) > (.r'i',q.-;,. A}

Conclusion

Similarity measuring tools for fuzey sets found get failed in many situations. This
enforced researchers for developing new tools independently to vague sets. Shyvi -
Ming Chen [83) and Chang Wang and Anjing Qu [17] succeded in this direction.
This chapter developed mainly based on their ideas. In this section different
measures are developed for VBSS's and one of its special type, PVBSS's, Application
of Pythagorean concepts on VBSS's will handle application field in a more robust
and conststent manner. Validity of basic properties in Classical Set Theory are also

verified for Pythagorean Vague Binary Soft Set's.



Chapter 4



Chapter 4

Neutrosophic Vague Binary Sets

By applying vague concepts o newlrosophic notions Shawkath Alkhazalekh [30]
designed Neutrosophic Vague sets under the scheme of single universe, It is clear that
binary stands for two. This chapter concentrates the extension of single universe
concept in newfrosophic vague sel theory to binary universe and henee developed to
nenfrosophic vague binary set theory, New theory is effective to pull out the positive
effects of binarv. Method of binary concept developed in this chapter is differem

from existing hinary notion.
Chapter Scheme:

Section 4.1, Neutrosophic Vague Binary Set & It's properties
Section 4.2, Neutrosophic Vague Binary Topology
Section 4.3, Neutrosophic Vague Binary Continuity

Section 4.4, Neutrosophic Vague Binary Distance Measure

Novel Model ‘Binary Set’ In Uncertain Set’s

In thiz section notions like Binary Set, Fuzey Binary Set, Vague Binary Set. Neutro-
sophic Binary Set are developed first to make a plat-form to launch Nentrosophic

Vague Binary Set. Novel sets are presented with proper examples.

Definition 4.0.3. (Binary Set)
Binary Set (in short, BS) denoted as Ag over a binary universe (L), Us)

where, Uy = {u ug, ==y, == 5} = {up |r€[Li]} ={u, | 1=r=<i}

Hr
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and Uz ={vn, v, ——v,,—— 5} ={v, |selj]}={v. | 1<s<j}
is a set defined by o mapping,

Ag o (U ) = (Uy, Ugdand is an object af the form

Ag ={ (e ; Ve € UL}, (o ; Wi, € Ug-}}}

Example 4.0.4.

Let Uy = {h{ 0y RS } 2 be the collection of rental houses in the north side of a city
and Vs = {h'f", h;:;"} iives the eollection of rental houses in the south side of a city.
Combined representation of the availability of rental houses in north and south zone

in that city in binary set oullook s given as fuﬂnu:.ls:
A= {(( 1 15) (8 B5)) )

Definition 4.0.5. (Fuzzy Binary Sel)

Fuzzy Binary Set (in short, FBS)denoled as a4, over a binary umiverse (17, Us)
where, Uy = {uy 43, —— e — i} ={u, | re[lill={u, | 1<r<i}
and Uy = {v, 09, == 0, == 5} ={v, | s€ljl}={v. | 1<s<j}
is a set defined by o mapping,

fag : (U, Us) =+ [0,1]  and is an object of the form

T ={ <#—““:‘ W) v, e L-'.>.<’—""‘T‘I':t"'] . Wi, € D‘:-)}

Tﬂftﬂn‘:'
paglue) s Uy = [0, 1] gives truth membership values of the elements u, in U,

paglvs) : Uy = [0,1] gives truth membership values of the elements v, in Us

Example 4.0.6.
Erample given in £.0.4 in fuzzy binary set outlook is given as follows:

B 0.2 04 0.1 G 0.3
j]_.h.l— W E‘E . h—_;:..,ﬁ

Definition 4.0.7. { Vague Binary Set)

Vague Binary Set (in short, VBS) denoted as Ay g, over a binary universe (U, Us)
with Uy = {ug ug, ==, ttp, ==, 3} = {1, | r € [Li]} = {u, | 1 <r < i}

and Uy = {m 0, ——, v0, —— 5} ={va | s€ L]} ={v. |1 €5 < j}

is a sel defined by o mapping,

Vag : (U Us) — [0,1)  and is an object of the form
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<[i4|.-g|:“'r]' 1 - "r"‘”"{!tr]]:b'!!r = UI}

bty

<[!A"'"[”‘j' L= f&an{i?’}]:"ﬂ'm = U!)

By
tayplte) is the truth membership degree of the element u. € Uy to the vague binary
set Ayg. fa, ) denotes the degree of non-membership of the element v, € Uy to

the vague binary set Ay g, with the conditions :
Faypltte) Uy = [0,1] 0 Fapalus) s U0 = [001]) 0 0 b, (0 )+ fap i) =1

Here, ty, (0.} is a lower bound on the grade of membership of u, to Ayg derived
from the evidence for u. and fa,., s a lower bound on the negation of u, derived

Sfrom the evidence aguinst u,. Similarly, for ty, (v.) and fa, . (v.).
Hemark 4.0.8.
Vapelie) = [tay (o), 1 = Fagpludd] 0 Vigglon) = [fagplea) 1= fay e

Vi, ol ) denotes vague binary value of w, from first universe U,

Applte) denofes the vague binary value of v, from second umiverse U

Example 4.0.9,

Let Uy = {by, by by} and Uy = {1}, 13,13} be food variclies for break -fast and Iunch
respectively.  Avaidlability of these items in a particular hotel can be qroen using a
vague binary sef, say Ay p as follows

s { ( < [u.at;lu.ml [u.ai;ﬂu,?]l |ﬂ,?f:+.9]> . <|D14fllﬂ'5]' [“'ﬁa;u'ﬂ]' [U-Elr-ﬁﬂ-f'l >) }

Definition 4.0.10. (Neutrosophic Binary Set)

Neutrosophic Binary Set Ay over a binary universe (U, Uy) where
h={u, | 1€r=n} ; Usy={v. | 1<s<p}

is o sel given by o mapping,

Axg (U, Uz) = [0,1]  and is an olgect of the form

<[?1.rl_-.u| [“F]‘ ':-4 ?nrl::"r]'1 I'-.'l.!.'u [“J':I} | . £ E-'r|_> i

iy

Axg = <[T.JI_~.=H|:U.;\J=I-Jl::e.rf”-!:l‘F""""{m}:l | vy € er>

Iy
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Taplte ) Lagpltte), Fagplus) o Uy = |0, 1] gives the truth, indeterminacy and false
membership values of the elements w, in 7y &
Tawplte) Pagplta), Fayplve) - Uy — [0,1] gives the truth, indeterminacy and false

membership values of the elements v, in Uy

Example 4.0.11.
Erample given in 4.0.9 in a newtrosophic binary sel outlook is given as follows:

Axp =

{(ii}.i.ﬂ.ﬂ.ﬂ.-lj (0.4,0.1,0.3) {ﬂ.l.ﬂ.3.ﬂ.1}> <||.'I'.'|3.'I}.2.l.'l.]] (0,5, 00,5, 0.6G) {D.E.ﬂ.4.ﬂ.1]>}
by ) 2 ) fy g fy ! b ) Iy

4.1 Neutrosophic Vague Binary Set & It’s Oper-
ations

Using previous section nentrosophic vague binary set is developed in this section

with example and with some inevitable and basic operations.

Definition 4.1.1. (Neutrosephic Vague Binary Set)
A Neuwtrosophic Vague Binary Sel (NVEBS in short), say Myyvg, over a binary
wriverse (U, D) where Uy = {u, A1 S r 24} ;U= {071 £ 55 7} is given by

a mapping  Myyg : (U, Us) = [0,1]  and is an object of the form

] 5 rl B I:'Hr I- j H.r:l;l,l”[ " ] Y -“.'-'1"."‘ ”‘I‘} - 'i'“ E I[ > 1
NN IF . F 1
t-lr

Myve = . : ey
<i"‘”_‘_"_"|:r.',], f_l,;_..-ll-” [1'.1:'- I'.'I.I'm'.u [J'J:I s e el fﬂ_>
. ™ A

i

-

is defined as

[ Tatsvalue) = [T (), T ()]

y Fatetuey = [F (), 1 ()] Y, € U
\ Fuypato) = [F (1), F* (u,)]

[ Tatvaten = [T (0, T (0]

8 Dtevnivgy = [F(v5), 1+ (1,)] Yo, € U

L lil:l:'l-i_'-.'|.'_p,|ll'.] = [F_{!'Ln]'- FT[U&:J]
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T ue)=1=F(u,) ; Flu)=1-T"{u) ;¥Vu, el and
where

THv)=1=-F(v,) ; Frv,=1=-T"(v,) :Yv,ell

i

ML= T o)+ T () + Flu) =25 0T () + T v+ F o) =2 or
0< T (u)+ I (u)+ F(u)+ T (0,)+ 1 (v,) + F(v,) <4 arreed
< T )+ T (u)+ Fru) <25 0<THov)+ T (v)+ Friv,) <2 or

0L T o) 4 T (we) + Foau) + T ) + THw) + Frv) <47

! T {ue ) I (e, F{ae) s VD) = [0,1] and T {vg), I (v), F ) 0 VIUz) = [0,1)

TH{ne ), I ), Fo ) s VD) = [0,1] and T (vg), 7 (vg), Fo{w) : VD) = [0,1]
Here V(L) V (LY) denotes power set of vague sefs on U, Uy respectively.
Example 4.1.2.

Let Uy = {uy, wg, ug} Uy = {vg, 02} be a binary universe under consideration.

A NVIS is given below :

J.'-'r."-' Ve =
{ 0,2, 0.3, [0.6,0.7), [0.7,0.8)  [0.3,0.7), [0.5.0.6], [0.3,0.7)  [0.1,0.9], [0.4.0.8]. [0.1,0.9] >
i ! Uiy ' Uiy
{ [0.6,0.8), [0.5,0.7], [0.2,04]  [0.2,0.7], [006,0.9], [0.3,0.8) >
iy ! '3

Definition 4.1.3.

(Zero Neutrosophic Vague Binary Set b Unit Neutrosophic Vague Binary Set)
Let (U, Uy) be a binary wniverse with Uy = {u, |1 € r <i}:lh={v. |1 =5 < jl.
(i) A zero NVBS denoted as ©yy g over (U, Us) is given by,

%_H:{ <|1.1].[u.u].[u.u]:WTEEI>‘ <[1.1].|u.u].[u.u|:mE{.,?}}

Iy (8

Operations On Neutrosophic Vague Binary Sets

In this section some Cantor Set theoretical operations with prime importance are

developed in NVBS s and found that they differ from classical set theory.

Definition 4.1.4. (Subset of Neutrosophic Vague Binary Sets)
Let Myyp and Pyyp be two NVES's over a binary umiverse (L7, Us). Then Myvn
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is included by Pyy g denoted by Myvg © Pevy if following conditions found brue:

b

f“,\'rn{"r'} = TP:’-“.’#':“"]
j-‘ll'.-.'l.'u[“-!::l = jf'.l.'vn{ur} > W, € Ul with 1 <r<i il

F.ul._-.l.-nll:ﬂr]' = Fﬂ’,ﬂ.'n{“r}

R

f‘l.i,\.l].-'n{"‘:l} E TF"_-.-I,'u[.:".i:I
f_a,;_.l.m[i-',}l = jp_,..m{u,.} Vo, el withl <8 < j

Fﬂr,-.'\-n-[t'n] = F"’-\'Fﬂ{ﬂﬂ}
Example 4.1.5.

Let Uy = {uy, w2}, Us = {01} be a common universe. Let,

[0.1,0.2], [0.6, 0.7], [u3{|J| [0.2,0.6], [0.5, 0.6], [0.4, ms]>
g ]

0.1,0.3], [ur.—:u;] ['I]TDEI|>

Myve = E

0.2,0.3]. [DJUE] 0.7, DE] (0.3, 0.7], [0.4,0.5] [1]31]?]>

LU
FN!"H =

<|nz 0.4]. [[: 5, n r] (0.6, 00, 3]>

Clearly, Myva C Pyve

Definition 4.1.6. {Union of two neulrosophic vague binary sets)
Let My and Pyyn are two NVES's

Union of two NVBSs, Myvg and Pyyp 5 a NVBS, given as

(MyvpU Pyvg) = Syvn

<f1-5'.~.'|.'n{"-":|' jS.'-'I.'H{“r::I: f::?m'.l.r[nrl . "'?'TI,- e Ul> :

.

<f15'.-.-rr.|'[".1::|| j.‘:‘.-.-rrﬂ."i:l‘ ,'-?5-"""“"{”"] s W, € L’2>

g
whose truth- membership, indeterminacy-membership and folse-membership fune-

tioms are related to those of Myyp and Pyyp is given by
]ﬁ"_..,-l,ﬁ..l,nllu,.} = [rrru;r. (Tﬁ_‘_w‘ (e ) T, [Hr‘]] T (T’j{'}m_” (tig) , T;h_v" [!r.-]}]
f_g.-l.,..‘.ul:u,} - [rrr:l'ri (f-;f.'-'vn (], 'r“_’.'-'vn I:u:,]) TN (I_i,.",“_ﬂ (), If,“_ﬂ l{u..}:]]

Fpoplty) = [rm’u (Fl;rm,h flir},F;I_WH{H,-}}:ruirt{ .'lrnn[”F] F‘m III{u,].):l
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ard
TS.»..--.-u':“J]' - [rrru:.r (T{,“ g \Us) ‘Tf'-"n ﬁr-[r.'_,.:l) , TTHLE (Ti",“.ﬂ (vs) .T;_“.E" - {:'_;]I)]
'F'S.'-.'l-'n E"'-l} = ["““ ('F'.“_\--,.-n ':"l]'- -F'F_.,‘.‘_." ':“.1}) 1 min (P_M'h.".” {t-'p:] . P}"?n'ar {t-'-:])]

Example 4.1.7.

Clomsider erample §.1.5,

{ [0.2,0.3], [0.5,0.6], [0,7,0.8] [0,3,0.7], [0.4,0.5], [(0n.3,0.7] >
T iz
(Mnval Pava) = Snve = { [0.2,0.4], [0.5, 0.6], [D.ﬁ.ﬂ.ﬁ]}
(H

Definition 4.1.8.

{Intersection of twoe Neutrosophic Vague Binary Sels)

Let My and Pyy g are two NVBS's,

(i) Interseetion of two NVBS's, Myyvg and Pyyg is a NVBS, given as

<Tﬂ""'"[“f] Iﬂ'l.'l. ||[“J‘:| Fn“n{"r} D € EJ1>

L1

(Myve N Pyvp) = Ryvp = L
< tl"

TR.\"I.'J‘I f, s }1 jﬂ-’ﬁ"l' "l: Vs ] 3 'Fa‘ﬂ"' Lt ) { U ::I sy, E E'Irﬂ>

whose fruth-membership, indeterminacy - membersfip and false - membership

functions are related to those of Myvp and Pyyp is given by

T (ur) = [min (Tip,, (0) T, () min (T, {u,J.Tpnmtu.})]
Fpnn (12r) = fr'm.-r{.FM ') Y u{”r:'} ey {.F;} R LT Y {ﬂr])]
Frovg () = |maz (F“m"(ur} r;.wn:u,}) mar [:FH“H{H ) J}]
T (00) = [min (Tigyy o (00) T (00)) i (T (00) T ()]
Igya (03) = [maz (T (0) 05 (00)  mas (fﬂwm fh,,,,n ]
Frown (1) = _ﬂrm‘(f-.”_wmu ) Fpnn (0 }] mar (.E- Mryery b0} s h—.“"{t,}]]

Example 4.1.9,

Comsider example §.1.5.

( [0.1,0.2], [0.6,0.7], [0.8,0.9] [0.2,0.6], [0.5,0.6], [0.4,0.5] >
1 ' iz
W ornr i 171 Py = RBwirp=
(Myva Pyve) = Rave {[u,l.n.a].|u.ﬁ,ﬂ.?|.[n,?.n.ﬂ]>
h
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Definition 4.1.10. (Complement of a NVES)
Let Myyp 15 defined as an definition { 1.1 Is complement 15 denoled by M5 q

and 18 qiven by,

LIS

<T1‘I"":"'ﬂ [“r] ¥ f-!';I."-‘I.'H [“"'J ! 'FL:l:'.f:\'h'fl [“r] Y, E L'r:> N

Myve = is defined as,

i <f".".l_"il.-ﬂ [“.!r:] ' f;i.‘.-prj {rﬂ} 1 F}.I-"l'l'” {FJ::I H Ht!" E Llr=>

v,

- .I-:I-I.“'ulﬂ [“J_] = [I -1 |:H,.] L1 =T {”r}]
! f::u'_“-" () = [l = I" () 1 =1 [ur]] : Y, € U] arel

| Fipyun () = [1 = F* (), 1= F~ (u,)]

;o

';L:;r” (1) = [J' - T (v,), 1=T I:-I';]]

'jr-‘*""” (va) = [l — I w), 1-1 {“}] . Yo, € Uy
-. ﬁi‘f.\'l.'n {!'1-1} = [1 - F {r-':-] g1 = f I[r.',.]]

Example 4.1.11.

Let Myyp is defined as in example . 1.2. It's complement iz given by,
Mivg =
< [0.7,0.8], [0.3,0.4], [0.2,0.3] [0.3,0.7], [0.4,0.5], [0.3,0.7] [0.1,0.9],[0.2,0.6], [0.1,0.9] >

i g (]

< 0.2, 0.4]. [0.3,0.5], [0.6,0.8] [0.3,0.8],[0.1,0.4],[0.2,0.7] >

4.2 Neutrosophic Vague Binary Topology

In this section neutrosophic vague binary topology (NVBT in short) is developed

for NVBS's, It's various concepts are also discussed.

Definition 4.2.1. (Neutrosophic Vague Binary Topology)

A neutrosophic vague binary topology over a binary universe (U, 0U4%) is a family

T‘Z;I".ﬂ af neuwtrosophic vague binary sels in (U7, Us) satisfying the following arioms:

N
1 Pyyn. Ugyn € Tﬁ]' o

2. For any ‘1f.l"-'||'ﬂ= E"ﬁ'l'ﬁ = TE-'.H.{J.!I.&:L'” " .Fla,r‘.'a-:] = TEIFH

i.e., finite intersection of NVBS's of T8V is again a member of 72V5
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¥ Let {Miyygii € 1} C V8 then Uiy r ¥V C #VP
i, arbitrary union of neutrosophic vague binary sefs in Tﬁ'"'JE is again a

member af T4 VH

Example 4.2.2.
Let Uy = {uyug}; Us = oy}, Following is a nentrosophic vague binary topology,
Ta ' ¥ = {®xve. Mave. Pove, Kyve. Hyve Uvva} , where

q_m__ﬂ:{ <[ﬂ,ﬂ]-|1,1],[1_1|1[{I-[Il,[l,l].[l,ll>: <[[J,[J|.[l,l]_]1,1]>}

1 fig R

<[n.2, 0.4],[0.6,0.8],[0.6,0.8] [03,0.6],[0.7,0.8], [0.1, u}.?]) _

Myve = <[[:_ﬁ, 0.8], [0.7.0.9], [0.2.0.4] >

( [0.6,0.7]. [0.1,0.9], [0.3,0.4] [0.7,0.8], [0.3,0.7], [0.2,0.3] >
P =0 110.6,07]0.2.0.5] 03.0.4 2

< i >

Kyveg = (Myvg N Pyyvg) =

{ <[n-2. 0.41,10.6,0.9],[0.6,0.8] [0.3,0.6], [0.7,0.5], [{I-.-:I.IJ-T]> . <[ﬂ-.ﬁ.l]-'i’]. 0.7, 0.9), [0.3, 0.4] )}

1y Hg i

H."r'!-"'ﬂ = I::*'1'-"."-'1-'3‘ U P!'u'i"} =

{ ([{I.ﬁ. 0.7),10.1,0.8).(0.3.04] [0.7.0.8), 0.7, u.3|,[1}.2.n.3]>_ <[ﬂ.ﬁ.n.a].|n.2. D.5|.[ﬂ.2.ﬂ.-l]>}

ity 3 i

Unvn ={ <[1.1].[u.uj.|u.u]h |1.1]_.[n.n[.[u,uj>1 <|1.1].[n.n|.[u,uj>}

iy Ly i

Definition 4.2.3. {Neutrosophic Vague Binary Open Sel)
Every elements of a NVBT iz known as a Neutrosophic Vague Dinary Open Set
(NVBOS, in short)

Example 4.2.4.
In f‘Il:II‘II-PI-E: {..i':.;'..-':.'-". q-".-“'”. Jllfp.'g'“. F,'In';;r. II'i.r_.'p.'rH. .H;I."LJH. {lrﬁ'['ﬂ are all NVBOS's

Definition 4.2.5. {Neutrosophic Vague Binary Closed Set)
Complement of o NVEOS 5 known as o Newbrogephic Vague Binary  Closed  Set
(NVBCS, in short)
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Example 4.2.6.

In example §.2.2. V50 n. Mcva Pove Kyvm T p Usv g are all NVBCS s, where

r [I 1]. [0, 0], [0, D| [1.1], [0, 0, [0, If]]>
( eS| ({51 — Lr:".'l'H

Phve =3

uljmnnnm>

if il
mzuumlnﬂmﬁnm>

WGDE|MEGH|GEGH mdﬂﬂ|ﬂzﬂﬂ[030ﬂ> :

Jf_ir‘.'ﬂ = 4

( 0.3.0.4],[0.1,0.9].[0.6,0.7] [0.2,0.3]. mqnﬂ[n:um> 1

F:TH ) < ™ ] tla \
[0.3,0.4], wluq|uuuq
\( ) |
<wﬁuslwluu|Uiﬂﬂ W4“1|”3““[“d“”> |
an 1 -

Kyyp = [0.2,0.4], [0.5,0.8], [0.6,0.8] |
A o *
r;<mﬂyuu4Lu MNJLHJLH>

e - iy . Uz ‘ = Py

NVE = 0,00, [1,1],]1,1] Y
% l" < ™ )

Remark 4.2.7.
Prve. Usyp will act both as NVBOS and NVBCS

Definition 4.2.8. (Neutrosophic Vague Binary Topological Space)

The triplet (Uy Uz, 78" ") is known as a Neutrosophic Vague Binary Topological
Space (NVBTS in short). where T__;:"V" is a Newtrosophic Vague Binary Topology
defined as in definition §.2.1.

Example 4.2.9,
I Uy ={uu}:Us={o}: 73V = {Pxyva, Myva, Pyve, Kvve, Hyvs, Usve}
are defined as in example §.2.2., then the triplet (Uy, Uy, 73 "' ") is clearly a NVBTS,

Definition 4.2.10.
( Neutrosophic Vague Binary Discrete Topology &
Neawtrosophic Vague Binary Discrele Topological Spoce)

A topology consisting of only empty and unit NVBS's is known as a Newtrosophic
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Vague Binary Diserete Topology (NVBDT in short) and the corvesponding
nentrosaphic vague binary lopological space 15 known az a Neutrosophic  Vague
Binary Miscrete Topological Spacef NVBDTS, in short)

- NVE _ '
fe, Ty 0 = {Pxve Unva}

Example 4.2.11.

In exrample {.2.2,

(S )

™

- 3 v

LS g

is clearly a NVBDT and the corresponding nentrosophic vague lopological space is a

NVBDTS

Definition 4.2.12.

{ Neutrosophic Vague Binary Indiscrete Topology &

Neawtrosaophic Vague Binary Indiscrele Topological Space )

A NVET defined by il's power sel s known as Newbrosophic Vague Hinary
Indiscrete Topology (NVEBIDT, in short) and the corresponding newlrosophic vague
binary topological space is known as o Newlrosophic Vague Binary Indiserele Topo-

logical Space (NVEBIDTS, in short)

Definition 4.2.13.
{ Nevtrosophic Vague Binary Interior & Neutrosophic Vague Binary Closure)
Let (Uy, Ua 73 V") be a NVBTS and also let

<E‘Hr |-r.“F] 5 j-l'lffl.'.lr [“r] 5 F-'lal'.w'ar I::"r] - Yu, € f.-"]> i

.

J.l.f_a.'ru =

<T.-'.'-.r_'-:l.-a|:”x]'f-'lf.'-.'ws'[!"a}'F:‘-I.wrs'[i"a} Wy EU:>

v,
is a0 NVBS over a binary universe (U, Us) defined as in definition 4.1.1. Then it's
nentrosophic vague binary interior (denoled  as ."I.IE-FJ_E]' and neutrosophic vague
binary closure (denoted  as Myyg) are defined as follows:

Mg =
U { M i € LMy g tsa NVBOS over (U, Us) with My g © Myvg; Wi}
Myve =
MMy i € LMy g is a NVBCOS over (U, Us) with Myve © My g Vi)
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Definition 4.2.14.
In erample §.2.2,

[0.6,0.7]. (0.1, 0.8]. [0.3,0.4] 0.7, 0.8], (0.7, 0.8], [0.2,0.3]
Hu. g = Ly ’ its : B J
NVE < [0.6,0.8],[0.2,0.5], [0.2, |;;|_.1,]> NV R

From example §.2.6,

( [0.6.0.8], [0.2.0.4],[0.2,0.4] [0.4,0.7],]0.2,0.3], [0.3, 0.6] >
— i ’ s '
Me = = M5,

fyvs { [0.2.0.4], [0.1,0.3], [0.6,0.8] five

1y
Theorem 4.2.15.
ff-:ljllfll.'g'ﬂ iz g NVBOS < ‘1".1":'&"1"3 = J.IIII'.'L'E

() Myve s a NVBCS & Myvg = Myva

Proof.

Steps are Obvious
Theorem 4.2.16.

. Myyp © My and Py © Piyg
= (Miyvp U Phve) © (Miyg U Phyg) and (MY s 0 Phyg) © (Miy a0 Piyvg)

2. Myve € Myyp and Myvp ,-'I.J':{.FH

= ﬂ.rp.rq-'g- 'E (:1.!..-!.-1-3 L J.lf_i-rﬂ} {_: .1!,\-'1-'3

. J\f_?,,'g-'ﬂ = .'1.;;.'1.-']]

4- Myvo C Pyve = Pyve © Myvp

& Muyve © Pyve = Pove © Mave
6. Pyyva=Uyvp
7. Unve = Pyve

Proaf,

Proof is Olwious
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4.3 Neutrosophic Vague Binary Continuity

Continuity plays vital role in anv topology. In this section image, pre-image and

continuity are developed for NVIS's,

Definition 4.3.1.

