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Abstract: Neutrosophic set (NS) is a framework used when the imprecision and uncertainty of an
event are described based on three possible aspects, i.e., the membership degree, neutral
membership degree and non-membership degree. On the other hand, neutrosophic graphs (NG)
are applicable to deal with bulk information events. Furthermore, the incidence graph concept in
neutrosophic sets contains a handful of problems like decision-making as well as, social and
communication networks. This paper aims to propose the interval-valued neutrosophic sets to
incidence graph and represent a new concept, namely interval-valued neutrosophic incidence
graph (IVNIG). An IVNIG is a generalization of the concept of single-valued neutrosophic
incidence graph (SVNIG). Moreover, some properties related to IVNIG, such as strong edge, strong
pair, strong cut pair and neutrosophic incidence cut pair, are also discussed using suitable
examples. The defined new concept of IVNIG is applied and investigated on a practical problem of
safe root travelling.

Keywords: bridge; cut pair; interval-valued neutrosophic incidence graphs; strong edge; strong
pair

1. Introduction

The concept of fuzzy sets was pioneered by Zadeh [1]. Later, Zadeh introduced the notion of
interval-valued fuzzy sets as an extension of fuzzy sets [2], where the membership degrees’” values
are intervals of numbers instead of numbers itself. Interval-valued fuzzy sets provide a more
comprehensive overview of uncertainty than traditional fuzzy sets. However, these may not be
enough in modelling indeterminate and inconsistent information to deal with in the real world.
Therefore, to encounter this problem, Smarandache [3] proposed the notion of neutrosophic sets by
combining non-standard analysis. In a neutrosophic set, the membership value is associated with
three components which are truth membership (t), indeterminacy membership (i) and falsity
membership (f), where each membership value is a real standard or non-standard subset of the
non-standard unit interval ]0-,1*[ with no restriction on their sum.
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Later, Smarandache and Wang et al. [4] introduced the single-valued neutrosophic sets (SVNS)
to apply neutrosophic sets in real-life problems. Also, Wang et al. [5] presented the concept of an
interval-valued neutrosophic set (IVNS). Representation of graphs using IVNS is more precise and
more flexible than the SVNS. An IVNS is a generalization of the concept of SVNS. Three membership
functions (t, i, f) are independent and their values belong to the unit interval [0, 1].

Graph theory has become a significant area of applied mathematics, commonly considered a
combinatorics area. The graph is a widely used tool for solving combinatorial problems in different
areas such as computer science, optimization, topology, number theory, algebra and geometry. It
should be pointed out that, when there is uncertainty regarding either the set of vertices or edges, or
both, the model becomes a fuzzy graph [6]. In recent years, there has been an increasing amount of
literature performed on the fuzzy graph [7-11], intuitionistic fuzzy graphs [12-18] and
interval-valued intuitionistic fuzzy graphs [19-22]. All of them have considered the vertex and edge
sets as fuzzy and/or intuitionistic fuzzy sets. However, when the relations between nodes (or
vertices) are inconsistent, the fuzzy graphs and intuitionistic fuzzy graphs fail to work.

Therefore, Smarandache [23-25] defined four main categories of neutrosophic graphs. These
are based on literal indeterminacy (I), which are I-edge neutrosophic graph and I-vertex
neutrosophic graph. These concepts were studied extensively and gained much attention among the
researchers due to their applications in real-world problems [26-27]. The two other graph categories
are based on (t i, f) components, called (t, i, f)-edge neutrosophic graph and (t, i, f)-vertex
neutrosophic graph. However, these two categories were not developed at all. Later on, Broumi et al.
[28] introduced and investigated a new neutrosophic graph model called single-valued
neutrosophic graph (SVNG). This model allows attaching the membership (t), indeterminacy (i) and
non-membership (f) degrees to both vertices and edges. The SVNG is a generalization of fuzzy graph
(FG) and intuitionistic fuzzy graph (IFG).

The same authors, Broumi et al. [29-30] introduced the concept of an interval-valued
neutrosophic graph (IVNG) as a generalization of the SVNG. The properties were discussed using
proof and examples. Later on, Akram and Nasir [31] showed some flaws in Broumi’s definition,
which cannot be applied in network models. The authors then modified the definition of an IVNG,
discussing some operations involved. Using this approach, Akram and Sitara [32] introduced IVNG
structure and several concepts on interval-valued neutrosophic competition graphs were presented
in [33].

