symmetry

Article

On Single-Valued Neutrosophic Closure Spaces

Fahad Alsharari 12

check for

updates
Citation: Alsharari, F. On
Single-Valued Neutrosophic Closure
Spaces. Symmetry 2021, 13, 1508.
https://doi.org/10.3390/sym13081508

Academic Editor: Sergei D. Odintsov

Received: 30 June 2021
Accepted: 11 August 2021
Published: 17 August 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

1 Department of Mathematics, College of Science and Human Studies, Majmaah University,

Hotat Sudair 11982, Saudi Arabia; f.alsharari@mu.edu.sa
Department of Mathematics, College of Science and Arts, Jouf University, Gurayat, 77455, Saudi Arabia

2
Abstract: This paper aims to mark out new terms of single-valued neutrosophic notions in a Sostak
sense called single-valued neutrosophic semi-closure spaces. To achieve this, notions such as
B£-closure operators and B£-interior operators are first defined. More precisely, these proposed
contributions involve different terms of single-valued neutrosophic continuous mappings called
single-valued neutrosophic (almost B£, faintly B£, weakly B£) and B£-continuous. Finally, for the
purpose of symmetry, we define the single-valued neutrosophic upper, single-valued neutrosophic
lower and single-valued neutrosophic boundary sets of a rough single-valued neutrosophic set a;, in
a single-valued neutrosophic approximation space (F,4). Based on &, and &, we also introduce the
single-valued neutrosophic approximation interior operator intin and the single-valued neutrosophic
approximation closure operator Clgn.

Keywords: single-valued neutrosophic p£-closure operators; B£-interior operators; single-valued
neutrosophic almost p£-continuous; faintly f£-continuous; weakly B£-continuous; B£-continuous;
single-valued neutrosophic approximation space; approximation interior operator; approximation
closure operator

1. Introduction

Neutrosophic set theory has a very powerful influence given that is a recent section
of philosophy that is presented as the study of origin, nature and scope of neutralities.
The idea of neutrosophy is initiated by Smarandache [1] in 1999 as a new mathemati-
cal approach that corresponds to degree of indeterminacy (uncertainty, etc.). Moreover,
the soft set theory was successfully applied to several directions, such as smoothness of
functions and architecture-based neuro-linguistic programming (NLP) in the papers of
Bakbak et al. [2] and Mishra et al. [3]. The concept of continuous mappings plays a crucial
role in many branches of mathematics, such as, fuzzy set theory, algebra and quantum
gravity (see [4]). El-Naschie also has shown that both string theory and & theory are kind
of some applications in quantum particle physics especially in relation to heterotic strings
and were influenced by the fuzzy topology in Sostak sense. [5].

In current times, the theory of neutrosophy has been recycled at various junctions of
mathematics. More precisely, this theory has made an exceptional advancement in the field
of topological spaces. Salama et al. [6-8] dispatched their works of neutrosophic topological
spaces, following the method of Chang [9] in the situation of fuzzy topological spaces
(]:' ,T). Afterward, Hur et al. [10,11] presented NSet(H) and NCSet. Smarandache [12]
defined the idea of neutrosophic topology on the non-standard interval. One can simply
detect that the fuzzy topology familiarized by Chang is a crisp group of fuzzy subsets.

Sostak [13] determined that Chang’s style is crisp in nature and so he redefined the
idea of fuzzy topology, frequently mentioned as smooth fuzzy topology, as a mapping from
the group of all fuzzy subsets of F to [0, 1]. Fang Jin-ming et al. and Zahran et al. [14,15]
discussed the notion of foundation as a function from an appropriate collection of fuzzy
subsets of X to [0,1]. Saber et al. [16] found a parallel theory in the context fuzzy ideal
topological space.
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Wang [17], in 2010, established the idea of a single-valued neutrosophic set. In 2016,
Gayyar [18] presented the notion of fuzzy neutrosophic topological spaces in a Sostak
sense. The concept of the foundation for an ordinary single-valued neutrosophic topology
was explored by Kim [19]. Several authors [20-25] posted their efforts for the idea of
single-valued neutrosophic topological spaces (F, t%¢). Others focusing their works on
single valued neutrosophic relations, see [26,27]. Last but not least, in the sense that not
only the objects are fuzzified, but also the axiomatics, the single-valued neutrsophic ideal
theory was introduced in 1985 by Sostak [13] as a generalization of classical topological
structures and as an extension of both crisp topology and Changs fuzzy topology.

In this article, preliminaries of single-value neutrosophic sets and single-valued neu-
trosophic topology are reviewed in Section 2. In Section 3, we define the notions of a single-
valued neutrosophic semi-closure space. Some of their characteristic properties are consid-
ered. Further, we present and explore the properties and characterizations of the single-
valued neutrosophic operators, namely B£-closure (B£C. q¢) and B£-interior (BEint. goc)
in the single-valued neutrosophic ideal topological space (F, %%, £27¢). The concepts of
single-valued neutrosophic (almost, faintly, weakly) f£-continuous mappings are intro-
duced and studied in Section 4. In Section 5, we introduce a new improved single-valued
neutrosophic lower and single-valued neutrosophic upper sets by which we obtain a more
reliable single-valued neutrosophic boundary region set of a single-valued neutrosophic
set &y. From these single-valued neutrosophic lower and fuzzy upper sets, we define
new single-valued neutrosophic interior and single-valued neutrosophic closure operators

associated with a specific single-valued neutrosophic set &, € .

2. Preliminaries

This section is devoted to bring a complete survey, some previous studies and impor-
tant related notions to this work. Let us have a fixed universe J to be a finite set of objects
and  a closed unit interval [0, 1]. We will also let {7 to denote the set of all single-valued
neutrosophic subsets of F.

Definition 1 ([12]). Let F be a non-empty set. A neutrosophic set (briefly, N'S) in F is an object
having the form

an = {{0, G, (v), 00, (v), Ca, (V) 10 € F}

where
0:F—]7 01", 6:F—] 01", ¢:F—] 017
and
70 S éan(v) +5’1’<n (U) + Can (U) S 3+

represent the degree of membership (0, ), the degree of indeterminacy (5,) and the degree of
non-membership (¢, ), respectively, of any v € F to the set a.

Definition 2 ([17]). Suppose that F is a universal set a space of points (objects), with a generic
element in F denoted by v. Then, ay is called a single-valued neutrosophic set (briefly, SVN'S) in
F, if ay has the form

an = {(v, 8w, (v), O, (V), Ga, (V) 10 € T}

Now, 0y, 0y, Ca,, indicate the degree of non-membership, the degree of indeterminacy and the
degree of membership, respectively, of any element v € F to the set ay,.

Definition 3 ([17]). Let ay = {(v, da, (V), 5, (V), Ex, (V) : v € F} bean SVNS on F. The com-
plement of the set ay, (briefly af,) defined as follows:
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Definition 4 ([9]). Let F be a non-empty set, a,, e, € {7 be in the form: ay = {(v, 04, (v),
Fa, (0),Ex, (V) v € Fland e, = {(v,0¢,(v), 5, (v), &, (v)) : v € F} on F then,

(a) oy, C €y for every v € F;

Ou, (V) < 8¢, (v), On, (V) > 0¢, (), Gu, (V) = Ge, (V).

b) ay =eniffo, Ceyand oy D gy
()0 =1(0,1,1) and 1 = (1,0,0).

Definition 5 ([26]). Let ay, €, € gf . Then,
(a) &y N ey is an SVNS, if for every v € F,

an Nen = ((On, N e, ) (V), (Fu, UTe,)(0), (Ca, UCe,)(V))

Where’ (é‘xn N éfn)(v) = é‘xn (U) N 5687/1 (li) and (Clxn U Cfn)(v) = Clxn (U) U Cen (U),for ﬂll v e ﬁ’
(b) &y U ey is an SVNS, if for every v € F,

an Uey = ((On, U e, ) (), (Fu, NTe,) (), (Ga, NEe,)(V))

Definition 6 ([6]). For any arbitrary family {a, }ic; € gf of SVNS the union and intersection
are given by

(@) Nigjlanli = (Nigj0n,), (v), VigjOla,, (V) UieiG
(0) Uiejlan]i = (Uigj0la,]; (V) NigjOla,,(V), NigjG

Definition 7 ([18]). A single-valued neutrosophic topological spaces is an ordered (F,%9,%7,%9)
where 2, %7, %5 : {7 — { is a mapping satisfying the following axioms:

(SVNT1) (D)

(1) =17(0) = (1) = 0qnd #(0) = (1) = 1.