{Tmage and Pre- image of newlrosophic vague binary sels)
Let Myvg and Pyy g be tiro non - empty NVBS's defined over two binary universes
(L. Us) and (Vy, Vi) respectively. Define a function [ @ Myyg = Pyyg. then the

follownng statements hold:

1. If

f‘”.\'rn {351 L] f”-el.'ﬂ [-‘-I,::I 1 IF'.;-l'-".'\u.' VR {Hi}

Bj

. 8 E .i-"r:|>1

iz a NVBS in Pyvg,

T-.D.\.'rar (f;]l ¥ j”.\.‘rn {'rF] L] Fﬂ.\'rar Efi’}
iy

PDyve =
< e af-i>

then the preimage of Dyy g, under [ denoted by [~ Dyyg), is @ NVBS in

Muyve defined by
’ < 17 (Towen ) (5057 (Fowa ) (5 S (Foy ) (51

§

S Dyve) = 4 f (,I-}hm) (t.). f~! (f”_‘___.“) (t,). f! [:j:}}_,'.ru) (t)

i
< (¥r; € U|> .
< VW € Eﬂ)

2 0f

r'!::’l.'.'l.'.u [I,I:I f j-h.'r.u [I,I]I 1 I:h.\.'l.'.lr I:'r'-.J]
=3

"'I-'l-"l-"f.l': - . N )
T—qu (1) fa_ﬂ-.-,, (1) . F.-n_\-.-,, (1)

L

."i'IH.' = ‘r:|>.
Wi, € 1r{_->

is a NVBS in Myyvg, then the image of Ay under [ denoted by f{ Ayva),

is a NVBS in Pyyv g defined by

S(Anvg) =4 Fous (f}._ﬂ-u [fr]') ; fing {f_q_,“.” [i’,}) i fing (Fft.x--. 5 {"r])

te

}

‘ <‘||',‘."i_, {TA.»..--.-" f-'n]) s Sing (j..-'l_\'rn I{;r,-]:] : fing {F{’“'" [Sj}} e € [ > |

:tl"fr E {.lrg->

k'
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wtere

"'!"Pr ef- 'il.:lTh'l I '[-T_r] ‘.ff_] [hJ]I ?": i
.r-ﬂ-ll-' T*'\:l.ﬂ["'nl‘
otherwise

Sy ¢ g ey Tayw B0 i f 18, #

.-r-'lupl Tl-u. .ul:l‘.r:l
of herwise

.-r"l..f L‘M arldy :I
ofherwise

”ifal.lrl':_r L, ]I-l-u. o [!ﬂl} J'.lr.lr I “ ) 3& i

o herwise

-lrﬂl..r I-".\.'. arlds :I

”‘L’:‘E.f "['n'lj'-'inn I["iJ'] I_ff [""’4]' # L
Ln_lf .l|n.l'|_ ﬂin
ot herwise

{-mf,ﬂ o ans (@) 7 (55) # @

] . el frerunise

infoe - Fawes () siffL ) # ®
er_.f'( 1-\'|.H”r]} { L

Jor each s; € V) and for each t, € V5

Definition 4.3.2. (Neutrosophic Vague Binary Continuity):

Let (U, Us, T_;"TH} and (Vi Va.on " ®) is said fo be neuwtrosophic vague binary
continuous (NVE continuous) if for every NVBOS {or NVBCS) Myyv g of {Fj: V4, ﬂ_fl‘-ﬂj .
f U {(Myvg) is a NVBOS {or NVBCS) in (U, Us, 72V H)

Example 4.3.3.

Let f={(g.h): Myyn = Povp b o funcltion defined as, f(dL,5) = D%, 5.
fiMave) = Puveg FIMive) = Pyva: FlUNvg) = Ugyg where g : Uy =+ V) and
Uy = Ve be bwo functions with gluy) = s, glug) = s, and hiv) =1

where [} = Juy, ua} . Us = {i} and V) = {5, 5}, Vo = {1, ]}.

Let #VE _ { ‘I’.var A F.l'vm -'”.?.'VH- A 'r.?'.'ru- -'”.i'ru- ‘”;:'rw '”E'r:r}
r =

r"“'ﬁ"l’ﬂ‘ “l'ﬂ- "I '”"-1- gk u'!v.!i-ﬂ‘ -"I."lﬁ'l'l.-'ﬂ: f"'l.'!r."l.-’ﬂ
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oV B = {08 g Phvp Uy gl be their respective NVBT's. Here,

oy {<[u 0, [1, 1, [1,1] [0,0],[1,1], 1, 11> <[U,D].[l. 1],|1,1]>}

Ly g th

'<mﬂﬁALmJﬂELmﬁﬂE|MEﬂJLmJﬂﬁLM&ﬂH>‘

iy ' (]

m4ﬂﬂ]m£Uh]W1UM>

[0.1,0.6], [0.6,0.9], [0.4,0.9] mﬁus|m3u?|m?nﬂ>~

J.lf_?,'-h.-ﬂ — Uy i

mznr]mznﬂ]maum>

-

(0.6, 0.8). (0.1, 0.3], [0.2.0.4] msu&|mﬁua|m4uﬂ>

2 i i
Mg =1 : ‘

mznr]mzna]maum>

-

0.1, 0.4]. [0.7. 0.9], [0.6. 0.9 mznh|mu05|m4um>

i i
Mbvg =4 : ‘

mznr]mzua]maum>

0.6,08],0.1,0.3), [0.2,04) [0.6,0.8],(0.1,0.5 |m1nﬂ>

iy i

(
(
K
K
(
K
(
{
<W4UJ]W3Hb]W1UM>
(
K
K
K
K
(
{
(

J.lfglr” = "

l

[0.1,0.4),0.7,0.9), [0.6,0.9] [0.2,0.7}, [0.3,0.7], [0.3,0.8]
ity iy >

ME o=
NV mzn?]msz]maum>

o

(0.3, 0.6), 0.6, 0.8], 0.4, 0.7 waus|m1u5|WEuﬂ>

Mg =14
NVE m4uq]m2nr]m1nﬂ>

0.1, 0.6]. [0.6. 0.9], [0.4.0.9) mduh|mhﬂﬂ|m4ﬂﬂ>‘
iy g

ﬁfi.w; _ '1
: mzu?]mzu9]maﬂm>

(0.6, 0.8], [0.1, 0.5], 0.2, 0.4] mrnmﬂnn?ungnu>
iy i

Miyve =
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- <[n.3.ﬂ.-1].[[I.T,[J.S].[ﬂ.{i.ﬂ.ﬂ [ﬂ.E.ﬂ-EI,[ﬂ.ﬁ-ﬂ-ﬂl,[ﬂ.-l.ﬂ.ﬂ]> :

M, = T | ' iy ?
< [0.2,0.7], [0.2,0.9], (0.3, 0.8] >

A iy r

¢ /10.6,0.8),[0.1, 0.5], [0.2,0.4] [ﬂ.s.l::-ﬂ,[n.J,ﬂ-5|,[n.3.n.7]> |

B < iy ' 1y ) :

Myyve =
: < [0.4,0.9], [0.2, 0.6], [0.1.0.6] >

(851

{<uupuﬂmm|1umn|mm><uJHummm>}

i Ty
and Vi = {5, 82} . Vi = {11} b a common universe with

H3
F'!.rvu =

4

<|::|2 0.3], [Udﬂﬁ] 0.7,0.8] [03,0.7],[0.4,0.5], [034]?|>

[0.2,0.4], [tm nﬁ] [nﬁtnﬁ]}

U2, - { <[1.1].[u.u].|u.u]‘ |1.1].[U.u|.[u.u]>‘<[1.1].[u.u].[u.u]>}

5 53 &y
” *I-E yﬂ! f.h-ﬂ-r. _f.-ll I:-'l"i-rﬁ:l = 'II.II:.‘-FH.. f I{P_llr‘ﬂ} = ]1!}3’1.'“"1 f -1 [{-‘r'\L rj} — E XV B
Then clearly fis a neufrosophic vague binary confinuous mapping.

4.4 Neutrosophic Vague Binary Distance Measure

with Application

Let (I,U5;) be a binary universe with O = {uy,up ——, 4, — — — u;}
and Uz = {uy, 9, ——, vy, — — —,¢5}. Let the cardinality of U} = #(U/}) = i and
cardinality of U = #{Us) = j. Let f : VBESS(U ;) = VBSS(U, Uz) = [0, 1] isa
mapping. Also, let Myyvg, Pyvp € VBSS(U, Us). Four distance measures of these
NVES's are given by the following formulae
(i) Hamming Distance
+]

+

+]

d¥vn (Myve Pyva) =
+ |P-"_I'.'.'|.'J| (ur) = Fpyy g o)

|I”_“ " (o) = “.‘.u v Il T |f-'"'.~: o W) = Fpy g e

. |'I:';.J~.--|-n [ T - |

- -4
+ | Et tor) = E ., )

1 | [T Vi) = Ty g ()| [P ) = B ()

N |P-"-F.~: v Wl = Fpg, p (0a

T US S =R CA | B | PR U e P N

=]

¥
E e o] = Ft
smfl |Thi-.l. nr'a'l Tn"h.-kuh' ]| |-I'”“n[h-i Il"_'nﬂ':u':'l-" r'll'_-.-pu“'] PP.'-'I:"J.I (ra)

(ii) Mormalised Hamming Distance
ol g (Myve, Pyvp) =

I |Tt"-i.\.'l.'n- fur) = TJ'-".u'n (ur)| + |'r;l'u B {ur) = "lJT"-.-I-u (wr]

1

N |F-'-l';'.'.' v e} = FRy ()

|1T"+i.\.'rn- (ur) = Tj;.\ v Wr)| + |;"Jn v (U] = "If“.-l.-u (ur)
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*I

) ] 2
\l ] [ |T"_rn'vu (e ) = T.'_'.-."rn 1"""':ll + |I"_'.~l v (ue ) = :'-'.\'1'5 lued| + |F'-_’n'rﬂ {me) - F‘_'n-vl-l {UF]I +| +

ri ko '
PP LS - (%) I /SN (7 B A (7| U AN (S o SO (|

+ |{-"_i'~.wl () - j-;‘r.' v [p"]l + |'P-"_I‘.'u-'n (ea) — FF_'HI.'II' (v}

+ |1 (00) = iy ()| [Epy i Uoe) = B ()

'I Ir-"-l‘m'n (vah = TF—.H Vi (wa}

.l

o I Myvn lh“’_]-'J-"|-.'|||.-'1: (7]

(iii) Euclidean Distance

dfyp{Myve, Puve) =

— — 2 e e 2
£ [Titwym ()~ Trgyn :u.:|| + [ it (o) = Ty al| + |Fiyy g () = iy )] +
i . ) ]
|T;’m'n () = T, WV ‘1"? * ] M (¥a) = ”.--»-r- ()] + |}:fn-1-n {re) = .I-:'_“_H {"']l

(iv) Normalised Euclidean distance

A o (Myvm, Pyve) =

- - T N - ;
J 1 |T”J'|"I-'ﬂ (oe) = Ty yn 1”":ll T |’-"l'nl va ) = Ty g (Ue)

] [Tl tord = Tty el

z
+ | Pty () = Fiy g (] +
) +
F |
|:I"n Vv i r] . ;::.'lrvrr Lur)

M r ]
* Irtfxvn fire) = Fi'n--l.-n (e ]l

2
|F|'_fn'1-'u (va) = Fpp vl +

'
+|Fl,y o (on) = Fi L )]

r _ _ i _ _ 2
J L i Ly USES. =S O Y [w.-]—IFM.,h-J +

K]
aml | ' - {H. T'.'F'l'rl ‘1I‘:| +

[t () = T (0]

NVBS's in Medical Diagonosis
This section deals with an application of NVBS's in medical diagnosis,

Table 4.1: Before Treatment

Before Treatment (BT) P i Py
Albumin [0.042, 0.052) | [0.025, 0.052] | [0.052, 0.064]
Globulin Serum [0.035, 0.045] | [0.033, 0.035] | [0.011, 0.035]
Bilirubin Total [0L045, 0.100] | [0.070, 0.100] | [0.093, 0.100]

Table 4.1 describes data’s collected from three patients after condueting liver fune-
tion test before treatment which describes first universe, _ _
Table 4.2 deseribes data's collected after treatment which deseribes second universe.

Data colleeted are converted to NVBS's PL. 5. Py g Py p as given below:
Prve =

|

P.EFH"- pﬁu_rplwli- My m P;FI'HhﬂTﬂllr
FOEA], 0052 OUEkes, O.0E0], M RdE, I'ILlILI-l |I:||.I1‘L G, DS, 0T [0 IS, Ok T [l}lil'ﬁ!nla.lilllil:l] [k, S, 0 TR [, N, BT
p.ﬂ.pw-ll-l lpf}ﬂufm-ﬁnu- p-lﬂflrul-n'l"allr

{H:INE 0/08d], [euiab, 0.055]. Sdb, 0038 IIJ'I:I-]-'F VRS, [, O ORGSR, O D] [lII-III-lLII 00KCF] [0, K, o, 5 ) [, R, o, }]}
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Table 4.2: After Treatment

After Treatment (AT) P P Py
Albumin 10,031, 0.052] | [0.036, 0.052] | [0.052, 0.064)
Globulin Serum 0,021, 0.035] | [0.035, 0.042] | [0.019, 0.035)
Bilirubin Total (0,025, 0.100] | (0,017, 0.100] | [0.094, 0.100]

Pﬁlwz =
FOU2E, 0,052, (OUkes, 0075, HoRE, uul‘.&l Joooes, (OGO, 0 0T, j0UGsES, O DT |'l.h.u'|‘l:l.1:lll.|tl.l] [k, S, O ), [0, RN, 06 RN
_pAIle-hnln p-GInﬂlul-m Harum pﬂlrlruhnfallr
oL, 0008:3], OoRas, O, 0], MoSRiE, uu—ll JOU05S, G, [0.088, 6068, joaia, 0. a8 |'l.|n.u:|‘.‘tl|un|.|] [, S, 5 X, [0, O, e T
_p.i'lmln pﬂ;l_FlThnm pﬂ'li"lﬁhnfm_l'—
P'-'u'«'lr"ﬂ =
[ouma2, 0064, [0.s06, 0.048], 0808, u-.9-|.|-| [0.00 1, 0eas], [0.065, 0], 0,063, 09 ,|:|-.|:|n|:| 0.035], [0U963, 0. 9A4], (965, 098]
i T LTI _ru-ﬂ'lu-l-rm Terum It ﬂlllr-blh Tarad
oo, o.oed) |, 0. u:u OS] | [0U956, I:IﬂHI fouong, 0054 , [0.065, 0981 , [0.065, 0961 ':l.uuil n. mul H:I‘II:H.I (801 |, [0 8040, 005410
F :_:_h-m-m ‘nﬂﬂhliniifhn- ,:I_Ii_lir wdimFetal

DAY 18 a NVBS formed, based on the actual range fixed for a liver function test,

Ranges for D44 under a liver function test for albumin, Globulin Serum and
Bilirubin Total is given in Table 4.3 and in Table 4.4:

Table 4.5: Before Treatment

Before Treatment (BT) D
Albumin [0.034, 0.052] . [0.948, 0.966] , [0.948, 0.966]
Globulin Serum (0,015, 0.035] , [0.965, 0.985] |, [0.965, 0.985]
Bilirubin Total (0000, 0.100] , [0.900, 0.100] . [0.900, 0.100]

Table 4.4: After Treatment

After Treatment (AT) Dﬁrﬂ
Albumin [0.034,0.052] , [0.948, 0.966] , [0.948, 0.966]

Globulin Serum [0.015, 0.035] , [0.965, 0.985] . [0.965, 0.985]
Bilirubin Total [0.000, 0.100] , [ﬂ-gﬂ],ﬂ. 104 , |ﬂ-gﬂﬂ. 0. 100]
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D:ltﬁais in Table 4.3 and Table 4.4 are converted to NVBS as helow.
Dnr —_

p##ﬂﬂ"l l|1-=‘-'_|r-'“'lll'l Hrrum p.rlli_ll--.hl = Tedml

[0k, 08 o [0000E, O] | 08, O ] [DES, 0.0F5] | [0085, GoORs] [0S, GoaaE] 000, 0, 100 o DS, O 00 [0, e, 0 L
F‘.g#""" in L l|-|.='."+.uu|m [ [erpr— 1 PJIII;_I-F-,&TT-J-I

| [ FO AR, O OS] O DS, O] | [0S, 0 ISE] VDL, 0, 0GES]  [0,0ES, U 0RE] | [0 065, G SEE] (DU, 0, 100] [0S, O 1Y .IIZI.Sl.FII.IJI-.I.IIIJ;J ]

Nentrosophic Vague Binary Euclidean Distance Measure can be used to diagonise

Table 4.5: After Treatment

£ 1 LFT ED LFT ED LFT
d5T pel Phv i DEVE) | di0psl PRy e DEVE) | d3T pel Py g, DIVR) |

0.014856 0.277330 0.745502 |

which patient is more sulfering with liver problems even after treatment. Table 4.5
gives the nentrosophic vague binary euclidean difference between each of the patients
from D5, Lowest nentrosophic vague binary euclidean difference is for patient I

So patient | suffers more with liver problems even after treatment.

Conclusion

Neutrosophic vague binary sets are developed in this chapter with some basic con-
copts and examples. Real-life situations demand binary and higher dimensional
universes than a unigque one. Being the vital concept to homeomorphism - “which is
the underlying principle to any topology’- continnity  has an important  role in

topology, It is also developed for this new concept.  Practical applications are
tremendous for binary concept in day today life. One real life example in medical
diagonosis is discussed above, Several sitnations demand combined result than

“a unigque geparate one’ - to compare and deal situations in a more fast manner,
AVES is a good tool for comparison in such cases. It could be made use in surveys,
cage studies and in some other sort of similar situations. Topology is a special type
of sulset to a universal set - based on which study of all other subsets of the uni-
versal set is possible, New study will produce a combined resalt or net effect than

taking a single result.
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Various Algebras of NVBS’s

Artificial Intelligenee is a sharp tool made use by hnman society to upgrade their
existing applicational criteria’s and tools. These works are mainly assisted with
logic., Inter-connection between algebra and logic is strong, This reason persuaded
rescarchers (o work with algelara too with the same attention and level as they  are
working with logic ! As a result, algebra and logic developed parallely and

simultancously. An algebraic structure on a set under consideration is a collection of
operations on that set together with a set of axioms. Being a base stone to algebraice
structure, notion of sef is veory important. A walk through development route of
crisp set theory will make us to meet with diferent forms like huezy, intuitionistic
fuzzy, rough, interval- mathematics, vague, neatrosophic, soft, plithogenic ete, At
the same time algebra’s developmental route equipped with different configurations
as BCK,/BCI [95], BCH [35], BH [97), BZ [96]. MV [37], BZMV [14], K [24], Q [39],
Q5 [84], G [73] ete. Among these four different algebras BCK/BCI, BZMVY, K

and G are selected in this chapter for a wide study.
Chapter Scheme :

Section 5.1 @ Neutrosophic Vague Binary BCK /BCl-subalgebra of BOK/BCL-algebra
Section 5.2 : Nentrosophic Vague Binary BEMVY - subalgebra of BEMVY - algebra
Section 5.3 1 Neutrosophic Vague Binary K - subalgebra of K - algebra

Section 5.4 1 Newtrosophic Vague Binary G - subalgebra of G - algebra

116
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5.1 Neutrosophic Vague Binary BCK /BCI-subalgebra
of BCK/BCl-algebra

Yasuyuki Imai and Kivoshi Iseki [95] introdueced BCK/BCI - algebra in the year 1966,
After that, plenty of works emerged related to this area. In this section, nentrosophic

vague hinary BCK /BCI -subalgebra is developed in BCK /BCI -algebraic zone, It's
varions ideals like p-ideal, g-ideal, a-ideal, H -ideal also got framed out.  Various

cuts and mappings are also verified.

Definition 5.1.1. {Neutrosophic Vague Binary BOK/BCI - subalgebra)
A newtrosophic vague binary BOK/BCT -subalgelbra is a structure,

Bipvn = (UB4xva w0} which satisfies the following condition,

NV By iz xuy) =rmin{ NV By, ., () NV By (ug) ) sV, u, € UL

Tarwve (g * y) 2 min [Tatvnltz)s Thinen [u_y]]-
That 18, & Tynve (e uy) < maz { Do (200 Tatee s (0}
RU."‘."'H :.": . ”pl] % r”ﬂJ’{F“_‘.L.H {":} 1 Flﬂ,ul-ﬂ {“y]]’

nwfrery

1 UBsinve = (I = [, UL}, =+, 0) is the underlying BOK/BCT - algebraic
structure to the neutrosophic vagque binary set Myy g, with a combined universe
U = {Uy U} [where (U7, Us) is the binary universe fo Myy g & U is the crisp
set wnion | & with a binary operation +  and  a constant 0 satisfies
the following axioms: Vg, wy, u, € [
(1) ([ ng)w (e su)) w(uwea,) =0 (i) (wes{uevuy))wvu, =0
(i) (we xte) =0 (iv) (e * ug) = 0 and (g * w,) = 0 imply u, =
(o) (0w =10

2, % and O are foken as defined in 1.
Remark 5.1.2.

1. Every NV BOK -algebra s NVE BCT - algelra oo,
Generally, comverse not true! (Proof given in Theorem 5.1.14.)

So distinguishing belween struclures of these bwo are important!
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To denote NVB BOK - algebra, following structures can be used:
Bu.,., e (Uﬁ?’{ﬂ'ﬂ,t, ﬂ) or simply as E““B = ({_-’ﬂir'.'-.-rult,ﬂ)-
Similarly, te denote NVB BCT - algebra, following structures ean be nsed:
E-‘”n . (D'Bm o []) or simply ns B"‘ ({_’ﬁ‘f-'h S i})

MWayve? Isve =

For NVB BCK - algebra,
‘notation for NVB BOK/BCI- algeba’, that is, By, = [Uﬂ*f.wru__t, ﬂ}

is wsed in s section, instead of using those given m remark 5.1.2, (1)

Neutrosophic Vague Binary membership grade of common elements of Uy and
{3 18 got by taking their newtrosophic vague binary union, For erample,  let
Uy ={0,m}  and U;={0,uy,u;} be two universes. NV EM,“ 10
is neulrosophic vague binary membership grade of 0 in universe UL

U = {thulh) = {L'I w2} U N U = {0,m}). . NVBY (0} =
NV E u“ AU NY ,.,_“ (0). Similarly to other common elements,

It is to be noted thal, gererally, nextrosephic vague binary membership grade
of {1 is not same in umiverse Uy and in universe Uy, That is. NVBY0) £
NV BY(0). Similarly, to other common elements!

Example 5.1.3.

