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Abstract. The concepts of graph theory are applied in many areas of computer science including image segmentation, data
mining, clustering, image capturing and networking. Fuzzy graph theory is successfully used in many problems, to handle the
uncertainty that occurs in graph theory. A single valued neutrosophic graph (SVNGQG) is an instance of a neutrosophic graph
and a generalization of the fuzzy graph, intuitionistic fuzzy graph, and interval-valued intuitionistic fuzzy graph. In this paper,
the basic operations on SVNGs such as direct product, Cartesian product, semi-strong product, strong product, lexicographic
product, union, ring sum and join are defined. Moreover, the degree of a vertex in SVNGs formed by these operations in
terms of the degree of vertices in the given SVNGs in some particular cases are determined. Finally, an application of single
valued neutrosophic digraph (SVNDG) in traval time is provided.
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1. Introduction

Graph representations are generally used for deal-
ing with structural information, in different domains
such as operations research, networks, systems anal-
ysis, pattern recognition, economics and image
interpretation. However, in many situations, some
aspects of a graph theoretic problem may be vague
or uncertain. For instance, the vehicle travel time
or vehicle capacity on a road network may not be
known exactly. In such situations, it is natural to deal
with the uncertainty applying fuzzy set theory. In
1965, Zadeh [27] originally introduced the concept
of fuzzy set. Its characteristic is that a membership
degree in [0, 1] is assigned to each element in the set.
After the inception of fuzzy set theory, it has become
a vigorous area of research in different disciplines
including management sciences, medical and life
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sciences, social sciences, artificial intelligence, signal
processing, robotics, expert systems, computer net-
works, pattern recognition, decision-making, graph
theory and automata theory.

Smarandache [21] firstly proposed neutrosophy,
a branch of philosophy which discusses the origin,
nature, and scope of neutralities, as well as their
interactions with different ideational spectra. The
characteristics of neutrosophic set (NS), a generaliza-
tion of [3, 4, 29], are described by truth-membership,
indeterminacy membership and falsity membership
degrees independently. NS as a powerful general
formal framework expresses and handles imprecise,
indeterminate and inconsistent information, existing
in real situations. Intuitionistic fuzzy set (IFS) is a
generalization of fuzzy set. Its characteristic is that
a membership degree and a non-membership degree
are assigned to each element in the set. However IFSs
and interval-valued intuitionistic fuzzy sets (IVIFSs)
cannot deal with all types of uncertainty, such as inde-
terminate and inconsistent information, therefore, the
concept of NS is more extensive and overcomes
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the above-mentioned issues. But NSs are difficult to
apply in the real applications. To easily apply it to
scientific and engineering fields, Wang et al. [23] ini-
tiated the concept of a single valued neutrosophic set
(SVNS) and provide its various properties. NS, par-
ticularly SVNS has attracted significant interest from
researchers in recent years. It has been widely applied
in various fields, such as information fusion in which
data are combined from different sensors [6], control
theory [1], image processing [12], medical diagnosis
[26], decision making [25], and graph theory [7, 22],
etc.

The concept of fuzzy graphs was initiated by Kaf-
mann [13], based on Zadeh’s fuzzy relations. Later,
another elaborated definition of fuzzy graph with
fuzzy vertex and fuzzy edges was introduced by
Rosenfeld [15]. Mordeson and Peng [15] defined
some operations on fuzzy graphs and investigated
their properties. Later, the degrees of the vertices of
the resultant graphs, obtained from two given fuzzy
graphs using these operations were determined in [ 16,
17]. Ghorai and Pal [10, 11] defined the concept of m-
polar fuzzy planar graphs. Intuitionistic fuzzy graphs
were first introduced by Atanassov [5] and further dis-
cussed by Akram [2]. Mishra and Pal [14] initiated the
notion of interval-valued intuitionistic fuzzy graphs.
Rashmanlou et al. [18, 19] introduced many new
concepts, including product of bipolar fuzzy graphs
and interval-valued intuitionistic (S, T)-fuzzy graphs.
When description of the objects or their relations or
both is indeterminate and inconsistent, it cannot be
handled by fuzzy, intuitionistic fuzzy and interval
valued intuitionistic fuzzy graphs. Therefore some
new theories are required. That is why, Smarandache
[22] put forward the concept of neutrosophic graphs.
Furthermore, Broumi et al. [7-9] discussed several
properties of SVNGs and their extensions.

The paper is structured as follows: Section 2 con-
tains a brief background about SVNSs and SVNGs.
Section 3 establishes the definitions and properties of
direct product, Cartesian product, semi-strong prod-
uct, strong product, lexicographic product, union,
ring sum and join on SVNGs. Section 4 is devoted to
the application of SVNDG:s in travel time and finally
we draw conclusions in Section 5.

2. Preliminaries
In the following, some basic concepts on

SVNSs and SVNGs are reviewed to facilitate next
sections.

A graph is a pair of sets G = (V, E), satisfy-
ing E(G) CV x V. The elements of V(G) and
E(G) are the vertices and edges of the graph
G, respectively. The standard products of graphs:
direct product (tensor product), Cartesian product,
semi-strong product, strong product (symmetric com-
position) and lexicographic product (composition) of
two graphs G| = (Vq, E1) and G, = (V,, Ep) will
be denoted by G| x G2, G1 1 G2, G1 e G, G1 X
G and G1[G2], respectively. Let (x1, x2), (y1, y2) €
Vi x V, then

E(G1 x Gp)

={(x1; x2)(y1, y2) | x1y1 € Ey and x2y € Eo},
E(G1 U Ga) = {(x1, x2)(y1, y2) | x1

='yr and x2y; € Ep,or x1y; € Ej and xp = y»},
E(G1 eG?)

={(1, x2)(y1, y2) | x1 = yr and x2y2 € E,

orx1y1 € E1 and x2y; € E3},

E(G1 X Gy)

= E(G1 0O Gy) U E(G x Gy),
E(G1[G2D

= {(x1, x2)(y1, y2) [ x1y1 € Ey, orxp =y

and xpy, € Eb}.

A directed graph (or digraph) is nothing but a graph
with directed edges.

Definition 2.1.[20, 27, 28] A fuzzy subset nof aset V
isafunctionn : V — [0, 1]. A fuzzy (binary) relation
onaset Visamapping u : V x V — [0, 1] such that
w(x, y) < min{n(x), n(y)} for all x, y € V. A fuzzy
relation p is symmetric if pu(x, y) = u(y, x) for all
x,y € V. A fuzzy graph is a pair G = (1, u), where
n is a fuzzy subset of a set V and w is a (symmetric)
fuzzy relation on 7.

Definition 2.2. [3] An IFS X in V is an object having
the form

X = {{x, ux(x), vx(0)) [ x € V},

where the functions uyx : V. — [0, 1]and vy : V —
[0, 1] define the degree of membership and degree of
non-membership of the element x € V, respectively,
such that 0 < pux(x) + vx(x) < 1forall x € V.
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ForeachIFS XinV,wx(x) =1 — ux(x) — vx(x)
is called a hesitancy degree of x in X. If mx(x) =0
for all x € V, then IFS reduces to Zadeh’s fuzzy set.

Definition 2.3. [21] Let V be a universal set. A NS
X in V is an object having the following form

X = {(x, Tx(x), Ix(x), Fx(x)) | x € V},

which is characterized by a truth-membership func-
tion Ty, an indeterminacy-membership function Iy
and a falsity-membership function Fy, where

Tx : V=107, 1T[,x e V= Tx(x) €]07, 17[
Ix: Vo107, 1T[xe V= Ix(x) €]0™, 1T
Fx:V =107, 1T, x e V= Fx(x) €]0~, 17[

There is no restriction on the sum of Tx(x), Ix(x)
and Fx(x), therefore 0~ < sup T'x(x) + sup Ix(x) +
sup Fx(x) < 3%. The functions Tx(x), Ix(x) and
Fx(x) are real standard or nonstandard subsets of
107, 17L.