Dinesh [34] first introduced the concept of unordered pairs of vertices, which are not incident
with end vertices. The fuzzy incidence shows the relations between vertices and provides
information about the influence of a vertex on the edge. Later, the idea of the fuzzy incidence graph
was extended by Dinesh [35], and the author introduces new concepts in this regard. Moreover,
Mathew and Mordeson [36] discussed the connectivity concepts in fuzzy incidence graphs. These
are important in interconnection networks with influenced flows. Therefore, it is crucial to analyze
their connectivity properties. Next, the fuzzy incidence graph was studied by Malik et al. [37]. The
authors applied the notion of the fuzzy incidence graph in problems involving human trafficking.
They discussed the role played by the vulnerability of countries and their government’s response to
human trafficking. Other than that, Mathew et al. [38] studied some properties of incidence cuts and
connectivity in fuzzy incidence graphs. The incidence is used to model flows in human trafficking
networks. Fuzzy incidence block was defined by Mathew and Moderson [39], discussing their
applications in illegal migration problems. They used fuzzy incidence graphs as a non-deterministic
network model with supporting links by applying fuzzy incidence blocks to avoid the network’s
vulnerable links.

In view of all that has been mentioned so far, Akram et al. [40] investigated the extension of the
fuzzy incidence graph in the form of the neutrosophic environment. The authors introduced the
notion of a single-valued neutrosophic incidence graph (SVNIG) and discussed the connectivity in
this regard. Later, Akram et al. [41] studied the idea of bipolar neutrosophic sets to incidence graphs,
and some related properties were defined. Recently, Hussain et al. [42] have presented the
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neutrosophic vague incidence graph and defined the edge connectivity, the vertex connectivity, and
pair connectivity in neutrosophic vague incidence graph. A summary of the author’s contribution
toward the incidence graph is presented in Table 1.

Based on the idea of SNVIG, in this paper we propose the interval-valued neutrosophic sets
with incidence graph, representing a new concept, namely interval-valued neutrosophic incidence
graphs (IVNIG). The properties related to IVNIG, such as strong edge, strong pair, strong cut pair
and neutrosophic incidence cut pair are also discussed with suitable examples. The rest of this paper
is instructed as follows: Part 2 contains a brief background about graphs and neutrosophic set
applied later. We then introduce the concept of IVNIG graph and investigate its properties in Part 3.
In Part 4, we apply the proposed method in application of finding the best route. In Part 5, illustrate
the comparative study and advantages of the proposed method. Finally, Part 6 outlines the
conclusion together with limitations of the study and suggest an open problem for future research.

Table 1. Contribution of authors to incidence graphs

Authors Year Contributions
Dinesh [34] 2012  fuzzy incidence graph
Dinesh [35] 2016  extended of fuzzy incidence graph
Mathew and Mordeson [36] 2017  connectivity concepts in fuzzy incidence graph
Mathew and Mordeson [39] 2017  fuzzy incidence block
Malik et al. [37] 2018  fuzzy incidence graph in human trafficking
Akram et al. [40] 2018  single-valued neutrosophic incidence graph
Mathew et al. [38] 2019  incidence cuts and connectivity in fuzzy incidence graph
Akram et al. [41] 2019  bipolar neutrosophic incidence graph
Hussain et al. [42] 2020  neutrosophic vague incidence graph

2. Preliminaries

In this part, some basic concepts related to neutrosophic sets, single-valued neutrosophic sets,
interval-valued neutrosophic sets, fuzzy graph, single-valued neutrosophic graphs and
interval-valued neutrosophic graphs are presented and used in the next parts.

Definition 2.1 [43]

A fuzzy graph is a pair of functions G = (a, y) , Where o is a fuzzy subset of a non-empty set
V and pis a symmetric fuzzy relation on o, ..e, o:V —>[0,1] and,u:VxV—)[O,l] such that
,u(uv) < a(u)/\a(v) for all u,veV. Here, uv denotes the edge between u and v while

o-(u)/\a(v)denotes the minimum of O'(u) and O'(V). o is called the fuzzy vertex set of V,

while x is called the fuzzy edge set of E.

Definition 2.2 [36]
Let G :(V,E)be a graph, o be a fuzzy subset of V, u be a fuzzy subset of E and y be a

fuzzy subset of VxE. If !//=(V,e)£min(0'(v),,u(e)) for all veVandecE, then y is called a

fuzzy incidence of G.