(SVNT2) #(anNey) > T ay) Nt (en),  (anNen) < 17(ay) Ut (ey),
7 (ay Nen) < 76 (n) U TS (en), for every ay, e, € 7,

(SVNT3) #(Ujer|anl;) = Njer®([anlj),  #(Uier|anlj) < Ujer® ([anl)),
T (Ujerlanlj) < UjerT([anl;), for every [an]; € 7.

The quadruple (F, %2, %7, %¢) is called a single-valued neutrosophic topological space
(briefly, SVNT, for short). Occasionally we write t%¢ for (#¢,%%,%¢) and it will cause
no ambiguity.

Definition 8 ([21]). Let (F,7%¢) be an SVNTS . Then, for every ay, € {” and r € {o. Then the
single-valued neutrosophic closure and single-valued neutrosophic interior of a,, are defined by:

Craoe(en, 1) = (e € 77t <, T([ea)) > 1, T7([e]) <17, T¥([ea)) <17},
int e (an,7) = | J{en € 77w > €0, T0en) > 7, T0(en) <1—1, T(ey) <17}

Definition 9 ([24,25]). Let (F,7%¢) be an SVNTS and a;, € 7%, r € {o. Then,

(1) wy, is said to be r-single-valued neutrosophic semi-open (briefly, -SVNSO) iff
ay < Cagoe (intzgoe ([anlr, 1), 1),

(2) wy, is said to be r-single-valued neutrosophic B-open (briefly, -SVNBO) iff

wy < Cf@&g (1nt~gag (C.L:Qmj ( [lxn]y, 1’), 1’), 1’).
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0, (V) + 0, (V) —

(3) wy, is said to be r-single-valued neutrosophic regular open (briefly, r-SVNRO) iff
&y = intzgoe (C.ng”irg” ( [an]r, 1’), 1’),

The complement of t-SVNSO (resp, r-SVNBO) are said to be r-SVNSC (resp, r-SVNBC)), re-
spectively.

Definition 10 ([21]). Let (F) be a non-empty set and v € F, lets € (0,1], t € [0,1) and
k € [0,1), then the single-valued neutrosophic point x, ;. in F given by

_ (Sr t/k)r Zf X =70,
Xg k() —{ (0,1,1), otherwise.

We say that, Xstp € 0y iff s < O, (), t > 04, (v) and k > Gy, (v). We indicate the set of all
single-valued neutrosophic points in F as P, (F). A single-valued neutrosophic set a is said to
be quasi-coincident with another single-valued neutrosophic set €, denoted by n,qey, if there exists
an element v € F such that

Ou, (V) + e, (V) > 1, 04, (V) + 0, (V) <1, Ga, (V) +Ge, (v) < 1.

Definition 11 ([21]). A mapping £,£7,£5 : {7 — T is called single-valued neutrosophic ideal
(SVNI) on F if it satisfies the following conditions:

(£) £9(0) = 1.and £7(0) = £5(0) = 0.
(£2) Ifon < 7yn, then £9(ey) < £2(ay), £9(ey) > £7(ay)
and £5(e) > £5(ay), for every ey, an € 77
(£3) £y Uey) > £2(ay) NE2 (ey), £9(ay Uey) < £7(ay) UL (e)

and £5(ay Uey) < £5(ay) U£E (&), for every an, eq € 7.

The triable (F, 7%, £9%¢) is called a single-valued neutrosophic ideal topological
space in the Sostak sense (briefly, SVNITS).

Definition 12 ([21]). Let (F, 1%, £87¢) be an SVNITS for each ay, € {7 . Then, the single-valued
neutrosophic ideal open local function [n,]? (7%, £99€) of ay is the union of all single-valued
neutrosophic points Xy such that if ey € Quaoe (X5, 1) and £2(wy) > 1, £7(wy) < 1—7,
£5(wy) < 1 — 1, then there is at least one v € F for which

1> 8w, (v), O, (0) + T, (V) =1 < 00, (V), Guy(0) + e, (V) =1 < Gu, (V)

Occasionally, we will write [a,,]% for [a,] (79¢, £97) and it will have no ambiguity.

Remark 1 ([21]). Let (F, ¢, £29¢) be an SVNITS and «,, € Cﬁ, we can define

CLl e (an, 1) = a0 U [wn])?, Nt (a0, 1) = a0 O [(a5,)77]

Clearly, CIS, . is a single-valued neutrosophic closure operator and (92 (£), 7% (£), T5° (£))

QU6
is the single-valued neutrosophic topology generated by CIOMQ,

(T = J{~| CIng 1) = a5}

Definition 13 (25). An SVNS 6 in 8 : F x F is called a single-valued neutrosophic relation
(SVNR) in F, denoted by § = {{(w,v), ds(w, V), 75(w,v),&s(w,v))|(w,v) € F x F}, where
05 : Fx F=10,1],05: F x F=[0,1]and &; : F x F = [0,1] denote the truth-membership
function, indeterminacy membership function and falsity-membership function of 6, respectively. In
what follows, SVNR(F) will denote the family of all single-valued neutrosophic relations in F.
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3. Single-Valued Neutrosophic Semi-Closure Spaces in Sostak Sense

We begin this section by defining the notion of single-valued neutrosophic semi-
closure space. Some of its characteristic properties are considered. Further, we present and
explore the properties and characterizations of the single-valued neutrosophic operators,
namely B£-closure (B£C o0¢) and pE-interior (BEint ¢ ) in the single-valued neutrosophic
ideal topological space (F, 7, £875).

Definition 14. A mapping SC : @ﬁ x {o — ¢ is called a single-valued neutrosophic semi-closure
operator on F if, for every ay, ey € {7 and r,s € {o, the following axioms are satisfied:

(SC1) SC(0),7) =0,

(SCy) oy < S(C(“n/ )

(SC3) SC(ay,7) VSC(ey, ) = SC(ay Ven, 1),
(SCy) SC(ap,s) < SC(ay,r)ifs <r,

(SCs) SC(SC(ay,s),r) = SC(ay, 7).

The pair (X, SC) is a single-valued neutrosophic semi-closure space (SVN'SCS, for short).
If SCy and SC; are single-valued neutrosophic closure operators on . Then, SC;

is finer than C,, denoted by SC, < SCj iff SCy(ay,r) < SCy(ay,r), for every ay, € r
and r € {j.

Theorem 1. Let (.7-" 7%96) be an SVNTS . Then, for any a, € 7% and r € o, we define an
operator SC_so¢ : {7 x {o — gf as follows:

SCaoc(an,8) = \{en € § tay < ey, €y is -SVNSC}.
Then, (F,SCqc) is an SYN SCS.

Proof. Suppose that (F,%7¢) is an SVNTS. Then, (SC;), (SCz) and (SCy) follows directly
from the definition of SC_¢.

(SC3) Since &y, &, < @y U, we obtain SC_¢ (en,7) < SC. o (y Uy, r) and SCT°
(a0, 1) < SC ¢ (n Uey, 1), therefore,

SCT@&Q" (ucn, S) U S(CT@&g (en, 1’) < S(CT@mj (Dcn Uey, 1’).
Let (F,7¢) be an SVNTS. From (SC;), we have
o (into ([SCra(an, )], 1), 7)

<Cpu
[SCoo(an, 7)]° = Coo(in Ta([SCTa(vcn, )Ier),r),
2 C (lntrg([Scrg (an,r)]c,r),r)

¢ < Ca(int o ([SCra(en, 1), 1), 7)
[Scfﬁ(sn )] > Co(in To([SCMsn/ )r), 1),
€ > Coe(intc ([SCre(en, 1), 1), 7)

It implies that a;, Ue,, < SCoo¢(n, 1) USC go¢ (€4, 7) and

[SCra(an, r) USCra(en, 1) [SCTQ( n] N [SCra(en, 7))

Cralintyo ([SCra(an, )], 7),r) N Cra(int o ([SCra(en, 1)1, 1), 7)
Cra(intyo ([SC g (an, 7)) N [SCTQ(% Nl r),r)
r@(mtre([ w0 (0n, 1) USCs(en, 1)), 1), 1),
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[SCoo(an, 1) USCra (en, 7)]° = [SCﬁ(wn]C [SCoo(en, 7))
(mt (ISCya(an, 1)), 7),7) N Coo(intya ([SCoo (0, 7)], 1), 7)

( tT”([S 0 (‘X”/ )} [S(CT”(E”' )} )' )
(ntTa([SCTv( tn, 1) USCoo (en,7)]%7),7)

[SC¢(an, 1) USC(€n,1)]¢ _[SCTg(ﬁén]C [SCc(€n, 1)]°
Cre(intes ([SCrs (an, 7)1, 7),7) N Cre (intee ([SCrs (€0, 7)1, 1), 7)
_Crg(lntr”([g e (an, )]0 [SCrg(ﬁm ) 1), 7)
Cre(intc ([SCre(an, r) USCo(en, )], 1), 7

Hence, SC_g¢ (an,5) USC ¢ (en,7) > SCao¢ (ay U gy, 1); therefore,
SC ¢ (n,5) USC ao¢ (en,7) = SCooe (n U gy, ).