Let Uy = {0,u,} and let Uy = {0, 0y, uz} be the umiverses under consideralion.
Combined umiverse U = {U U} = {0, 0., wy, us } with (U N Uy) = {0}, Let a non
- empty neutrosophic vague binary sef Myyp with underlying zet U is given as |

{ 10,3, 0.8, }0.1,0.3), (0.2, 0.7] h}.z.u:n.al.[n.:.n,.'.|.[n:n.7.1}.:sj}
1] ' i '
Mivva { {h}.u.n.ﬂ.p.r.n.m.[n.rr.n.m 0.2, 0.6, [0.5,0.7), [0.4,0.8] [0.2,0.6],0.5,0.7], [0.4,0.8] }
1] ' ] : g

Cayley table 5.1 indicates the binary operalion = for U

Table 5.1:

* | 0| g | wg | us

O 0f(0|00

g g | 00| oy

gy | ag | g | 0| oay

o |y |t | e | D
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Clearly, UPMwve = (17 = {Uyulig} .= 0) is a BOK/BCT - algebra.
Sinee 1 i a commoen element,

SNV By 0]

= ([0.3,0.8], [0.1,0.3]. [0.2,0.7]) U (]0.1,0.7], [0.7, 0.8], [0.3., 0.9])

= ([0.3,0.8], [0.1,0.3, [0.2,0.7])

Sinee t,, ty and wy are not common elements

NV By, (i) = (10.2,0.3], [0.2,0.5), [0.7,0.8])

NV Bytops (1) = NV By, () = ([0.2,0.6), [0.5,0.7], [0.4,0.8])
= NV By, (ul) =

[0.3,0.8], [0.1,0.3], [0.2,0.7] :ul =0
0.2,0.3],[0.2,0.5], [0.7,0.8] ul = {u,} and u.£0 (for any ul € U)
[0.2,0.6],[0.5,0.7].[04,08] ;ul = {u,u} and ul £0

It iz clear after verification that,

Butvw = {L-'B”-‘-"-'fr.*.u} is @« NVB BCK/BCT - algebra.
Remark 5.1.4.
I IfUy U then 7 = Uy
2. The symbols = and ¥ does not imply our usual = or 7
3 Inoa Cagley table,

{a) principal diagonal elements of a BOK/BCT - algebra U7 iz always zero,
sinee (uy *uy) = 0, %u, € U

(b)) Using the property (1, = 0) = u Vo, € U of BCT- algebra, f 15 clear that
(0#0) =0

Neutrosophic Vague Binary BCK/BCI - Ideal

Varions ideal for neutrosophic vague binary H(_TI{J."I':I-{JI -stthalgebra is developed in

thiz section. Same idea follows to neutrosophic and neutrosophic vague concepts,

Definition 5.1.5. (Neutrosophic Vague Binary BCK/BCI - Ideal)

A non-emply Newfrosophic Vague Binary SubSet  (in short, NVESS) Pyvp of a
NVB BCK/BCI- subalgebra By, = {L’H”Hrn. x,0), is called a NVB BCK/B(CI-
Tdeal of By, if
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1. N 1';3."‘:'.1-':3 {u} = N 1"-F-B-J"n:'.'u [“I:}

‘-}'.'u'u[u} = f}’wnr{"l‘j
Fpy5(0) € Tpyy () ¢ for any we €U

,::}':".'I.'H{ﬂ} = ,::-‘-':".'I.'H{“J-'}
2, NVBp,, () = rmin {NVBp,, . (v, +wm) , NV Bp, ()}

f",-_,“.ﬂ (tig) = min {'f'pm." ETEETIY | .T,:M.u[uﬂ}

jr’.-.;ru(”u] £ mar {fp_.,‘.l_-n (g * tiy) . fﬁ;.-_.,‘,..H I:u,-,.}} s for any ug. uy € U

ﬁ'p_..“.ﬂ{u,.} £ JIMLE {I:".uh.._,n (or, = 1y, F"pl._..l.”(ru]}

Remark 5.1.6.
For NVB BOK-Ideal underlying structure will confine to BCK-algebra and for NVE
BCI-Ideal if will corifine Lo BCl- algebra. For different ideals menbioned i definition

4.1.8, the same principle follows

Various Neutrosophic Vague Binary BCK/BCI - Ideals

In this section vague H -ideal is developed first. Then p -ideal, g -ideal, a -ideal and

H -ideal are developed for NVB BCK/BCI- algebra Bp,,.,, = (U5vve, +,0)

Definition 5.1.7. {Vague H -ideal)
Let U7 be a umversal sef, A vague set A of U is called a vague H -ideal of o BCT
-algebra U7 if it satisfies

1 Val(0) = Va(u):  (Vu, € U)

tal0) 2 talue) o 1= fal0) 2 1 = fa4(0) or
Fal0) = dale:) ¢ fal0) £ Falug)

2 Vi (g *wg) = rmin {Vy (g * (g % u,)) -l-’_.t[Ji_!l,}]- Wiy, ey, 1w, € L)

Falue wu.) = min{t, (u,+ {2y * 1)) ,id{iiﬁ.]}
1= falue*u;) = min{l — fylu={uy*u)).1— faluy)}
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Definition 5.1.8. {Comparison of different NVB BCK/BCI -Ideals)
Let Bagyy = (UF5ve w0 0) be a NVB BCK/BCT - algebra.
Conditions for a non - empty NVBSS Pyvp of By, to become

Neutrosophic
Neutrosaphic
Neutrosophic

Neutrosophic

Vague Binary
Vague Binary
Vague Binary

Vague Binary

BCK/BCT — pideal
BOK/BCT — qideal
BOK/BOCT — aideal

BCK[/BCI — Hideal

v are given in the Table 5.2

Table 5.2: Cayley Table

Various ldeals

Condition (1) ;
(W £ L)

Condition(2) ;

(for amv w,, uy, u. € L)

NVE BOK/BCI

p -ideal

NV EBp,, . .0
= NVBp,, (0

NV Bp, qlug) = rmin
{NVBp,.., ((g*u)* (agxu)), NVBp, . ()}

NVE BOK/BCI

NV Bp,,., (D)

NV Bp,.,., [ty *u.) = riin

q -ideal = NVBpyolus) | {NVBpyyy (ttg % (uy % 1)) . NV Bpyyy ()}
NVB BCK/BCI | NV Bp,,,(0) NVBp,,, (1 * 1) = rmin
a -ideal = NVBp,plue) | INVBp,, o (g ) (0 0,)) . NV Bp,,, . (0]}
| NVD BCK/BCL | NVEp,,. (0] NV Bpyyp (g ® u,) = rmin
H -ideal = NVBpyulue) | ANV e, (e * (s %)) NV Bpy, (1) }

Neutrosophic Vague Binary BCK/BCI - Cuts

In this section neutrosophic vague binary BCK /BCI - cuts (in short, NVE BCK /BCI-

Cut) is developed

Definition 5.1.9.

( Neutrosophic Vague Binary BOK/BCI

(lowy, axal, By B2, [vasvel) < ([60. Bal, [, ], [y, 40a] ) -Cut)

or

{ Neutrosophic Vague Binary BCK/BCI - Cut)
Let the NVBS Myyvg is a NVB BOK/BCT - subalgebra with  algebraic structure,

Hl”ﬁ'l'.'.l’ -

— {Lfﬂ.ii,\-l'ﬁ.*.,[lj. Truth membership function, indeterminacy membership

function and false membershap function of Myve are Taon It s Fiivvn
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respeclively. A neufrosophic vague binary BOK/BCT
(e, oxal , [B, 3] Fves w2l ) L ([0, dal  [pns ] [, ) )- Cut af By, 8 @ crisp subsel
af the NVBS Myyvp qiven by :

M s
MV B0, 01180 aldvy sl A8 B2 oy sl 101 93

My Bfony gl Ag1, Fry vglh (1) Sgl oy gl 9y g

L € U/NV By () =

oy, o), [Byy Bals [vev2] 1 if we €
[y, da). lon, ), [ 2] 3 if we el
(1. xaf [, 2], [Ty, 00E] 5 if weE Uyl
Let, mar {[og, o), 61, 82) = [0, x2l} (say); min {[3), 33], [m, pel = [P0, $2]} (sayk;

mn {[vi.v2)s [P, 02] = [0 e} (say) with oy, 00, G, 8, 7107200002 0 .
ty, v, x, X, Py B, 1y T € [0, 1] and oy < ag, §) < Foon <920 6y < 6y,
[ N A R S T S N | e
Tuy-.-afﬂk}l = |y og) f.u,wsfﬂi.-:l < (B Fa] F.lr,wsfﬂa.-:l < [ 7]
Totgpn(te) = [81.82] ¢+ Dpppn(e) € [prpe] 1 Fuypn(ue) < [0, 0]
Tatevulue) 2 [vixal 5 Datnlu) < (@082 5 Fagyalue) < (11, TH]
T (ug) = o & THug) = ag s 17 (ug) < Ay e T{we) = B2 F 7 (ug) < & FP{ug) <92
T ()28 T ug) =8 0 (o) <y & M () < pa; Frim) € dy & Foiu) <y
T {ug) = 0 fe TH{ug) = xz 7 I () S e T ag) = By s Fug) < T & Fruy) <12

Remark 5.1.10.

I. (o) Myve([0,0),[1,1],[1,1])=U
ﬁ’.} 41'1."-'1'5 I[{[U_.‘UJ. |.1: l]r[l" 1]] .,{[UI.UJ. ll, 1].-[1'- 1'”’ =U= {Ul U Ui}

20 vy, o] and |8, 8] coincides ; [By, 3] and [p, pa| coincides ; [y, 7] and
[i*y, i) coincides, then (o, o], |31, Ba), [, 72]) ) (160, 82, [, pal, [0, 22]) - cuts
are ealled ([oy, ag, |51, B2). [, 12]) - cuts and is denoted by MSV By ot iy sl

instead of Mavmg, .6 5000 gl ol 5 82] ol

S IF (o, o), [87. 82], [v7v2)) « (165, 821, Lo i), [, 93])) =
{([eea, o], 1, Bl [ves val) s ([, B2, [oas pals [, )y then

MNVB o oy s il 150 b v sl d0r .00 S Maovalog el ies a0 b g1 (195 4106 51005, 93])
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Application

In this section theoretical application of NVB BCK/BCI - subalgebra is developed.

Varions theorems and propositions are found good to this concept.

Theorem 5.1.11.
Every NVB BCI - subalgebra BEC!  of @ BCI - algebra U™ ¥wve satisfies :
NV B n(0) = NV Byopplue); ¥ we € U= {U, N}

Proaf.

For a Eﬂ'ﬁ{_“, underlyving BCI - algebraic structure satisfies, (ug «ug) =0 ¥y, € U

[By property 1(iii) of definition 5.1.1]

= NFB.“.\'H!{"]
= NV By p (e wug) = rmin {NV By (ue), NV Baggp(m) iV € U
= NV By, ()| By definition 5.1.1]

Theorem 5.1.12.
Every BECE  satisfies NV By n0) = NV By plie)s ¥ w0

Myve

Proaf,

Fora Eﬁ:i‘n underlyving BCK - algebraie structure satisfies, an additional condition,
(0% ug) = 0,%uy € U besides (w #we) = 0% € 7. By theorem 5.1.11, we get,
ANV By nl0) = NV Byl )iV € U e

NV Baennl0) = NV By o (0w ) = roin {NV By o (00, NV By, o ()}

= NV By (0) = rmin {NV By n (0L NV By (i) } iV € U, for BIPHE &
e { NV By, (00, NV Bap o (ug ) b will depend upon the given NVBS Myvg
= NV By pl0) = NV By o) &

NV By l0) &= rimire {NV By (00, NV By ltie) }

Even if rmin {NV By, .(0), NV By, (g )} will depend upon the given NVBS,
using theorem 51,11 NV By o (0) = rmin {NV By o (00, NV Bapy (e ) }owill
become NV By, (00 = NV Bap, oo lug) = NVBy  (0) = NV By, () and
NV Bty u(0) = NV By plu); Yue € U, So, combining both, for a Byf.¥  too,
NV B nl0) = NV By (g ) Wy, € U

Remark 5.1.13.
Every BECE [BECT  satisfies : NV By, (0) = NV By o(we):Vue € U, e,

Myva! “Myve

Every NVB BCK/BCT - algebra salisfies : NV By, (00 = NV By (g ) Vg € U
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Theorem 5.1.14.

Every ﬂﬂi{"ﬂ 15 Efﬂ{_ﬂ. Bul converse nol true, generally. ie., every Eﬁ‘::n 15
not a Hf’;‘,rﬁﬂ generally.

Proaf,

For a fixed universal set U, underlying BCK - algebraic stracture of E{]ﬁfr‘ Consists

o

K s TrT
Muyvi is B

= Every B Mavp®

My s But converse

the underlying BCI - structure of 5

does not hold.

Remark 5.1.15.
Following example illustrafes both the cases:
Let Uy = {0} and let Uy = {0,4,} be the universes under consideration. Combined
wiiverse U = {Uy U} = {0 u, } with (U L) = {0}
E:’fiy!'try Table 5.3 indicates binary operation « for U
Clearly, USsve = (U = {Uy UUs} ,»,0) is a BCI - algebra [Table 5.3

Table 5.3: BCT-algebra

w | 0| oy

I | T

wy | nwg | O

Table 5.4: BCK/BCl-algebra

L 0| oy
0 ]o]o
Wy | Wy 0

USiivvn = (U = {U UL}, +.0) is a BCK - algebra [Table 5.4
Case(i): Ezample for a By, which is a By,
Let Myvg be a non-empty NVBS with U*¥xva as underlying algebraic structure:

J.IIIH,"L"H —

{ {[ﬂ-l.ﬂ-ﬂ]. [0.1,0.5), [D.'lﬂ-ﬂ]} < 0.3,0.7],[0.2,0.4], [0.3,0.7] [0.1,0.4], [0.3,0.5], [0.G, 0.9] }}
0 ’ 0 ’ Ty
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Here, (Uy N Uy) = {0}

NV By (0) = ([0.1,0.8], [0.1, 0.5], [0.2.0.9]) 71 ([0.3,0.7], [0.2, 0.4]. [0.3,0.7])

= [0.3,0.8], [0.1,0.4), [0.2,0.7)

After verification, clearly Myy i is a BEE! | Next question is that.- “whether B“M -

Myvi

is a By or “net 7. Additional condition to be satisfied, for a BCK- algebra is,
i0=uy) = 0 from Cayley Table 5.3, Correspondingly,

NV Byt (0w} = rmin {NV By, (00, NVBy, ()}

= NV By nl0) = rmin {NV B0 (0L, NV By (i) }

= [0.3,0.8], [0.1,0.4], [0.2,0.7]

= rmdn {([003,008], [0.1,0.4],[0.2,0.7]), (0.1, 0.4], [0.3, 0.5], [0.6,0.9]) }
= [0.3,0.8], [0.1,0.4), [0.2,0.7] = [0.1,0.4], [0.3,0.5), [0.6,0.9]

Sinee additional condition got safisfied, E.“.M ., 15 clearly a ByER ,m .,
Case (it} : Example for a B{f | = which is not a B{ "
Take binary operation and Cayley Table as foken in Case (i)
Consider another NVBS Pyyp with same conditions as in case (i)
Pyvp =

(0.1,0.5], [0.2,0.5), [0.5,09]\ /[0.1,0.6].[0.3.0.3], [0.4.0.9] [0.1,0.7]. [0.3, 0.4, [0.3, 0.9]
{ { 0 ) < i ) H1 >}

NV Bpy, o (0) = ([0.1,0.5], [0.2, 0.5], [0.5,0.9]) U ([0.1,0.6], [0.3, 0.3, [0.4,0.9])

= [0.1,0.6], [0.2,0.3], [0.4, 0.9]
Ry verification Pyyp is a Hﬁwu- But in this case, additional condition not got safisfied.
NV Bpy, o (061) # rmin (0.1, 0.8], [0.2,0.3), [0.4,0.9]} , ([0.1,0.7], [0.3, 0.4, [0.3,0.9])}. Sinee
[0.1,0.6), [0.2, 0.3]. [0.4,0.0] # rmin {{[0.1,0.8], [0.2, 0.3], [0.2, 0.9]), {[0.1, 0.7], [0.3, 0.4], [0.3, 0.9])}
Since [0.1,0,6], [0.2,0.3], [0.4,0.9] ¥ [0.1,0.7], [0.3,0.4]. [0.3,0.9]. In this case elearly, 'BF-.,H..

15 nod Eﬂiﬁl

Theorem 5.1.16.
Intersection of twe NVB BCK/BCT - algelra remains as a NVB BCK/BCI- algebra,

Proof.

Let Myyg and Pyyg be two NVDE BCK/BCI - algebras with structures

Brtyyw = (UFnve, «,0) and Bp,,., = (U%%ve,»,0) respectively, with same
universal sets U and L5, So, Yy ouse & U

NV Bipty sniPuyg) (0 # uz) = rmin {NV By o (uy 2w}, NV Bp o (i 2 0g) )

= rmin {rmin {NV By (), NV By (ug) b ormin {NV Bp, (). NV Bp, . (uz) )
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= rmin { NV By, wnpr a (81 ) NV Bty anpyy o (t2) } There fore,
""'r"'rﬂ'!-'l-lw'l.-'nl'lf"?.l.'.lr] Ilr.”l * lig) = rmin {"""r lfrﬂl"-’.h“'irl'lf'.vn'n{ul]' N F-E-"-f.'-."l.-'nl"f“?n'ar["?}}
= (Mxyve N Pyyg) is also a NVB BCK/BCI - algebra.

Theorem 5.1.17.
Every NV BCT - wdeal Pyyvy of a Eﬂc‘,{" satisfies: Yu,, up, u, € [

Iowg = 1y = NV Bp,  (u) = NVBp, () (Vo 0 € 1)

2 NVBp, . (g wu) = rmin {NV B, (g %) wous) , NV Bp () )
Proof.

1 Let w,,up € U be such that u, < wy. Since Pyyg is a NVIE BCT - ideal of
Byl = NVBpalus) = rmin {NV Bp,,., (0 = uy) NV Bp, (1)}, [By
condition (2) of definition 5.1.5] = rméin (NV Bp, . (0), NV Bp, (us)} . [By
taking (u, * ) = 0] = NV Bp,, . (w)[By theorem 5.1.11) = NV Bp,, . (0.) =

N FBFZ\T# { ll!l.}

2. Let Pyy g be a NVEB BCI - ideal of H{"f‘:n
=5 NV By (ta) = rimin ANV Bpyy (t 1), NV By (06)} s Yty € U
= NVBp, .+ 1) = rmin {NVBp,, (U, *u.) %) NVBp, ()} 3
[y  putting  wy = (wy * v, ; Vg, up, u, € U]

= NVBp, .o (e wu) = rmin {NVBp,, ({0, * ) % u.), NV Bp,, . (u)}.

Theorem 5.1.18.
Let Pyyvn be a NVB BCI-ideal ”IE-UE--.‘-:};'
Then, NVBp, o (0% (Dxue)) = NVBp, g )i ¥u e U

Proaf.

NVBp,, ) = rmin {NVBp, . (ugxuy) NV Bp, ()} for any w,,u, € U
[By definition 5.1.8] Let u, = (0= (0 »wu}) and wg = u,

cFor any uy. € U,

NV Bpyyp (0% (0xug)) = vmin {NVBpy, (0% (0% g ]) %), NV Bpy g ()]
=rmin {NVBp,, (0% ue)* (0% ue)), NVBp, o lwe)}

= rmin {NVBp, (0« (ug*ug)) , NV Bp, . (u)}

= rmin {NVBp,,., (0x0), NV Bp,, . (ue)}
=rmin {NVBp, (0}, NVBp,  (u)} = NVBp, . (u) [By theorem 5.1.11]
st is concluded that, NV By (0x (Dwug)) = NV By, g ): Ve, € U
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Theorem 5.1.19.
If the NVBS  Ryyp of E““n s a NVE BCYT - subalgebra then ot satisfies
[ty % g} < e = NV By, o (0] = rmin {NV By, .(w), NVBg,. (1)}

Jor any ug, wy, u, € UL

Proaof.
Let fayn be a NVEBS of Eﬂr:,{ ; with (u, «w) < n,
= NV B, plt) = NVBg, o (g * ) Byyg isa Eﬂwﬂ
= NV Bp,,p (e * g} = rmin {NV B (). NV B ()}
= NV B, plte) = NVBg o (U 2 uy) = rmin {NV By, o (0,), NVBg,, o (1)}
= NV Bp,.plt) = roin {NV By, o (ta). NV By () }
= NV g, plt.) = rmin {;\’l"ﬂ,r,:h.,_."{u,.], NVBp,,n (1s)};
[By putting u, = u, & #,=u.]
= NV Bg, . () = rin {NVBg,_ . (w). NVBg, . (u)};

Theorem 5.1.20.
Let Syyvp be both o NV BCT sub algebm E"r.u e amnd o NVB BCl-idend of @ NV
BCT - sub algebra BEC! | Then NV Bs,,, (0% 1) = NV Bs,, . (u) for all ug € U

Proaf,

Let Syyp be a NVB BCI- subalgebra Efﬂ"ﬂ

= NV Bg,, (2 uw) = rmin {NV Bg,, (0. ), NV Bs, o (w)}; for all w,,w € U
= NV Bg,. ., (0%u) = rmin { NV Bg,, (0. NVBsg,  (u)}: [By putting a, =0 |
= NV Bsy,p (0% ) = NV Bsy, ()

= NVBg,, . (0xwu.) = NVBg, . (uw) [By putting w, = ug)

-~ Forany wg € U NVBg, . (ODxay) = NVBg, ()

Theorem 5.1.21.

Let Tyyp be a NVIE BOT - ddeal of o NVE BCT -sub algebm B““R Noug, uy, u, € 0
if Twve satisfies, NV By (g #up) = NV Br o (T # we) * (g # wg) )

then Tyyg is a NVEB BCT p - ideal "IE-”.'-'. .

Proaf.

Twyv g bea NVB BCI - ideal of a NVB BCI - sub algebra E“\ . for all w,, wy,, u, € U7
= NV Byp, ., (u) = rmin {NV By, (g %ug) NV By () ]

= NV Bryplte) = rmin {NV By (e % owe) % (uy%ow ), NV Bapyq ()} for all
iy, iy, 11 € U7 [From given condition]

= Twvp is a NVB BCL pideal of B! [By definition 5.1.8]
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Theorem 5.1.22.
Any NVE BCYT - sdeal Dyyp of a NVB BCT -subalgebra BECT s a

“'«u'l.ﬂ

NVB BCI -p ideal & NV Bp,, (1) = NVBp,, . (0% (0% u,)) ; fﬁr all u, € U

Proof.
Let Dyyp be a NV BCL - ideal of a XVEB BCT - subalgebra E”M -
Also let Dy g is a NVB BCI -p ideal.
SNVEB, L) = rmin (NVBR, o (g ) * (ug wu)) NV B () )
for all w,, uy, #. € U [By definition 5.1.8 of NVB BCI- p ideal]
Put u, = u, and u, = 0 in the above,
SNV B plng) = rmin {."v'l-’.i']f}m.n ((tg e ng ) e (0w, )), NV ﬁ;_:.l,..,.,ﬂ([]j}
for all w,, ty, . € U
= NVBp, . () = rimin (NVBp, (0% (0 u,)) . NVBp,....(0)}
for all w,,w, € U
= NV Bp,.. (0% (0%u,)) for all u, € U [By theorem 5.1.18]
= NVBp, . () = NVEBp, o (0« (0% w,)); for all u, € U7
Conversely, let a NVB BCI - ideal D'y g of a NVB BCI - subalgebra B"” satisfies
the given condition.
MV Bpyyalta) 2 NVByp (0 (0% w,)) ; for all u, € U
By theorem 5.1.18, © Let Pyyg be a XVB BCl-ideal of H”m .
Then, NV Bp,,, (0w (0w ug)) = NVBp, () Vi € U7
= NV Bp . n g »u) * (wg+u)) < NVByp o (0% (00 ((ag # 1) % (g% 0] ) )
[By putting wy, = (g % w.) * (g 1) in theovem 5.1.18 |
=NV Bpyyp (M0 ay)* (0xu,))
= NVEBp, o (0x (0% (ug *ug)));
= NV Bp,p (0 (ug wug)):
= NVBp,,p (e *u);
= NV Bp, ., lug *ug) = NVBp, . (g % ug) « (uy +u))
= NV Bp,,, is a NVB BCI - p ideal| By theorem 5.1.21]

Theorem 5.1.23.
Every NVB BCI - p ideal of a NVB BCI - subalgebra By = is a NVB BCI - ideal
I=;|.I||' EH: ¥

Myve'

Proof.
Let Myyp bea NVE BCL - poideal of a NV BCT - subalgebra BBCI By definition,

Myvn
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NV By plus) = rmin {NV By 0 (e *w) % (g wu ), NV By (g ) }

for all we wy, . € U7 . Put u, = 0 then, Yu,, uy, € U, the above becomes,

NV Bty ulte) = rmin {NV Bag, o (e % 0) # (e, « 0)), NV Bypn(ug )}

= rmin {NV By, . (upwey) NV By o(uy) ) for all w0, € U

= NV By pltie) = rmin {;‘h’l-’ﬂ,ul...,,n T r:r}l Y lf'ﬂ,”h.,,nl[ur]l} for all we, uw, € U
Obviously, My g iz a NVB BCI - ideal.

Theorem 5.1.24.
Every NVEB BCK/BCI H - ideal of a NVB BCK/BCT - subalgebra By, ., acts both

LS
1. NVB BCK/BCI - ideal of By, ,
2. NVB BOK/BCI - subalgebra By, .

Proof.
Let fyyp be a NVB BOK/BCL- H ideal of a NVE BCK/BCI subalgebra By,

1. From definition of NWVB BCK/BCI- H ideal,
NVBy, (g *w) = min {NVBy, ., (= (g xu)) NVB, ()}
for all we, up, u. € U
Put @, = 0. Then for all u,. us. u. € U
NV B, (g e 0) = min (NV By (g o (g 2 0)), NV By, () )
= NV B altg) = min {NV B, o (g woy) NV By p ) |
Since Iyyp is a KVB BCK/BCI- H ideal
= NV, o 0) = NV B, o (u); for any ue € U
Sodwvs is a NVB BCK/BCI - ideal of By,

2. Let Iy be a NVB BCK/BCI- H ideal of By, - for all ug,uy,u, € U
NV By (1 %) = rmin {NV By, (s (5 1.)) , NVBy., ()]
= NVB, . lu,*ug) = rmin {NVEB, ., (g * (= ug)) NVE (ug)} o
[By putting u, = u |
= NV B (g xuy) = ravin ANV By .. (0, «0) NV By, (us)} :
= NV By, ... (g ®u) = roin {.WF'H[I.\-}’H}{!!,,], NV By Iff.!']l[:q.” :
= Iyyvp be a NVB BCK/BCI -subalgebra of By, »
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Theorem 5.1.25.
Pyvn be a NVBS aof « NVB BOCK/BCI - subalgebra By, . Then Pyyg is a NVB
BCK/BCI -ideal of By, & it satisfies the following condifions. Y, ty, 4, € U

i Jl'lurF.Eﬁ,l.vﬂ {ll!u. *1‘.![.] = NFBF,\-FH{EB]
2NV EBp, . (g% ((g % 1) w0, )) = rmin {NVBp, . (wg). NVBp, . (0]}

Proaf,
Let Pyyg be NVB BCK/BCI - ideal of By, .. By definition,
NV Bpgyplue) = rmin {NV Bpg, o (g ) NV Bp o (i) b Ve, wy € U7

1. Put wt, = (t, * 1) and wy, = u, in the above,
NVBp, ., (g weg) = rmin (NVBp o (g woag) woug) , NVBp (1))
= NVBp,p (e * g} = rmin {NV Bpy, o (0 % u,) 2 u) . NV Bp ()}
= NV Bp, o g * ) = rmin {NVBp, (0% ) NVBp,, (1)}
= NV Bpy,p (s % tg) = i {NV Bpg,, (0% w), NV Bpy, ()}
[By assumption u, = wuy |
= NV Bp, ., (ug *uwy) = rmin (NVBp, (01, NV Bp,,. (u)}
= NVEBp, o lug*uw) = NVEBp, ()

2. Consider, (g * {{tg * iy ) * g )] * 2y = (b %t ) % ({2g * ) * 1iy,) < iy
We have, (u, » (1, = r:r]l]- il =0 = w,w(u,wpy) < Ty
Here, (1, * ({1 % thy ) % 1)) %ty = (g # 2 )+ ({1t # Wy ) % 21 )
= ((t1g * thyn ) # [ty * gy )) * 1y, = (0% 1y ) = 0
[ Since [, %t ) = ({0 ) *te,) =0, (g ug, ) o* (i, % 0,) ) < uy
;. Above can be written as, {u, * ([, * ) * 1, ) ) * <,
= NV Bp,, o (g« (g wug ) wog )} wng) = NVEBp,(0,) [By theorem 5.1.17(1)]
Pyyg is a NVB BCK/BCI -ideal of By s
= NV Bp,, . (ug) = renin {NV Bp,,., (g + ) NV Bp, ., (us)}
Put w, = (1, # ({11 # e, ) w1y )) & 1y, = 11, in above,
NV Bpyyp (g * ((tg # try,) * 2ty ))
=i NV Bp, o (g o (g %t ) o)) %o ), NV Bp () )
=rmin {NVBp, . (u,). NVBp,, .(u,)} [proved abovel
= rmin {NV Bpyy y (), NV Bpyy (1)}
= NV By (e % ({t0g % 1) %w,)) = rmin {NV Bp,, o (0a), NV Bp, (0}
Wi, tipy, it € U
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{]nm-'{!nﬁrl}r, Let Pypg e a NWVEBS of a NVDE EQKI."]]I:'I subalgebra E,"A.‘,n
satisfying, the given conditions,
NVBp, (g *ug) = NV Bp, (g ) W, € U
NV Bpyp (e % ({t % ) % 1)) = rmin {NV Bpy (), NV Bpy, o lua) )
[Wety, te, 11, € U
To prove condition (1) of a NVB BCK /BCI - ideal,
Take uy, = 1, in (i) and (i) respectively,
(i) = NVBp,, , (u, *xu,) = NVBp, ., (1,)
= NV Bp,,,(0) = NVBp,, . (u.); |By property 1{iii}of definition 5.1.1)
To prove condition (2) of a NVB BCK/BCI - ideal,
Take, NV Bp,,.ltu.) = NV Bp, ., (1, %0)
= NV Bp,, (g % ( (g % ug ) * [0, *uy)))
= NVBp,, (g % ({10 % (1, = 1)) % ug)}
= NV Bp,, (g% (g v, ) #u,) ) [By putting (1, «uy) = uy, and uy, =

=rmin {NV Bp, . (), NV Bp (e ) b By condition(ii)in the assumption|
= rmin {NV Bp, ., (g %)} , NV Bp,..(u)};
By putting (a, * ) = t,, and w, = u, |
= NV Bpy,,(ug) = rmin {NV Bp,., (1ta % us) . NV By (1)}
. Pyyp is a NVB BCK/BCI - ideal of By, ,

Theorem 5.1.26.
Let Myyg be a NVB BOK/BCOT - subalgebra By, .. Then any NVB BCK/BCT -
cul aof Myyp is a crisp NVEB BOK/BCT - subalgebra of By

Proof.
Let for any o, ag, 31, B, 71, v, da, da, oo, oo, thy, e € [0, 1],

Myve,, be a NVB BCK/BCI -cut of My a.