Definition 2.3 [36]
Let G= (V,E) be a graph and (o-, ,u) be a fuzzy subgraph of G. If y is a fuzzy incidence of G,

then G= (o-, y,t//) is called a fuzzy incidence graph of G. Any x eV is said to be in support of o if
U(X) >0,xy € VxVis said to be in support of u if ,u(xy) >0, and(x,yz) € VxE is said to be in
support of w if (x,yz) >0. The supports of o,u, and yw are denoted as
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o ,u ,andy respectively. Let xy e Supp( ,u). Then, xy is an edge of the fuzzy incidence graph
C:(O',,u,z//) and if (x,xy),(y,xy)eSupp(z//), then (x,xy) and (y,xy) are called pairs. Two
vertices v, and v, joined by a path in a fuzzy incidence graph are said to be connected. The

incidence strength of a fuzzy incidence graph é:(a, y,t//) is  defined to

be min{l//(v,e)l (V,e ) eSupp (1//)} .

Definition 2.4 [44]
A neutrosophic graph is defined as a pair G(V,E) where

i. V={v,v,,...,v, | such that T,:V—[0,1],1,:V—[0,1]and F,:V —[0,1] denote
the degree of truth-membership function, indeterminacy function and falsity-membership
function respectively, where 0<T, (V) +1 (v) +F (V) <3

ii. ECcVxV—> [O,l] where E is relation on V such that

T, (uv) < min{Tl (u),Tl (V },

Definition 2.5 [40]
Let G'= (V,E,I)be an incidence graph, where V is a vertex set of G, E is edge set of G and I is

incidence of G, then a single-valued neutrosophic incidence graph is an ordered-triplet,
G= (A, B,C) such that

1.  Ais asingle-valued neutrosophic set on V
2. Bis asingle-valued neutrosophic relation on V
3.  Cis asingle-valued neutrosophic subset of VxEsuch that

T, (x, xy) < min{TA (x),TB (xy)},
I (x, xy) <min {IA (x),IB (Xy)},
E. (x,xy) < max {FA (x),FB (xy)},‘v’x eV,xyeE

Definition 2.6 [45][46]
The interval-valued neutrosophic set A in X is defined by

A= [E (85 () [ ()5 () [ () 82 (6)]) e <X,

where tlA (x),t“ (x),ik (x),i:( ) ( ) and £} (X)a neutrosophic subsets of X such that

t, (x)<ti(x),
i), (x)<i (x), and
£ (x)<f) (x),vxeX

For any two interval-valued neutrosophic sets:

A= {(x,[tk (x),tz (X):|,|:ilA (x),i: (x)],[f/i (X),f: (X)]) X € X}, and
B = {4 (15 (0. [ (018 001 (0.8 () )],

define that,
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Definition 2.7 [31]
An interval-valued neutrosophic graph on a nonempty set X is a pair G = (A, B) , Where A is

an interval-valued neutrosophic set on X and B is an interval-valued neutrosophic relation on X such
that

IA

(xy) < min(t‘; (x),ti (y)),
xy) < min(i‘; (x),i‘;
)< min )

( )
(xy < (f: (x BN (y)),Vx,y eX.

>~ =)

i (xy)Smin(i{A (x),i{A (y)), i
()£ (v))

y)) £

u
B

ty (xy) min(tlA (x),t} (y)), t

w e

£ (xy) < min(f}A X
Note that B is called symmetric relation on A.

3. Interval-Valued Neutrosophic Incidence Graphs

Definition 1
An interval-valued neutrosophic incidence graph (IVNIG) of an incidence graph G= (V, E,I)

is an ordered-triplet, G= ()A(, \A{, 2) , such that

1. X is an interval-valued neutrosophic seton V
2. Y is an interval-valued neutrosophic relation on V
3. Z is an interval-valued neutrosophic subset of VxE such that

T} (v, vw) <min{Tg (v), Tj (vw)},
T (V,vw) < rnin{T)}(J (V),T?U (VW)},
1 (v ve) < min1 (v), 14 (vw),
I (V,Vw) < rnin{I;(I (V),Ig (vw)},
F} (v, vw) < max{Ff (v), F; (vw)},
B} (v, vw) <max{E{ (v),E/ (vw)},VveV,vw eE.
We now discuss an example of an IVNIG.
Example 1
Consider an incidence graph, G=(V,E,I) such that V={a,b,c,d},E={ab,ac,bc,cd,ad}and
I= {(a,ab),(b,ab),(a,ac),(c,ac),(b,bc),(C,bc),(C,cd),(d,cd),(a,ad),(d,ad)} , as shown in Figure 1.
Let G= ()A(, \A{,Z) be an IVNIG associated with G, as shown in Tables 2 — 4 and Figure 2. Also,

let X be an interval-valued neutrosophic incidence set on V given as:
(a[0.1,04],[0.2,05],[0.3,07]),(b,[03,05],[0.2,06],[0.1,0.7]),
(c[03,08],[04,09],[0.5,09]),(d,[04,07],[0.3,08],[04,09]) |