(SCs) Suppose that there exists r € {p, ay € 77 and x € F such that

< 0
TSC g (SC g (an.r).1) (v) > TSC g () (v).

Tgcrt'f (S(Crt'f (an,r),r) (U) < TS(CT‘_’ (@n,r) (U)

§<c < (SC_¢ (an,1), )(U)

By the definition of SC_s, there exists an a;, & @F with 7, > a, and 7, that is
r-SVNSC such that

4 0 g
ISC_4(SC_g (an,r).7) () > T, (1) > SC_g (anr) (K)-

TgCT(7(S(CT[~7(0¢n,r),r) (K) < Tg (K) < Tgc (7(0671,7’) (K)

K)STC (x) < &

Té@ < (SC_¢ (anr), r)( sc, (lxn,l’)(K)'

Since SCgo¢(an,s) < 1y and 71, is r-SVNSC, by the definition of SC_g¢(SCar¢),
we have

4 g o &
TSC 4 (€ wnrn) ) S T T 588 5 () () > T (),

TS(CT‘7 (S(CTC (een,r),1) (K) > Tgn (K) .

It is a contradiction. Thus, SC g (SCav¢ (an, 7),7) = SCavc (n, 7). Hence, SC_a¢ is a
single-valued neutrosophic semi-closure operator on 7. [

Theorem 2. Let (F,SC.a¢) be an SVNSCS and w,, € {7 . Define the mapping TSTgC =

on F by
e (an) = {7 € Zo | SCre([aa", 7) =[]},
TS(C ay) ﬂ{l —r €8 | SCro([n], 7) = [an]},
TS(C o) ﬂ{l — 1€ o | SCre([n], 1) = [an]},
Then,

(1) ngg isan SVNTS on F;
(2) S(CTQ ‘ is finer than SC.
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Proof. (SVNT1) Let (F,SC._¢) be an SVNSCS. Since SC(0,7) = 0 and SC(1,7) = 1 for
every r € (o,

(SVNT2) Let (F,SC a¢) be an SVNSCS. Suppose that there exists [ay]1, [x4]2 € {7
such that

e ([l N [anla) < T (o) N (lanla), e ([nly M [@al2) > e (walr) U e ([anl2),
e ([anly N [wal2) > T (o)1) Ut ([aal2)
There exists r € { such that
e (lwalr N [wal2) < 7 < e (lanl) N8 (wal2),  e(lnln N [anlo) > 1= 7 > e ((anl) U (@ala),
e (an]r N anla) > 1= 1> e ([on)) Ut ([nl2)
For each i € {1,2}, there exists r € {p with SC([ay];, ;) = [an]; such that
r<r<te(lanl), Eellwal) <1-ri<l—r, Tellanl) <1-ri<1l-r.

In addition, since SC_a¢ ([an]i,7) = [an]; by SC; and SCy of Definition 13, for any
ie{1,2},

SC aoe ([n]1 U [an]2, 1) = [n]1 U [an]2

It follows that Tg(c([lxn]l Nlanl2) > 7, c([an]i N [an]2) < 1 —rand Tg(c([“n]l N

[an] ) <1 —r. Itis a contradiction. Thus, for every ay, en € 7 TS(C("‘" Ney) > TSC(D(”) N

TSC(en), e (an Nep) < e (an) Ut (en) and TSC(zxn Ney) < TSC(an) U TSC(en).
(SVNTS3) Suppose that there exists a, = U;cg, [an]; € {7 such that

Ts(c ) UTS(:( &n); Tgtc("‘n) > U Tg(c([“n]i)r ngc(“n) > U ngc([‘xn]i)-
il iel iel

There exists ry € {p such that

() <710 < Ungc([an]i), o(an) > 179 > UITgC([an]i), e(an) >1 -1 > UITSCC([%]Z.).

For every i € I, there exists SC([a,]{,7;) = [«,]{ and r; € (o such that
ro<ri <ta(lanl), 1—r0>1—1;>c(lanls), 1—7;>1—ro > e([an]))-
In addition, since SC([a,], 7o) < SC([wn],7:) = [wn]f, by SC; of Definition 13,
SC([anli,r0) = lanlf-
It implies, for alli € I,
SC(an], s0) < SC([anli, s0) = [an;.
It follows that

SC([an], 70) < (([an];) = [an]-

ie]

Thus, SC([ax]°,70) = [an], that is, T (an) > 7o, e (an) < 1 — 19 and 5o (an) <
1 — rg. Itis a contradiction. Hence, TST(QCHQ isan SVNTS on F.
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Since a, < SC(ay, 1),
w3 ([SCan, M%) = 1, Ee([SCan, 1)) < 17, e(SC(an, 1)) < 1.

From SCs of Definition 9, we have SCT@ﬁg(acn,r) < SC(ay, ). Thus, SCT@?Q" is finer
SC sC
than SC. O

Example 1. Let F = {a,b}. Define ey, 7, € {7 as follows:
en = ((0.1,0.1), (0.3,0.3), (0.3,0.3)); 7, = ((0.4,0.4),(0.1,0.1), (0.1,0.1)).

We define the mapping SC : {7 x o — ¢ as follows:

0, if a,=0, s€{,

en N 7Ty, if O;«ézxngsnﬂnn,0<r<%,

€, if ay <eyan LTy, O<r<%,
SC(ay,s) = or0 # ay < ey %<r<%,

T, if way <7y, an ey, 0<r<%,

en Uy, if O#angannn,0<r<%,

1, otherwise.

Then, SC is a single-valued neutrosophic closure operator.
From Theorem 2, we have a single-valued neutrosophic topology (T§C, 80, ) on F as follows:

1, if ay=10r0,
%, if an = [en],
0 — 27 lf dp = [7.[”]6,
Tse(an) = ;
sc(@n) 3 i @ = [€a] U [m],
%/ if o = [en]® N [7Ta],
0,  otherwise.
0, if ay =10r0,
%/ Zf Ap = [S”]C’
1 c
2 (a,) = 27 if ap = [7‘[71] ’
sc(an) 3o if an = [en] U [m4]S,
%r if oy = [Sn]c N [nn]c’
1, otherwise.
0, if ay =10r0,
%r Zf &n = [‘C’"]C’
1 . [
- _ ) 5 if an=[mlS,
Tel(an) = ;
sclan) 3o if an = [en] U [m4]S,
%r if an = [en]® N [7Ta],
1,  otherwise.

Thus, the ngé is a single-valued neutrosophic topology on F.

Theorem 3. Let (F, 1%7¢) be an SVNTS. Then, for any a, € {7 and r € {o, we define an operator
SINT .o¢ : {7 x go — {7 as follows:

SINT o0¢ (an,s) = /\{en € gf tqy > €n, €y is -SVNSO}.
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For each ay, €, € {7 and r,s € (o the operator SINT s satisfies the following conditions:

(1) SINT .0¢(1,7) =1,

(2) SINT Lgo¢ (a0, 1) <

(3) SINT go¢(an,7) ASINT go¢ (n, 7) = SINT aoc (an A €n,7),
(4) SINT _go¢ (an, ) > SINT Lgoc (n, ) if r <,

(5) SINT g0 (SINT ¢ (2, 7), 7) = SINT o (2, 7).

Proof. From the Definition of SINT ¢, the proof can be performed [J

Definition 15. Let (F, t%7¢) be an SVNTS, ay, € {7, xg1 € Py (F) and r € o. Then,

(1) ay is called r-single-valued neutrosophic Q  sc-neighborhood of x, 1 i if X s xqan with

2(ay) > 1, T‘?(ocn) <1—r 7%a,) <1-r,

(2) x4 ay is called r-single-valued neutrosophic 0-cluster point (r-9-cluster point) of «,, if for
any €, € Qqave (X1, 1), we have anqCTng(sn,r),

(3) r-8-closure operator is a mapping CIiQVg 77 x go— gf defined as:

Cl e (an,7) = \/{xs 1k € Pouse(F) : x5 is an r-O-cluster point of ay},
(4) wy is said to be r-0-closed iff CI%@E((X”, r) = ay. We define

O e (an, 1) = Nen| an < en, €0 = Cllge (en, 1)}

Theorem 4. Let (F, %) be an SVNTS. For r € (o and ay € 7”. The following properties hold:
(1) Ifay, < CTWg (an, 1),
(2) Ifan < &y, then ng(zxn, r) < C~Mg (en, 1)

(3) CTgag(zxn, r) = NMen| an < 1ntfgl,g (en,7), T[en]) > 7, T([en]) < 1 =71, T([en]¢) <
1—r}f

(4) G)Qm(zxn, r) = Clzwg(@ﬂag(an,r),r),

(5) @° Wc (@p, 1) is r-0-closed,

(6) legug (o, 1) < @ng (o, 7).