B TR B N B B R P R TR LT

Assume g, iy € Myvy,

vy vieg [y o | fry oz D8y o]l o]y 2]

= |h|r i"ll ;;-J'IHI.'[I iflj:l :: [ﬁ‘l.i'l'.!]1 Irl.il- '%]1 [.:"I- -.|"..!] 's'-'- N.'rl IJIJ'II?;I,'"[“I] :_:L ”"TLN'EEL [.l"—'l~.l'-“.!]1 :ﬂ"‘ ”2]:]
NV Byt plig) 2 [on, o), [5, 3], [1a2] & NVBargplug) 2 ([61, 8], [on, p2], [ih, 22])
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= Tugwnltiz) 2 oy, ol Dy (02) < (81, B2l Faggyn(ttz) < 1.7 &
Tutvn(te) 2 60,82 Darn () < [ov o Fasg ) < [, 0] &
Tt ntty) = [on, 02]s Dagyyn () < 181, Bl Fargyn () < [ia7e) &
Torvaltty) 2 8082 Dargy s (1) < [p1. pals Fagy pltty) < [,
Myve is a NVB BCK/BCI -subalgebra By,

= NV By p (e +wy) = rmin {(NV By (o), NV Byl )

i
T"-I_\lr” [“.r e “y} E “I”:l” {T.lllll.llrn:_”r]- T‘l’yvﬂ‘_“p]

=% 4 f_”_,_.,‘.” (b * 1y} < max {f-”_ﬂ,ﬂ (1), j""l.\'l'[ﬂ{"l']}

Fapop iy * u#] < IILE {;'1_“_.,..1_."{F.r;}._ .F":“_h.m{u,..]
"

= x= e
r'-“I “L"} e '”‘H By vy raglad iy o)y gty Aep ][y gl [y i 0R)

= NVB BCK/BCI - cut Muvn ., oo ia, mub vy val1 150 dablos sal 191 020
crisp NVB BCK/BCI - subalgebra of By,

of Wyye isa

5.2 Neutrosophic Vague Binary BZM V" sub-algebra
of BZMV™ algebra

BZMV*™ _algebra is a combination of BZ and MV -algebra in demorgan concept
zome. It is a logical algebra. Z -algebra and BZ-algebra are different, first one
developed around 2017 onlv, DBut BZ- algebra is a concept developed long before
that. In this section neutrosophic vague BZMY ™ sub - algebra is developed for

neutrosophic vague binary set theory.

Definition 5.2.1. { Neutrosophic Vague Binary BZMV'Y subalgebra)

A newtrosophic vague binary BZMV™Y — subalgebra

(NVE BEZMVM sub-algebra, in short) is a structure My = {L"""""-*-'Hr.-a'%. —-.ﬂv.ﬂ}
with, T = [T, 7% 1 = [I=,1*]: F = [F~, F*| which satisfies, the following two
Moy, mequalities

My, inequality(1):  Yu,, w,.u, €U

in ful_F[H,.E.u":..""t' V Briypn i) = rmin {NV By, (o), NV By (g



CHAPTER 5. VARIOUS ALGEBRAS OF NVBS'S 133

£n-fll.-E[ll;%Eﬂl.:lTﬂfH\’n'l:uE} E I {T.i.l'_qu{“;}- Tn'lj'.'.'rnl::uu'}
‘-”fu.-E-[u_-.-Eiuu}jﬂIm-;r[:“u} E mar EIﬂL‘H'H ["I}: f-“.\"l.-'n{uw]

infll ..E{I‘l;a_lﬂh ] ﬁ:“.-..lrﬂ {Hl-' :I } £ i -F--.“f.'f]] { iy ] u -lii-.“.'q'fﬂ {ui'.:l }

‘."'r-“.-.-vn iﬂﬂ"““ffﬂ !rﬂj Y ou, el

I J.‘Ir ID'IE.'I-'.\.".-E{HJ-!]’ l:: lﬁ;v-ﬂ.“.\lrn{_'uf}

T.l'lf_r;p [ I:H'J'::I E T.I'Ifr;l,"g ':_'“'J':I

F‘"l\'l"ﬂl::u"] {_: Fﬁfﬂ-pgl:_'u.r:l
2 4\’1;’!3“#.1,5&1,} = NV By gl Ty

f—'lf.-.lru[:nr::l > T-'.ﬁfﬂl,'u[:ﬁ" H;}
fl“."i'l.-'_ﬁ{iil} E fﬂ]’nra-l:n" TE;}

F-l'l-frrvrrl::ul:] = Fﬂfrtvn [:ﬁ" ul}

Here

o UMusvn = (U = {UynUs}, &, -,.~,0) is a BZMV™ algebraic structure of
the underlying universal set U fwhich is got by combining the two universes of the
given neutrosophic vague binary set Myy g/, with a binary operation & |, two unary
operations -, ~ and with a constant 0 which satisfies the following BZ MV -
arioms: Y, uy, u, € U

(1) (ue o) b w, = (uy Su,) @ u,

{2} (uy@0) = uy

(3 =l-ue) = u,

(4} ~(ouy @uy) Buy = - (ue & uy) & uy

.|'r._'if.|I o U AT e iy = =)

(6] W s iy, =rora i,

(T}~ = [ (e @ ) @ oy )] = = (eme by B o 1ty ) B e 1y

Remark 5.2.2.
In a NVB BZMV*™M . subalgebra, possible operations that can also be further derived

ares

(e @ wy) = = (=g © =iy
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2 (up V) = = (—u, & uy) S uy
oug Acrry) = = (= (g @ =) @ =y

Example 5.2.3.
Let Uy = {0 up, v, 1} and Uy = {0, 0.1} be fwo universes with neutrosophic

vague binary membership grades as given below:

(0.8, 0.9][0.1,006][0.1,0.2] ;u,=0 and 1
NV By, litg) =  Yu, el
[0.9,0.9) [0.1,0.2] [0.1,0.1] 50 < u, < 1

0.7,09)0.2,05][0.1,0.3) :u,=0 and 1
NV By plig) = v Yug e lh
0.8,0.9][0.1,0.4][0.1,0.2) 10 < u, < 1

Combined universal set is U = {07 U Uy} = {0, uy, 0y, 1w, ., 1} & {U N L} = {0, 1}
Nentrosophic vague binary union of common elements are given by,
NV By, (0) = [0.8,0.0][0.1,0.6][0.1,0.2] U [0.7.0.9][0.2,0.5][0.1,0.3]
—_ [D-E1 ﬂﬂ] [ﬂ-] - D-:-:I [ﬂ I ' '}?.l —_ -"hrlrr H.ﬁ.r?;r” I:,l::l
Combined neutrosophic vague binary membership grades are given as follows:

i b
[0.8,0.9][0.1,0.5][0.1,0.2); 1, = 0
(0.9, 0.9][0.1, 0.2][001, 0.1]; e = g,

0.9,0.9(0.1,0.2[0.1,0.1]); 4 = u
NVBuo (w) = 4 [ I Il e =g |
(0.8, 0.9][0.1, 0.4][0.1,0.2); w, = 1,

(0.8, 0.9][0.1, 0.4][0.1,0.2): u, = u,

[0.8,0.9/[0.1,0.5][0.1,0.2;u, = 1 |

Algebraie strocture [Mugyy = (L= I}y N}, %, = ~,0) with binary and unary
operations defined as in Caylev Table 5.6 and 5.7 respectively, given below clearly
indicates a BAMVIY — subalgebra.

Now have to verify, nentrosophic vague binary concept !

For that check the inequalitics given in definition 5.2.1.
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Table 5.5: Cnyh."}' Tabile for unary operations = and ~ are given below :

0wy |ty | tey |1, |1

=L owy | owg | oy | | O

~ 1| |00 00

Table 5.6: Cayley table for hinary operation + is given below

| U [y, | o | owe | w, | ]

O | O [, |y | o ||l

Hp | Up |0, |t [ | 1|1

My | g (8, |2, | 1 [ u, |1

the |t |0 | 1| 1] 1]1

e | e | 1 [ wg | 1 | ow. ]

11|11 (1]1]1

My, inequality (1): (Binary Operation) Yu,, u, € U

(infueimerny) NV Brpyyy () = rmin {NV Byyon (02) NV By (1)}
= (1o, el0mpagrnt) NV Batgyp(ue))) = rmin {NV By, o), NV Buy, o)}
- {."HE'H._.-FiI:I.Hp-h.,.ur.u,-]] """r.i';ﬁ-l'lf?:l.'.lr[“l-'}:]} = rimin [‘."'r!"!ﬂ-'l-ln-'n{u!']"H";FH-"I[.-.'L'H{“J.I]I'

= {H”-“'u..El_{ll.1|,.-.u.|..14..l:|l..|.|' N 1"3.3.“.\-1.-':;{“!']}} }__ FIrin {*W'IIB.I'!I_-FI,-H[“:}- NV Hn'll','.;l,-ul:-uu'}}

y \ ] -
0.8, 0.9][0.1,0.5)[0.1,0.2] ju, =0 (0.8, 0.9)[0.1,0.5)[0.1,0.2] 1w, =0
0.9, 04101, 0.2][0.1,0.0]  5u, = (0.9, 0.9][0.1, 0.2][0.0,0.1] s u, = uy
0.9, 0.9][0.1,0.2][0L1,0.1]  ;uy, = g [0.9,0.9][0.1,0.2)[0.0,0.1]  :ue = ug

= min |4 y M4 ,
[0.8,0.9)[0.1,0.4][0.1,0.2] ;u, = u, [0.8,0.9]0.1,04)[0.1,0.2] :u, =u,
(0.8, 0.9][0.1,0.4)[0.1,0.2] 1w, = u, (08, 0.9][0.1, 0.4) 0.1, 002w, = u,
[0.8,0.9][0.1,0.5][0.1,0.2] ;u,=1 | [0.8,0.9][0.1,0.5[0.01,0.2] ;u, =1

= [0.8,0.9][0.1,0.5)[0.1,0.2]. [In nentrosophic concept,minimum concept has been
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taken as intersection. ie., in this case,(Min Max, Max)]

i fuctueny) NV By (1)) = [0.8,0.9)[0.1,0.5][0.1,0.2)

Here, NVB BZMV™.inequality-(1) got satisfied, for any pair of elements from U.

{iﬂfupftu; guy) VB (i) :I = rmin {NV By, p(u:), NV By ()}

Mg, Inequality(2):(Unary operations)

Next to check, two inequalities of My, ., for all elements of U. | using Cayvley Table

5.6 & by Combining given data)

(1) For unary operation = (Kleene or Zadeh or fuzey orthocomplementation )

NVByrvnlus) = NV By (oug ) 1V, € U as showed in table,

1y

NV By pluez)

NVByyyn (=)

0

(08, 0.9][0.1, 0.5] 0.0, 0.2]

(0.8, 0.9][0.1, 0.5][0.1, 0.2]

T P

(0.9, 0.9][0.1.0.2][0.1, 0.1]

(0.8, 0.9][0.1,0.4][0.1,0.2]

iy

(0.9, 0.9][0.1,0.2)[0.1,0.1]

0.8, 0.9][0.1,0.4][0.1,0.2]

4

[0.8,0.9][0.1,0.4)[0.1,0.2]

[0.8,0.9][0.1,0.4][0.1,0.2]

iy

[0.8,0.9][0.1,0.4][0.1,0.2]

(0.8, 0.9)[0.1, 0.4][0.1,0.2]

1

[0.8,0.9][0.1,0.5)[0.1,0.2]

[0.8,0.9][0.1,0.5][0.1,0.2]

(i1} For unary operation ~ {Brower orthocomplemention)
NVByrpplus) = NV By, (=~ u.) 1 ¥u, € U7 as showed in table,

1y

NV By pltez)

'ﬂ,l?"l,.-" H—'lf.-.' Vi ["" u!]

0

[0.8,0.9][0.1,0.5][0.1,0.2]

(0.8, 0.9][0.1, 0.5][0.1,0.2]

T i

(0.9, 0.9][0.1,0.2)[0.1,0.1]

[0.8,0.9]]0.1,0.5][0.1,0.2]

ty

[0.9,0.9][0.1,0.2)[0.1,0.1]

[0.8,0.9][0.1,0.5][0.1,0.2]

L

[0.8,0.9][0.1,0.5)[0.1,0.2]

[0.8,0.9][0.1,0.5][0.1,0.2]

Ty

[0.8,0.9][0.1,0.5)[0.1,0.2]

[0.8,0.9]0.1,0.5][0.1,0.2]

1

[0.8,0.9][0.1,0.5)[0.1,0.2]

[0.8,0.9][0.1,0.5][0.1,0.2]

S0 given example is a My,

with structure ([FM4sve w = ~,0)
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Remark 5.2.4.

It w do be noled that,

(1) first column af the Cayley table for binary operation will be a copy of column of
operands, using definition 5.2.1- BZMVY groperty (2)

(#i) last row and column of the Cagley table for binary eperation will be always 1 for
a BEMV "M — algebra.

Theorem 5.2.5.
If Myve is a My, then the following results are frue:

1 NV Byypn iy @aiy) = NV By (g, & g )
[2.¢.,commutative law holds for Binary Operation |

2 NVByyoyp (e ®uy) Su) = NVBppy,p (e & (1, & ug))
[i-r?-,u.s#m:iu:ﬁuu Iaw holds fr.n‘ Binary ﬂpmuliﬂn ]

3NV EByon (e @ 1) = NV By, .. (1)

-‘. Jl'lrF.qu.h..l_.-E I[t-l',- & _'ll;::l = JP\'TFBII.[_N_.E {1}
[Neulrosophic vague binary membership grade of an element binary eperated
with it's kleene complement — always produce the neutrosophic vague binary

membership grade of the marimum element 1]
§o NV Bagyp (7 (0B ~om ) @ ~~ i) = NV By, (1)
. NV By ol tie® meme i) = NV By, n(1)
T NV By p (e~ ) = NV By 0]
B NV By (=~ 1) = NV Byg oy (meme 1)
B NV Bypon U~ (e Ay )) = NV By o (e~ o)

10. NV By (=~ (1t Vity)) = NV Bypyrg (~ tizh ~ 11,

(| Equivalently, u, < My = ey T i)
1. NVBypyyn (eh ~ 1) = NV By (0)
I8 J"lurl"’B.uH‘," I[H.- :H_-,_-:I = J"H'PFBM_.“." [th.-ﬁr J‘II::I

13 NV Bygpp (i@ meong ) = NV Byp o (o1
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14. NV By, (0) = NV By, y (~ 0)
FProof.
By using definition and axioms of BZMV*™ given in 5.2.1, will get the following
results

1. NV By e @ uy) = NV By, p ([0, & u,) & 0), by putting u, = (u, & wu,)

= NV By p ((tty @ 0) B ) = NV Bagy, . (04 @ 4z)

NV By n (e @ wy) @u) = NV By ({0 @ u,) @ ag)
= NV By p (e & (0, $u))

NVByopplus @1) = NVEBy,,p (uy & -0, since 1 = -0

= NV By, (e @ [~ @ et )) = NV By (s @ meme 1) @ oag )
= NVEByyp et S )P~ ) = NV By p (10T ot ) 8 1)
= NVBynl~~ i ~uy) = NV By [~ B e 1y )

= NVBuy,p (-0) = NV By, (1), since =0 = ]

NV Brgrn (te @ =ug) = NV By (5= @ =ug)

= NVBuyyp (-~ @0) @ —utr) = NV Bagypp ({08 ~ur) & —ug)

= NV By, (=t @ =0) & =0) = NV By, (= (ue @ 1)@ 1), sinee =0 =1
= NVEBy,n(-0) = NVBy,, (1), since -0 =1

""'rFBM.ﬂ-'n {_' |:4.|I-_,-|E| it ‘!.I',-] () t.li,.-:| = ﬂ"rFBMm.-'ﬂ |:-_' {‘"“'""' ‘!.I',;] () s t.li,.-1,|

= ‘H""FBH.\'WJ [(~eme g -'{ﬁ""" ul}] = ‘h"rl"ll'H-Uan{]]

NV By (ote® meme g ) = NV By, (50 @ (0,0 ~m )
= NVByyn ({7 @) @ mome g ) = NV Byp 0 (e & o1 ) 6 mome g )
=NVBy, 0 (18~ ) = NVEBy, o (e 1 @ 1)

= NV By, (1), by putting u, =,

NV By (A mome 1)

= NV Buyy (2 (7 (1 &~ 1) 8 e 1))

[ (e Aoary) = = (= (e @ =y ) @ =, ), by putting u, =~~~ u,|
= NV By ({0 morme bt B 11 ) 88— e 1))

= NV By (7 (2 (e & 2o~ 1) & 5 e 1))

= NV Buypp ({2 (e @ = mome 11, ) @ momerms 1))

= NVBuyyp (T (0 (e & 0 omomo ) B 1, )

= NV Buyyyp (= (= (g B = et ) T g })
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= NVBuyyp (2 (0 (it o 11y ) @8 ome 11 ))

[ =t @ 1) @ 1ty = = (1 © i) @ 1]

= NV Bty y NV Bty (— (18 ~er 1))

= NV By, o (= (03 ~~ u.)), since =1 =10

= NV Buyy (= (e 1, ©0))

= NV Buyyg (0 (~m tig))

= NV By, (e iy ), sinee = (s, ) =memers iy,

= NV By, p (), since romeme 1, =

8. NV By p (=~ = 2 [y @ —uy) @ —uyl)
= NVBuyyp (7 (meme iy @ = mems iy ) 8 5 o 1y )
By putting u, = u, in the above,
= NV By,p [~ = [2 (g @ g ) @ —ieg])
= NV By p (7 {merme tie 8 o ormors i ) 8 o o 11
= NVByyyp [~ 201 @ ~a,]) = NVByy,p (01 & 2 mems 1)
= NV By, (=~ =003 =) = NV By, (03 = ~me 1, )
= NVByypp(~ - - @0]) = NVByy g (- oo uy 210)
= NV By p (=~ = [ug]) = NV By p (7 ~m )
= NVBuyyppl~ue) = NVByp (0 e 1y )
= NVEBy,plm~u )= NVBy (oo ],
by applying = on both sides.
= NV By pplom~u) = NVBy, o (e 1)

0= NVBy, (=~ == (g @ ey ) @ =y
= NV Butyy (- (e thy © = o 1) © = e 1)
= NVEByrpn =~ (s Auy)) = NVBypp (0 [0 m a2 me ) & 50 )
[By using auxiliary operation,
(e Moay) = = [2 (e @~y ) @ | & | 2~y =eeee
= NV By p (=~ (i Auyd) = NV By (5 (e tp@ sty ) @~ ay ),
= NV Byyypp (~(ue Ay )) = NV By p (500 i@ e )8~ ),
by nsing ~~= i, = = ~ u,
= NV By plm (i Auy) = NV By [~ oug o~ )
[By using auxiliary operation,
J"l.".r"ﬂluh.w, |[1:.[I W u,.j] =N l"H,”m." E:—I |—| (1, T Hu.}l i ny]} ]

10. Let NV By, ploe) = NV By o)
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= NV By, plttz) = NV By (e Aony)

= NV By, op 1) = NVBy o (~ (g A th.::I]' . by applying ~ on both sides
and by using (9)

= NV By, pl~u) = NVBy o (=~ uV o=~

= NV By p [~ 1) < NV Bagyp [~ )

Wig, NVEBupnlie) S NVBy o (memeag).

So now the contraposition law is equivalent to the de Morgan law:

NV Byppp i~ (u Vo)) = NVBy o p [~ weh o~ )

11, NV By (tgh ~ 1)
- .ﬂlrl-"rﬂ_ul,‘,l_.ﬂ [_I |::—| [il_, B = e rIJ.J g = o -H_,}]'
= NVByyypp [ (0 (B meme b1 ) 6B mome 1))
= JHH-FH_“_‘:L-"[-'I}1 .} J’hrl-"'ﬂﬂ_'h.-l.-n{n]

12, NV By lo o~ ue) = NV By (e g )
Put #, =~ w,, in the above then,
NV By oplm ey ) = NV By (e )
= NVBy -~ ) = NV By (mememe wig ), SIN0E e 1y = o oty

= NV By, op (=) = NV By o (~mem ug ) sinee == s up =~ 1,

13, NV By (e mem i) = NV Byp o (meme 11y
Taking Bronwerian orthocomplementation to both sides,
NV By on Ut someme g ) = NV By (mememe 1y
= NV Byypp (™ e ~te) = NV By [~ 1)

[ e “-TF

14. To prove that NV By, o (=0} = AV By o (=~ 0) . It is enough to prove that,
NV Byyn (-0 2 NV By (~0) and NV By, p (~0) 2 NV By (50)
We know that, NV By, ., (1) = NV By, (0)¥Yu, € Myyg, where Myyg
58 Mugepn: NV Byp () = NV By, o (1), since 1is the maximum ele-
ment. In particular, NV By, o (~0) 2 NV By, 0 (1) = NV By (~0) =
NV By n (=0). Similarly, being the least element, Yu, € Myyg, where
Muyvgisa Mygppn. NVByp (i) 2 NV By (o) < NV By (~0)
In particular, NV By (=00 < NV By (~0)



CHAPTER 5. VARIOUS ALGEBRAS OF NVBS'S 141

Theorem 5.2.6.
Let Myyp is a My, ... Then

I

YWite, tty € Myva,

NV Bagyyy (s Atty) = NV By, (0) € NV By, () < NVBugyy, (~ 112)
Equivalently,

NV Baty (tts Atty) = NV Byreyy (0) € NV Bajyup (1) < NV Bagyyp (~ 11,)

Let uy € Myyg be such that NV By (g @oug) = NV By (ug)
Then Yu, € Myva,
NV Bypopp e Ary) = NV By (0] & NV By () =2 NV By, (o)

Proaf.

1.

Assume (e Aowy) = 00 Now NV By n (uph ~ g} = NV By p (iAo~ ug) W 0),
since in any lattice (u, v 0) = u,

= NV Buayyyp (o~ tp) = NV By (lgh o~ wg) V (npho~ ),

by a result (w,/A ~ uy) =0, of BZMVIM — algebra

= NV By, 0 (i, A~V o~ )}, by theorem 5.2.5 (9)

= NV By n (Ao~ (0 Aug)) . by theorem 5.2.5 (9)

= NV By, o l,n ~ 0], by assumption

= NV Buypn () = NV By (u, A L), [sinee ~ 0= <0 =1]

= NV By iy},

[ since in any lattice (w, A1) = uy, = NV By (u, A1) = NV By o ()]
= NV By p(ty) 2 NV Byppl~us)

Conversely, suppose NV By, o () = NV By, (~ 6] then

= NV Byyp (e Auy) = NV By (e A (ug Ao~ te )

= NV By n [ty A lieh ~ ug )}, by associativity

= NV By (1iy A0), by theorem 5.2.5 (11)

= NV By (0}, since in any lattice (u, A0} = u,

Equivalently, NV By, (o Ay ) = NV By, (0]

= NV By () = NV By (& 1), can be proved

Suppose NV By p (u:) = NVBypop (0 &) .
Then, NV Byp (U @) = NVB MV B) (1 Awy).
Thus we got, NV By, .o () 2 NV By, (o)

& NV Byyypp (e Auy) = NVBy .0 (0]
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Theorem 5.2.7.

frna My, the following holds :

NV By o ug) = NV By, oo lug) & NVEBy o~ up @) = NV By (1)
e NV By (e @ag) = NV By, (1)

Proof.
Assume ~e wy = ue.. Then, NV By o (~eeue) = NV By (1)
= NV By (U@ e tip) = NV By (~ome 1)
[Using HEM\-"‘”-;mqmrLy (6) from Definition 5.2.1]
= NV Byyyp (e @ u,) = NVBy, o0 (0s)
Again, from definition 5.2.1, using BZMV M -property-(5),
NV Bppypn [~ e~ tig) = NV By (S0)
= NV Bypp (~tie Bu,) = NVBy,... (1)
Assume, NV By, o (e @ e ) = NV By (0]
Since =y € My, and (u, A —n) =0
= NV By, (e Aowg) = NV By (0)
=% NV By (ot2) = NV By (=~ ug) [By theorem 5.2.6(i))
= NV By plo~u) = NVBy, p (me~ ug ), by putting w, =~ u,
= NV By op (e wg) = NV By, 1)
Under condition NV By, ([~ v @ u) = NV By, ., (1), it is clear that,
NV By (et mome g ) = NV Byp o (meme tig)
= NV Bapyyp (e 1) = NV By (18]
In fact,
NV B (gt e tg) = NV Byp 0 (5 [2 (g @ 5 s 11 ) 8 = omeme i)
|Using definition of A
= NVByp (0ot @2 m ) @8 =0 o~ tag]), | since =~ w, =mome u,]
= NV By (= [ (0@ o~ v ) @ o~ oug]), | sinee ==, = )
= NVByyy (08 ~ u,))
= NV By, (=~ @0}, by theorem 5.2.5(1)
= NV By, p (=~ tig), from definition 5.2.1. BZMV™M property-(2)
= NV By, (==~ ug) . [since = s u, =some o]

Similarly, we get, NV By (ue) = NV By (=~ us) .