>

Y be an interval-valued neutrosophic incidence relation on V given as:
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. (ab,[0.1,0.4],[0.2,0.5],[0.3,0.7]),(ac,[0.1,0.4],[0.2,0.5],[0.4,0.8])(bc,[0.3,0.5],[0.2,0.6],[0.5,0.8]),
- (¢d,[0.3,0.7],[0.3,0.8],[0.5,0.8]),(ad,[0.1,0.4],[0.2,0.5],[0.4,0.8]) ’

Z be an interval-valued neutrosophic incidence set on V xE given as:
((a,ab),[0.1,03],[0.1,0.4],[03,0.7]),((bab),[0.1,0.3],[0.1,0.5],[02,0.6]),
((a,ac),[0.1,0.3],[0.1,05],[0.3,0.8]),((c.ac),[0.1,0.4],[0.1,0.4],[0.4,0.8]),
((b,bc),[0.2,05],[0.1,0.5],[04,0.7]),((c,be),[0.3,0.5],[0.2,0.6],[0.4,0.8]), (-
((ced),[0.3,0.7],[0.3,08],[04,09]),((d,cd),[0.3,0.6],[0.2,07],[03,08]),
((a.ad), {

a,ad),[0.1,041,[02,04], [0307]) d,ad),[0.1,0.4],[02,0.5],[0.4,0.8])

N>
Il

aﬁ = 'b

‘ . Sy

Figure 1. Incidence graph

Table 2. IVNIG set on V
a b c d
[0.,04] [03,05] [03,08] [04,07]

[02,05] [0.2,06] [04,09] [03,08]
f. [03,07] [0107] [0509] [04,09]

X

—

X

[

Table 3. IVNIG relation on V
ab ac bc cd ad

t, [01,04] [o01,04] [03,05] [03,07] [0.1,04]
i, [0205] [0205] [0206] [0308] [0.205]
f, [03,07] [04,08] [0508] [0508] [04,08]

Table 4. IVNIG set on VxE

(a,ab)  (bab)  (aac) (cac)  (bbc)  (c¢be)  (ced)  (ded)  (aad)  (dad)

t, [01,03] [01,03] [0103] [0104] [0205] [03,05] [03,07] [03,06] [01,04] [0.1,04]

z

i, [01,04] [01,05] [01,05] [0104] [0105] [0206] [03,08] [0207] [0204] [0205]

z

f, [03,07] [0206] [03,08] [04,08] [04,07] [04,08] [0409] [03,08] [03,07] [04,08]

z
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(210.1,0.41,[0.2,0.5L.10.3.0.7D (b,[0.3,0.5),(0.20.61[0.1,0.7))
— — ((0.1,0.4).{0.2,0.51.[0.3.0.7)) .
£ [ -— =
s . ([0.1,03][0.1,04][030.7]) ((0.1,0.3).[0.1,0.5),[0.2.0. "I’ g
s -
= \’\. n
3 7 N s
3 R4, ~ z
Al 3 . = =
= —~ P - 7 ||
= |2 1o %1, = s
g |3 Yo “to, < s
R Y 5 s |v 5§
| = o, # =
" “Q <
- -] L/ > =
1 | o ) - T ]
< = [ -
- = » | =
S S = &
) - Yo, W~ = =
= 2 Cap, B
2 - /0, 2 3 =
=) gy, N >
- 2] N =
- %8y =
. Sl ((0.3.0.7.[0.3.0.8),[0.5,0.8)) 7 B
= | — = ’ 2
S (103.0.6]102.0.71.00.3,0.8) 03071003 08L0.809)
[03 al[0509
(41040.71103,0.81 0.4.09)) i B

Figure 2 Interval-valued neutrosophic incidence graph

Definition 2

The support of an IVNIG G ( \A{,Z) is denoted by G = (X* Y ,Z*) where
X =supp()A()={V€V:[ f(v)]> [ (v ] [ (V)]>0}
Y =supp(¥)= {vweE [Ts (vw ) T (vw)]>0, [IL vw), 1Y (vw)]>o [E5 (vw), B (vw)]>0}

V Vw eI [ ),TU(V VW):I ,[I (V,VW),IICJ(V,VW)]>O,
)]>0

*

Z = supp(z) =

[Fé (V,Vw V VW

Definition 3
If vweY', then vwis an edge of the IVNIG (AE:()A(,\A{,Z), while if (v,vw),(w,vw)eZ*,

then (V Vw)and(w,vw) are called pairs of G= ()A( \A{,Z)

Definition 4
A sequence

Q: zo,(zo,zoz ) zozl,(zl,zozl),zl,(zl,zlz ) zlzz,(zz,zlzz),zz,...,
Zn—l’(Zn—l 4 Zn 1Zn ) Zn—lzn ’(Zn’Zn—lzn )’Zn
of vertices, edges and pairs in G is known as a walk. It is a closed walk if z, =z, . In contrast, if all

edges are distinct, it is a trail, while if the pairs are distinct, then it is an incidence trail. Q is called a
path if the vertices are distinct. A path is called a cycle if the initial and end vertices of the path are

the same. Any two vertices of G are said to be connected if a path joins them.