Proof. (1) and (2) are easily proved from Definition 14.
Q@) v = NMen| an < mtfm(sn,r), @([en]) > 7, T7([en]¢) < 1 -1, T°([en]) < 1 —71}.
Suppose that C”Q”Q (ay,7) 2 7, then there exists v € F and s, t, k € {j such that

r)(v) >t > Tf;f(v) 1)

Then xg; g is not r-6-cluster point of a,. So, there exists €, € Q ave (X5 4, k7 r),and a, <
[Caave ([en, 7)]°. Thus, an < [Cyave (en,7)]° = intzare ([en], 7) and T8(en) > 7, 7%(en) <17,
T¢(en) < 1—r. Hence,

Tg( ) < T[Sn)]c( v) <s, T,(;T(U) > T[Q;n)}”(v) >t, Tg(v) > T[in)]c(v) > k.

It is a contradiction for Equation (1). Thus ng (an,7) > 1.
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Suppose that Cgéﬁg (tn, 1) £ 7, then there exists r-6-cluster point of ys . € Px_,  (F) of
ay such that

%%%Mw>sz£w»

o
TC9

70

o) W) < EST(Y) )

) < 0
By definition of v, there exists &, € {47 with &, < int.s¢(en,7) and 8([en]°) > 7,
7 ([en]¢) <1 —71,7%([e4]¢) <1 —rsuch that

T, (0 (¥) > 8> T V) 2 T (),

ng,,w,r) (y) <t <t (y) <),

%%%Mw<k<émns£@»

Then [e,]° € Qoo¢ (Vs k7). Furthermore, a,, < integoc (€4, 1) = [Craoc ([€4]%, 7)]° which
implies a,§C ¢ ([e4]°, 7). Hence ys 1 x is not an r-0-cluster point of a. It is a contradiction
for Equation (2). Thus Cgm(an,r) <.

(4) Letay, < [en]; = Clgqﬁg([sn]i,r) for eachi € T'. Then

/\[en]i < Cg—@é(/\[gn]ifr) < Ciwg([sn]i,r) = [en];-
iel iel

So, Aierlenli < Ci@&g(/\ier[‘gn]ir r). Hence, ®9f@rf§ (an, 1) = Clgéﬁg‘ (®,93f5&g (an, 1), 7).

(5) It is directly obtained from (4).

(6) Since ay, < @f’;éﬁg(zxn,r), by (5), we have Cg@ﬁg(ucn,r) < ngﬁg(@)‘;m(an,r),r) =
®9f@5§ (ay, 7). O

Definition 16. Let (F, 797S, £07€) be an SVNITS and a,, € {7, r € o. Then, ay, is said to be r-
single-valued neutrosophic £B-open (briefly, -SVNEBO) iff apy, < Cagoc (intzgoc (Ciaoe ([@nr, 7),7), 7).
The complement of -SVNBO is said to be r-SVNPC.

Remark 2. Let (F, T8¢, £87C) be an SVNITS. For ay € {7, xgx € Py, (F)and r € {o. Then,
&y, is called r-open QT@Enj—TlEigl’lbOThOOd of Xg 1 if X 1 kq&n With ay is -SVNEBO set, denoted as:
£p

Qngg"(xs,t,k/r) = {an € 0% |xg s xqan < Coave (int oo (CLe (@, 7),7),7) }-
Definition 17. Let (F, %7€, £895) be an SVNITS. For each ay, e, € Fandr € gy, we define the
operators BEC aoz, BELINt oz = {F % To — 7 as follows:

BEC aoc (an, ) = \{en € 7 |an < &, 4 is --SVNEBCY,
BEint goc (an, 1) = \/{en € 7 |en < an, €n is -SVNEBO}.

Theorem 5. Let (F, ¢, £87¢) be an SVNITS and BEC o0¢, BEint oo : {7 x Lo — {7 . Then,



Symmetry 2021, 13, 1508

11 of 22

(1) ﬁ£CT@m§((~),r) = 0,

(2) ay < BEC aoe(an, 1),

(3) BEC ave (5, 7) = [BEintyaoe (s, 1)),

(4) int_goe (ucn,r) < Bfint ¢ (ucn,r) <y < BEC a0¢ (an,r) < CLarc (ocn,r),
(5) ,8£CT@1‘7§ (Dén, 1’) \ ,BECT@?@ (en,r) < lBﬁCTg'&g(lxn \ Sn,i’),

(6) &y is -SVNEBC iff ayy = PEC Looc (an, 7),

(7) BEC rooc (BEC rooc (an, 1), 1) = PEC q0¢ (atn, T),

(8) BEInt goc (@, 1) = ay A Caoe (int gog (CIT (an,1),7),7).

Proof. (1), (2),(3), (4), (5) and (6) are easily proved from the definitions of B£C_qc and BEint goz.
(7) From (4) we only show B£C g (BEC ¢ (n, 1), 1) > BEC ao¢ (ay, 7). Suppose that
BEC aoc (BEC avc (an, 1), 1) 2 BEC aoc (an, 7),
there exist v € F and s, t, k € {( such that

0
T a(anr) (V) <5 < Thic 4. g () (V)

®)

v

t

v

ngc#, (an,7) (v) ngch, (BEC 5 (an,7).7) (v),

,3£c (oc,,r)(v) k

v
Y

TREC o (BEC ¢ nyr) (V)7

Since T/%C o (e )(v) <s, TZECT,-,(a,,,r)(U) > tand Tﬂﬁc < (an )(v) > k by definition

BEC Lso¢ there exists -SVNEBC set g, € Qf with «a;,, < ¢, such that

0
TBEC 4 (an, r)(v> S Ty
TgECT;, (o) (U>

Thec o (wn) (V) 2 T, (0) Z K.

Since a, < e,, PEC aoc(an, ) < &,. Again, by the definition of BZC, we have
BEC Laoe (BEC Lave (an, 7),7) < €,. Hence

,s,ec 5 (BEC 5 (0nr), n () < % (v) <s,

Tg,{CTﬁ (BEC. & (wnr),7) (v) >,

ﬁﬁC ¢ (BEC ¢ (an )r)(v> > 1 (v) > k.

It is a contradiction for Equation (1).
(8) Since

Xy, /\CTgag(intTg&g(CI%[-,g(an,r), ), 1) < Crave (intaoe (CIT‘\,K,g (an,1),7),7)

= C_ao¢ ([inta0¢ (CI m(zxn, r),r) Aint g (CI DM (an,7),7)],7)

= C_ao¢ (intgo¢ ([CI Wg((xn,r) int_go¢ (CI°, e (@n,1),7)],7),7)

< Cooe (int a0 ([ e (@, 1) A Caog (int a0 (CI £00E (an,7),7)

(i [ )

00§
— C,L.fog lntrgag ( Qﬂg ( lxn /\ .L.gag (lnt.rgac (CITOVQ (Oén, 7’), 7’), r

7))
i r),7),1).
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Hence, vy A C ¢ (intgo¢ (CI?‘@C (an, 1), 1), 1) is an r-SVNEBO set contained in &, and so
oy A Caoe (into0¢ (CL (an, 7),7),7) < BEC Lao¢ (a0, 7). Since BEC aoc (ay, 1) is an r-SVNEBO
set, we have

T00¢

BEC fave (ap, 1) < Crgﬁg(intrgﬁg(CIgéﬁg(IBECT@?@([X”,V),7"),7’),1’),7’) < Ca¢ (il’ltTg'mj(CI?@-,g(Dén,1’),1’),7’).
So, an A C oo (int g0 (CI?M(&”, r),1),7) > BEC q0¢ (an, 7). Hence
‘Bﬁintrafmj (lxn,r) =uau N\ Crgrrg (intT§ﬁ§ (CI?@;,C (ucn,r),r),r).
O

4. New Terms of Single-Valued Neutrosophic Continuity

In this section, we introduce and characterize new classes of mappings called single-
valued neutrosophic almost B£, faintly B£, weakly B£ and B£-continuous mappings. These
findings lead to many theorems and consequences. Using these different attributes, we
provide an example at the end of this section to show the difference between these kinds of
mappings.