Definition 2.4. [23] Let V be a universal set. A SVNS
X in V is an object having the form

X = {{x, Tx(x), Ix(x), Fx(x)) | x € V},

which is characterized by a truth-membership func-
tion Ty, an indeterminacy-membership function /x
and a falsity-membership function Fy, where

Tx :V—>[0,1],x e V> Tx(x) €[0,1]
Ix:V —>[0,11,x e V— Ix(x) € [0, 1]
Fx:V—> 0,1, xe V> Fx(x) €]0,1]

For convenience, y = (T, I, F) is called a single
valued neutrosophic number, where T, I, F € [0, 1],
0 < T+ I+ F < 3. To measure the degree of suit-
ability, Zhang et al. [30] presented a score function s
ofyass(y ) =T+1—-1+1—-F.

Definition 2.5. [24] A single valued neutrosophic
relation in V, denoted by

R = {{xy, Tr(xy), Ir(xy), FR(xy)) | xy € V x V}

where Tp:V xV —>[0,1], Ir:V xV — [0,1]
and Fr:V xV —[0,1] represent the truth-
membership function, indeterminacy membership
function and falsity-membership function of R,
respectively.

Definition 2.6. [7] A SVNG of a (crisp) graph G =
(V, E) is defined to be a pair G = (X, Y), where

(i) the functions Tx:V — [0,1], Ix:V —
[0,1] and Fx:V — [0,1] represent the
degree of truth-membership, indeterminacy-
membership and falsity membership of the
elementx € V,respectively. There is no restric-
tion on the sum of Tx(x), Ix(x) and Fyx(x),
therefore 0 < Tx(x) + Ix(x) + Fx(x) < 3 for
allx eV,

(i) the functions Ty : ECV x V — [0, 1], Iy :
ECVxV -0, 1llandFy :ECV XV —
[0, 1] are defined by

Ty(xy) < min{Tx(x), Tx(y)}, Iy(xy)
> max{Ix(x), Ix(y)} and Fy(xy)
> max{Fx(x), Fx(y)}.

There is no restriction on the sum of
Ty(xy), Iy(xy) and Fy(xy), therefore 0 < Ty(xy)
+ Iy(xy) + Fy(xy) < 3forall xy € E. Here X is the
single valued neutrosophic vertex set of G and Y is
the single valued neutrosophic edge set of G.

Definition 2.7. [7] The degree of a vertex x € V
in-a SVNG G is defined as dg(x) = (dr(x), di(x),
dr(x)), where dr(x) =3, | o ey Tr(xy), di(x) =
Zx,y + xeV Iy(xy) and dp(x) = Zx,y + xeV Fy(xy).

3. Operations on SVNGs and their degree

In this section, the basic operations on graphs
such as direct product, Cartesian product, semi-strong
product, strong product, lexicographic product,
union, ring sum and join are defined under single
valued neutrosophic environment and their properties
are investigated.

Definition 3.1. The direct product G; x G, = (X x
X5,Y] x V2)oftwoSVNGs G| = (X1, Y and G, =
(X3, Y») of the graphs G; = (Vi, E1) and G, =
(Va, E3), respectively, is defined as follows:
(Tx, x Tx,)(x1, x2) = min{Tx, (x;), Tx,(x2)}
® (Ix, X Ix,))(x1, x2) = max{lx, (x1), Ix,(x2)}

(Fx, X Fx,)(x1, x2) = max{Fy, (x1), Fx,(x2)}
for all (x1, xp) € V; x V>,
(Ty, x Ty,)((x1, X2)(y1, y2))

= min{Ty, (x1y1), Ty, (x2)2)}
Iy, x Iyy))((x1, x2)(¥1, ¥2))

= max{ly, (x;y1), Iy, (x2)2)}
(Fy, x Fy,)((x1, x2)(y1, ¥2))

= max{Fy, (x1y1), Fy,(x2y2)}
for all x;y, € E;, forall x,y, € E,.

(ii)
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Proposition 3.2. If G| = (X1, Y1) and G, = (X2, 1»)
are the SVNGs, then G x Gy is the SVNG.

Proof. Consider x;y; € E{, x2y2 € E>. Then

(Ty, x Tyy)((x1, x2)(¥1, ¥2))
= min{Ty, (x1y1), Ty, (x2y2)}
< min{min{Tx, (x1), Tx, 1)},
min{Tx, (x2), Tx,(y2)}}
= min{min{Tx, (x1), Tx,(x2)},
min{Tx, (y1), Tx,(y2)}}
= min{(Tx, x Tx,)(x1, x2),
(Tx, x Tx,)(y1, y2)},
Iy, x Iyy)((x1, x2)(¥1, ¥2))
= max{ly, (x1y1), Iy,(x2y2)}
> max{max{Ix, (x1), Ix,(y1)},
max{/x,(x2), Ix,(y2)}}
= max{max{[lx, (x1), Ix,(x2)},
max{Ix,(y1), Ix,(y2)}}
=max{(Ix, x Ix,)(x1,x2),
(Ix, x Ix,)(y1, ¥2)},
(Fy, x Fyy)((x1, x2)(y1, ¥2))
= max{Fy,(x1y1), Fr,(x2y2)}
> max{max{Fyx, (x1), Fx,(y1)},
max{Fx,(x2), Fx,(y2)}}
= max{max{Fx, (x1), Fx,(x2)},
max{Fx, (y1), Fx,(y2)}}
= max{(Fx, x Fx,)(x1, x2),

(FX1 X sz)()’l, y2)} U

Definition 3.3. Let G, =(X;,Y;) and G, =
(X2, Y2) be two SVNGs. For any vertex (xq, xp) €
Vi x V,

(dT)g1 ng(-xl s -x2)

- ¥

(x1,x2)(y1,2)€E1 X En

= >

X1y1€E1,x02y2€E>

(Ty, x Ty,)((x1, x2)(¥1, ¥2))

min{Ty, (x1y1), Ty,(x2y2)},

(dDg,xg,(x1, x2)

- ¥

(x1,22)(V1,2)€E1 X E

- ¥

x1y1€E1,x2m€kE,

Iy, x Iy,)((x1, x2)(¥1, ¥2))

max{ly, (x1y1), Ir,(x2y2)},

(dF)g, xg,(x1, x2)

= )

(x1,%2)(V1,2)€E1 X E

- ¥

x1y1€E,x%0mek,

(Fy, x Fy,)((x1, x2)(01, ¥2))
max{Fy, (x1y1), Fr,(x2y2)}.

Theorem 3.4. Let Gy = (X1, Y1) and Gy = (X2, Y?)
be two SVNGs. If Ty2 > Tyl, Iy2 < Iyl, Fy2 <
Fy,, then dg, xg,(x1,x2) =dg,(x1) and if Ty,
Ty,, Iy, < Iy,, Fy, < Fy,, then dg, xg,(x1,x2)
dg,(xp) forall (x1,x2) € V1 x V.

v

Proof. By definition of vertex degree of G| x G», we
must have

(dT)(]1 ng(xl P X2)

- ¥

xX1y1€E1,x2y2€E>

min{Ty, (x1y1), Ty,(x2y2)}

= Y Ty(ay) (since Ty, = Ty,)

X1y1€E]
= (dr)g, (x1),

(dl)g] ng(xl 5 XQ.)