Theorem 5.2.8,
Let Myvp be a Myy, o0 then for ang o, iy, t; € Myvg,
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NV By w (e @ ug) Aws) = NV By, (0)
o NV By, (g Awg) = NVBy (0} and NV By, (g, Aug) = NV By (0)

Proof.

Suppose, NV By (g @) Aug) = NV By (0)

= NV By on (e Aow) = NV By - (g @ r:r}I Aoy = NV By, (0) and

NV Baty (g A ttz) 2 NV By (1 @ uy) Az} = NVBagyy (0]

= NV By p (e Aug) = NV By (0) = NV By, (g Acazs) by theorem 5.2.6.
Conversely, let NV By, p (0 Aw) = NV By (0)

and NV Bap, o (g Aug) = NV By (0],

NV Bypyp (ue Aone) = NV By p (o0 ) = NV Bagy o (0 A -] . So,

NV B (e S uy) @ ) = NV By (0, & (1, & - )) , by Definition 5.2.5(2)
= NV By, (it @ =n, ) = NV By, (5u,), from assumption

SNV By Ul & owg ) Aug)

= NVByyp ([t @ 0 mome i) @ 2 e u,]:l

= NV By, ({2t @ wg) @ =) @ =,

= NV By (0& )

= NV By, (t &0) = NV By, (0)

Ideals in Neutrosophic vague binary BZMV?Y subalgebra

Concept of ideal with three different kinds are developed in this section

Definition 5.2.9. (NVE BZM V"' ideal)

Let Myve be a My and Invp be a nonempty subset of Myyvg.

Then Ly g is a nentrosophic vague binary BZMV™N — ideal (NVB-BZM VM — ideal)
if the following inequalitics got satisfed:

f. lqlrlr';E‘_qu'lH ['l:'} :: lll"'r.i"-rﬂlll\'l‘-'ﬂ {u:} : L L = f.'"a"l'“
2 NVEB, o luy @) = rmin {NVB,., (u) NVB ., (0, )} i Vu, uy € Invp
3NV () = rmin (INVEB o (ue) NV B (< ug) ) iV, uy, € Tyep

Definition 5.2.10.

(prime ideal, ~ ideal, normal ideal of a NVB BZMV "Y' —subalgebra)
Let Myyvn e a M-’".\'vn and Tyyp e a NVE BEM VM= ideal of Myva.

Yite, iy € Muyve, Ivve is called,



CHAPTER 5. VARIOUS ALGEBRAS OF NVBS'S 144

1. A neutrosophic vague binary BZMV™ = prime ideal
[.“v'lfﬂ' BZAVIM _ prime :;ri'r.'n!} of Muyyn
- JvL!BIh-‘rﬂ [:I!L- i _'!Ea.] e :'if.-.'v}:ﬂil'l"lrl"rﬂa_\. vE {_'E!, e I:Iu-::l = ﬂ-f_.w.ll.'u

2. A neutrosophic vague binary BZMV™M . jdeal
(NVEB  BEZMVIN ~ ideal) of Myyp if it satisfies:
NV By (e e~ -y € Inva) = NV Biyyp (e B uy)

2. A neutrosophic vague binary BZMV™ normal ideal
(NVB  BZMV™  permal  ideal) of Myyvp whenever
NVE (e @ug) = NVBy L (o~ ue @) and
NVBip (- @) < NVBi, (~its 15,

fe, NVBr, ., ([~ @uy) & NVEp . (~ 4, @ wy,)

Theorem 5.2.11.
Invg isa NVB  BEZMV™ pideal of My, <

NVEB, o) = NVBp (e Auy) or
NV By p (uy) = NV By (i Awy)

Proaf.
Assume fyyp is a NVB BZMV™ pideal of My, =

NV B (e @ -y ) = rmin {NV By (0:) NV By ()} s Vg, uy € Myyg or
NVBrn (=teg g} = rmin {ﬁ".-"ﬂ,uh..‘,ﬂ (te) N V By s {uﬁ.]} ; Vg, uy € Myvg

Without loss of generality, consider

NV By, o~y Duy) = rmin {NV By, (0:), NV By, ()]

NV By e (e Auy) = NVB o (o Aug) | using commutativity of A
= NV B, (1, & (6, & -uy)) [ by using (g Awg) = g @& (uy & i, )]
= NVEB. .o [—-{ﬁuy & = 1y —|HH:|-::I:|' [y using (e, @ wp)

= (g & )] = NV By (0 (-t & = (-, & e )))

[ by commutativity of EI]

= NV B, (0 (o1, & = (—uy & - ) [since——u, = ]

= NV B, . (= (=, @ (uy, & =g ))) [since= (=, ©& =~y )

= (uy ® —'E!,-]'] € fyvn

NVBy, p (o (g & (uy & oug))) = NV B, (0 Ay ) and

NV Byyp (=t @ ug) = rivin {NV Bag, o (), NV B (uy)}
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= NV B, .o (0 (o, & (uy, & 1)) & (>, @ uy)) € Tvve

= NV, .= I{—-r:h. i {H,E' =g ) ) B {”H @ =g )) € Inva
Hence, NV By, .. (u, V (0, & -ug)) € Tvvn

= NV B, . .(u,) € Iyvg, since (uy, & —ug) < uy

SNVEB g ) = NV B (o @ ay)

Similarly if NV By, ... (-u, S u.) € Inve

= NV By, . (uz) € Inve

= NV B plue) = NVBy (-, S uy)

Conversely,

NV By p ((oue By ) A (e, & —'Hu}l} = NV B, .0} € lyve
[from definition of NV B BZMV*Y jdeal|

= NV O, 0 (mue @ uy) € Ioypor NVBy {ty @ =ity | € Inve
= Iyyg isa NVB  BZMV™ prime ideal of My, .

Theorem 5.2.12.
Let Tyyp beoan NV ddeal of o neatrosophic vague Snoary BZMVHEM subilgehbra

My ond ~meou, = w, for all u, € Myyg. Then the following conditions are

equivalent :
I Iyvp tsa NVB  BEZMV™ normal ideal
2 Tyvp isa NVB  BEZMV™Y ~ ideal
3NVE, . ~ug) € Invg & NVBy .. (~u) € Iy

Proof.
(1) =(2)
Let fyyp is a NVE  BZMV™- normal ideal of Mty Then, Yo, u, € Myyg,
J"ﬂr’.E".lu.._.,‘.Er [T 'i!!H] elvvp=N F'B-“.\'i'ﬂ (——, & “:y] e Ivin
[by using u, = =i,

= NV By p (~ =i @) € Iyve
[by property of BZMV*Y subalgebra ——u, =~ —u,|
= NV By p (~ =00 sens ”h'] & Iyyp | sinee given ~~ u; =
= NV By, p (mome B o —a, ) € Ty [by commutativity|
SNV By (meme iy @ o~ =g ) = NV By (g @ y) Ve, iy € My
= [yyp is a neutrosophic vague binary BZMVY ~ ideal of Myy g

[by definition 5.2.10 (ii)]
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(2)=(1)

Let fyyp be a neutrosophic vague hiilu:y.ﬁ‘f:”l""'“ m~ pieleal.
Then, Yu,, u, € Myvg,

NV Bapypn (D @ wy) € Inyvg

= NV By p (~ (=g ) @ e wy) € Tyyp

= NV By p (=~ (7w ) & ~mo g ) € Ty

= NV Bypyyn (~ 0 @) € Invp

= NV Bypp l~ 2~ w8 ey ) € Tnps

= NV Byppp (=~ (i) @ e iy ) € Ty

= NV By p (e B e ug ) € Ty, sinee [—- o Bl e '!!x]
= NV Bypp (0~ i) @~ iy ) € fxvp

= NV By, (o0 @) € Inve,

50 [yyp isa NVB  BZMV™ normal ideal of Myy .

(1) = (3)

146

Let fyyp bea NVE  BZMVM pnormal ideal of Myyp = NVByn (=t @ )

& NV B o~ b, @ uy), Ve, u, € Mayvg

= NV B, .., (= @& 1)

S NVB, o~ @ 1) Yoo, u, € Myvg by putting y=1]

= NV B, ..o (= (= & =1))

s NV By o (= e we @ 1), Vg, uy € Mypg  [by  definition of @)
= NV By (= (=, ©0))

= NVB (o~ @0)) Y, 4y, € Myyvp

= NV B, p (0 (—u)) & NVB o (- (-~ ) Y, v, € Myvp
[sirece (ug & 0) = ug]

= NV By (- (1))

& NV B o (o~ ug)) Vg, uy € Myvy

= NV By, (—u)

s NVB, g [~} Vg uy € Myyp  [since——=(u,) = u,

(3)=(1)

Suppose,

NVBy,pl~u.) € Inve & NVB, . (-ug) € Tvve

NV B~ @uy) € Iyvp = NVBr (=~ w® s~y ) € Iypp
[since  wy =reme uy, by de finition]

= NVBy,. ., (0 (==~ u, @-uy)) € Iy [by definition of &)
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= NV By, o (D (mm @~y )) € Ty p|o o~ uy =mome ug

= NV B, .. (=D~ !!y]} & Iy [given ~e = g

= NVB p (e @ - ~uy)) € Inve

= NV B, ., (" @& =~ uy) € Iyyp [by property of @ |

= NV B (o meme 1y ) € Tyvp [~ 1y =ceme |

= NV By, .. (", & wy) € Ivyp [by using the given property ~es u, = u,|
s v is a NVB BZMVEM jdeal

Direct sum of NVB BZMV™ subalgebra

In this section, we obtain a NVB BZMV*™ subalgebra by combining two NVB

BZMV*Y — subalgebras having {0, 1} as common clements.

Theorem 5.2.13.

Let Mgy = (UMMwve iy, =g, me, 0, 1) and Mpy,, = (UMPvvs, @y, 5y, ~p, 0,1)
be two NVB BZMV M subalgebras such that [{.-'M-“.wu r‘i{_.““i“.wm} = {0,1}. Lt
UMwuvn = [L"“”—'ﬂ'-ﬂ UL""""-'H'H]I and let a binary eperation & be defined on £ as
Sfollous:

(g By up) i [y, gy € {rMatyy g
(o Stn) =9 (it By tip) i ftig, g € U™MPwvn
g ot herwise
Tty 1‘_|r g € L"'H My
" iy, =
Tally J:_f , € {..r'H"."H'r:
m~ if w, € UMvsvn
~" g =

g Ty if € UMPave

Then, (UMWave o <%~ 0,1} is a NVB BEMVY subalgebra Mz, ..

Here, © denotes direct sum.
FProaf.

1. Let w,, ty € U¥yve and u, € MPvve
NV By e @ug) Sug) = NV By (g Eow) Bug) = NV By o0 (0, 3 ug)
NVBypn @B o) Bug) = NVEBupp (e @ ug) = NVBy, L (e & )
= NV By, (s Ty ug)
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2, Let i, £ HMuses and 0 e MPgy
J"‘nr'.-’ﬂﬂ_r_,,..,,n I[rJ:,J it ﬂ} = f'n'-l-"ﬂ_"_,ﬁ.vn {uu:l

Similarly, all the axioms for a BZMV™ subalgebra can be verified

Case (i) : ua.wy € UMwve, Vi, iy € UMV5ve)

':1:'{'.” Juvetoaou) VNV Baryy 'l“l'}}

= {infu,ctuzug) NV By (1)) = rmin ANV By p () NV By g (i) }

2) {"u"r:,, 'S f,l"”-".".'ru:j

(i) NV Baryyp (1) = NV Batyg (=) = NVByryp (1) = NVBaryog (1 1)
(N Byyypp (ta) = NV Byyyn (=" ta) = NV By ltg) = NV By (=~ 1)
[ Since, (UMuvva, @y, =y, ~, 0,1) is a KVB BZMV™Y subalgebra |

Case (ii) : u,,up € UMPvvs, |:";l’uﬂ_ 1y, € J';'*""'F.wrs:]

(1) (infu, etmenmy NV Begy g (1))

= (i fu, cinamau) VNV Bryyn (00)) = rmin {NV Bp, o (u,) . NV Bpg,p (1)}

(2) (Y, € UMrave)

(i) NV Bapyrp (1) = NV By (%) = NVBp, g () = NVBpyy g (=2 ta)
(H)NV Bp,., (tia) = NV Bpyyy (~* 1) = NV Bpy ., {its) = NV Bpy oy (~g 1)

[ Since, (U™Mrwvn, @, =g, ~p, 0,1} is a NVB BZMVY subalgebra |

Case (i) : Yo, € Mutgvn gy € DMPwve  or o, € UMPvve oy € UM¥svs
(1) (Y, € UMMsvn u, € UMPsvn  or  u, € UMPvva, u, € UMMavn)

[in [P U L & S — L}}

= (i fanciuad NV Batyy p () = rmin {NV Byg o (), NV By ()}

Being a unary operation, 2™ axiom does not exists.

Clearly all the conditions for a NVE BZMV?Y subalgebra is verified. It is clear that

combining of two NVB BEZMV*Y subalgebras, will produce the same.

5.3 Neutrosophic Vague Binary K - subalgebra of
K - algebra

Fioneer work to K - algebra has done by Akram and Dar and can be found in the
papers [3, 23, 24]. Being strongly related to groups, K - algebras are renamed as

K(G)-algebras where G indicates the underlying group structure. This algelraic
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structure has a two faced behaviour one is its non - commutative face and the other
one s non-associative. This algebra possess right identity w, | bat left identity law
violates for this algebra. Underlving structure (&, -, u,.) of KiG) has two different

choices, one as a non-abelian group and the other one to be ag an abelian group.

K - algebra in Neutrosophic Vague Binary Sets

In this section, an attempt has done to apply K - algebra into NVBS. Ideals,

homomorphism, direct product and =ome related theorems are also discussed.

Definition 5.3.1.

(Neutrosophic Vague Binary K -subalgebra of K - algebra)

A neutrosophic vague binary K-subalgebra (NVB K- subalgebra, in short) is an
algebraie structure Ky, = (UFMave . @, u.) which satisfies the following two
Morny inequalitios

Kty mequality (1) NVBy, olu) = NV By alus)y ¥V owe € U

That is, f‘_um."[uc]l = f:”:..'.'er[nw!]:j-'"f_-n.'u[“t-:l < f,”h.‘.‘rlir;,]:ﬁ‘,-_,_,..w,{uf} = F-U.'-.'rarl::"l]
Kortnn tnequalily (2); NV By p (s © ug) = rrin {.-"-"lr“'ﬂ_ul.,‘..,,nl[r:.,]l. J\’VE_"H,,FI{HL”

. y = b’
Tatren e (g ) 0tg) 2 mrin {T:“_,,..,_.H{u,.,]- T,“_,,‘.m{u&}}
ie., f.’-I.-.-u.-u [ty &) uy) = max {fﬂrm.‘,fm,j, E.‘.F_ﬂ_-n{”b}} p Vg, uy € U

.F:l”'?‘ v |:‘t.|".I (=) H!!,:| ‘E e {Fia.;_,“." [H,,}. .F-':[i_.'..l_.n{uh.]'} )

[+ @andu areasinlU s & T=[T T, I=[1",1*],F=[F",F* |
Here,

o [Mviyvs = (U= {UhUlL}, @) is a K-algebroic structure with a
binory operation -, an induced binary operafion @ U = U7 = U iz defined by
@t (g, tty) = (e @ ty) = e fuy )™ and an identily element u, defined on the
group (U7 = {0 UG}, u) in which each non-identily element is nol of order 2
and satisfying the following @ arioms :

Wire, uy, u, €U

(i) (e O uy) @ (e @ ug) = (0 @ ({2 @ ug) © (v ©uy))) O u,

(i) e @ (e @ wy) = (e @ () ™) @ uy = (0 @ (0, &) @,

(air) (me & ug) = u,

fiv) (uy @ w.) = #,

() (e @ ug) = ()"
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Remark 5.3.2.

e = Uy = NV By nlig) = NV Byrpuluy) 3 Y u, el = {0 L}

[Above is true only for Cantorian Sets, For multisets this won't be true in general]
Converse need not be froe,

That is, NV By, plte) = NV By, pluy) # ue = uy in general !

i, same newlrozophic vaque binary membership grades do nof always imply
equalily of those elemenlds.,

For example, consider,

0.7, 0.9], [0.4,0.4], [0.1.0.3); u, = u,

0.7, 0.8], [0.4,0.7], [0.2,0.3]; w0, = u,
NV Byypltis) = 4
0.7,0.9], [0.4,0.7], [0.1,0.3]; 1, = wuy

\ 0.7, 0.8], [0.4,0.7], [0.2,0.3); 1, = u,
_-"l.’lr'H,-,,h_.,"[ud} - .HH"L"'B_“_‘,L."[HE} = Uy = Hp.
That is, here, NV By pltta) = NV By o) = u, # u,

Theorem 5.3.3.
Let (UMvva, @,u,) be a NVB K - subalgebra Ky, on abelian group (I7,-)
which is not elementary abelion 2 - group. Then the following results hold within
(UEMxva - @, u,)

1 NVByypp e ®uy) @u) = NV By p (e @) @ owy)
2 NVByy o (i @uy) = NV By, (1) & NVBy, o oliug) = NV By, ity
2. NV By (e @ 1) = NV By o) & NV By n () = NV By (1)
4. NVByop b @ug) = NVBy o (ue) & w15 of order 240 (U, )

Proof.

L NV By p (e @uy) @u) = NVBy, o ([0 I:uh}'J} ORTH
— NVBuyyg (1 - (1)) - (1))
= NVBypp ([t ()70 -y )7Y) [becanse (U, 1) is abelian]
NV By (e @) < ()7 = NV By (e @ w.) ®uy),
Vg, iy, u, € U
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2. NV By (i @ uy) = NV By, p (1)
= NV By (g {Iiy}_l:] = NV By nltg]
e (e - (wy) ") = ., for all we,u, e U
&y = iy, for all w,, u, €U
a2 NV By plttz) = NV By (), for all we,u, € U

3. NV By (e @ 11,) = NVBagyy (11,)
= NV By, (e [;u_t}l'l} = NV By, 1)
= ()" = u, 2w, = u,, since (I, -] is abelian (u, )" = u,
& NV By ultiz) = NVByy, (i)

A NV B v @ag) = NV By, ()
& NVBuyyp (e - (u02)71) = NV Bayyy (1)
& NV By olttz) = NVBy . ()"
bty = ()"
& 1, in U is of order 2 in (L7, -)

Theorem 5.3.4.
AV By n ity @ ug) @ug) = NV By (e @ (g @ ey (28 @ 1g)))
¥oowe,upu €U

Proaf,

NV By ity @ uy) @) = NV By ((ig - (0, )7V @ ouy)

= NV Bujyyp (1 - ()™ ) - ()™Y) = NV Bagyrp ({10« (uy - 1))
= NVBuyyp (t: © (ty - 0:)) = NV Baryy (1 @ (uy © (0:)71)))

= NV By p (e @ (uy, @ (0, @ w.)))) Voe, u,u, € U

Theorem 5.3.5.
NV By (e @ (g @)} = NV By iy @oug) @ (e & oug))

Proof.

Vite, tiy, 1y € U,

NV Bagyry (e @ (g @ )

= NV By (12 © (tty - ;")) = NV Baggyy (- (g ') ™)

= NVBuypp (- (1 - us)) = NV Bagyp ([0 - ug ') - )

= NV By p (e ®uy)ult) = NVBy o (e @ uy) @ (0, @ u,))
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Theorem 5.3.6.
Let Kygy bea NVB K - subalgebm on a non-abelian group I
Then the following identities hold in Kyp, o0 for all e uy,u. € U

1NV By o @ (uy @u )] = NVBy, o, (0. @ (0 @ (@ owy))]
2 NVByp e @) @] = NV [ee @ (0 @ (@ wy))]
3NV B e @ (ue ®uy)] = NV By (0, © )

Proaf.

(1) = (2)

Assume, NV By, [t @ (e, @ u)] = NVByp [0 @ (0, @ (u, @ ug)))
Consider, NV By (0 @ uy) @ w] = NV By, [[nr - u;,l:l ® uz]
= NVByyyp [(te -0y - w'] = NV By [ - (0" - ;)]

= NVByypp [te (s )7 = NV Bapyy [t @ (2 - 11y)]

= NV B, [:i_t @ (u, ® “u_l]] = NV By e @ (0 @ (0, ©wy))]
(2) = (3)

Assume (2). Consider,

NV Byt [10e @ (e @ wy)]

= NVBy.. 0 [uE @ (1 @ (g - t:;'}]]

= NVByp [u,._ Ny - r:;j}"]

= NV Butyyp [t - (uy - uz')]

= NV By (e - 1y) - 1':;’]

= NV Byypp (e - 1y ) @ oug

= NVByyp [ @ (1)) ©u,))]

= NV By [:u, = f_u: o [;uﬁ ® l”] by using assumption

= NV By, p o @ (1, @w), [since (I7,-) is a non-abelian group|

= NV By (12 @ uy) '] [sinee (U, -) is a non-abelian group|

= NV By, n I:u, . u;'] !

= NV By, (- u;'), [since (I/,-) is a non-abelian group|

= NV By p {“u @ 1ty

(3)= (1)

Assume (3). NV By [te @ {0y @ug)| = NV By, (i @owg)
Consider, NV By (e @ (0, @ ws)) = NV By p e @ (0 ®wy)]), by (3)
= NV By, (1 @ (4, @ u)), since for non - abelian groups

NV Bty [0e @ [0z @ uy)| = NV Bagypp (y @ ug)
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=NV By p (b, @ (0, -u ') = NVByn (u; Ay - u;']_l)
=NV By,n |:|-_|:, . {u, . u;J” = NV By (- (g @ ay))
= NV Byn {u,. = (e, @ i'!l.,]_l]

Abelian Neutrosophic Vague Binary K - Subalgebra of K - algebra

This section explores abelian  neutrosophic  vague binary K - subalgebra of
K-algebra. I in a NVB K - subalgebra Ky, .. the underlying group
structure is abelian then it is called an abelian neutrosophic vague binary

. . ~ ) . - I.:.ll-rlun.
K - subalgebra. It's structure is eiven by KCMetian — [ [MPNeve . @ w where
5 ! : £

.'u'_-.-..-,u
Abeddii
Muv g

will be commutative,

= (Il = {7y U}, - u.) is an abelian group. i.e., the binary operation *'

Definition 5.3.7.
{Abelian Neuwtrosophic Vague Binary K - subalgebra of K - algebra)
A NVB K - subalgebra Ky, ., is called abelian

= NV By, (e @ (e @ ug)) = NV By, Gy @ (ue @ ug)) 7 for all ugu, € U

Remark 5.3.8.

Above can be written as, (uy & (4, @ ty)) = |:r1:Jr OR T L:I = (r:I = [H;':l l) = [ty - ity
Similarly, (u, © (w, G ue)) = (u, @ ul) = {u, - {u;‘}"’} = {1ty - uy)

That is, NV By, .. (e cwy) = NVBy o (0 - ug), commulativity is satisfied for

the binary operation =7

Remark 5.3.9.
{Abelian Neutrosophic Vague Binary K - subalgebra of K - algebra)
An abelinn newtrosphic vague bhinary K - subalpebrafobelian NV K - subalgebra, in

short) is a structure K ,‘}‘:fl"‘” = ({."‘:fr"a.-':-“ﬁ. “ ). ufj wiich satisfies, the following two
adelion .E:fm'_i" inequalities:
Abelian I\ inequality (1) :

Myvm
NV By nlue) = NV By () Vu, € U
tl"-'l"- T.U_-_-,,-H |:“l'.:| ; T.'If.l.'lr'n-l:,”n]: f.'hr;-;r”[“r,] ﬂ f.'l.f.\'rﬁl::”n]: F-j'lnilqrn{”r} ﬂ ﬁ.‘”.\'rﬂ{”:}
Abelian K{[7"" inequality (2) :

NV Bap (g @ ug) = rmmine {NV By (g, NV By (o)} Wy, u, € U
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That is,

j:j“h"-'ﬂ { ull ::-:l '“!!} "ﬂ.r:t T {f‘ﬂ\lvﬂ {urt ] ] f"‘.\'l'ﬂ { ull] }

1-'_“.“."{1:,1 = :ib}l =TT {f-'”.'-'vn I{Txd}l, j-“.-.-rn{“ﬁ]}

f::'lfrn' ir[“ﬂ 10 le:] % mar {f::’!f.-.l v ["ﬂ:h l'21-"-[".'1.-'11{"':|5':| }

[+. @ and u, are as in USWe &T = [T-, T 0 = [~ 1*: F = [F~, F7|

Here,

Abafiam

o [Shagve = (U= {Uhuli}, - @ u) is an abelian K - algebraic structure,

with a Minary eperation -, an induced operabion @ - U x U = U7 is defined by

@i, wy) = (U, @ uy) = ufu,)”" and an identity element u, defined on an abelian

group (U = {U UL}, - ug) in which each non-idenlity element is nol of order 2,
satisfying the following @ - arioms: Vue, uyu, € U
(8) tr & [ty © ty) = 1y

(i) (e, @ ug) = we  (iv) (v, @ ug) = wu,

(1) (o ©ay) @ (e ©ug) = (u; ©wy)

Example 5.3.10.