Definition 18. Let f : (F, 1%, £%9%) — (G, 9%°%) be a mapping. Then, f is called single-
valued neutrosophic almost B£-continuous mapping (SVNAPBEC, for short) iff for each w;,, €
Q(P@&g (f(xs,x), 1) there exists e, € Qng'i(xs,t,k/r) such that f(e,) < int(Pgag(C¢gﬁg(an,r),r).

Lemma 1. For any single-valued neutrosophic set a, € {7 inan SVNTS (F,7%¢) and r € Jp,
if (o) > 1,77 (an) <1—7,7%(an) <1—r, then SC g (an, 1) = int g (Crave (@n, 7), 7).

Lemma 2. For any single-valued neutrosophic set ay, € {* inan SVNTS (F, 1) and r € {,
ifocn is I’-SVN,BO, then CT@rrg (Dén, 7‘) = Cl—ét‘ﬂ? (intT@ryg (CTngg' (OCN, }’), 7”), 7‘).

Theorem 6. Let f : (F,1%0¢,£09¢) — (G, ¢%0¢) be a mapping for each a, € {9 and r € .

Then the following statements are equivalent:

(1) fis SYNAPEC,

(2) For every x, ; 4 C oo (int go (CL e (f (SC oo (an, 7)), 7),7),7),

(3) f~Nan) < BEintrooe (f 1 (SCyaoc (an, 1)), 7) for every ¢@(an) > 7, ¢7(an) <1 —1, ¢ (an)
<l-r

Proof. (1)=(2): Let ay € Q¢ (f(xs,x),7). Then by (1), there exists ¢, € Qngg(xS,t,k,r)

such that f(g,) < int(P@ag(qugag(ocn,r),r). Since, p?(an) > 7, ¢ (ay) < 1—71,¢%(ay) < 1—7.
by Lemma 1, SC¢Q&§(0Cn,7) = int oo (C¢g&§(an,r),r). Hence, f(e,) < SSCq,gag(txn,r). Since
e is r-SVNEBO set,

~

e < CTg“mj (intTg"ﬁg' (Clgéﬁ (En, 7’), 1’), 7’) < Crg(rg (intr@‘nj (CI;)@[,C (f71 (ch)gﬁg (an, 1’) ), }’), 7”), 7‘).

Since, x; ; kg€, we obtain x; ; qC ao¢ (int goc (CI?Mg (f1 (SCewe(@n, 1)), 7),7),7).
(2)=>(3): Let xy1qf ' (an) and @%(an) > 7, ¢7(an) < 1 =7, ¢%(an) < 1—1,by (2),
we have

Xtk C oo (it pave (CLogoe (1 (SC yoc (i, 7)), 7),7), 7).
Since x; ¢ xqf ! (ay) we obtain xg g f (ch]gfrg (an,7)). Hence, by Theorem 5(8),

x5,k f " (SCgave (an, 7)) ACqave (intrave (CLgoe (" (SCyoc (an, 7)), 7),7),7)
= ﬁﬁintT@&C (fil (S(C(Péﬁ@ (D‘nr V) )/ 7’).
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Thus, xs; xqf ' (ay) implies x5 ; ggBEINt aoz (f 1 (S(C(P@&g (an, 1)), 7). Hence
f_1 (Nn) < BLint_go¢ (f_l (S(C(P@ﬁg (zxn, 7’) ), 7‘).

(3)=(1): Letay € Qoo (f(xsk),7). and since f 1 (&, ) < BEint aoc (f’l(S(C(P@ag(an,r)),
1’). Then by (3), xslt/kqﬁﬁintTg[rg (ffl (S(C(Pg(rg (Oén, 1’) ), 1’). Since, ‘Bﬁint,[gfrg (f71 (S(quqrrg (Ctn, 1’) ), 1’)
is r-SVNEBO set, BEint qo¢ (f~1(SC g0c (@n,7)),7) € Q_avc (Xs 1, 7). Moreover,
£p

F(BEint e (F (ST (@n, 7)), 1)) < F(F (STt (@n, 7)) < SCpave (i, 7),

by Lemma 1, f(ﬁEintTgﬁg (f_1 (S(C(P@ﬁg (Dén,f’)),i’)) < il’lt(P@ﬁg (C(P@[rg(lknr 1’), 1’). O

Theorem 7. Let f : (F, %%, £07C) — (G, %7C) be a mapping for each oy, € {9, e, € {7 and

r € Co. Then the following statements are equivalent:

(1) fis SUNABLC,

(2) f1(int e (Cypare (an, 7), 7)) is an r-SVNEBO set in F, for every ¢(an) > 1, ¢7 (ay) <
1—71¢%ay) <1-—r7,

(3) f’l(C(P@ag(intq,gag(an,r),r)) is an r-SVNEBC set in F, for each ¢@([an]€) > 7, ¢7 ([ay]¢) <
1= 1, g () < 17,

(4) fYay) is an r-SVNEBO set in F, for each r-SVNRO set a, € {9,

(5) f~Yay) is an -SVNEBC set in F, for each r-SVNRC set a, € z9,

(6) For each ay € Q a0 (f(xs,tx), 1) there exists e, € Qrfgg(xsxt/k’r) such that f(e,) < SC goec
(an, 1),

(7) fHan) < BEintege (f 1 (SCyee (an, 7)), 7) for each ¢¥(an) > 1, 97 (an) <1 —1, ¢ (a)
<1-rv,

(8) BEC e (f (SINT e (2, 1), 7) < £ (), for each g2 ([a)) = 7, @7 (a)) <17,
¢ ([an]) <17,

(9) BEC ave (f~M(C e (int o (@, 7), 7)), 7) < f~ () for each p2([wa]) > 7, 97 ([ar)) <
1—7,¢5([ay]®) <1—7,

(10) BEC aoe (f M (an), 1) < f‘l(Cq,gfrg(txn,r)for each -SVNBO set ay, € z9,

(11) BEC o (f M), 1) < ffl(C(Pgag(an,r)for each r-SVNSO set oy, € 9.

Proof. (1)=-(2): Letxs;xqf '(ay) and ay is -SVNROsetin G. Then &, € Qv (f(xsek),7)-
Since f is SVNABLC, then there exists e, € Q oo (%5t 7) such that f(e,) < il’ltq)@frg(cfpgﬁg
£p

(an,7),7). So,
Xt kJEn < CTg(rg (intTg"&g" (CIT@@@- (en, 1’), 1’), 1’) < CT§ﬁ§ (intrgﬁg (CI?@@ (f_l (il’lt(P@ﬁg (C(Pg[rg (0(,1, 1’), 1’)), 1’), 1’), 1’) .

Thus, xs,t.,kqf_l (Dén) implies xslt,kL]Cngrnj (intrgrrg' (CI?@@- (f_l (int(P@?g (C(P@&g" (Dén, 1’), 1’) ), 1’),
r),r), Hence,

fﬁl(intq)gfrg (Cq,g(rg (ucn,r),r)) < CTg(rg (intTg(rg' (CI?@;,C (ffl (il"ltqjg[rg (C(pgrrg‘ (acn,r),r)),r),r),r).

Therefore f~! (int,a¢ (Cgooe (an, 7), 7)) is an r-SVNEBO set in F.

(2)=3): Let ¢?([an]¢) > 1, ¢7([an]) < 1 -7, ¢*([an]?) < 1 —r. Then, by (2),
f’l(int(Pgag(C(Pgag([an]c,r),r)) = [f’l(C(pgag(int(Pgﬁg(an,r),r))]C is r-SVNEBO set. This
yields f~(C e (int ¢ (an, 1), 7)) to be an -SVNEBC set in F.

(3)=(4): Let &, be an -SVNRO set in G. Then, ¢?(a,) > r, 97 (ay) < 1—7, ¢%(a) <
1 — r. From (3), we have ffl(Cq,gag (il’ltq]@&g([ﬁén]c,r),l’)) = [ffl(int(Pgag(C(Pgag (an,7),7))]¢ s
r-SVNEBC set. Hence, f~!(«,) is -SVN£BO set in F.
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(4)=(5): It is easily proved from (4) and the fact that f ! ([w,]°) = [f ! (an)]"
(5)=(6): Letan € Qo (f(xstk), 7). Then xslt,kqf’l(int(P@ﬁg(C(Pgﬁg(an, r),r)) and int q0c
(C(P@ﬁg (an,7),7) is r-SVNRO, which implies that Cgarc (il’ltq}@&g ([n]¢,7),r) is -SVNRC. By (5),
ffl(qugﬁg(intgo@ag([an]C, r),r)) is an r-SVN£BC set. Then, ffl(int(Pgag(C(Pgag(ocn,r),r)) is r-
SVNEBO. Put e, = f~ (int e (Cyaoc (n, 7),7)). Then ey € Qngg (x5, 1) and
f(Sn) < f(f_1 (il"lt(Pg[rg”C(Pg[rg (an, 1’), 1’))) = int(P@(rg‘ (C(Pg(rg (Dcn, 1’), r).
Since ¢?(an) > 1, 9% () <1—7, ¢%(xy) <1 —r and by Lemma 1, we have

f(En) < intq)g(rg‘ (Cq)g[rg (zxn,r),r) = chjgﬁg(lxn,r).