- ¥

X1y1€E1,x2y2€E>

= Z Iy, (x1y1) (since Iy, < Iy)

X1y1€E]
= (dpg, (x1),
(dF)g,xg,(x1, x2)

- ¥

X1y1€E1,x2y2€E>

= > Fr(xiy) (since Fy, < Fy,)
X1y1€E]

= (dr)g, (x1).

max{ly, (x1y1), Ir,(x2y2)}

max{Fy, (x1y1), Fr,(x2y2)}

Hence dg, xg,(x1, x2) = dg,(x1). Similarly, it is
easy to show that, if Ty, > Ty,, Iy, < Iy,, Fy, <
Fy,, then dg, xg,(x1, X2) = dg,(x2). O
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G Go
(0.3,0.1,0.2) (0.4,0.2,0.3) (0.3,0.2,0.3) (0.3,0.3,0.2)
J L (0] (d,m)
& H
= °
3 >
s s
k m (k, 1) (kym)
{0.5,0.4,0.1) {0.6,0.3,0.1) (0.4,0.4,0.3) (0.5,0.4,0.1)

Fig. 1. Direct product of two SVNGs.

Example 3.5. Consider two
g1=(X,Y1) and

(&, %)> and Y, = <(lﬁ, | %>. SVNGs and
their direct product are shown in Fig. 1.

Since TY2 > Tyl, IY2 < Iyl, Fy2 < Fyl, SO,
by Theorem 3.4, we have (dr)g g, (D) =
(g, () = 0.1, (@D, xg,(j: D) = (dD)g, (j) = 0.7
and (dr)g, xg,(J, [) = (dFr)g,(j) = 0.5.  Therefore,
dg, xg,(j, 1) = (0.1,0.7, 0.5). Similarly, it is easy to
find the degree of all vertices in G x G;.

Definition 3.6. The Cartesian product G; [ G, =
(X, O X,,Y, OYy) of two SVNGs G = (X1, Y1)
and G, = (X3, Y») of the graphs G| = (Vy, E1) and
Gy = (W, Ey), respectively, is defined as follows:
(Tx, O Tx,)(x1, x2) = min{Tx, (x1), Tx, (x2)}
) ¢ (Ux, OIx)(x1, x2) = max{Ix, (x1), Ix,(x2)}

(Fx, O Fx,)(x1, x2) = max{Fx, (x1), Fx,(x2)}
for all (x1,x2) € VI X V2,
(Ty, O Ty, )((x, x2)(x, ¥2)) = min{Tx, (x), Ty, (x2y2)}

(ii) Iy, O Iy, )((x, x2)(x, y2)) = max{lx, (x), Iy,(x2¥2)}

(Fy, O Fyy)((x, x2)(x, ¥2)) = max{Fx, (x), Fy,(x2y2)}
for all x € vy, forall xpy; € E3,

(Ty, O Ty,)((x1, 2)(¥1, 2)) = min{Ty, (x1y1); Tx, ()}
(iii) (Iy, O Iy))((x1, 2)(V1, 2)) = max{ly, (x1y1), Ix,(2)}

(Fy, O Fry)((x1, 2)(31, 2)) = max{Fy, (x1y1), Fx,(2)}
forall z € V3, forall x1y; € Ej.

Proposition 3.7. If G| = (X1, Y1) and G> = (X2, Y2)
are the SVNGs, then G O Gy is the SVNG.

Proof. Consider x € V1, xpy2 € E>. Then
(Ty, U Ty, )((x, x2)(x, y2))

= min{Tx, (x), Ty, (x2y2)}

< min{T, (x), min{TYx, (x2), Tx,(y2)}}

= min{min{T¥, (x), Tx,(x2)},

min{Tx, (x), Tx,(y2)}}
= min{(Tx, U Tx,)(x, x2), (Tx, U Tx,)(x, y2)},
(Iy, U Iry)((x, x2)(x, y2))
= max{Ix, (x), Iy,(x2y2)}
> max{/ly, (x), max{Ix,(x2), Ix,(y2)}}
= max{max({/yx, (x), Ix,(x2)},
max{/x, (x), Ix,(y2)}}
= max{(Ix, O Ix,)(x, x2), (Ix, O Ix,)(x, y2)},
(Fy, U Fry)((x, x2)(x, y2))
= max{Fx, (x), Fy,(x2y2)}
> max{Fy, (x), max{Fx,(x2), Fx,(y2)}}
= max{max{Fx, (x), Fx,(x2)},
max{Fx, (x), Fx,(y2)}}
= max{(Fx, O Fx,)(x, x2), (Fx, O Fx,)(x, y2)}.

Similarly, for z € V,, x1y; € E1, we have

(Ty, O Ty,)((x1, 2)(¥1, 2))
= min{(Tx, U Tx,)(x1, 2), (Tx, U Tx,)(y1, 2)},
(Iy, U Iyy)((x1, 2)(¥1, 2))
= max{(/x, U Ix,)(x1, 2), (Ix, U Ix,)(y1, 2)},
(Fy, O Fy,)((x1, 2)(y1, 2))
= max{(Fx, O Fx,)(x1, 2), (Fx, O Fx,)(y1, 2)}.
(I

Definition 3.8. Let G; = (X1, Y1) and G = (X5, Y»)
be two SVNGs. For any vertex (x1, x3) € Vi x V2,

(d7)g, 0 g, (x1, X2)

- T

(x1,%2)(y1,y2)€E1 U Ep

- 5

XI=Y1.X2)2¢E,y

DY

X2=y2,x1y1€E]

(Ty, O Ty,)((x1, x2)(¥1, ¥2))
min{Tx, (x1), Ty, (x2y2)}

min{Tx,(x2), Ty, (x1y1)},

(dpg, g, (x1,x2)

=2

(x1,%2)(y1,y2)€E1 O En

- ¥

X1=Y1,X2)2¢Ey

(IYI O IYz)((xl’ X2)()’1» YZ))

max{ly, (x1), Iy,(x2y2)}
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>

X2=y2,X1y1€E]

max{/lx,(x2), Iy, (x1y1)},

(dFr)g, O g, (x1, x2)

(e1,x2)(y1,y2)€E1 U Ep

= >

XI=Y1.X2Y2¢E,

+
X2=y2,X1y1€E}
Theorem 3.9. Letr G =(X1,Y)) and G =
(X2,Y2) be two SVNGs. If Tx, =Ty, Ix, <
Iy,, Fx, < Fy, and Tx, > Ty,,Ix, < Iy,, Fx, <
Fy,. Then dg, og,(x1,x2)=dg,(x1)+dg,(x2)
forall (x1,x2) € VI x V,.

(Fy, O Fy,)((x1, x2)(y1, ¥2))
max{Fx, (x1), Fy,(x2y2)}

max{Fy,(x2), Fy,(x1y1)}.

Proof. By definition of vertex degree of G [1 G,, we
must have

(dr)g, O g, (x1, x2)

= >

X1=Y1,X2)2¢Ey

Y

x2=y2,X1y1€E]

= Z Ty, (x2y2) + Z Ty, (x1y1)

X2Y2eE, x1y1€E;

min{TXl ()Cl), TYZ(XZ)’Z)}

min{Tx, (x2), Ty, (x1y1)}

(by using Tx, > Ty, and Tx, > Ty,)
= (dr)g,(x1) + (dr)g,(x2),

Similarly, itis easy to show that (d;)g, o g, (*1, X2)
= (d1)g, (x1) + (d1)g,(x2) and (dF)g, g (x1, X2) =
(dF)g, (x1) + (dF)g,(x2). Hence dg, og,(x1,x2) =
dg, (x1) 4 dg,(x2). O

Example 3.10. Consider two SVNGs G; and G, as
in Example 3.5, where Ty, > Ty,, Ix, < Iy,, Fx, <
FY2 and TXZ > Tyl, IX2 < IY1’ FX2 < Fyl. Their
Cartesian product G| [ G5 is shown in Fig. 2.