(v) (u, @ag) = ()"

Let Uy = {ug, g, up) and Uy = {ug, up, u.} be two universes under consideralion

with identity element w,. Bosed on this, consider a NVIS,

J.IIII'."L-'B =

( 0.6,0.9], (04,041, [0.1,0.4] [0.7,0.8),0.4,0.7], [0.2,0.3] [0.7,0.8,[0.5,0.7],[0.2, 0.3] } |

iy

Ty,

{ 0.7,0.8], [0.4,0.6], [0.2,0.3] [0.4,0.9),[0.4,0.9], [0.1,0.6) [0.7,0.8], [0.4,0.7], [0.2, u.3|>

iy

Ty

Combined wuniverse is given by, U = {u,, u,, wy, w0}

Let URssve = (U, @, u,) be a K - algebra (formed based on this combined
wumiverse) and the induced binary operation 18 defined by Cagley Table 5,10,

Combined neutrosophic vague binary membership grades are given as follows:

J"ir FBMN‘,"{H_} = {

0.7, 0.9], (0.4, 0.4], (0.1, 0.3 1, = u,
0.7,0.8], [0.4,0.7], [0.2,0.3]; 2, = u,
0.7, 0.9], (0.4, 0.7], [0.1,0.3]; w, =

0.7, 0.4],[0.4,0.7), [0.2,0.3): u, = u,

lig
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om
o

Table 5.7: Cayley Table

= U Uy | Wy | W

by | Ue Ty | Uy | B

Uy | Uy | Be | U | Hp

Uy | Uy | e | U | Uy

My | U |t | oty | T

[Combined newtrosophic vague binary membership grades are calenlated for common
elements by taking their neutrosophic vague binary wunion,
I this exvample, {7y Uz} = {u., ug}
NV By nlue) = ([006,0.9], [0.4,0.4], [0.1,0.4]) o {[0.7,0.8], [0.4,0.6], [0.2,0.3])
= [0.7,0.9], [0.4,0.4], [0.1,0.3]
NV Bypn () = ([0.7,0.8], [0.5.0.7], [0.2,0.3]) U ([0.4, 0.9], [0.4, 0.9]. [0.1, 0.6])
= [0.7,0.9), [0.4,0.7], [0.1,0.3]]
U*%dvve is ealled a Katnwy U Kpgyyy - inequalities gol salisfied. After verification
it is clear that, Myyp i3 a neutrosophic vague binary K - subalgebra,  That is,

. . Al
considered My g is E.uh-,:":

Theorem 5.3.11.
Kagyyp 18 K300 then the following results hold good

My

I NV Bygonltte @ug) = NV By o (ug) < ouy s of ovder 24n U, Yu, € U

2 NVBypy, (it @) = NV By, o (1)
=3 J"l."'l.f'ﬂ_“ﬁ,vn{u;} — f'h"'l.-f'ﬂ_ul,ﬁ,l,ﬂ{u,._}; Yu, e 7

Proaf,

Lo Kty i Kipclion
= NV Bypp (e @ (v @uy)) = NVByyp (0, @ (1, O ug)) iV e U
Let NV By, ity @ ug) = NVByy, o lug) = NV By (e ()71
= .ﬂl'"l"'rﬂ_l,[l,‘,b.n{il_-l} = f'n"'lr"'ﬂ_“m,ﬂ{[nj:l”} = NV By, pltte)

& there exists 2 possibilities

(a) (1e)"! = u,

(B) ()™ # 1e
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& since underlving group structure is abelian only (1), is admissible

iy 15 of order 2 in U

2NV By (e @ (e @y )) = NV By (i @ (e @ g ))
e NV Byyp (1 @ (@ u)) = NVByy, o (0 @ (0, @ wg)), [put u, = u,
s NV By pltt: @ ue) = NV By (e ©ue)
e NV By pltte ()71 = NV By, (ug), for all u, € U7
= NV By, pltiza) = NV By, (0., for all u, € U
= NV By pltie) = NV By plug), for all u, € U

Theorem 5.3.12.
Ina NVB K - subalgebra Ky, the following statements are equivalent:

Wi, ug u; €U

.‘:AHIHH

'r' 'R'_"-‘F.\"I."ﬂ 4 Myvn

2 NVByop (e O {u, @ ug)) = NV By (g @ (0 @ ug )

F. NV By (e @ (ue @ uy)) = NV Bppy ()

4 NVByppp ([ @ tty) @ 15) = NV Bppypp ([0, @ 1) @ uy)

5. NV By (1 ® 1) @ (1, © 1)) = NV By (10, © (1 © 11,)
6. NV Bty (11 © tty) @ (105 ® 1)) = NV Baryyy (1 © 1)

Proaf.,
Let Kagy,n be a NVB K - subalgebra
(1) = (2).
Let Ky 8 Koo
= NV By, (g @ (0. @ )l = NV By p (i @ (e @ uy M,
(From Definition 5.3.7
(2)= (3).
Let NV By (8 @ (1 @y )) = NV By (0 @ (e @ ug))
= NV By (e @ (e @ uy)) = NV By (g @ (e @ oug)), by putting u, = u;
= NV Buypp (e @ (e @y )) = NV By (uy @ wg )by definition 5.3.1 (i)
== NV By (e @ (e @ uy)) = NV By (1), by definition 5. 3.1 (iv)

(3)= (4).
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Let NV By (e @ (uy @ ay)) = NV By, p ().
Consider, NV Bagyy ({1 @ 1) @ 1) = NV Baggy ({20 () 7') - (w2) ™)
= NVBu,.p {{uﬂ{u:]"] (1,) "), being a group, (U, ) is associative
= NV Bugyyp ((11711,) 11,)
(4)=- (5).
Assume NV By p (v @ wy) @) = NVByyp (lue @) @ owg).
Consider N VB ((tte 2 arg) @ (e & rj:n.:l} =NV By.n {”i' o (e 0 (e 0 ag ) ))
= NV By p (e @ g ) @ (uy @ ay)) = NV Bagp (1 &g
= J'Er'»r"ﬂluh.‘,n I[[;uE (=} u,} = (. @ “y}J = J"FIFHJ;_.“." (u, @ [1':_1. {=] u,.:I}I
[since (e @ ) = e = (w2)7" = e & (0, @ ) = wp = (uy) " = ()]
e © (U O ty) = (U @)™ = ((1)7" © (1) ™) = {1y O i)
(5) == (6).
Assume (3). ie, NVByropp (e @ug) @ (0 @wg)) = NV By p (e @ (e @ ay)).
Consider, NV Byp o Uty @ uy) @ {1t @ ug)) = NV By (e @) @ (0, @ ug)),
[y putting w, = u.]
= NVByyppltte @ {y®u)) = NVByy o plte: &)
(6)=(1).
Assume (6). i.e., NVBap . (e @y ) @ (ue Gug)) = NV By p (1 ©uy)
Consider, NV By e @ oug) @ (v @ ugl) = NV By (0 Gay)
= NV By p (1 @ (0, @ uy)) = NV By, (uy, @ (0, © o)),
[by putting (u, @ uy) = ., w, = b, #; = t, &

by putting (n, ® u,) = u, since u, =u, &, w, = thy ]

Abediiern

= Kaigyp 15 a K

Theorem 5.3.13.
If the class of NVB K -subalgebra is )00 Then the following identities hold:

Muvn
I NV Bpppp (e @ {u, ©ug)) = NV Byl @ (0 ©wg))
2 NVByon U@y ®u) = NV By p (0 @) @ uy)
F NV By s Ut @ [0y @y )) @ uy) = NV By n (1)

4 NV By (ne @ (e @uy)) = NV By (e @ 0] © (0 @y ))
= NVBprpp (1, ©ug)

Proaf.

1. Obwions from definition
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2. Obwvious from definition 5.3.12 (4)
3NV By (e @ (ue @ ) @ wy) = NV By (ug @ oug) = NVBy o ()

4. NV Bpporp (e @ (e @ ug)) = NV By (e @oug) @ (ue ©owy))
= NV By, p ((ty @ g ) @ (g & owy)), by putting u, = w,, t, = u, and u, = uy

in definition = NV By, . (1, @)
Hence the proof

Theorem 5.3.14.

In an abelian NVB K - subalgelra Efﬁ:.:";. the following assertions are equivalend:

1. NVBy,, 1z @ (ty © 1))
2NV By g @) @ (e @ )
3NV By (0@ (0 @)

Proof.

(1) =(2)

NV By (e @ (by @ we)) = NV Bypyop (e @ {1 & (1 @ uy)))
= NVBuyyp ((u: @ uy) @ (e @ ug)), by definition of Kt

= NV By, (v @ (0 @wu)) @uy),

= NVBuyyp ((us @ (e @ u:) © ), by definition of Ko

= NV By, (b @) @ (e ©wg)),

(2) = (3)

NV Barern ity @ 1y) & (e @ 1))

= NV By p (1 @ (e @ (e @y )]), by definition of Ii.'l‘iﬁif‘;"

= NV Buy,,plue ® (u, ©u,)]

(3) =(1)

NV Biteyn (i @ (g ®1g)) = NV Bapyep (1 @ (1 (0:)7'))

= NVBuuva (u;. [u,.{u,}"}") = NV Buyyp (1. (1. (15)7")
= NV By I:[:uz.ul}- [::IIH}_.I} = NV By..n [{i!,.il_z:l -l:u!‘.]_lj

= NV By (e (1. (1)) = NV By (u, ) {-u;.{uj,}_’}_')
= NVBy... |:1'.|:, = {“u- [u,]_'}} = NV By (tr @ (g @ )
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Homomorphism for NVB K- subalgebra

In this section homomorphism and some related theorems for NVB K subalgebra

are iliseussed.

Definition 5.3.15. (Homomorphism between two NVEB K-subalgebra)
Newtrosophic Vague Binary K-homomorphism or Homomerphism belween two
netfrosophic vague binary K-subalgebras

Kntovw = {.E..IIH""'."«'I-'H L *, (@), u,:l and Kp,,.., = {'Ir“' Krwve, 0,@,v,) is a mapping

W Ky = Kpyyp such that, ["l"";"rﬂ.\r:.-».-”wn[u,:- = ."l.-'L’Hﬂ.“_H{q.u{ge,,]} .
Yo, € ﬂ'_'l.j'_.,'.rﬂ

Theorem 5.3.16.
Let Kppepn = (U K sgyp g * @0, ) and Kpy,, = (VEPven 0,@,0,) be twe NVB K
subalgebra and (% € NVB K Hom (Ky,, 0 Kpypn) . e, 08 Ky = Kpyoy

Then for g, ity € Ky SHtee), u,) € Kpy, . Then we conclude that,
1 S (u) = v,
2 0 () = Q8 (u,) !
208 (u, ® u,) = v, @ 0¥ (u,)
4. O (u, ® uy) = v, if and only if % (u,) = O (u,)
Proaf.

1. Let Ky = {{,’H-'“:.:-.-u,t,@,u,} and Kpy,.n = |:1.r'f"'1'.~.-nr,-u:|,fu;u, r.-p} be  two
NVE K subalgebras and let 0% i Ky, . — Kp,,, be a NVBK
homomorphism.

Let we, uy € Kupyp &  also let Qfue) = ve, uy) =1y € Kpyyp
R, ®u) =M )eM(u) =80, =1,
But, (u, ® uy) = w, = 0k (e @ ag) = HH[H.-:I s !I‘F".I::u,] L il"'.{u,}'j

2, 08 (w, @) = 08 (u,) = OF (0, ® (0, ® w,)) = 0% (u,)[Since u, = (u, @ u,)]
= K i (atg & [u,}'l} # ) = Fl"“‘-[u_,.]l [Since e @ [y @ uy) = (b & {uy]_l]l =t
= OF (1, ® uy) = 08 (ug) = OF(u)"" = 08 ()

3. 08 (u, @) =0%u) @ 0w, ) = v, @ 0% (u,) [From 5.3.16 (i)]
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= (K (ng) = Ok {un,;l_l' =3 i!h‘-{u,} — HH[HH}

4. Let 0% (u, ® uy,) = v, = 0% (u,) @ 0% (u,) = v,

5.4 Neutrosophic Vague Binary G - subalgebra of
G - algebra

G-algebra is an extension work to QS-algebra [84]. In this section neuntrosophic
vague binary G - subalgebra of G - algebra is developed with its properties and with
some theorems. [U's axioms are few in number and also very simple to handle. Buot
this is not a reason to discard it. Most of the time, major theories have found to

develop from minor elementary facts, So G-algebra also deserves it's importance.

Definition 5.4.1.

Let Myvp be a neutrosophic vague binary sel {in short, NVBS) with a binary

urriverse (L. 05%). A newtrosophic vague binary & - subalgebra of @ - algebra is a
structure Gy, = (U¥sva w0, 0) which satisfies the follmwing Gay,,,, inequality :

Gty inequality :

NV Bty (e wuy) = romin ANV By, ol ), NV B (g bV w u, € U

That is,

TIE',“AT" (tp * 1y ) = tnin {?:',u_h.,_"{r::], ?—1.“.-.-1-::{“:]}

f.lf_u.'l.'n (e * ty) < mar [j-lf_-.'ru{“.r}- j.'u'.\"l'ul:":]} § Y ey ty € U

f:",-.;_,“.,, [ty * i1,) < rreax {F,“_‘.ml[u,}- F‘”_‘.‘."{u,]}
[« and 0] are as in U¥%svs K T = [T-,T%]; f= [I=, 1] F= [F=, F*]
where,
o Usvn = (7 = {Uy N 1LY, = 0) is the underlying G - algebraic structure with a
kinary operation « & with a constant @ which satisfies the follownng aroms;
Witg, iy, € U
(i) (e wue) =0 (1) (ue = (e wuy)) = uy

Example 5.4.2,

Let Uy = {0 ug, up} . U = {0, tg, 11} be fweo universes.
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Combined universe U = {U) UUs} = {0, uy, up, u,}.
Binary operation = is defined as given by the E:"uy!'ﬂy Table 5 8-

Table 5.8: Cu}r']u.'}' Talile

w | 0 | ny | owy | owg

0 | O | e, | 6y | Gy

g | g | O | w | g

ty | wg | wg | 0| g

U | U |ty | g | O

Clearly, (U7, . 0) is a G - algebra. Consider a NVBS formed based on Uy & Ly
Myvp =

( 0.9, 0.9), [0.2,0.8], [0.1,0.1] [0.8,0.9], [0.3.0.7], [0.1,0.2] [0.6,0.9], [0.4,0.6], [0.1,0.4] )
0 : ty ' thy

( [0.6,0.9), [0.3,0.6], [0.1,0.4] [0.8,0.8],[0.2,0.7], [0.2,0.2] [0.8,0.9),[0.3,0.7], [0.1,0.2) >
] : i ' i

Combined neutrosophic vague binary membership grade is given by,

0.9,0.9),[0.2,0.6,[0.0,0.1]; if wu,=0;

[[J-E, I].!':I]: [ﬂ-ﬂ,[]-?], [ﬂ. 1-ﬂ-2|: if w,=u,
Muyyvplu,) =4

(0.8,0.9),[0.2,0.6), [0.1,0.2); if wu,=u

[0.8,0.9],[0.3,0.7],[0.1,0.2); if w,=u,

Caleulations shows that Myy s is a NVB G - subalgebra

Remark 5.4.3.

Ina NVB ¢ - algebra, construction of the underlying ¢ - algebraic structure, using
a finary operation « deserves prime importance. Instead of « different symbals like
+, =, %, 44 ete can be applicd. Binary operation can be formed in different ways.
Construction of & - algebm using the following points always defines a 7 - algebra,
In the Binary Operation,

1. If “first eperand = second operand 7 then the oulpul wall be zero,
[Using definition of G - algebra, (v, +u.) = 0 = principal diagonal elements
should occupy with constanl @, in the Cayley Table of a & - algeb)
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2 Af “first operand # second operand T with “first operand 5 0 & second operand

= 1", then output will be first operand

2 0f Thrst operand # second operand 7 with "first operand #£ 0 & “the second

operand # 0 ", then output will be second operand.

E:"uyh.'y Table 5.0 wall make wdea clear. 7 = {I:], iy 2 0, a0,

Table 5.9 Cayley Table

. 0 |w#0| w0 | ———#0| ———%0|u, #0
0 | o | wi | 3]
a#0 [ w2 | o] | w3 3]
wr#0 | 2] | w3 | of] un[3]
#0|—(2] —@8 | —3 3]
40| — | —@ | 3]
wn #0 | uy 2] w(3] | wafd) /1]

Numbers in sguare brackets indicates specific points used from remark 5.4.3.

to frame the output.

Different Notions of NVB G - subalgebra

Definition 5.4.4.
Let Myyvg be a NVB G -subalgebra with structure Gag,pn = {E.-“f'”.wn,t, 0)

I. & -part of a Neutrosophic Vague Binary & - subalgebrm

Let Syvn be any NVBSS of Myvp.
Define, G(Syvp) {u: € Syve " NVEBs, ., (ODxu) = NVEBg,  (u )}
In particular, if Syvpe

Muyva then GiMyyp) i called the neutrosophic

vagque finary G- & part fin shord, NVB @ - & part) of the NVB G - subalgebra

2 p - radical of a Neutrosephic Vague Binary G - subalgebi

B{Myvg) = {1 e USNV By (0% 1) = NV By, (01} is called a neu-
trosophic vague binary G - p radical{in short, NVB G - p radical) of the NVEB
(7 - subalgebra Myvn
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1. p = semi simple of a Neutrosophic Vague Binary G - subalgebra
Myvp i# called newlrosophic vague binary 7 - p semi simple (in short, NVE
7 - p semi simpie ),
if BiMyva)={u e U NV By p (0% u:) = NV By . (01} = {0}

{. Minimal Element for Neutrogsophic Vague Binary G - subalgebra
Anyg element uy € U in neulvosophic vague binary 7 - minimal element
fin short, NVE & - minimal element), if
NV By (e %) = NV Byp, (00 = NVBy () = NV By lug)

Theorem 5.4.5.
Let Myyp be a NVB - subalgebra with structure Gy, = '[:f_-r':-”.\'l.'ﬂ_t, [!]I.
Then, ue € Gupyypp o and ondy if NV By n (Dens) € Gupyp
Proaf.
e € Gy = NV By p (0% u) = NV By, o lu)
= NV By (0% 1) = NVBy o (0% (0% u,))
= (0% us) € Guryy . [By definition 5.4.1]
Conversely,
i (D) € Gugyppyy then NV By (0% (0 xn,)) = NV By o (0%0u,)
= NVEBuyvultie) = NVByp (0% u)
= Uy € GMyya
Theorem 5.4.6.
Let Myyg be a NVB @ - subalgebra with structure Gy, = '[:f_-r':-“.\'lr'ﬁ_t, [!]I

I. Myyg is NVB & - p semi simple.

2, Every element in U is a NVB & - minimal element

Proaf.

1. From definition 5.4.4 (iii).
B{Myva) = {u: € U/NV By (0 ) = NV By, (0)}
= B(Myvg) = {u, € U NVBp D) = NVBy,olig)} = {0}

2, Assume (ii).
Let w, be an arbitrary element in U such that w, < u, for some u, € U
= (e *uy,) =0
= NV By, (e * ) = NV By .. (0)
= NV By (tts) = NV By, (1)
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Theorem 5.4.7.
If G{Muyve) = Gy then Myvg is NV G - p semi simple, That is, if a NV
7 - subalgebra coincides with its G - part then it is NVB G - p semi simple

Proof.
Let Myvp be a NVB G - subalgebra with structure Gy, . = (% = 0).

Myvnt

ClMyvp) = {ue € Myvp NV By (Osug) = NV By, (ug) ),
From definition 5.4.1 (i).]
If GiMyve) = Gy then BiMyyg) = 0= Myyp is NVB G - p semi simple

Remark 5.4.8.

I, Inany NVB & - subalgebm:
NV By ltiz) 2 NV By i) & NV By, plity * ) = NV By, . (0)

2. Denote NV By« (o »ug)] by NV By (ue Acwg) for all g u, € U
NV By plte) = NV Bygypp (e Aty ),
[From aziom (2] given in definition 5.4.1 |

Theorem 5.4.9.
Let Myyy be a NVB G - subalgebra with structure Gagy,p = (U55ve, 0],
Then for any we uy, u, € U,

1. Forug # uy,, NV By p (e Awy) #F NV By (g Actig)

2 NVBypopltz Aluy, Aw )] = NV Byl Ay Aug)

3 NV By, (it A0) = NV By, tiz) and NV By p (04 1t2) = NV Bugyy (0]

§. Foru, # 0, NV By alue A )] # NV By ol Aoug ) # (0 Acug))
Proaf.

1. For a NVB G - subalgebra,
NVByyyplue Ary) = NV By n (e e NV By n (g Aug) = NV By aluy)

2. NV Byyop [z Al Aug)| = NV By (e Aouy) = NV By (i)
SNV By p e A (g Acng)] = NV By (e Ao ) Ao
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3. For a NVB G - subalgebra,
NV By oo g A0) = NV By [0 (0% 0,)] = NV By, ()i
NV By (DA ) = NV By [ = (e 2 0)) = NV By, o (0)

4. For a NVB G subalgebra,
NV By e (1 A )] = NV By Ui Moy ) = NV By (g ),
NV B [t Awy) # (e A )] = NV By p (e %) = NV By 0 (0),

165

s At s elear that, for a VB G - subalgebra, NV By, (u:) # NV By (0)

= NV By p e A (ug Aug)] # NV Byyp e Auy) s (e A

Theorem S.4.10.
Every NVB 7 - subalgebra sabisfies the ineguality,
NV By (0) = NV By (g ) W, € U

Proaf.

NV By nl0) = NV By e wug) = rmine {NV By, (e ), NV By (ug) )
= NVBuryynltic)

SNV By (0= NV By () 0 YW e U

Theorem 5.4.11.
Let Guypn = [I_,.“"’""",w, D:I e a NV G - subalgelm.
Then the following conditions hold:

1. NV By (s % 0) = NVByy, plus), Vuy €U
2, J"I-r1""BII|_rI.~..|‘.J‘|:::] * ()% H;':I]- =N F.E”ﬁ.‘ HI{‘H’:]: l".'I'I'i'.lll- el

Proaf,

Let Gap,p = (0950w 0) he a NVB G - subalgebra and =,y € Gyy,.,,,. Then,

1. Jl"”":lB.U.w'n{ur * u] =NV B-U.\.'rul::ur ol [‘“: * “I}]

[ Using first condition in the G - algebraic structure of NVB G - subalgebra |

= NVBy,,qlts)

[ Using 2™ condition in the G - algebraic structure of NVB G - subalgebra |

2. Since Garyyp 158 NVB G - subalgebra, NV By, plues(ugseay, ) = NV By qluy,)
[ Using 2 condition in the G - algebraic structure of NVB G - subalgebra |

Put w, = 0 and w, = u, in the above then (2) follows
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Theorem 5.4.12.
Let Gayyppy = (U¥9nvi «,0) be a NVB G - subalgebra.
Then following conditions hold: Vug u, € U

1. NV By (g # [ty % 10y) w1 )) = NV By (0)

2. NV By (e % tty) = NV Bjry, (00 = NV By plits) = NV By )

3. NVBayyg (U 2] = NV Bagyy (0% uy) = NV By, p(tts) = NV By, plty)
Proof.

L. NV Bypon (e = (g wary)) wur) = NV By, ({1 = (1, * ity ) * )
by putting u, = u,
= NVBy, ol 0) %u,) = NV Byl * iy} = NV By, (0)

2. Assume NV By, .o (0, *#u,) = NV By, (0)
SNV By cnlt) = NV By (e % 0) = NV By (g * (g % uy)),
by assumption]
= NV By nlity)

3. Assume NV By, o (0xu,) = NVBy, . (0%u,)
SNV Byl = NV By (0 (e ug)) = NV By (00 (0, )],
[by assumption]
= NV By, plty)

Theorem 5.4.13.
Let Gapyyp = (U¥wva %, 0) be a NVB G - subnlgebra. Then,
NV By (e % z) = NV Batyoy (tha * tty) = NV Baryon(tiz) = NV Bagyun (1),

Jor any e, e, uy, € U

Proaf.
If Grsyyr = (9500, +,0) be a NVB G - subalgebra satisfying,
NV By g *ug) = NV By, 0 (g +wy), for any ug, u,, uy, € U
Then,
NV Bagy (i) = NV Bagyyy (i * 1ty % 1))

= NV By p (e % (g *uy)) = NV By, (u,)
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Theorem 5.4.14.
Let Gaprny = [ T¥Mvn ﬂ} be a NVB 7 - subalgebra.
Then the following are equivalent:

I NV Byppn Uy % uy) * (0, 2 u;)) = NVByy, o (b *uy ) s Vg, ug,u, € U
2NV By e wu ) w{ag we)) = NV By (g wowg ) Vg, wg, u, € U

Proaf,

(i) == (ii)

Assume (i).

ey, NV Bppp e way) = (up*u,)) = NVByy, o (s = 0y) s Vg, ug u, € U
SNV B (e wou) w (ug wuy)) = NV By, (0 % ou:)

Consider

NV Bagyy (bt + )+ (ty 5 112)) = NV Bygy ({1 1) 5 (g 1) % (1 % 15))
= NV By, p (e %), sinee NV By oo (e w (ue way)) = NV By, luy)

(i) = (i)

Assume (1i). e, NV By (lug wug s (wy ww)) = NV By G * o)

SNV By (e ey ) w (ug wouy)) = NV By (e wou)

Consider,

NV Bpppn e vy ) s (ug wu )y = NVEBy, o (e wong ) ow ({20 %oag, ) w (0, )
= NV By p (i, % uy), since NV By, (e« (e 20y )} = NV By lug,)

Neutrosophic Vague Binary G - normal subalgebra
In this section nentrosophic vague binary G - normal subalgebra is introdoced

Definition 5.4.15. {Neutrosophic Vague Binary G - normal subalgebra)
Let Myvp be a  newlrosoplic  vague  binary  sel  (in shorl, NVEBS) with o
binory universe (U, Us). Neutrozophic Vague Bmary - normal subalgebra 15 a
strueture GNVxva = [[-’j"}r__'.h.".*,l}} which satisfies, the following 2 conditions Enoun

W
My g

GYvave inequality  (1):
NV By onlugwuy) = ¢ amin {INVEBy, (), NV By, (g ) s Vg, uy, € U

s inequalitics:
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fl.'li_.,-vn{ * Uy, ) Z min { Movyps | e )5 Ilhm{”y]}
f.u,ﬂ. o Lty = 0y ) < maz {I,-.m altic), L.;W,,{ui.]}
ﬁ'ﬂm.a [ty * 1y} < max {me.n{ir,}..f',“..,“.ﬂl[u,:l: }
Gty inequality  (2):
NV Byppp (g wag ) o (g ug)) = rovin { NV Bapgp (e wag ), NV By g (g =) |
¥ ooug, e, uy €U
That is, ¥ g, up, vyt € U
‘:r:',uh.,_" (g *ng) = [y * y)) = min {T-",”m." (g * 1) ,f"ﬂrm." [11g * 1)

1'-_:,;__“.” ({erg # tig) * (g * 1)) < mrecee {1'-3,;__',” (g * u”},fﬂ;m." [tag * u.&}}

f:",-.;‘,“.u ([2tg * tig) * {1y * 1) ) < meax {F‘”m.,, (i * iy _.F',-.;,“.u (1, * tig)

[+ and 0 are as in Hﬁ:ﬂn kT = |T_,T+],j = If':F+|,.F-": [~ F*]]
Here,
. L-f,; . = (U ={l1JUsz}.».0) is a & - algebraic structure with a binary oper-

afiom =& a constant {0, which satisfies followring arioms :

Wig,ug € U, (i) (wesnug) =07 (#H)  we* (v +u,) = u,

Definition 5.4.16. {Neulrosophic Vague Binary & - Normal Set)

Let Myyvg be a NVBS with a binary universe (I7), Us). Take U = {7, UT%:).