(6)=(7): Let x5 xqf '(an) and ¢?(ay) > 1, 9% (an) < 1—7, ¢°(ay) < 1 —r. Then,
a, € Q(ngrg (f(xstk), 1) by (6), there exists e, € Qngg (x5t 1) such that f(e,) < SC¢@a§(an,r).

Thus, B < f! (S(C(Pg&g‘(lxn, r)). Since &, is -SVN£BO set,
Xs tkJ€n = ﬁﬁil’ltT@m; (Sn, 7’) < ﬁﬁintrgﬁg (f_l (S(C(P@ﬁg (Dcn, 7’) ), 7’).

Thus, x¢qf " () implies xg ; gLt aoe (f ' (SCyare (an, 7)), 7). Hence,
fH n) < BEintgoe (f7 (SCyaoe (an, 7)), 7).
(7)=(®): Let ¢?([aa]) > 7, 7 ([2n]) <17, ¢*([an]°) <1 —r. Thenby (7),
FH([0n]€) < BEINtegoe (f 1 (SC e ([an]°, 7)), 1) = [BEC oo (f " (SINT goe (n, 7)), 7)) .

Then, ﬁﬁCTgryg(f’l(S]IN’]I‘(Pgag(an,r)),r) < FHap).
(8)=(9): Since ¢?([wn]®) > 7, 7 ([an]¢) < 1—7, ¢5([an]¢) < 1—r,by (8) and Lemma 1,
we have

BEC a0e (f " (SINT yaoe (an, 7)), 1) = BEC rave (f 1 (C gave (intyaoe (a0, 7),7)),7) < f~" ().
(9)=(10): Let &y, be an -SVNBO set in G Then by Lemma 2,

Cpaoe (o, 1) = Coe (int yooe ((Copooe (n, 7),7),7)

and hence (p@([Cgogag(ucn]C,r)) >, ¢&([C¢@ﬁg(an]c, ) < 1—r, ¢~([Cpuoc(an]r)) <1—7
by (9), we have

BEC ave (f 1 (Cpave (int oo (C o (a0, 7),7),7)),7) < fH(Cpaoe (@, 7).

Since Cgo¢ (an, ) = Caoe (int oo ((Cpo0¢ (an, 1), 7),7) we obtain

BEC oo (f ™ (n), 1) < fH(C e (atn, 7).

(10)=-(11): It is easily proved from Definition 9.
(11)=(1): Obvious. O

Theorem 8. Let f : (F, %%, £07¢) — (G, p®7¢) be a mapping for each o, € {9, &, € {7 and
r € Co. Then the following statements are equivalent:

(1) fis SUNABEC,

(2) BEC aoe (f 1 (C v (int yaoe (Copaoe (n, 7),7), 7)), 7) < f7H(Copaoe (an, 7)),
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(3) BEC aoe (f 1 (Cypave (intyaoe (wn, 7),7)), 1) < f~ (an), for every @2([an]®) > 7, ¢ ([an]) <
1—r7, ¢5([an]®) <1-—7,

(4) BEC ooe (f 1 (Cpare (an, 7)), 1) < fHCopaoe (an, 7)), for every ¢ (an) > 1, ¢7(an) <1 -1,
¢t (an]) <1 -,

(5) fYan) < PBLint g (f_l(SCq,gag(ocn,r)),r), for every ¢%(an) > 1, ¢%(ay) < 1—7,
¢ (an]) <17,

(6) fHan) < C oo (int ¢ (CI% e (f‘l(SC(Pgag(vcn,r)),r),r),r),forevery % ay) > 1, 0% (ay)
<1-—r ¢ay) <1-—r,

(7) FL(an) < o (intyaoe (U (£ it ((C e (@n, ), 7)), 1), 1), ), forevery ) >
r, @ (an) <1 =71, ¢5(ay) <1—r.

< |/\*% IA INA

Proof. (1)=(2): Let a, € {9 and Xk [f 1 (Cpare (n, 7)) Then, f(xsx)q[Cpooc (an,7))]°
and since ¢°([Cac(an, 1)]°) = 7, ¢7([Cpaoe(an, 7)]) < 1 =1, ¢([Coaoc (an, r)]) < 1 -
Then, [C e (an,7))]° € Quare (f (X 14),7), By SVNABEC of F, there exists e € Q aoe (X514, 7)
£p
such that
Flen) < int o (Cane (1C e (n, I, 1), 1) = [ it ([C g s 7)), I
It implies that ¢, < [f’l(C(Pgag(int(P@ﬁg([C(P@ﬁg(an, r),r),r))]c. Since €, is SVNABLO set
in F
Xsppfen < Phintegoe (f 1 ([Cpare (int e ([Copaoe (wn, 1), 7),7)]), 7)
= [ﬁﬁcrgﬁg (f_l ( [C(Pgﬁg (intfpg&g (C(P@mj (Dcn, 7‘), 7‘), I’)), r)]c.

Thus, xsrt’kq[ffl (C(P@fnj (Ocn, 1’) )]C implies xs,t,kq[ﬁﬁchﬁg (f71 (C(Pg'ﬁg' (int(l)@ﬁg (C(P@Fnj (Ocn, 1’),
r),r)),r)]¢. Hence,

[f (€ g (e, 7)) < [BEC o (1 (C e (it o (C v (@, 7),7), 7)), 1)
Thus,
BEC oo (f 1 (C pave (it yaoe ([Cpave (an, 7),7),7)), 1) < f7H(C oo (an, 7))
(2)=(3): It is trivial.

(3)=(4): Since ¢?(ay) > 1, 9% (ay) < 1—7, ¢°(ay) < 1—r, we have C(P@rn;(acn,r) =

C(Pg'frg" (il’ltgo@mj (C(Pg‘[rg"(l)(n,r), 1’), 1’) By (3), we have
BEC ave (f M (C oo (7)) = BEC e (f " (Cypave (intaoe (C oo (a0, 7), 7)), 7)
< f_l(C(P@fré(“n/r))-

(4)=(5): Since ¢®(an) > 7, ¢%(an) <17, ¢%(an) < 1—r, wehave p([C e (an, 7)]°)
>, (pf’([C(pgag(ocn,r)]C) <1-rv, (PC([C(P@?@'((X”, r)]¢) <1—r. and by Lemma 1, we have
S(C(Pg&g'(an,r) = intq)gﬁg(C(P@?g‘ (&, 7),7). From (4), we have

[BLint e (f ™ (int gave (Cypaoe (wn, 7),7)),1)]° = BEC aoe (f 1 (Cpane ([Cpave (an, 1)]", 7)), 7)
< fHC e ([Cpave (an, 1)), 7))
< [f (it yaoe (C e (an, 7), 7))

It implies that f~1(a,) < BEint. o (f’l(SCq)gﬁg(an,r)),r).
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(5)=(6): Let ¢?(ay) > 1, % (ay) <1—71, ¢°(ay) < 1—r. Then by (5), we have

f M aw) < BEinteae (f 1 (SC e (an, 7)), 1)
< CLae (intTgﬁg (CI?@%@ (ﬁﬁint.r@(rg (f_l (S(C(P@rrg (ay,1)),7),7),7),7)
< C.réﬁg' (intTg(rg (CI?@;@- (f_1 (S(ngg'ﬁg (Dén, 1’) ), 1’), T), 1’).
(6)=(7): It is easily proved from Lemma 1. ~ ~
(7)=(1): Letan € Qaoc(f(Xsk),7), then Xk f " (an) and 9(a) > 7, ¢7 () <1
7, ¢ (an) <1 —r. From (7), xg 4 x4 Caoe (int aoe (CL (f’l(intgo@ﬁg(c(pgﬁg(ucn,r),r)),r),r),r).
Since 9% (an) > 1, ¢%(an) < 1—1, ¢%(an) < 1—1, SC e (an, 1) = iint aoe (Cpaoe (an, 7),7)

and xsrt,ch.{gﬁg(intrgﬁg'(CI_%m: (f’l(S(C(P@zyg(ocn,r)),r),r),r). By Theorem 6(2), we have f
is SVNABLC. O

Definition 19. Let f : (F, ¢, £89) — (G, 9%%) be a mapping. Then,
(1) f is called single-valued neutrosophic faintly p£-continuous (SVNFBEC, for short) iff for every
an € Qgorc (f(xst), 1), there exists e, € QTQTTC(XS’trk,T’) such that f(e,) < ay,
£p
(2) f is called single-valued neutrosophic weakly p£-continuous (SVNWPBEC, for short) iff for every
an € Qo (f(xs5,tx), 1), there exists €, € Qngg(xsltrk,r) such that f(e,) < Cq,gzrg(ocn,r),

(3) f is called single-valued neutrosophic B£-continuous (SVNBEC, for short) iff f~1(ay) is r-
SVNEBO, for every ¢ (ay) > 1, % (ay) <1—71, ¢%(ay) < 1—7.