Then by Theorem 3.9, we have (dr)g, og,
(o) = 0.3 = 0.1+ 0.2 = (dr)g, (j) + (dr)g, (),
(dng, 06, D) = 1.3 = 0.7+ 0.6 = (d1)g, () +
(dpg, () and (dr)g, 0g,(J,1)=09=05404 =
(dF)g,(j) + (dF)g,(l). Therefore, dg, g, (j,1) =
(0.3, 1.3,0.9). Similarly, we can find the degree of
all the vertices in G| O G».

Definition 3.11. The semi-strong product G| ¢ G, =
(X, 0X,,Y0Y,) of two SVNGs G| = (X1, Y1)
and G = (X2, Y») of the graphs G| = (Vy, E}) and

(0.3,0.2,0.3) (0.3,0.3,0.2)
(4, 1) (0.2,0.6,0.4) (j,m)
& S
S Z
= I
S °
=} &
(k,1) (0.2,0.6,0.4) (k,m)

(0.4,0.4,0.3) (0.5,0.4,0.1)

Fig. 2. Cartesian product of two SVNGs.

G, = (Vo Ey), respectively, is defined as follows:

(Tx, 0 Tx,)(x1, x2) = min{Tx, (x1), Tx, (x2)}
(@] (Ix, ® Ix,)(x1, x2) = max{/x, (x1), Ix,(x2)}

(Fx, ® Fx,)(x1, x2) = max{Fx, (x1), Fx,(x2)}
for all (x1, xp) € V| x Va,
(Ty, ® Ty, )((x, x2)(x, ¥2)) = min{Tx, (x), Ty, (x2y2)}

) § Uy, o I)((x, x2)(x, y2)) = max{Ix, (x), Iy,(x2y2)}

(Fy, ® Fy,)((x, x2)(x, y2)) = max{Fx, (x), Fy,(x2y2)}
forall x € Vi, forall x,y, € E»,

(Ty, ® Ty,)((x1, x2)(y1, ¥2)) = min{Ty, (x1y1), Ty, (x2¥2)}

(iii) Iy, ® Iy,)((x1, x2)(¥1, ¥2)) = max{ly, (x1y1), Iy,(x2y2)}
(Fy, ® Fy,)((x1, x2)(y1, ¥2)) = max{Fy, (x1y1), Fy,(x2y2)}
forall x;y, € E;, forall x,y, € E,.

Proposition 3.12. If G =(X1,Y)) and G =
(X, Y») are the SVNGs, then G e G, is the SVNG.

Proof. The proof follows from proof of Proposi-
tions 3.2 and 3.7. ]

Definition 3.13. Let G =(X,Y1) and G =
(X2, Y2) be two SVNGs. For any vertex (x1, x2) €
Vi x Va,

(d1)G 06, (x1, X2)

- ¥

(x1,%2)(y1,2)€E10E>

- >

X1=Y1,X2)2¢E,

>

X1y1€E1,x2y2€E>

(TY1 L TYQ)((XI s x2)()’1 P y2))
min{T, (x1), Ty,(x2y2)}

min{Ty, (x1y1), Ty,(x2¥2)},

(dD)g,e6,(x1, X2)

= > (Iy, ® Iyy)((x1, x2)(¥1, ¥2))
(x1,22)(y1,y2)EE10E7

- ¥

XI=Y1,X2)2¢E,

max{lx, (x1), Iy,(x2y2)}
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max{/ly, (x1y1), Iy,(x2y2)},

3

xX1y1€E1,x022€E>
(dF)Ql ng(-xl ) .XZ)

- ¥

(x1,%2)(y1,y2)€E10E2

- >

X1=Y1,X2)2¢E,

D>

X1y1€E1,x22€E>

(Fy, ® Fy,)((x1, x2)(y1, ¥2))
max{Fy, (x1), Fy,(x2y2)}

max{Fy, (x1y1), Fr,(x2y2)}.

Theorem 3.14. Let G| = (X1, Y1) and Gy = (X2, Y?)
be two SVNGs. IfTX1 > TYZ’ [Xl < IYz’ FX1 < Fyz,
TY1 < TYZ’ Iyl > IY2, FY1 > FYZ' Then dgl.gz
(x1, x2) = dg,(x1) +dg,(x2) for all (x1,x2) €
Vi x V.

Proof. By definition of vertex degree of G; x G,, we
must have

(d1)G 06, (X1, X2)

- >

XI=Y1,X2)2¢E,

D>

x1y1€E1,x22€E

= Z Ty,(x2y2) + Z Ty, (x1y1)

X2Y2¢E, xX1y1€E;

min{Tx, (x1), Ty,(x2y2)}

min{Ty, (x1y1), Ty,(x2y2)}

(Since TX1 > Ty2 and TY1 < Tyz)

= (dr)g,(x2) + (d1)g, (x1).

Analogously, it is easy to show that (d;)g,eg,
(x1,x2) = (d)g,(x1) + (d)g,(x2) and (dF)g,eg,
(x1, x2) = (dF)g,(x1) + (dF)g,(x2). Hence dg, g,
(x1, x2) = dg, (x1) + dg, (x2). O

Example 3.15. Consider two SVNGs G; and G,
as given in Example 3.5, where Tx, > Ty,, Ix, <
Iy,, Fx, < Fy,, Ty, <Ty,, Iy, = Iy,, Fy, > Fy,,
and their semi-strong product G; e Gy is shown in
Fig. 3.

So, by Theorem 3.14, we have (dr)g,ec,
(jom) = 0.3 = 0.1 +0.2 = (dr)g, (j) + (dr)g, (m),
(d1)gego (o m) = 1.3 = 0.7+ 0.6 = (d)g, () +
(dp)g,(m) and (dF)g,eg,(j,m) =09=05+0.4 =
(dr)g,(j) + (dFr)g,(m). Therefore, dg,eg,(j,m)=
(0.3, 1.3,0.9). Similarly, we can find the degree of
all the vertices in G| @ G».

(0.3,0.2,0.3) (0.3,0.3,0.2)
(4,0 (0.2,0.6, 0.4) (j,m)

(k1) (0.2,0.6,0.4) (k,m)
(0.4,0.4,0.3) (0.5,0.4,0.1)

Fig. 3." Semi-strong product of two SVNGs.

Definition 3.16. The strong product G X G, =
(X1 X X5,Y, K Y,) of two SVNGs G = (X1, Y))
and G, = (X3, Y») of the graphs G| = (Vy, E1) and
G, =(Vs, E3), respectively, is defined as follows:

(Tx, W Tx,)(x1, x2) = min{T, (x1), Tx,(x2)}
® Ly, X Ix, )(x1, x2) = max{[x, (x1), Ix,(x2)}

(Fx, X Fx,)(x1, x2) = max{Fy, (x1), Fx,(x2)}
for all (x1, xp) € Vi x V3,
(Ty, & Ty,)((x, x2)(x, y2)) = min{Ty, (x), Ty, (x2y2)}

() § Uy, ®Iy,)((x, x2)(x, y2)) = max{lx, (x), Iy,(x2y2)}

(Fy, W Fy,)((x, x2)(x, y2)) = max{Fy, (x), Fy,(x2y2)}
forall x € V;, forall x,y, € E,,
(Ty, ® Ty,)((x1, 2)(V1, 2)) = min{Ty, (x1y1), Tx,(2)}

(iii) Iy, B Iy,)((x1, 2)(y1, 2)) = max{ly, (x1y1), Ix,(2)}

(Fy, ® Fy,)((x1, 2)(y1, 2)) = max{Fy, (x1y1), Fx,(2)}
forall z € V,, forall x;y; € Ej.