A NVBS Muyyg in Uis said to be NVEB 7 - normal set if it safisfies the inegquality:
Wire, Uy, tg. 0 € U,

NV Bppeyn iy )+ (uy, % ug)) = roin {NV By, o (e %), NV By o (0, #m) }

That is, Yo, uy, g,y € U
']'ﬁ'f“h.‘,n (e % 1g ) * [0y, * up)) = min {Tﬂ_.u,,.-.,-g (e * 1y ), f".'-"rn (1, * m.}}
f_:,;_ﬂ.ﬂ ({frg & 1, ) * {I:.rrt ) = min {I-_Ju-_._.rﬂ [0 * 0y}, f-'ld'.-.-v.n- (1r, * :u,u,}}

I:"M,_.,‘.“ I:{u, Wl | w {uﬁ. ¥ r:t,]} 2 I {.F'-'f“m.n {r:, % “E] . f:",u_,..,,ﬂ {r{d x Ii&}}

Theorem 5.4.17.
Every NVB G - Normal set Myyp in Uiz a NV G - subalgebma of 1

Proof,
Let Maypg be a NVB G - normal set in U
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= NV By p e = 1) > (1, % 1))

= rmin {NV By (g« ) NV By (g * wg ) §

Consider, NV By (e #uy) = NV By o (G # 1y ) » (002 0))

=rmin {NV By, ., (a 00 NV By, (0, «0)}

= rmin {NV By plte), NV By, o lu,)}

= NV By p (e % 1y) = rmein {NV By, (), NV Byl ) bW, u, € U

= Myyp is a NVB G - subalgebra

Remark 5.4.18.
Converse of theorem 5.4.17 is not brue.

That s, a NV & - subalgebra Myyvp in Uds not o NV {7 - normal set, generally

Proaf,

Consider example 5.4.2, in which My g is a NVB G - subalgebra. In this example,
NV Bppyyp g »oag ) v (2g %1, )) ,ihf rnin {,"n’lr"ﬂ_ul,...l,n Gt *u) , NV By, p (g )}
== Myyp iz not a NVB G - normal set

Theorem 5.4.19.
If & newtrosophic vague binary sef Mypg in Uds a NVB 7 - normal subalgefra,
then ."'h'i"'HMm" [:JI tr:u.::l = .""."'L"ﬁ’_:,;._l.m [uy * g ) Wiy, iy [

Proof.

Let u,,u, € U.

Then, NV By, (0= u*,} = NVBy,,py (1= r:*,} 1)

= NV Byypp (e =) (uy su)) = rmin {INVBy, o (e wu ) O NVEBy, o (g, %0, ) }
= rmin { NV By o (00, NV By, (g # )}

= NV By (it %ug)

SNV By (e %ty ) = NV By p Dty * 1),

Similarly,

NV Batyyp (g e ug) = NV Bag (1 %uy)

= h.‘l_.-’B.“xFH {!l_l. > !ly] = _-"nrl"’.E”N‘.u [:lju.-.t Hr}l.

Derivations of Neutrosophic Vague Binary G - subalgebra

In this section following points are developed
i. nentrosophic vague binary G - derivation

il. nentrosophic vague binary G - regular derivation
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Definition 5.4.20.

(& - derivation of neutrosophic vague binary G - subalgebra)
Let Myvp be a NVES wnth a binary universe (L), Us).

Alse let, considered Myyp 5 a NVB G - subalgebra with structure
g-“.wn = {UE-‘-'.H-H, w,[]] and with a self-map d : U = U on Myvp

with U = {{, UU;}. Then,

1. d iz {l,r) neutrosophic vague binary @ - derivation of Myv g if.
NV Brprn [0 (e way )] = NV By (o) o wg A (g + (g, )]

2. d iz (v, 1) newtrosophic vague bnary G - derivation of Myyg if,
NV By [0 (e % w0y} = NV Buyyyp [0 % diig)) A (o) = uy)]

d iz a neutrosophic vague binary & - demeation (in shord, NV @ - derivation) of
Myve only if d is both (1, r) newirosophic vague binary & - derivation |in shorl,
fLr) NVB { - derivation] & (v, |} newtrosophic vague binary 0 - devivation [in
short, (r.0) NVB G - derivation]. In this derivation, (lLr) indicates left-right and
{r.0) indieates vight-lefi.

Remark 5.4.21.
For a NVB G - subalgebra, NV By o (ue Auy) = NVBy (o)

Remark 5.4.22.

I. To check, d is (Lr) NVB @ - devivation of Myyp, i is enough to check,
NV Buyypld (e 2 ug)) = NV By () =g ) ;
| By definition 5.4.20 & remark 5.4.21 |

2. To check, "Iﬁ_u.r_._.,..,, is (r.l) NVB @ - derivation of Myyg, it is enough to check,
NV By pldlne wuy)) = NV By o (e wed{ng))
| Using definition 5.4.20 & by vemark 5.4.21 )
L0420 can be re-written as, definifion 5.4, 23

Definition 5.4.23.

Let Guyyyp be a NVB G - subalgebra and d be a self-map on U

d is a0 newbrosophic vague binary G - derivation of U7 if

(i) d iz (I, r)- neutrosophic vague binary 0 - derivabion of U

i, NVBapvw (d g v uy)) = NVBy, o (dlvg) = uy,) ; for all we,u, € U

& il is denoted by dﬁ:f""
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(i) d is (r. 1) —newtrosophic vague binary & - derivation of [
e, NV By o ld (ag « iey]}l = NV By, 0 (e wd{ey)) ; for all g, w, U
& it is denoted by df"¥"

Definition 5.4.24.

{ Regular Derivation of a Neutrosophic Vague Binary G - subalgebra)
A derivation ;ﬁ'.\'l'ﬂ af a NVB (7 - subalgebra is said lo be veqular if,

NV Bapyys (d0)) = NV By o (0). It is denoted by dflr”"""

Example 5.4.25.
From erample 5.4.2, Myyvp is a Gy p
Case (i) : Define a self - map, o - U = {0 ug, up} = U = {0 0y, up} by

o if w,=10
diu.) =4 u, if ow, =y,
w, if u, =1y

Here, the given self-map is an identity map. From ealewlations, d is a :1!1[':':-;""” &
f.l'f:;;“""" = d iz a rﬁf.-."rn

Case (ii) Define a self-map, d - U = {0, u,, up} = U = {0, 0y, w5} by

w, if w,=0
dlu) =20 if w,=mu,

w, if u, =

d 15 not a NVB (7 - derivation on Myvg.
One violation is attached below:
NV By ld (g *ug)) = NV Bap, o (d (1))

= NV By, .(0) = [09.09].[0.1,0.1],[0.1,0.1]
NV Bapypn (d{tg) *u,))) = NV Bygypp (e * 1)

= NV Bypo,(ua) = [0.7,0.9], [0.3,0.4], [0.1,0.3)
uriﬁ'::;“'" {ey * 1, ) does not exist, sinee NV By oo (d (ug %, )) # NV By, ( (i) * 0,
NV By s *d ()] = NV By (uy =10

= NV By (i) = [0.2,006],[0.1,0.2], [0.4, 0.8]
ur.ff:;'r‘""'” (g * 11, ) does not exist, sinee NV By (d (wg w g )) # MV By, (g d{ug))

S is not a "ff.r_-.u.-p,
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Theorem 5.4.26.

In a Gugyoyy the idendity map d on {7 is a d¥usve . Converse not true in generl,
But if dvsve s udf""""“ then converse hold good. That is, if d¥“sve is a rff""""""
then o is the identity map on [

Proof.

(i) Let we, uy € U & also let d is an identity map on U,

Case (i), = uyuy # 0

NV Brtyyp (d{ve % uy)) = NVBypon (d (e ue)) = NV By (di0)) = NV Bygy, 0 (0)
NV By [dlts) wtty) = NV Bapyyp (dlitz) % 16s) = NV By g (tiz % t1z) = NV Bagp(00)
NVBrpyyp (e e d{nuy)) = NV By (e 2 d{ue)) = NV By (e %0} = NV Bagy o (0)
SNV By (d e xug)) = NVBuyyp ldlug) = uy) = NVBypyp (e + dlug))
Case(ii): u, # wu, # 0

Either NV By n (d (a2 a,)) = NV By o (e )) = NV By o)

Or NVByyp (d ity »ug)) = NV Byyp (dlug)) = NV By pltiy)

=il (trp worng) = ) or d (uy wug) = diu,)

=+ either (u, » u,) = u, or (u, * uy,) = wy,, since d is identity map

=+ either w, = 0 or w, # 0

Consider uy, # 0, e, d (ue # ) = d{ug,). Le, (e *u,) =u,

NV Byrvn (d (g xty)) = NV By (d{y)) = NV By (i)

NV Batey (dug) % wy) = NV By, (0 2 uy) = NV By, (1)

NV By (e xdlay)) = NVByop (e 2 uy) = NV By p i)

SNV By (d (= uy)) = NV By (g ) wuy) = NV By, o (g = d{g))
Case(iii), # uiu, =0

Either NV By, (d{ttg x 1y)) = NV By oo (d{tz)) = NV By ltic)

Or NV B, (d (e %)) = NV By, (ding)) = NV Bag ()

= d(te wuy) = d{u,) or du: = u,) = din,)

=+ either (uy * uy) = u, or (4, *uy) = g, since d is identity map.

= either u, =0 or uy, # 0

Consider u, = 0, ie., d (v, »uy) = d{u,). ie, (e *u,) = u,

NV Bypypn (e (g wny)) = NV By ({0 )) = NV By (0g)

NV By ldlug) 2 uy) = NV By (e # 0y ) = NV By ()

NV By (g wdluy)) = NV By oo iy *uy) = NVBy . (ug)

SNV By td (e =g} = NV By p (dlue) » uy) = NV By (i (g

i is both dﬁl:;”““ & :f?:f{""’”. Hence d is a d®sve
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Converse

dtwve is a do V0 = NV By . (d(0)) = NV By, (0)
= NV By p ld (v 2 ue)) = NV By, (0]

= diug) = u;

=+ i is the identity map on U

Remark 5.4.27.

Let Myyp be a NVB @ - subalgebra with structure Gy, = {{_-”;-".'-rl.'ﬁ,t, D:I.

A NVB & - derivation on Myyvg is a mapping d : U —= U such that, Yue, u, € U,
NV By ld(ay wuy)) = NV By, (dleg ) = uy) = NV By (e o dug)).

Set of all neutrosophic vague binary @ - derivations on Myy g is denoted as [*7¥ve

Neutrosophic Vague Binary G - Coset

General properties that are true for abstract algebra and G - algebra may not be
true in the case of Nentrosophic Vague Binary G - subalgebra, In this section, coset
for nentrosophic vague binary G - subalgebra is developed. Neatrosophic Vague
Binary (G -Coset is considered as a shifted (or translated ) nentrosophic vagne binary
G - subalgebra. Existence of identity element and inverse element can't be assared
in every neutrosophic vague binary G - subalgebra. [n generalization process, this
will become a crisis, As a result, generalization is confined to a particular area. It
will lead to the formation of different coneepts like Lagrange neutrosophic vague

binary G - subalgebra ete,

Definition 5.4.28.

Neutrosophic Vague Binary G - Right Coszet &
Neutrosophic Vague Binary G - left Coset

Let Myvyp be a newlrosophic vague binary sel with a binary wniverse (Uy, Usz) and
also let the considered Mayvp 8 a8 NVB G - subalgebra of o - algebra  with
algebraic structure Gy, = (U9wve +,0) where U9nvs = (U, #,001,,,). Also
T [T‘,T*];J; = [I~,I7]; F = [F=, F*] and U = {U/; U L4}

Case (i) (Neutrosophic Vague Binary G - Right Coset)

Let w, € U and uy, € Uy be fired elements. Then define, for every u, € Uy and for
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every d € Us, a neutrosophic vague binary & - right coset of Myyv g is denofed by
Myvplug, wy) and defined by,

(M ey (g, i) ) (20, g)

NV By, p (g, ) (2, 1)

[NV Buryy (e % () [90te € U1)), (NV By (1ta * (15) ™" [¥ua € U)) )

((j-'”""'“':“ﬂ]{"f]' f.'u.l'_-,..,-,,u..,ﬁ[lir}', ﬁ:lui;l.-uulr-.;l{“f}) |l{r".|'| = fa'-l} .

( (f:lllfxr"l:ﬂn]{"{f':ll j.'nr_\'rn‘l I'I'J.II[“d]' "I:‘:“_\'r”ﬂllﬁl{uﬂ!]) |1|'-'I.u|i E EJI?}
{(Panevntiie » (2™, Ent (e # (00) ™)y Pty (1t » (100) ™)Vt € U1) ),

{(T-"_J,;_.“.H[uﬂ; * () 7, j.'l-i.wn{”-f w (uy) "), F-"ﬂfl,..,l,nl[m,,- * (ug) V) |vd € U-‘.}}
Then Myyp (1, uy) t8 colled @ neutrosophic vague binary & - Right Coset{in short
NVE G - Right Coset) determined by My p and (.. 1)
Case (ii) (Neutrosophic Vague Binary & - Left Coset)
Let uy, € U and wy, € Uy be fivred elements. Then define, for every u, € Uy and for
every wy € U, a neutrosophic vague binary @ - left coset of Myy g 18 denoted by

(tg, ) My and defined by,
(e, 1) My i) (ue, tg)

= N 1.-’-B[Hu_,_,”_“h.1,n {!::. i!d_]
= { (NV Batyrn ((#a) ™" #ucl¥ue € Uy )Y, ANV Bryrn (1) ™" % ug|¥ug € Uﬂ}}

( (]—_[ﬂ.l'-“.'\-.'l' I} { [ ]'- fl; iy ].J|.|'r;|.' u I:,“-I'_:I ' I:.;;d:l..'l.rr.' il [“I!' } |lﬂr":-|" E E"Ir]) } L]

( (Ti un.ﬂ.-.--.-u{”-i]- ";Iii-lr.J-'lf.-.' v .lr["d'}' ﬁ.i.b]-”.\'lu'ﬂ{“d”‘q.“d € Hﬁ) )

{{ﬁ”.\:vn{[“w}_l * i), f-_"_._.‘,n[{u,,]" * 10, .ﬁ'_:,f_,..,l-nf{n,,]" w1 )|V € U )} .

((?-_-“-\'lfn{["”_1 * iy, 'il'lfr.rl.-.u ({2rs) 1w i), ﬁ'_il.l'_.“-" “.”EI]_I N "JHHHJ € Ui*))
Then (g, ty) Myve is colled o neutrosophic vague binary - Left Cosel
{in short NVB G - Left Coset) determined by Myy g oand (u,, u,)

Remark 5.4.29.
NVE G - Right Cosel is a NVBS. Similarly, a NVE G -Left Coset is a NVBS

Definition 5.4.30. (Neutrosophic Vague Binary G - Coset)

Let the neutrosophic vague binary set Myyn b o neuwlrosophic vague binary
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G - subalgebra of a G - algebra. If Myyp is both neutrosophic vague binary
{7 - right cosel and neutrosophic vague binary - lefl cosel then Myyg i called as

a Neutrosophic Vague Dinary & - Coset.
Example 5.4.31.

Let Uy = {0, 0y, ug} and Uy = {0, 12, uy, 25} be fwo wniverses.
Let Myvp =

[ 7, 0], [0, O], [0, ] 0., i), 006, 0T, [0, i8] [0uG, 7], i, 0.4), i, 0.4) }
[1] : Ly " Hy !
{{[ﬂ.?.I]-‘B|.[I:I.l.{ll-?'|.ll.‘.l-1.{l-.ﬁ'| [0, 3, 105], [06, 7], 005, 0,7] [0.2,08], [0, 0,7, B2, 0,8) |06, 0,9), H}.S.III.T].[[I.I.I]-H)}
[1] ) Ly ’ By ! 13

be a NVBS. Here, combined universe U = {0, uy, ug, ug, uy, w5} & combined NVE
membership grades are,

r|I:].'T,IJ-.[I']_.[[J-1,IL=1],[LI.L[I.3| : ou, =10
0.2,0.7), 105,07, [0.3.0.8) 5 wo=uwu
0.3,0.5).[0.6,0.7].[0.5,0.7] : w,=u
NV Bygynltt,) = 4 ‘
0.6,0.7],[0.1,0.4], [0.3.04) 5w, = ug

(0.2, 0.8], [0.4,0.7],[0.2,0.8] ; 1w, =1y

| [0.6,0.9].[0.3,0.7.[0.1.0.4] : w, = us

Corresponding Cayley Table is 5. 10

Table 5.10: Cayley Table

* | 0 | wy | ba | wy | g | G
0| 0 [wy | ua | uy | wy | ug
wy |ty | O | g | oty |y | ug
g | te | wyg | O |ty |y | ug
by | by |y |t | O [y | us
ey | wtg |y | wg |ty | O | ug
Hy | wig |y |t | tig | wyg [0

Obviously, Myyg is a NVB G - subalgebra. In every G - algebra 0 may not he

the identity element. But in the present case it s elear that 0 acts as an identity
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element. Henee inverses got as
I:[]:I'L =1{ I{ul}'l =u ; (wg)™' = ug

(ug) ' =uz 5 (m) '=wy ; (us)"'=uy

To construct a NVE G -Right Coset

Let w, = wy € U and Yu, € Uy = {0,u4, us}

NV By niu(0) = NV Bygos s (0 tty) = NV Bagyy o (101
= [0.2,0.7], [0.5,0.7], [0.3,0.5]

NV Bty wiun(tt1) = NV Bareny (11 % (1)) = NV Bagy,p (111 % 101) = NV Bagyy o (0)
= [0.7,0.9]. [0.1, 0.4], [0.1,0.3]

NV Barpmiunltez) = NV By (1 * ()~ ') = NV Byype (uaxu) = NV By o)
= [0.2,0.7]. [0.5,0.7]. [0.3, 0.8]

& Let wy = ws € Uy and Vg € Uy = {0, 19, uy, 5}

NV Batyyatun)(0) = NV By (0% (12) ™) = NV Bagg (0% uz) = NV Byyyy (02)
= [0.3,0.5]. [0.6,0.7], [0.5,0.7]

NV Bty wiuas(2) = NV Bagon p (102 % (u2) ™) = NV By, o (2 % u2) = NV By, (D)
= [0.7.0.9). [0.1,0.4], [0.1,0.3]

NV Bytpntugltta) = NV By (g * (1a) 1) = NV Byppp (g wug) = NVBy o (ug)
= [0.3,0.5]. [0.6,0.7]. [0.5,0.7]

NV Bppontuatls) = NV By (g x (ug) ™) = NV By (g wwg) = NV By (0g)
= [0,3,0.5], [0.6,0.7], [0.5,0.7]

J.Ifl..'pu {1!.[[ . ug-]' =

{[I'.IJ 07, ||u. 0.7], 10.3,08] [0.7,0.9], [n1,0.4], 10,03 [0.2,0.7], 0.5, 0.7], [0, 0.8]
{ 0.3, 0.5], ||u, 0.7], j05,0.7] [0.7,0.9], ||r.1,ln..1], W1, 0.9 ||L:;|,n.|5.:,_u.rs,Ta.ﬂ,[u.r.,u.ﬂ W13, 0.5, [0.6, 0.7], [0.5, 0.7] }
{ ] ' ug ' By ' W

To construct a NVEB G -Left Coset

Let u, = ay € Uy and V. € U = {0, uy,uy}

NV Bty (0= NVBy, . () % 0)

= NV By, (g «0) = NVBy,,., (1)
= [0.2,0.7],[0.5,0.7), [0.3, 0.8]

NV By iataen () = NV By (uy + (ug) ™) = NV By (g wug) = NV By (0)
= [0.3,0.5], 10.6,0.7], [0.5,0.7)

NV B ages (U3) = NV By n {{u.]_l - U-g_} = NVEBppnluy xug) = NVEBy, ., (usz)
= (L6, 0.7]. [0.1,0.4], [0.3, 0.4]
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& Let wy = uz € Uz and Vug € Uz = {0, 1z, 1y, w5}
NV By miyen (0) = NV By, . {[ug]-_: * I'Jl} = NVByponluax0) = NVBy ()
= [0.3,0.5].[0.6,0.7]. [0.5,0.7)

J.'hrl"'ﬂ.:uﬂ_“_.l,rﬂ {l!g:] = .".Ilr'p"'Eﬂj'h.‘.u {{u;}l_l - ﬂg] - !"lrl"' Eﬂ;h_,‘.u |::I.I'1 L uﬂ = *ﬁ"ﬂi""-ﬂ.ﬁi'_-,rﬂ [U}

= [0.7.0.9], [0.1,0.4], [0.1,0.3]

J"lrl"'ﬂ.guﬂ,u_., VE {i.!.ﬂl = ‘n,.rl_r Hl"h"rn' {{Hﬂ_l - t.l-.|_} = !"Iri-"' E-I"fﬂ'l'n Eﬂ-g * 1!.1] = f'rﬂi-"rB”Hh.ﬂ [li-.;:l

= [0.2,0.8]. [0.4,0.7], [0.2, 0.8]

Jl"'r]"lll'ﬂlill::|:I.'l-i'_lv.l VB (us) = NV En'll'.'..'r'n- {{“2]_1 * “‘EI} =NV EI”HI.'J]‘ [tz * 25) = *MFBHHI.-'E (1t5)

= [0.6.0.9], [0.3,0.7]. [0.1,0.4]
(g wa) Myyg =
[ {[n.i_a.r]. 05, 0.7, j0.3, 0.8] (0.8, 0.5], 0.6, 0.7], j0.5, 0.7] }n.a,u.'.'-i,;n.u,n..:|,[n.rt,m|>

1] uy "y
{[n.m.s.]. [0.6,0.7], 05,07 [0.7.0.9],[01,0.4) j0.1,0. [0.2,08) [0.4,07,10.2,08] [0.6,0.9), [0.3.0.7], [0.1,0.4]

LI ug Wy L2

Remark 5.4.32.
1. In -I'?'IEI:I'H-F!E 3.4.51, J.lfll."p'ﬂ [le :TI;} ;E {'I'.I!l : LI!;l-]I .-'Iul',-..-pﬂ

2. Conslant @1 iz not an identity element in G - algeb.
For example, let U = {0, uy, g, wg, ug, uz (U, 0) #s a - algebra, wnth
kinary operation + is defined by Cagley Table 5.11.

Table 5.11: Cayley Table

* | 0 | wy | ua | uy | wy | us

O 0 e | wy | g | wy | us

wy |ty | O | wg | ot | wg |y

g | e | Wy | O | wg |y | ug

My | My | ws | wg | O | we |y

g |ty | wg | us |y | 0 [ us

My | bp | Wy | g |ty [ ug | O

It is clear that U is a @ - algebra withou! an idendity  element. And  henee
inverse does not exist, So neubrosephic vague binary (7 - cosets  cannot
construct in this ease, This construction is possible, only for those cases where

identily element erists in the basis 0 -algebmic struclure.,

)
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3. f the basic 7 - alpebraic structure is formed using the following rules, then

definitely there exist identity element and hence can construct a NVB (' -right

cosef b NV 7 -left coset

Coneclusion

In this chapter, in first section, two logical algebras viz,, BCK and BCI are devel-
oped for neatrosophic vague binary sets, [is ideal and eat are also got disenssed.
Different kinds of ideals like p ideal, q ideal, a ideal, H ideal for neatrosophic vagoe
binary BCK /BCI -algebra have been investigated. In second section, nentrosophic
vague binary BAM jraddd sub-algebra of B0 l“'d'“ulgt'hrﬂ 15 1|.{!1-'-E|(]|H!'[]. This wlea
will provide a combined effect of the distributive Brouwer Zadeh lattice with Many
Valued or Multi - Valued algebra when stipulated into the de-Morgans zone. Third
section took a floor for defining neutrosophic vague binary K-subalgebra of the logi-
cal K- algebra. Its wide scope in applicational facets made its study more important
among logical algebras. In fourth section, NVB G-subalgebraie structure is devel-
oped with its properties for NVBS's. Formation of cosets is a basic idea in any
algebraic structure. Cosets for neutrosophic vague binary G - subalgebra is also got
developed.