Remark 3. From the above definition we obtain the following diagram:

SVNPBEC = SVNABEC

3
SVNFBEC < SVNWPLC

Some supporting examples will be shown after the following two theorems.

Theorem 9. Let f : (F, 7%, £09¢) — (G, ¢%%¢) be a mapping. Then the following statements
are equivalent:

(1) fis SVNWBEC,

(2) f(BEC aoe(an, 1)) < ®(Pgag(f(ucn),r),for each ay € T7, 1 € 0,

(3) BEC oz (fY(en), 1) < f_1(®q)@(rg (€n, 1)), foreach e, € 79, r el

(4) f~1(ey) is -SVNBEC set in F for each r-6-closed set,

(5) f~1(en) isr-SVNBLO set in F for each r-8-open set.

Proof. (1)=(2) Suppose there exists a;, € 7% and r € gy such that f(BEC e (an, 1)) £
© ¢ (f(an), ). Then there exists v € G and s, t, k € g such that

. i
PHBEC o) (V) > 5> P04 (1(ann) (V)
PF(pec o () (V) St

(9
Pr(peC ¢ (@) \V
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If f~1({v}) = @, provides a contradiction that f(B£C a¢(an, 7)) = 0. If f~1({v}) #
@, there exists w € f~!({v}) such that

P16 g(wnr) () 2 Toic y(0un)(©) > 5> 9 (500 (@)

PF(BC o w0r)) () S ThC o () (9) S 1S 0G5 (a0 (@) @)

Pr6C,2 0 (V) < Toic ) (@) S K9G (10,0 (F(@)):

; 4 & ¢
Since 96, (flunn (@) < 8 9o (s F(@)) 2 tand @ (44, (f(@)) = k.
Then, f(x)s ; is not r-6-cluster point of f(«,), there exists e, € (O (f(xst), 1) such
that f(an) < [Cronc(en, 7)]". By SUNWBLC of f, there exists 7, € Q e (Xs 1k, ) such that
£p
fmy) < C(Pgag(en,r). Thus, f(an) < [f(714)]¢ implies a,, < [77,]¢. Hence

Tﬁ£CT@(1xn,r)(w) < [7tn

Tgﬁcr‘_’(“nﬂ’)(w) = TFT[H]C(C‘]) =t

G ¢
Tﬁﬁcri("‘nr”) <w) =

[774]

(w) >t

It is a contradiction for Equation (2).

(2)=(3), (3)=(4) and (4)=>(5): are obvious.

(G)=(1): Let ay € Qe (f(xs:k),7). Then xg;rqf '(ay) and ay is r- 6-open set.
By (5), we have f~!(ay) is -SVNBELO set in F. Since x;xqf ! (ay) we obtain f~1(ay,) €
Qngg(xs/t/k, r) and hence from f(f " (ax)) < an < C e (an, 7). Then, f is SYNWBEC. O

Theorem 10. A mapping f : (F, t%¢, £27¢) — (G, 9%°%) is SVNFBEC iff for each r-6-closed set
an €79, fNay) is -SVNBEC.
Proof. Obvious. [
Example 2. Let F = {a,b}. Define ey, t, € {* as follows:
en = ((0.3,0.3),(0.7,0.7), (0.3,0.3)); 7ty = ((0.3,0.3), (0.3,0.3), (0.3,0.3)).

We define the mapping t07¢, @2%¢, £09¢ . ¢7 x oy — ¢7 as follows:

1, if ap=T1o0r0, 1, if ay =T1o0r0,
™¢(ay) = %, if ag =eqorm,  @%ap) = %, if oy = 110

0, otherwise, 0, otherwise,

0, if ay=T1o0r0, 0, if ayn=10r0,
7 (ay) = %, if ag =eqorm, @ (ay) = %, if ay =1y

1, otherwise, 0, otherwise,

0, if ay=T1o0r0, 0, if ay=T10r0,
T (ay) = %, if og =€qo0rm,  @°(ay) = %, if oy = 7Ty

1, otherwise, 1, otherwise,
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,Zfﬂén—o O/ iflxn:f)/
1 _ 1 : _
Eé o — 27 Z’f Ky = Ty, £5‘ o — 27 Z_f Ky = Ty,
(o) %/ if ap=0<ay <7y, (8r) %/lf‘xﬂzo<‘x"<nn'
0, otherwise, 1, otherwise,
O/ %f Xy = O/
1 _
EC o — 27 lj: Ky = 7-[11/
(n) 3 if ay=0<a, <y,
1, otherwise,

From Theorems 4 and 5, we obtain BLCr, Ty : 1 XxIp— IXas follows:

e 0/ l,f 0‘7’1 = 0/
O™ (wn,r) =1 en, if O#ay <7y 0<r<3
1, otherwise,
0, fB=0,
ﬁﬁcréﬁé(“n/ 7') = ZTl’lr UC 0 # Oin S 7Tn/ 0 < r S %r
1, otherwise,

By Theorem 9(2), the identity mapping idx :: (F,T%¢,£09¢) — (G, ¢%¢) is SVNW,BEC but
is not SVNAPBLC, because by Theorem 8(5), for each ¢°(m,) > %, ¢7 (7 ) <3, ¢%(my) < % and

¢° () < 3,

- 2
1= PEC ae (Crave (7tn, 3)) £ Coaoe (7,

= ¢&y.

3)
5. Single-Valued Neutrosophic Approximation Space

In this section, and for symmetrical purposes, we establish the definition of the
single-valued neutrosophic upper, single-valued neutrosophic lower and single-valued
neutrosophic boundary sets of a rough single-valued neutrosophic set a; in a single-
valued neutrosophic approximation space (F,5). Based on a,, and 6, we introduce the
single-valued neutrosophic approximation interior operator intin and the single-valued

neutrosophic approximation closure operator Clin.

Definition 20. Assume that an SVNR ¢ is defined so that §s(w,w) = 1,05(w,w)
=0,¢5(w,w) = 0 for every w € F, §5(w,v) = b, (v, W), 5(w,v) = 55(v,w), és(w,v) =
&u, (v, w) for every w,v € F and §5(w,v) > (ds(w,n) A 0s(n,v)), 0s(w,v) < (Fs(w, p) V
s(p,v)) and Gs(w,v) < (Gs(w, p) V §s(p,v)) for every w, v,y € F. That is, & is a single-valued
neutrosophic equivalence relation on F. Then (F,6) is called a single-valued neutrosophic approxi-
mation space based on the single-valued neutrosophic equivalence relation (briefly, SVN-equivalence
relation) 6 on F.

Definition 21. For each w € F, define a single-valued neutrosophic coset [w] : F = [0,1] by:

0w (V) = 0s5(w,v),  01y)(v) = 05(w,v), G)(v) = Gs(w,v) Yve F

All elements v € F with SVNR value §5(w,v) > 0,55(w,v) < 1,&(w,v) < 1 are
elements having a membership value in the single-valued neutrosophic coset [w), and any element
v € .F with §5(w,w) = 1,05(w,w) = 0,¢s(w,w) = 0 is not included in the single-valued
neutrosophic coset [w). Any single-valued neutrosophic coset [w)] surely include the element w € F,
and consequently

o, (W) =1, op (@) =0, ¢p,_([w]() =0, YweF
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Further,
v, (@) =1, op (@) =0, (@) =0, YveF

such that \/,c #([v]) = (0,1,1). Clearly, if 05(w,v) > 0,05(w,v) < 1,85(w,v) < 1, then
the single-valued neutrosophic cosets [w], [v] (as SVNSs) are containing the same elements of
F with some non-zero membership values, and moreover, if @M(y) =0, 0p)(p) = 1land
Clw)(n) = 1, then it must be that gy, )(n) = 0, 0, (n) = 1and G, (n) = 1 whenever
0s5(w,v) > 0,05(w,v) < 1,¢s5(w,v) < 1. That is, any two single-valued neutrosophic cosets
are either two single-valued neutrosophic sets containing the same elements of F with some non-
zero membership values or containing completely different elements of F with some non-zero
membership values.