(Ty, X Ty, )((x1, x2)(1, ¥2)) = min{Ty, (x1y1), Ty, (x2y2)}
(v) € Iy, X Iy, )((x1, x2)(y1, ¥2)) = max{Iy, (x1y1), Iy, (x2y2)}

(Fy, W Fy,)((x1, x2)(y1, y2)) = max{Fy, (x1y1), Fy,(x2y2)}
forall x;y; € E|, forall x,y, € Ej.

Proposition 3.17. If G = (X(,Y)) and G =
(X», Y») are the SVNGs, then Gy X G, is the SVNG.

Proof. The proof follows from proof of Propositions
3.2 and 3.7. O

Definition 3.18. Let G, =(X,Y)) and G =
(X3, Y2) be two SVNGs. For any vertex (x1, x2) €
V] X VQ,

(dr)g,xg,(x1, x2)

- ¥

(x1,%2)(1,2)€ E1XE,

- ¥

XI=Y1,X2Y2¢E,y

Ly

X2=Y2,X1¥1€E]

(Ty, R Ty,)(x1, x2)(V1, ¥2))

min{Tx, (x1), Ty,(x2y2)}

min{Ty,(x2), Ty, (x1y1)}
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3

xX1y1€E1,x022€E>

min{Ty, (x1y1), Ty,(x2y2)},

(dDg,xg, (X1, x2)

- ¥

(x1,%2)(y1,y2)€ E1XE),

= >

X|=Y1,X2)2¢E,

Ly

X=y2,X1y1€E]

3

XIY1€E1,x22€E7

Iy, ® Iy,)((x1, x2)(¥1, ¥2))
max{/x, (x1), Iy, (x2y2)}
max{ly,(x2), Iy, (x1y1)}

max{ly, (x1y1), Iy,(x2y2)},

(dF)g &g, (x1, X2)

- ¥

(x1,%2)(y1,y2)€ E1XE

- ¥

XI=Y1,X2)2¢E,

o

X2=y2,X1y1€E]

>

X1)1 ek ,x2y26E2

(Fy, X Fy)((x1, x2)(y1, y2))
max{Fy, (x1), Fy,(x2y2)}
max{Fx,(x2), Fy,(x1y1)}

max{Fy, (x1y1), Fr,(x2y2)}.

Theorem 3.19. Let G| = (X1, Y1) and Gy = (X2, Y?)
be two SVNGs. If Tx, > Ty,, Ix, < Iy,, Fx, < Fy,,
Tx, > Ty,, Ix, < Iy,, Fx, < Fy,, Ty, < Tvy,, Iy, >

Iy,, Fy, > Fy,. Then dg,xg,(x1, x2) = |Valdg, (x1)
+dg,(x2) for all (x1,x2) € Vi x V2.

Proof. By definition of vertex degree of Gy x Gy, we
must have

(dr)g,m6, (X1, X2)

- 5

XI=Y1,%2)2¢E,

DS

X2=y2,X1y1€E]

3

xX1y1€E1,x022€E>

= Z Ty,(x2y2) + Z Ty, (x1y1)

X2Y2€E, xiy1€E]

+ Z Ty, (x1y1)

xX1y1€E;

min{Tx, (x1), Ty,(x2y2)}

min{TXz(-XZ)v TY] (XIYI)}

min{Ty, (x1y1), Ty,(x2y2)}

(Since Tx1 > Tyz, sz > Ty1 and Tyl < Tyz)

= |Val(d7)g, (x1) + (dT)g,(x2).

Analogously, it is easy to show that
(dngxg, (x1, x2) = |Val(d[)g, (x1) + (d1)g,(x2) and
(dF)g &g, (x1, x2) = [V2|(dF)g, (x1) + (dF)g, (x2).
Hence dg, &g, (x1, X2) = |Valdg, (x1) + dg,(x2). O

Example 3.20. Consider two SVNGs G; and
G, as in Example 3.5, where Tx, > Ty,, Ix, <
Iy,, Fx, < Fy,, Tx, = Ty,, Ix, < Iy,, Fx, < Fy,,
Ty, < Ty,, Iy, = Iy,, Fy, > Fy, and their strong
product G; X'G; is shown in Fig. 4.

Then by Theorem 3.19, we have (dr)g,xg,(Jj, 1)
= 0.4 =2(0.1) + 0.2 = |V2|(dr)g, () + (dr)g, (D),
(dpg &g, (j, D=2 =2(0.7) + 0.6 = [V2|(dDg, (j)
+ (dDg, (D), (dr)gxg,(j,D) = 1.4 =2(0.5)+ 0.4 =
[V2I(dF)g, (j) + (dF)g, (). Therefore, dg,rg,(j, ) =
(0.4,2, 1.4). Similarly, we can find the degree of all
the vertices in G; X G,.

Definition 3.21. The lexicographic product Gj o
Gr = (X1 0X>3,Y1 0Yy)of SVNGs Gy = (X1, Yp)of
Gr=(V1, Ey) and Gy = (X2, Y2) of G2 = (V2, E?)
is defined as follows:

(Tx, o Tx,)(x1, x2) = min{Tx, (x1), Tx, (x2)}
(i) § Ux, o Ix,)(x1, x2) = max{lx, (x1), Ix, (x2)}
(Fx, o Fx,)(x1, x2) = max{Fx, (x), Fx,(x2)}
for all (xq, xp) € V| x V3,
(Ty, o Ty, )((x, x2)(x, ¥2)) = min{Tx, (x), Ty,(x2y2)}
(i) < (Iy, o Iy,)((x, x2)(x, y2)) = max{[x, (x), Iy,(x2y2)}
(Fy, o Fy,)((x, x2)(x, y2)) = max{Fy, (x), Fy,(x2y2)}
for all x € V;, forall x,y, € E,
(Ty, o Ty,)((x1, 2)(¥1, 2)) = min{Ty, (x1y1), Tx,(2)}
(i) § Iy, o Iy,)((x1, 2)(¥1, 2)) = max{ly, (x1y1), Ix,(2)}

(Fy, o Fy,)((x1, 2)(y1, 2)) = max{Fy, (x1y1), Fx,(2)}
forall z € V;, forall x;y; € Ey,

(0.3,0.2,0.3) (0.3,0.3,0.2)
(4,1) (0.2,0.6,0.4) (4, m)
S\
4 >
‘7 N
TR N —~
Iy ’ 0.,; N e
S Y =
- o
S =~
= :
< °
N ot
=3 &
(k,1) (0.2,0.6,0.4) (k,m)
(0.4,0.4,0.3) (0.5,0.4,0.1)

Fig. 4. Strong product of two SVNGs.
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(Ty, o Ty, )((x1, x2)(¥1, ¥2))

= min{Ty, (x2), Tx,(y2), Tr, (x1y1)}
(Iy, o Iy))((x1, X2)(¥1, ¥2))

= max{/x,(x2), Ix,(y2), Ir, (x1y)}
(Fy, o Fy,)((x1, x2)(31, ¥2))

= max{Fx,(x2), Fx,(2), Fr,(x1yD)}
for all X1y1 € El,xz 7& y2.

@iv)

Proposition 3.22. If G =(X1,Y)) and G, =
(X, Y») are the SVNGs, then G[G>] is the SVNG.