As a future scope neutrosophic vague binary models can be tried to use in hazand
detection, especially in switching cirewits.  Binary concept leads us to handle the
situations with fwo unversal sefs which are found to be common in real-life. Another
application can be given in geographical area. Development of a newtrosophic vague
binary spatial algebra could be more helpful in this area than the already existing crisp
spatial algebraic concepts. Since the alveady existing patfern got failed to prowvide an

aceurate outpul when collected data becomes vague.
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Abstract: Nowadays, human society is using artificial intelligence in a large manner so as to
upgrade the present existing applicational criteria’s and tools. Logic is the underlying principle to
these works. Algebra is inevitably inter-connected with logic. Hence its achievements to the
scientific research outputs have to be addressed. For these reasons, nowadays, research on various
algebraic structures are going on wide. Crisp set has also got developed in a parallel way in the
forms as fuzzy, intuitionistic fuzzy, rough, vague, neutrosophic, plithogenic etc. Sets with one or
more algebraic operations will form different new algebraic structures for giving assistance to these
logics, which in turn acts to as, a support to artificial intelligence. BCH/BCI/BCK- are some algebras
developed in the first phase of algebraic development output. After that, so many outputs got
flashed out, individually and in combinations in no time. Q- algebra and QS —algebra are some of
these and could be showed as such kind of productions. G- algebra is considered as an extension to
QS — algebra. In this paper neutrosophic vague binary G — subalgebra of G — algebra is generated
with example. Notions like, 0 — commutative G - subalgebra, minimal element, normal subset etc.
are investigated. Conditions to define derivation and regular derivation for this novel concept are
clearly presented with example. Constant of G — algebra can’t be treated as the identity element,
generally. In this paper, it is well explained with example. Cosets for neutrosophic vague binary
G - subalgebra of G - algebra is developed with proper explanation. Homomorphism for this new
concept has been also got commented. Its kernel, monomorphism and isomorphism are also have
discussed with proper attention.

Keywords: neutrosophic vague binary G - subalgebra, neutrosophic vague binary G - normal set,
neutrosophic vague binary G - normal subalgebra, neutrosophic vague binary G G - part,
neutrosophic vague binary G - p radical , neutrosophic vague binary G - p semisimple, neutrosophic
vague binary G - minimal element, 0- commutative neutrosophic vague binary G — subalgebra,
neutrosophic vague binary G — Derivation, neutrosophic vague binary G — Regular Derivation,
neutrosophic vague binary G - Coset, Kernel of neutrosophic vague binary G — Homomorphism.

Notations: NVBS — neutrosophic vague binary set, NVBSS — neutrosophic vague binary subset.
In this paper NVB is used to indicate neutrosophic vague binary and NV is used to indicate
neutrosophic vague and N is used to indicate neutrosophic.

1.Introduction

Without mathematics mobility in human-life even became an unthinkable process. But when
get into the mathematical world, one faces with, versatile facets of maths, which again get take
diversions. The thing is that, dry subject is less get commented on or even less get touched with!

P. B. Remya & A. Francina Shalini, Neutrosophic vague binary G — subalgebra of G - algebra
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Abstract: Ineradicable hindrances of the existing mathematical models widespread from
probabilities to soft sets. These difficulties made up way for the opening of “neutrosophic set
model’. Set theory of ‘vague’ values is an already established branch of mathematics. Complex
situations which arose in problem solving, demanded more accurate models. As a result,
‘neutrosophic vague’ came into screen. At present, research works in this area are very few. But it
is on the way of its moves. Algebra and topology are well connected, as algebra and geometry.
So, anything related to geometric topology is equally important in algebraic topology too. Separate
growth of algebra and topology will slow down the development of each branch. And in one sense
it is imperfect! In this paper a new algebraic structure, BCK/BCI is developed for ‘neutrosophic’ and
to ‘neutrosophic vague’ concept with ‘single” and ‘double” universe. It's sub-algebra, different kinds
of ideals and cuts are developed in this paper with suitable examples where necessary. Several
theorems connected to this are also got verified.

Keywords: Vague H - ideal, neutrosophic vague binary BCK/BCI - algebra, neutrosophic vague binary
BCK/BCI — subalgebra, neutrosophic vague binary BCK/BCI - ideal, neutrosophic vague binary BCK/BCI
p- ideal, neutrosophic vague binary BCK/BCI q - ideal, neutrosophic vague binary BCK/BCI a-ideal,
neutrosophic vague binary BCK/BCI H - ideal, neutrosophic vague binary BCK/BCI - cut

Notations: NVBS : neutrosophic vague binary set, NVBSS : neutrosophic vague binary subset, NVBI :
neutrosophic vague binary ideal, N BCK/BCI - algebra : neutrosophic BCK/BCI-algebra, NV BCK/BCI -
algebra : neutrosophic vague BCK/BCI-algebra, NVB BCK/BCI - algebra : neutrosophic vague binary
BCK/BCI - algebra, N BCK/BCI - subalgebra : neutrosophic BCK/BCI - subalgebra, NV BCK/BCI - subalgebra
: neutrosophic vague BCK/BCI - subalgebra, NVB BCK/BCI — subalgebra : neutrosophic vague binary
BCK/BCI - subalgebra, N BCK/BCI - ideal : neutrosophic BCK/BCI —ideal, NV BCK/BCI - ideal : neutrosophic
vague BCK/BCI - ideal , NVB BCK/BCI- ideal : neutrosophic vague binary BCK/BCI - ideal, NVB BCK/BCI
p-ideal : neutrosophic vague binary BCK/BCI p-ideal, NVB BCK/BCI q - ideal : neutrosophic vague
binary BCK/BCI q - ideal, NVB BCK/BCI a - ideal : neutrosophic vague binary BCK/BCI a - ideal, NVB
BCK/BCI H - ideal : neutrosophic vague binary BCK/BCI H - ideal

1. Introduction

Before 1990’s, mathematicians and researchers made use of different mathematical models
for problem solving viz. , Probability theory, Hard set theory, Fuzzy set theory, Rough set theory,

Remya. P.B & Francina Shalini. A, Neutrosophic Vague Binary BCK/BCl-algebra
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Abstract: Vague sets and neutrosophic sets play an inevitable role in the developing scenario of
mathematical world. In this modern era of artificial intelligence most of the real life situations are
found to be immersed with unclear data. Even the newly developed concepts are found to fail with
such problems. So new sets like Plithogenic and new combinations like neutrosophic vague arose.
Classical set theory dealt with single universe and can be studied by taking it's subsets. Situations
demand two universes instead of a unique one in certain problems. In this paper two universes are
introduced simultaneously and under consideration in a neutrosophic vague environment. It’s basic
operations, topology and continuity are also discussed with examples. A real life example is also
discussed.

Keywords: binary set, fuzzy binary set, vague binary set, neutrosophic vague binary sets,
neutrosophic vague binary topology, neutrosophic vague binary continuity

1. Introduction

Functions are tightly packed but relations are not. They are more general than functions. Decimal
system deals with ten digits while binary with two - only with 0 and 1. For detecting electrical signal’s
on or off state binary system can be used more effectively. It is the prime reason of selecting binary
language in computers. Binary operations in algebra will give another idea! After a binary operation,
‘operands’ produce an element which is also a member of the parent set - means ‘domain and co-
domain’ are in the same set. But binary relations are quite different from the ideas mentioned above.
They are subsets of the cartesian product of the sets under consideration, taken in a special way. It is
clear that binary stands for two. In point-set topology information from elements of topology will
give information about subsets of the universal set under consideration. But real life can’t be confined
into a single universal set. It may be two or more than two. Being an extension of classical sets
[George Cantor, 1874-1897] [27], fuzzy sets (FS’s) [Zadeh, 1965] [29] can deal with partial
membership. In intuitionistic fuzzy sets (IFS’s) [Attanassov, 1986] [12] two membership grades are
there - truth and false. As an extension of fuzzy sets Gau and Buehrer [9] introduced vague sets in
1993. Neutro-sophy means knowledge of neutral thought. It is a new branch of philosophy
introduced by Florentin Smarandache [6] in 1995 - by giving an additional component -
indeterminacy. Movement of paradoxism was set up by him in early 1980’s. New concept dealt with
the principle of using non-artistic elements to set artistic. Within no time so many hybrid structures
developed by using the merits of the newly developed theory. In 2014, Alblowmi. S. A and Mohmed
Eisa [1] gave some new concepts of neutrosophic sets. In 1996, Dontchev [5] developed Contra-
continous functions and strongly s-closed spaces. In 2014, Salama A.A, Florentin Smarandache and
Valeri Kromov [25] developed neutrosophic closed set and neutrosophic continous functions.

Remya.P.B and Dr.Francina Shalini.A, Neutrosophic Vague Binary Sets
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Abstract: The aim of this paper is to introduce the novel concept vague binary soft sets and to
characterize some of its properties.

Keywords: Vague binary set, vague binary soft set, vague binary soft equal set, vague binary
soft complement, vague binary soft AND operation, vague binary soft OR operation

Notations: F(e) represents the e-approximate element under the mapping F. Usual set theoretical
operations with double dot on top will be used for vague binary soft set operations. VVague binary
soft set is denoted by VBSS. Collection of all vague binary soft sets over the common universe
Uy, U, under fixed parameter set A is denoted by VBSS(U;, U;) 4

1. Introduction

In most of the real life situations, humanity is bound to face with loss of data, unclear
data, game of chance etc. To overcome such situations, classical probability theory (Gerolamo
Cardano, 1501-1575)[5], fuzzy set theory (Zadeh, 1965)[2,5], rough set theory (Pawlak,
1982)[2,5], intuitionistic fuzzy set theory (Attanassov, 1986)[2,5],vague set theory (Gaue &
Buehrer, 1993)[5], theory of interval mathematics (Moore, 1996)[5], neutrosophic set theory
(Smarandache, 2005)[2] etc have played an important role. Inspired from ‘Pawlak’s work done
in 1993°, Molodtsov introduced soft sets in 1999. It has loosened all the existing rigid structure
of classical sets by providing plenty of parameterization tools. Hybrid structures like fuzzy soft
[3], soft fuzzy [3], neutrosophic soft [2], vague soft [2,4] etc developed later to make things more
easier. All of them found rich with parameterization tools.

Later in 2016, Ahu Acikgoz [1] introduced binary soft sets with its operations and
concluded that soft set can be given on n-dimension initial universal sets with a parameter set
like F: A =[], P(U;), where U;are initial universal sets for 1<i<n and A is the parameter set.
Vague binary sets and Vague binary soft sets with two initial universal sets are introduced. Some
of the basic operations for vague binary soft sets like union, intersection, complement, AND
operation, OR operation, Cartesian product are introduced in this paper. Terms like null vague
binary soft set, absolute vague binary soft set are also introduced.

2.Preliminaries

Definition 2.1:[2,5]

A vague set A in the universe of discourse U={uy, u,, ....... ,U, } is characterized by two
membership functions given by

(1) a truth membership function t,: U — [0,1]

(2) a false membership function f;: U— [0,1] where t,(u;) is a lower bound of the grade of
membership of u;derived from the “ evidence for u;” and f;(u;) is a lower bound on the negation

International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




Compliance Engineering Journal ISSN NO: 0898-3577

Vague Binary Soft Topological Spaces
Remya.P.B’, Dr. Francina Shalini.A’

Ph D Research Scholar*, Assistant Professor”
Department of Mathematics, Nirmala College for Women,
Affiliated to Bharathiar University
Red Fields, Coimbatore -18, Tamil Nadu, India

krish3thulasi@gmail.com’, francshalu@gmail.com’

Abstract — Vague binary soft topological spaces over two initial universal sets with a
fixed parameter set is developed in this paper. Notions like interior, closure, exterior,
boundary, neighborhood, separation axioms are also discussed with some of its
properties

Keywords — Vague binary soft topology, vague binary soft interior, vague binary soft
exterior, vague binary soft boundary, vague binary soft neighborhood, vague binary soft
separation axioms

AMS 2010 Mathematics subject classification: 54A05, 54D10, 03E72, 03B52
Notations: VBSS, VBSSS, VBST, VBSTS, VBSOS,VBSOSS, VBSCS,VBSCSS, VBSP,
VBSS (Uq,U;)a denotes vague binary soft set, vague binary soft subset, vague binary
soft topology, vague binary soft topological space, vague binary soft open set,vague
binary soft open subset, vague binary soft closed set,vague binary soft closed subset,
vague binary soft point, set of all vague binary soft sets over U;, U, under a fixed
parameter set A respectively in this paper

1. INTRODUCTION

Modern topology got a strong base on Georg Cantor’s [12] classical set theory
developed in the 19th century. Numerous theories like fuzzy set theory [14] [Zadeh,
1965], Rough set theory [9] [Pawlak, 1982], Intuitionist fuzzy set theory [7]
[Attanassov,1986], Vague set theory[6] [Gau and Buehrer, 1993],Theory of interval
mathematics[10][Moore, 1995], Neutrosophic set theory[4] [Smarandache, 2005]
developed. Molostsov [8] introduced Soft set theory in 1999. It is rich with its
parameterization tools and found more effective and useful in comparison with other
branches.

Ahu Acikgoz and Nihal Tas [1] introduced the concept of binary soft set theory in
2016, with two initial universal sets and a fixed parameter set and studied some of its
properties. It widened the growth of Soft set theory to a new direction. Concept of binary
soft topology and related basics are a continuation work done by Benchalli et al. [11].
They also introduced separation axioms [2] for binary soft sets. In 2014, Chang Wang and
Yaya Li [13] introduced topological structure of vague soft sets. In 2010 Wei Xu et.al.,
[13] developed vague soft sets and used it in decision making problems. In 2014, Chang
Wang and Yaya Li [3] introduced topological structure of vague soft sets. Francina
Shalini. A and Remya. P. B [5] developed a hybrid structure, vague binary soft sets in
2018 and studied some of its properties. This paper aims its continuation work vague
binary soft topological spaces and some of its basic notions. Vague binary soft separation
axioms are also developed and some of its basic properties are verified.

2. PRELIMINARIES

“Corresponding author: krish3thulasi@gmail.com
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Abstract—Classical set theory has gone a long way in its developmental scenario. Among this soft set theory provides a
strong tool to measure uncertainty due to its abundance in parameter set. Vague sets play equal importance when
handling with uncertainty. In this paper various distance measures are discussed using a hybrid structure vague binary
softsets.

Keywords—Vague Binary Soft Sets, Hamming distance of vague binary soft sets, Normalized hamming distance of vague
binary soft sets, Euclidean distance of vague binary soft sets, Normalized Euclidean distance of vague binary soft sets

Notations:VSS(U), vss, vbss denotes set of all vague soft sets over U, vague soft set, vague binary soft set respectively in
this paper
AMS Classification Code— 97E60, 03EXX, 03B52, 51Kxx

1. INTRODUCTION

George Cantor’s classical set theory was inadequate in certain real life situationswhich made
‘researchers and mathematicians’ to think for some other tools. As a resultresearches in ‘set
theory’ burst out in different ways and outlooks. Fuzzy set theory(1965, L.A.Zadeh)[5],
Rough Set theory(1982, Pawlak),Intuitionistic Fuzzy Set theory(1986,Attanassov), Vague set
theory (1993, Gau & Buehrer)[5, 7], Neutrosophic Set Thery (1995, Smarandache)[5],
Interval Mathematics(1996, Moore)[5], Soft set theory(1999, Molodtsov) [S]are some of
them. These theories have their own difficulties and negatives when dealing with certain
situations. To solve this difficulty ‘hybrid structures’of these theories are developed. They
handled uncertainties in a more flexible way than the original single set. ‘Vague soft set’is
such a hybrid structure developed by Xu et al.,[4]in 2010. These hybrid structures extract the
beneficial properties of their parent sets, which gave researchers & mathematicians ‘strong
tools’ than the existing ones. Potential of soft sets are high due to their abundancy in
parameter set. Vague set provides an interval instead of a single value. Binary soft set theory
was introduced by Ahu Acikgdz and Nihal Tas[1, 5] in 2016. It deals with two universes

instead of a unique one. Later Dr. Francina Shalini.A and Remya.P.B [5] developed vague
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Abstract -Vague sets are one of the extensions of fuzzy sets. Vague binary soft set is one hybrid structure
developed for dealing complicated situations with uncertainties with two universes. Similarity measures have a
major role in application field of set theory. In this paper a similarity measure and weighted similarity measure is
developed for measuring the degree of similarity between vague binary soft sets.

Keywords - vague binary soft set ; similarity measure ; weighted similarity measure
Notations —In this paper, VBSS denotes vague binary soft setié MEJ, G, E)), W({, E), G, E)) is used to
denote similarity measures and weighted similarity measures of vague binary soft sets.

1. INTRODUCTION decision making medical diagnosis, signal detection,
Georg Cantor's classical set theory wasecurity verification systems etc attracted the attention
inadequate to handle with several real life situationsf researchers, in a commenting manner to this area,
due to it's hard nature. So it need some reformationmowadays.
in time as a result so many other theories comes out  Molodtsov [5] introduced soft set theory in 1999
viz., fuzzy set theory, intuitionistic fuzzy set theoryto remove all the existing difficulties of traditional set
rough set theory, interval mathematics, vague s#teory. Free of restrictions in describing the parameter
theory, soft set theory, neutrosophic set theory etset made soft set theory more convenient and user
These theories have their own positives and negativégendly. In 2010 Athar Kharal [1] introduced distance
To overcome the negatives and extracting thmeasures and similarity measures for soft sets.
positives some new hybrid structures like fuzzy softMajumdar’ and ‘Samanta’ introduced similarity
soft fuzzy, intuitionistic fuzzy, rough neutrosophic,measure for soft sets based on distances using soft
vague soft, neutrosophic soft etc arose. These theori@atrices. They [9] also introduced in 2011 similarity
are used in a great extent to practical problemmeasures for fuzzy soft sets based on three different
consisting uncertainties and vagueness where hard ssasures set-theoretical approach, matching function
theory always found to fail. Also the researcheand distance. In 1995 Shyi-Ming Chen [12] proposed
involving them are moving forward in a rapid speedwo similarity measures for measuring the degree of
globally. This paper concentrates in a particular aresmilarity between vague sets. In 2005, Jingli lu et
called similarity measures of one hybrid structural.,[7] presented a new similarity measure for vague
vague binary soft sets, developed by Dr. Francineets. In 2006 , Faxin Zhao et al., [4] gave similarity
Shalini. A. and Remya.P. B [5] in 2018. Similaritymeasures for vague sets based on set theoretical
measures can be used to measure how much two seethod. Feng Sheng Xu [6] gave a new method on
or patterns or images are alike. In other words thayeasures of similarity between vague sets in 2009.
can tell ‘How much fuzzy ? ‘- a fuzzy set is ! or * HowQinrong Feng and Weinan Zheng [11] gave new
much vague ?’-a vague set is! etc. Similarity measuragmilarity measures for fuzzy soft sets in 2013 based
based on set theoretical approach, distance aod different distance measures viz., normalized
matching function which satisfying some axiomatichamming distance, normalized Euclidean, normalized
conditions are well known. Entropy and distancéausdorff, hamming-hausdorff, chebyshev etc. They
measures can also furnish the same role adso gave one application based on distances. In 2014
that of similarity measures. i.e., they are als@hicai Liu et al., [14] introduced so many similarity
some kind of measurement tools used in the above measures for fuzzy soft sets and pointed out draw
mentioned theories with uncertainties. So these thredacks of some of them . In 2015 Wenyi Zeng, Yibin
together can work remarkably and can produce severdhao and Yundong Gu [13] proposed similarity
useful theorems and formulae in this area. Similarity measure for vague sets based on implication functions.
measures and distances are duals since large distaGteing Wang and Anjing Qu [2] proposed axiomatic
show low degree of similarity and vice versa. Sdalefinition soft entropy, similarity measure and
distance measures could be used to define similaritjstance measure for vague soft sets in 2013. They
measures. Problem under consideration decidesso put forward some formulas to calculate them and
which kind of similarity measure to be chosensome relative theorems. In 2014 Dan Hu, Zhiyong
Wide applications of this topic in pattern recognition, Hong and Yong Wang [3] proposed a new approach to
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1. Introduction

Distance measure, Similarity measure and Entropy are found to have a great role in data
mining problems involving uncertainties. Distances and Similarities are dual 1o each other. To
overcome the deficiencies of classical sets, so manynew types of sets burst out - in which soft sets
are novel. Gau and Buchrer [7] introduced vague sets in 1993.In 2005, Jingli Lu et al., [8] gave a
new similarity measure for vague sets_ In 2006, Faxin Zhao and 7M. Ma [5] discussed similarity
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Cantor’s set theory got several extensions from nineteenth century to till now. In certain situations, by adding parameters,
results could be got in a more clear-cut way. Soft set theory extends in that way. By adding vague concept to soft, researchers
make use of the combined effect of these sets. Vague binary soft concept is the underlying idea in vague binary soft sets. It is
a clear discussion with two universes. Similarity measures and distance measures are very useful in practical problems.
Moreover, they are dual to each other. In this paper, similarity measures for vague binary soft sets by inserting trigonometric

and normalized Euclidean ideas are developed

Keywords: Similarity Measure, Distance Measure, Cosine Normalized Euclidean Similarity Measure, Sine Normalized Euclidean
Similarity Measure, Cotangent Normalized Euclidean Similarity Measure

Introduction

Strategies of fuzzy set theory allowed partial
membership of elements to a set which helped to
overcome the negativity of classical sets up to an
extent. But uncertain nature of real-life situations
demands more powerful tools to deal with certain
crisis. In 1993, vague sets are introduced by Gau and
Buehrer [7]. Vague sets allow non-memberships of
elements which also became useful in the developing
scenario of research world. In 1995, Shyi-Ming Chen
[10] introduced some similarity measures between
vague sets. Later Florentin Smarandache [3]
introduced neutrosophic set in which uncertainties are
allowed. In 2005, Jingli Lu, Xiaowei Yan, Dingrong
Yuan and Zhangyan [8] gave a new similarity approach
which serves practical purpose of vague sets. In 2010,
Athar Kharal [1] introduced similarity measures for
soft sets-i.e., the sets known for serving parameter
datas. In 2013, Similarity measures for vague soft sets
are introduced by Chang et al., [2]. In 2013, Quinrong
Feng and Wenan Zheng [9] introduced new similarity
measures of fuzzy soft sets based on distance measures.
In 2014, Weibin Deng, Changlin Xu and Feng Hu [11]
gave a novel distance measure between vague sets and
its application in decision making. In 2018, Francina
Shalini. A and Remya.P.B [4] developed vague binary
soft sets - a hybrid structure of 'vague and soft'- with

two universes and discussed their various laws and
other basic properties. In 2019, Francina Shalini. A and
Remya. P. B [5] developed measures of similarity
between vague binary soft sets. In 2019, Francina
Shalini. A and Remya. P.B [6] extended it to
trigonometric normalized hamming similarity measure
between vague binary soft sets. Similarity measures are
very useful to measure similarities between objects.
Entropy and distance measures are also found to be
useful to the same extent as similarity measures - while
measuring uncertainties in day to day real life.
Different kinds of distance measures viz., Hamming,
Normalized Hamming, Euclidean, Normalized
Euclidean are found to be useful in an effective way in
day to day life. In this paper, one of the distance
measure - 'Normalized Euclidean' is combined with
trigonometric functions to measure ‘similarities’
between vague binary soft sets.

2. Preliminaries

Definition 2.1 [4] (vague binary soft set)
Let Ul = {xlleI_ - _'xj}v U2 ={y1'3’2'— - _'yk}
be two initial universes which is common to a fixed set
ACE ={e,e,,—,ey} of parameters. Let V(U,),
V' (U,) denote the power set of vague sets on Uy, U,
respectively. A pair (F, A) is said to be a vague binary
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Abstract— Pythagorean vague binary soft sets are developed in this paper. Various distance measures are mentioned with example and
application. It’s higher dimension stage q-rung orthopair vague binary soft sets are also discussed.
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I. INTRODUCTION

Inadequacy of George Cantor’s [4] Classical set theory made researchers to seek new tools to handle complex real life situations.
Zadeh [4] succeeded in that and introduced fuzzy set theory in 1965, in which partial membership is allowed. Later in 1986,
Attanassov [4] introduced classical intuitionistic fuzzy sets. IFS’s helped to handle the uncertainty or hesitation region of fuzzy sets.
He also introduced intuitionistic fuzzy sets (IFS’s) of second type [3] in 1989 in which square sum of the membership grades is less
than or equal to one. This sum takes greater than or equal to one in some real situations which demands some other tools to overcome
this difficulty. Thus Pythagorean fuzzy sets [8, 9, 10, 14] arose which handled both these situations flexibly. Pythagorean aspects
were firstly used in fuzzy set theory. Thus Pythagorean fuzzy sets are introduced in 2016 by Yager [10] to extend intuitionistic fuzzy
sets. Later intuitionistic pythagorean fuzzy sets [10] are introduced. g-rung orthopair fuzzy set (q - ROFS with g = 3) is developed
by yager [13] in 2018. Comparing with pythagorean fuzzy set it seems to be more stronger when dealing with uncertainty problems.
In some situations membership degrees take values inside an interval and not a precise one. Interval valued pythagorean fuzzy set
introduced by X.Peng [9] handled these situations more reliably. VVague sets were proposed by Gau and Buehrer [1, 2, 4] as an
extension of fuzzy set theory. Pythagorean vague sets are introduced by Nirmala lrudayam [11] and Vinnarasi in 2018. Duojie et
al., [3] introduced possibility pythagorean fuzzy soft set and its application in 2019. Pythagorean fuzzy number is introduced by
Zhang and Xu [11]. They also introduced comparison laws for Pythagorean fuzzy numbers. Weakness of the existing correlation
coefficients in intuitionistic fuzzy set theory made Harish Garg [5] to develop a novel correlation coefficient in pythagorean fuzzy
sets in 2016. Later Harish Garg [6] introduced hesitant pythagorean fuzzy set by combining the concepts pythagorean and hesitant
fuzzy set in 2018. Vague binary soft sets were introduced by Dr.Francina Shalini.A [4] and Remya.P.B. in 2018. They discussed
some of it’s properties. Pythagorean membership grade takes more space than intuitionistic membership grades. An intuitionistic
membership grade is always Pythagorean but the converse need not be! Pythagorean vague membership grade is a point on a unit
circle. This paper aims to develop Pythagorean nature of vague binary soft sets via Pythagorean vague sets and vague binary soft
sets. Some distance measures are developed. Using that a decision making problem is also discussed. Besides it’s higher stage, q-
rung orthopair vague binary soft sets are also developed.
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