Definition 22. Let o, € {7 and § be SVN-equivalence relation on F and the single-valued
neutrosophic cosets. Then, the single-valued neutrosophic lower set (briefly, SVN-lower) (ay)°,
the single-valued neutrosophic upper set (briefly, SVN-upper) (ay)s and the single-valued neu-
trosophic boundary region set (briefly, SVN-boundary region) (a,)® are defined as follows: for
w e F,

len( ) /\ C[w](ﬂ)/ 6(&;1)‘5 ((JJ) = &an ((U) A \/ (1 - 6[60])(]’{) (5)
(an)¢ () >0,pF#w (00 (1) >0,p#w
Clan); (@) = Gu, (W) A V 0] (1)
(an)" (1) >0,p 0w
G (@A Q) T (@) =, @)V A (0 (1) (6)
o (1) >0,p#w o () >0,p#w
(@) = (@) A Gp(w)
an () >0,pw
~ o 6/ if(“n)‘s < (“n)ziz
Qan)? (@) = Qan) )5 = { () A [(n)5]S,  otherwise
8 I if (n)° > (an)s,
TP (@) = 0, )V (a); = { (onV° v (), " otherwise, )
. i, if(“n)‘s > (“n)ﬁ/
Q(an)B( ) = g(an)é\/g(an) = { (0411)5 V. [(lxn)&]c, otherwise,

(n)?, (a)g and (ay ) are then called SVN-lower, SVN-upper and SVN-boundary region sets

associated with the SVNS a,, € {7 and based on the SVN-equivalence relation & in a single-valued
neutrosophic approximation space (F,6).

From (5) and (6), we obtain that é(an)a(‘”> § Ouy (W) < 0,0 (W), T, (w) =
Ouy (W) = 0y, y0(w) and §(o,),(w) = Ca,(w) = Gy, y0(w) for each ay € 77. When-
ever (a,)° so that 8(y, s (@) < Q(a,)(w)- %n)zf(w) 2 Ofay)s(w) A0 §, )5 (@) 2 Glay)s ()
we obtain that s, (w) = 0(a,),(W) = 04,16 (W), Oa, (W) = T4,
G (W) = G(a); (W) = G (g0 (@ ) and then from (7), we obtain g, \s

J(w) = 5’(%)5(60) and
(cu) 0,0 (a)B (w) =1
and ¢, )5 (w) = 1. Otherwise, §,,)5(w) = (an)’ A [(an)s]%, (xn)B(w) (n)® V [ (o))
and § 15 (w) = (@n)’ V [(@n)s]°. -

Theorem 11. Forany SVNS a;, € @ﬁ we find that
(1) 05 =0 =0and 1, =1° =1,
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(2) (anVen)s > (an)sV (en)s,
(3) (an Nen)® < ()’ A (en)?,
(4) ay < &y, implies that (x,)° < (e,)° and (ay)s < (en)s,
(5) (an Ven)® = (an)° V (€4)°,
)s )

(6) (lxn Nen)s = (D‘n)é A (Sn 87
(7) [(an)?]° = ([n])5 and [(an)s]® = ([an])’,
(8) [(a ) 1> (an)s = [(an)ssr
(9) [(@n)]s < (an)® = [(an)°]’.

Proof. Obvious. O

Example 3. Let § be an SVNR on a set F = {w1, wo, w3} as shown below.

0y w1 w? w3

w1 (0,0,1) (0.3,0.1,0.6) (0.1,0,0.4)
wy (0,0.2,0.4) (0.6,0.5,1) (0.6,0,1)
w3 (1,0,1) (1,05,1) (1,1,0)

Assume that o, = ((0.3,0.4,1),(0.5,0.2,0.2),(0.3,0.5,0.7)). Then, the single-valued neu-
trosophic cosets are as follows:

O(ay); (1) = O, (1) V A Cleo) (1) =04

(@n)¢ (1) >0,p#wr
(an)* () >0,p 7wy

C(Dén)5 ((Ul) = C“n ((Ul) /\ \/ é[u)ﬂ(y) = 0
(a0 )E () >0, w1

Hence, (ay)s(w1) = (0.4,0.4,0) and

O(an); (@2) = B, (w2) V A Clewo) (1) = 0.6

(an)€ () >0,u7#wn

T(ay)s (W2) = O, (w2) A V (1= 0y (n) =02
(on)€ (1) >0, u#wz

Clan); (W2) = G, (w2) A V 0wy (1) =02
() () >0,p#wr

Hence, (ay)s(w2) = (0.6,0.2,0.2). Similarly, we can obtain (ay)s(w2) = (0.4,0.5,0.7);
therefore, (ay)s = ((0.4,0.4,0), (0.6,0.2,0.2), (0.4,0.5,0.7)), (a,)° = ((0.3,0.4,0.4),(0.5,0.5,
0.6), (0.3,0.5,0.7)) and then (a,)® = ((0,0.6,0.4), (0.2,0.8,0.6), (0.3,0.5,0.7)).

Definition 23. The single-valued neutrosophic approximation interior operator int3" : { F ¢ F
is defined as follows:

int§" (en) = (an)s A (€n)s, Ven # 1Tand inty" (1) = 1.

That is associated with an SYNS a,, € {7 ina single-valued neutrosophic approximation
space (F,6).

Theorem 12. The following conditions are satisfied
(1) int§" (0) =0,
(2) int§"(eq) < e, Ven € 77,



Symmetry 2021, 13, 1508

21 of 22

(3) &n < 1y = int§" (e,) < int§" (71,), V€5, 710 € <
(4) int§" (eq A 71,) = int§" (e) Ainty" (77) V &, 700 € 77,
(5) int}" (int}" (e,)) = int§" (e4) V &n € {7

)s AN (0)s =

)s < (an)s Nen < €y.

71,1)(5 = int}" (e,) < int§" (7).

) A (Sn A 7711)(5 = (“n)& A (Sn)é A (’Xn) A (nn)é = intg” (En) A

Proof. For (1): int§" (e,) = (ay
For (2): int§" (€,) = (&n)s A (en
For (3): &, < 71, then (g4)5 < (
For (4): int§" (e A 7)) = (an)5
int§" (77,).

For (5): Similarly to (4). O

Thus, this is called a single-valued neutrosophic interior associated with a; in the
single-valued neutrosophic approximation space (F, ) generating a single-valued neutro-
sophic topology defined by:

@ = {ey € 77 ey = int¥ () }. 8)

Definition 24. The single-valued neutrosophic approximation closure operator CI5" : F-7F
is defined as follows:

CL5" (en) = [(an)s]° V (en)°, V¥ &n # 0and CI§"(0) = 0.

Theorem 13. The single-valued neutrosophic approximation closure operator satisfies the follow-

ing conditions:

1) ) =1va, e,

(2) Cl3"(en) > en YV &n €77,

(3) ey < 1y = Cli" () < Cl"(714), YV €5, 71y € 7’

(4) Cl3" (en N 1ry) = CI5" (£5) ACLS" (71) and CI5" (e, V 11) = CI5" (€) V CIS" (71) ¥ €, 7T, €
¢, _

(5) CI3"(Cl3" (e)) = Cl§" (eq) Ven € 77

Proof. Similar to the proof of Theorem 12. [

6. Conclusions

In this paper, we defined the single-valued neutrosophic semi-closure space (SVNSCS).
It has been proven that every ngg is a single-valued neutrosophic ideal topological space

on F. It has also been proven that every S(Céfcm": is finer than SC (see Theorem 2). In addition,
single-valued neutrosophic operators, namely B£C ¢ and B£int_ s, are constructed from a
single-valued neutrosophic topological space (F, 7%7¢)) (see Theorem 5). Next, the concepts
of a single-valued neutrosophic almost f£-continuous, single-valued neutrosophic faintly
B£-continuous and single-valued neutrosophic weakly B£-continuous based on a single-
valued neutrosophic ideal £97¢ were introduced and studied (see Theorems 6-8). Finally,
we introduced the single-valued neutrosophic sets (;)s, (#,)°, (a,)® for a single-valued
neutrosophic set &, that explains the single-valued neutrosophic roughness of the single-
valued neutrosophic set «,. We introduced the notion of single-valued neutrosophic
approximation space and the related single-valued neutrosophic topology.

7. Discussion for Further Works

The theories that were used in this article could be extended to study some similar
notions in the neutrosophic metric topological spaces.
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