Proof. From the proof of Proposition 3.7, it follows
that

(Ty, o Ty,)((x, x2)(x, y2))

= min{(Tx, o Tx,)(x, x2), (Tx, o Tx,)(x, y2)},
(Iy, o Iy,)((x, x2)(x, y2))

= max{(/x, o Ix,)(x, x2), (Ix, o Ix,)(x, y2)},
(Fy, o Fy,)((x, x2)(x, y2))

= max{(Fx, o Fx,)(x, x2), (Fx, o Fx,)(x, ¥2)}

forall x € Vi, x2y2 € E3,

(Ty, o Ty, )((x1, 2)(¥1, 2))

= min{(Tx, o Tx,)(x1, 2), (Tx, o Tx,)(y1, 2)},
(Iy, o Iy,)((x1, 2)(¥1, 2))

= max{(Ix, o Ix,)(x1, 2), (Ux, o Ix,)(y1, 2)},
(Fy, o Fy,)((x1, 2)(y1,2))

= max{(Fx, o Fx,)(x1, 2), (Fx, o Fx,)(y1, 2)}

forallz € Vo, x1y1 € E7.
Now consider x1y; € E1, x2 # y2. Then

(Ty, o Ty,)((x1, x2)(¥1, ¥2))
= min{Tx, (x2), Tx,(32), Ty, (x1y1)}
< min{Tx, (x2), Tx,(y2),
min{7x, (x1), Tx, (y1)}}
= min{min{Tx, (x1), Tx,(x2)},
min{Tx, (y1), Tx,(y2)}}
= min{(Tx, o Tx,)(x1, x2), (Tx, o Tx,)(y1, y2)}.
Similarly, (Ty, o Iy, )((x1, x2)(y1, y2)) =max{(/x, o
Ix,)(x1, x2), (Ix, © Ix,)(y1, y2)} and (Fy, o Fy,)

((x1, x2)(y1, y2))=max{(Fx, o Fx,)(x1, x2),(Fx, o
FXz)(ylv )’2)} O

Definition 3.23. Let G, =(X1,Y;) and G =
(X3, Y») be two SVNGs. For any vertex (x1, x2) €
Vi x Vp,

(dr)g,16,1(x1, X2)

- ¥

(x1,x2)(y1,y2)€EE10E>

- ¥

X1=Y1,X2Y2¢Ey

DY

X2=y2,x1y1€EE}

>

X2 # yu X1 y1€E)

(Ty, o Ty, )((x1, x2)(y1, ¥2))
min{Ty, (x1), Ty,(x2y2)}
min{Tx, (x2), Ty, (x1y1)}

min{TYx,(y2), Tx,(x2), Ty, x1y1D)},

(dDg,1g:1(x1, X2)

()

(x1,2)(y1,y2)EE10E>

9>

X1=Y1,X2)2¢E,

D>

X=y2,x1y1€E]

D>

X2 # y2,x1y1€E]

Iy, o Iy,)((x1, Xx2)(¥1, ¥2))
max{Iy, (x1), Iy,(x2y2)}
max{/x,(x2), Iy,(x1y1)}

max{/lx,(y2), Ix,(x2), Iy, (x1yD)},

(dr)g16,1(x1, x2)

= > (Fy o Fr)(( x)(O. y2)
(x1,%2)(y1,y2)€E 10

- ¥

X1=Y1,X2Y2¢E,

D>

X=y2,x1y1€E}

D>

X2 #F 2, xiy€E)

max{Fy, (x1), Fy,(x2y2)}

max{Fx,(x2), Fy,(x1y1)}

max{Fx,(y2), Fx,(x2), Fy,(x1y1)}.

Theorem 3.24. Let Gy = (X,Y)) and G
(X2,Y2) be two SVNGs. If Tx, =Ty, Ix,
Iy,, Fx, < Fy, and Tx, > Ty,, Ix, < Iy,, Fx,
Fy,. Then dg,g,(x1,x2) = |Valdg, (x1) + dg,(x2)
forall (x1,x2) € Vi x V,.

INIA

Proof. For any vertex (x1, x2) € Vi x V3,

d7)6,1621(x1, x2)

- ¥

XI=Y1,X2)2¢E,

min{TXl (X]), TYQ(XZyz)}
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>

X2=y2,X1y1€E]

+ > min{Tx,(y2), Tx,(x2), Ty, (x1y1)}
x2 # y2,x1y1€E]

= Z Tyz(xzyz) + Z TY] (-xlyl)

X2Y2€E, xiy1€E

+ ) Ty Gy

X1y1€E)

min{T,(x2), Ty, (x1y1)}

(Since Tx, > Ty, and Tx, > Ty,)

= (dr)g,(x2) + |V2|(dT)g, (x1).

Analogously, we can show that (d;)g, (g, (X1, X2) =
(d1)g,(x2) + |V2l(di)g, (x1) and (dF)g,(g,1(x1, X2) =
(dF)g,(x2) + |V2|(dF)g, (x1). Hence dg,(g,1(x1, x2)
= dg,(x2) + |Valdg, (x1).

Definition 3.25. The union G; UG, = (X1 U X»,
Y, UY3) of two SVNGs G| = (X(,7Y)) and G, =
(X2, Y2) of the graphs G = (V1, Eq) and G, =
(Va, E»), respectively, is defined as follows:

(Tx, U Tx,)(x)
Tx,(x) ifxe Vi\ Va,
= TXZ()C) ifx € V2 \ V],
max{Ty, (x), Tx,(x)} ifx € Vi N V5.
(Ix; U Ix,)(x)
Ix,(x) ifxe Vi \Va,
=1 Ix,(x) ifx e Vo\ Vy,
min{/x, (x), Ix,(x)} ifx € Vi A.Va.
(FX1 U FXQ)('X:)
Fx,(x) ifx e Vi\ Va,
=1 Fx,(x) ifx e Vo \ Vq,
min{Fx, (x), Fx,(x)} ifx e Vi N V.
(Ty, U Ty,)(xy)
Ty, (xy) ifxy € E1 \ Ea,
= ¢ Ty, (xy) if xy € E2 \ El,
max{Ty, (xy), Ty,(xy)} if xy € E1 N E>.
Iy, U Iyy)(xy)
Iy, (xy) ifxy € E1 \ Ea,
= q Iy, (xy) ifxy e Ex \ Ey,
min{/ly, (xy), Iy,(xy)} ifxy € E; N E>.

(Fy, U Fy,)(xy)
Fy, (xy) ifxy € Ei \ Ez,
=4 Fr,(xy) ifxy € E2 \ E,
min{Fy, (xy), Fy,(xy)} ifxy € E{ N E>.

Proposition 3.26. If G = (X,Y)) and G, =
(X3, Y») are the SVNGs, then G1 U G, is the SVNG.

Proof. Consider xy € E1 \ E». Then there are three
different cases, (i) x,ye Vi \ Vo, (i) xe€ V1 \
Vo, ye ViNVyand (iii) x, y € Vi N V,.

(1) Suppose x,y € V1 \ V>
(Ty; U Ty, )(xy)
=Ty, (xy) < min{Tx, (x), Tx,(»)}
= min{(Tx, U Tx,)(x), (Tx, U Tx,)(»)}.

(i) Suppose x € V1 \ Vo, y € Vi N V,. Then

(Ty, U Ty,)(xy)
= Ty, (xy) < min{Tx, (x), Tx, (»)}
< min{(Tx, U Tx,)(x), max{Tx, (y), Tx,(»)}}
= min{(Tx, U Tx,)(x), (Tx, U Tx,)(¥)}.
(iii)) Suppose x € V1 NV, y € Vi N V5. Then

(Ty, U Ty,)(xy)
= Ty, (xy) < min{Tx, (x), Tx, ()}
= min{max{TXl(x), TXZ(X)},
max{Tx, (y), Tx,(y)}}
= min{(TX1 U TXZ)(X), (TX1 U TXz)(y)}
Also, it is easy to find (Iy, Uly,)(xy) >
maX{(IXl U IXZ)()C), (IX1 ) IXz)(y)} and(FY1 U FY2)
(xy) = max{(Fx, U Fx,)(x), (Fx, U Fx,)(y)} in the
three possible cases. Similarly, if xy € E> \ Ej,
then (Ty, U Ty,)(xy) < min{(Tx, U Tx,)(x), (Tx, U
Tx,) M}, Iy, Uly)(xy) > max{(Ix, U Ix,)(x),
(IX1 ) IXz)(y)}’ (FYl U FYz)(-Xy) = maX{(FXI U
FXz)(x)a (FX1 ) FXz)(y)}
Let xy € E1 N E>. Then
(TYl ) TYz)(xy) = maX{TYl (x)’), TYz(xy)}
= max{min{TXl (x)v TX] (y)},

min{Ty,(x), Tx,()}}

< min{max{TY, (x), Tx,(x)},

max{Tx, (), Tx,(»}}
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= min{(Tx, U Tx,)(x), (Tx, U Tx,)()},
(Iy, U Iy,)(xy) = min{ly, (xy), Iy,(xy)}
> min{max{/x, (x), Ix, (y)},
max{/x,(x), Ix,(y)}}
> max{min{/x, (x), Ix,(x)},
min{/x, (), Ix,(»)}}
= max{(/x, U Ix,)(x), (Ix, U Ix,) (M}
(Fy, U Fy,)(xy) = min{Fy, (xy), Fy,(xy)}
> min{max{F, (x), Fx,(y)},
max{Fx,(x), Fx,(y)}}
> max{min{Fy, (x), Fx,(x)},
min{Fyx, (y), Fx,(y)}}
= max{(Fx, U Fx,)(x), (Fx, U Fx,)(»)}.
The converse of above result holds if ViNV, =@ [

Theorem 3.27. The union Gy U G of G1 and G is a
SVNG of G1 U Gy ifand only if G| and G, are SVNGs
of G1 and G, respectively, where Vi NV, = (.

Proof. Assume that G; U G, isaSVNG. Letxy € Eq,
then xy ¢ E; and x, y € V1 \ V5. Thus

Ty, (xy) = (Ty, U Ty, )(xy)
< min{(Tx, U Tx,)(x), (Tx, U Tx,)(M)}
= min{T, (x), Tx,(»)},

Iy, (xy) = (Iy, U Iy,)(xy)

max{(Ix, U Ix,)(x), (Ix, U Ix,)(»)}
= max{Ix, (x), Ix, (M)},

Fy,(xy) = (Fy, U Fy,)(xy)

max{(Fy, U Fx,)(x), (Fx, U Fx,)(»)}

= max{Fy, (x), Fx,(»)}.

Thus G is a SVNG of G . Similarly, it is easy to
show that G, is a SVNG of G»,. O

v

v

Definition 3.28. Let G, =(X,Y;) and G, =
(X2, Y») be two SVNGs. For any vertex x € V1 U V5,
there are three cases to consider.

Case 1. Either x € Vi \ Vo, or x € V, \ V;. Then no
edge incident at x liesin E1 N E3. So,forx € Vi \ V;

(dr)gu6,(x) = > Ty, (xy) = (dr)g, (%),
xyeE)

(dDgu,(X) = > Iy, (xy) = (d)g, (%),

xyeE}

(dF)Gue,(X) = Y Fr,(xy) = (dr)g, (x).

xyeE

Forx € V» \ Vq,

(dr)gug, () = Y Try(xy) = (dr)g, (%)

xyeEy

(dDgug(X) = > I, (xy) = (d1)g,(x),
xyeEy

(ARG, (®) = Y Fry(xy) = (dr)g,(x).
xyekEy

Case 2. x € V1 NV, but no edge incident at x lies
in E1 N E;. Then any edge incident at x is either in
Ei\Eyorin E> \ E.

dr)gug, () = Y (Ty, UTy)(xy)

xyeE|UE,
= ) TrG)+ Y Trxy)
xyeE, xyekn

= (dr)g, (x) + (dr)g,(x)

Similarly,  (d1)g,ug,(x) = (d)g,(x) + (d1)g,(x)
and (dr)g,ug, (%) = (dr)g, (x) + (dF)g, (x).

Case 3. x € V1 N V, and some edges incident at x are
in E1 N Ej.

> (Ty, U Ty)(xy)

xyeE|UE,

= > TnGn+ Y Trky)

xyeE1\E> xyeE>\Ey

+ Y max(Ty, (xy), Tr,(xy))
xyeE1NE,

= Y T+ D Tn@y
XyEEI\E Xy€EX\E)

+ Z max{Ty, (xy), Ty,(xy)}
xyeE1NE;

(dT)gl UGgs (x) ==

+ Z min{Ty, (xy), Ty,(xy)}
xyeE1NE;

— Z min{7y, (xy), Ty, (xy)}

xyeE1NE;
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D TrGn)+ Y Trxy)

xyeEy xyekEy

— > min{Ty, (xy). Tr,(xy)}
xyeE1NE,

(d7)g,(x) + (d7)g, (%)

— Z min{7y, (xy), Ty, (xy)}.

xyeEINE,

Similarly,
- 2

xyeE1NE,
= (dp)g, (%) + (dp)g,(x) — X

xyeE|NE,
FYZ(X)’)}-
Definition 3.29. The ring sum G ® G, = (X1 &
X5, Y1 ®Y2)oftwoSVNGs G| = (X1, Y1)and G, =

(X2, Y2) of the graphs G| = (Vi, E1) and G, =
(Va, Ey), respectively, is defined as follows:

(d1)g,ug, (x) = (d[)g, (x) + (d[)g,(x)
max{ly, (xy), Iy,(xy)} and (dF)g,ug,(x)

max{Fy, (xy),

(TX1 @ TXQ)(-X) = (TX1 U TXZ)(.X),
(IX1 S IXz)(x) = (le U IX2)(~x)a
(Fx, ® Fx,)(x) = (Fx, U Fx,)(x) ifx € VUV,

Ty, (xy) ifxy € Ey \ E,
Ty, (xy) ifxy € E2 \ Ey,
0 if xy € E1 N Es.

(Ty, @ Ty,)(xy) =

Iy, (xy) ifxy € E1 \ Ep,
Iy, (xy) if xy € Ex \ Ey,
0 ifxy € E1 N Es.

(IYl D IYZ)(X)’) =

Fy,(xy) ifxy € E \ E,
Fy,(xy) if xy € E2 \ ET,
0 if xy e Ey N Es.

(Fy, ® Fy))(xy) =

Proposition 3.30. If G, = (X1,Y1) and G, =
(X2, Y») are the SVNGs, then Gy @ G is the SVNG.

Definition 3.31. The join G+ G, = (X +
X5,Y +Y;) of two SVNGs G =(Xy,Y;) and
Gr = (X2, Y2) of the graphs G| = (Vy, E1) and
Gy = (W, Ey), respectively, is defined as follows:

(Tx, + Tx,)(x) = (Tx, U Tx,)(x)
D) < Ux, + Ix,)(x) = (Ix, U Ix,)(x)
(Fx, + Fx,)(x) = (Fx, U Fx,)(x) ifx e V;UV,,
(Ty, + Ty,)(xy) = (Ty, U Ty, )(xy)
(i) § Uy, + In)xy) = (Iy, U Iy,)(xy)
(Fy, + Fy,)(xy) = (Fy, U Fy,)(xy) ifxy € E\ U E,

(Ty, + Ty,)(xy) = min{Tx, (x), Tx,(y)}
(i) ¢ (y, + In,)(xy) = max{ly, (x), Ix,(y)}
(Fy, + Fy,)(xy) = max{Fx, (x), Fx,(»)} ifxy e E,

where E' is the set of all edges joining the vertices of
Viand Vo, ViNV, = 0.

Theorem 3.32. The join Gy + G> of G| and G, is a
SVNG of G| + G ifand only if G| and Gy are SVNGs
of G1 and G, respectively, where Vi NV, = .

Proof. Suppose that G; + G, is a SVNG. Then from
Theorem 3.27, G, and G, are SVNGs.

Conversely, assume that G; and G, are SVNGs
of G| and G», respectively. Consider xy € Eq U
E>. Then the required result follows from Proposi-
tion 3.26. Letxy € E . Then

(Ty, + Ty,)(xy)
=min{Ty, (x), Tx,(y)}
= min{(Tx, U Tx,)(x), (Tx, U Tx,)(»)}
= min{(Tx, + Tx,)x), (Tx, + Tx,)M)},

Similarly, we can show (Iy, + Iy,)(xy) = max
{Ux, + Ix,)), Ux, + Ix,)(»}  and  (Fy, +
Fy;)(xy) = max{(Fx, + Fx,)(x), (Fx, + Fx,)(y)}.

|

Definition 3.33. Let G, =(X1,Y)) and G =
(X2, Y2) be two SVNGs. For any vertex x € V| + V3,

> (Ty, U Ty)(xy)

xyeE1UE,

+ Z min{Tx, (x), Tx,(y)},
xyEE/

> Uy Uly)xy)

xyeE1UE,

+ Z max{/x, (x), Ix,(»)},

xyeE/

> (Fy, UFp)(xy)

xyeE1UE,

+ Z max{Fy, (x), Fx,(»}.
xyeE/

(dr)g+6,(x) =

(dDg+6,(x) =

(dF)g +6,(x) =

For any x € Vy,
(d1)g,+6,(x)
= ) Ty,xy)+ Y min{Tx,(x), Tx,(»)},

xyeE1 xye E’
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= (dr)g, () + Y min{Tx, (x), Tx,()}-
Xye E

Similarly, (dr)g,+6,(x) = (dr)g,(x) + > max
xyEE/
{Ix,(0). Ix,(»)} and (dF)g,+,(x) = (dF)g, (x) +
> max{Fy, (x), Fx,(y)}.
xyeE’

For any x € V>,
(d1)G,+6,(x)
= ) Ty(y)+ Y min{Tx, (). Tx, ()}

xyeEy XyGE,

= (d1)g,(x) + Y min{Tx, (x), Tx,(»)}.
xyeE/

Similarly, (d1)g,+g,(x) = (d1)g,(x) + >_ max
xyEE/
{Ix,(x), Ix,(»)} and  (dF)g,+6,(x) = (dF)g,(x) +
> max{Fx, (x), Fx,(»)}.
xyeE/

4. Single valued neutrosophic digraph
in travel time

In modern age, planning efficient routes is essen-
tial for industry and business, with applications as
varied as product distribution, laying new fiber optic
lines for broadband internet, and suggesting new
friends within social network websites such as Face-
book. When we visit a website like Google Maps and
looking for directions from one city to another city
in USA, we are usually asking for a shortest path
between the two cities. These computer.applications
use representations of the road maps as graphs, with
estimated travel times as edge weights. The-travel
time is a function of traffic density on the road or
the length of the road. The traffic density is a fuzzy,
while the length of a road is a crisp quantity. In a
road network, crossings are represented by vertices,
roads by edges and traffic density on the road is usu-
ally calculated between adjacent crossings. These
factors can be represented as a SVNS. Any model
of a road network can be represented as a SVNDG
D = (C,R), where C is a SVNS of crossings (ver-
tices) at which the traffic density is calculated and
connectivity conditions as truth-membership degree
Tc(x), indeterminacy membership degree I¢(x) and
falsity membership degree Fg(x),

C_<(Cl (&) Cc3 C4 C5 Co C7>
“\N\0.67050.1°0.8°0470.7 04/

( C1 c) €3 C4 C5 c6 C7 )

€1 ¢ 3 ¢4 ¢5 ¢ €7
(0.5’ 037027027027 0.3° 0.4)>’
and R is a SVNS of roads (edges) between
crossings, whose truth-membership degree TR (xy),
indeterminacy membership degree Iz (xy) and falsity
membership degree Fr(xy) can be calculated as:

Tr(xy) < min{T¢(x), Te(y)},
Ir(xy) = max{l¢(x), Ic(y)} and
Fr(xy) > max{Fe(x), Fe(y)} forall xy € E.

The SVNDG D = (C, R) of the travel time is given
in Fig. 5. The single valued neutrosophic out neigh-
bourhoods are given in Table 1.

The final weights on edges can be calculated by
finding the score function of single valued neutro-
sophicedgesass; = (Tr); + 1 — (Ir); + 1 — (FR);.
The final weighted digraph given in Fig. 6, which can
be used for finding the shortest/optimal path between
two locations (vertices) by any of the known meth-
ods, like Djkastra and A star. Weighted relations are
given in Table 2.

(¢1,0.6,0.2,0.5)

(¢5,0.4,0.3,0.2)

Fig. 5. SVNDG of a road network.

Table 1
Single valued neutrosophic out and in neighbourhoods of
crossings (relations)

Crossings N (crossings)

1 {c6(0.2,0.6,0.7)}

&3 {c1(0.2,0.4,0.6), c7(0.3,0.2,0.5)}
3 {c2(0.1,0.7,0.3)}

c4 {c3(0.1,0.6,0.7)}

cs {c4(0.3,0.7,0.4)}

Ce {c3(0.1,0.6,0.4), c5(0.3, 0.5, 0.4)}
c7 {c1(0.1,0.3,0.5), c6(0.2, 0.6, 0.5)}
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Cs

Fig. 6. Weighted digraph of a road network.

Table 2
Weighted out and in neighbourhoods
of crossings (weighted relations)

Crossings N (crossings)
c1 {c60.9}

c {c11.2, ¢71.6}
c3 {c21.1}

c4 {c30.8}

cs {c41.2}

c6 {c31.1, c51.4}
c7 {c11.3,¢c61.1}

Algorithm given below generates the weighted
digraph, WR, for given SVNDG and uses it'to calcu-
late the optimal path from a source vertex.

Algorithm

(1) void single valued neutrosophic shortest
path(){
(2) C =SVNS of crossings;
(3) number of crossings=count(C);
(4) R =Empty SVNS of roads;
(5) for (int ¢ = 0;c < numberofcrossings;c +
+){ ’ ! ’
(6) for (int ¢ = 0;¢c < numberofcrossings;c +
)1
(7) if (C(x) is adjacent to C(y)){
(8) Tr(cc) < min{Te(c), Te(e )}
) Ir(cc) = max{lc(c), Ie(c)};
(10) Fr(cc) = max{Fc(c), Fe(c)};
(11) }
(12) }
(13) }

(14) R =SVNS of edges;

(15) R = Single valued neutrosophic relation;
(16) WR =Weighted relation;

(17) no of edges= count(R);

(18) for (inti = 0;i <no of edges;i + +){
(19) si =(Tr)i +1—-UR)i +1—(FR)i;
(20) ¢ =Adjacent from Node of R;;

21 ¢ =Adjacent to Node of R;;

(22) WR_ . = si;

(23) }

(24) print WR;

(25) Calculate optimal path using WR;
(26) }

5. Conclusions

Single valued neutrosophic models are more flex-
ible and practical than fuzzy, interval-valued fuzzy,
intuitionistic fuzzy and interval-valued intuitionis-
tic fuzzy models. SVNGs can be used in computer
technology, networking, communication, economics,
genetics, linguistics, sociology etc, when the concept
of indeterminacy is present. So, in this paper, we have
defined the basic operations on SVNGs such as direct
product, Cartesian product, semi-strong product,
strong product, lexicographic product, union, ring
sum and join, and investigated some of their prop-
erties. Moreover, the degree of a vertex in SVNGs
formed by these operations in terms of the degree of
vertices in the given SVNGs in some particular cases
are determined. They will be helpful especially when
the graphs are very large. We have also provided an
application of SVNDG in travel time.
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