Example 2
In Example 1 presented earlier

Q :a,(a,ac),ac,(c,ac),c,(c,cd),cd, (d, Cd),d, (d,da),da,(a,da),a

is known as a walk. In fact, it is a closed walk since the initial and final vertices are the same. It is not
a path, but it is a trail and an incidence trail.

Q, :a,(a,ac),ac,(c,ac),c,(c,cd),cd, (d, cd),d

On the other hand, Q, -is a walk, path, trail and an incidence trail.
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Definition 5
Let éz()A(,\A{,Z) be an IVNIG. Then, I:I=(A,1\A/I,N) is an interval-valued neutrosophic
c

A

incidence subgraph of G if X,McYand NcZ . H is an interval-valued neutrosophic
f

Le
incidence spanning subgraph of G i

Definition 6
In an IVNIG, the strength of a path, P is an ordered triplet denoted by 5(1_3) =(§1,§2,§3),

where

3

5, =min{[ T} (xy), T} (xy) ]: xy €|
5, =min{[T; (xy), 1y (xy)]: xy € P}
5, = max{[ F} (xy), B} (xy)]: xy € P}
Similarly, the incidence strength of a path, P in an IVNIG is denoted by I5(P)=(is,,is,,is, ),

where
is = min{[TZL (X,Xy),TZU (X,xy)] : (X, Xy) IS I_)}
is, =min {[I; (x, xy),IlZJ (x, xy)} : (x,xy) € 1_’}
is, = max{[FZL (X,xy),FZU (X,xy)} : (X, Xy) IS I_)}
Example 3

Let G=(V,EI)be an incidence graph and G=(X,Y,Z) is an IVNIG associated with G,
which is shown in Tables 2 - 4. Clearly, P, :a,(a,ac),ac,(cac), ¢ (c cd),cd,(d,cd),disa pathinG .

The strength of the path P, is S(P,)=([0.1,04],[02,05],[05,0.8]) while the incidence
strength of P, is 1S(P,)=([0.1,0.3],[0.1,04],[0.4,09]).

1
Definition 7
In an IVNIG, the greatest strength of the path from m to n, wherem,n € A" UB' is the maximum
strength of all paths from m to n. Moreover, S* (m, n) is sometimes called the connectedness
between m to n.
S (m,n) = max{g(P] ),g(P2 ),g(P3 ),}
()

= (max(sn,slz,s13,...),max(s21,522,szs,...),mm(SSI,s3z,s33,...))

Similarly, the greatest incidence strength of the path from mton, where m,ne A" UB'is the
maximum incidence strength of all paths from m to n, given by
1S (m,n) = max{IS(P,),IS(P,),15(P,),...
=(is7,i5;,i57)
i5,,i5,,...))

where P,i=1,2,3,... are different paths from m to n. I1S” (m,n) is sometimes referred to as the

= (max(lsn,l Sy, 1 513,...),max(1521,1 S,, /1 523,...),m1n(1s31,

incidence connectedness between m to n.
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Example 4
In the IVNIG given in Tables 2 - 4, the total paths from vertex b to d are given as follows:

,¢,(c,cd),ed,(d,ed),d

(a ad) (d ad) d

P ,C (c ac) (a ac) (a ad) ad, (d,ad),d
:b,(b, ab) (a ab) a,(a,ac),ac,(c,ac),c,(c,ed),cd,(d,cd),d

The corresponding incidence strengths of each path are

1S(P,)=(5,,,5,,5, ) =([03,05],[0.2,0.6],[05,08])
1S(P,)=(5,,5,,5,)=([0.1,04],[0.2,05],[04,0.8])
IS(P,)=(5,,5,,5,)=([0.1,04],[0.2,05],[0.5,0.8])

1S(P,)=(5,,5,,5,)=([01,04],[0.2,05],[05,0.8])
Hence, the greatest incidence strength of the path form is calculated as follows:

15" (b,d) = max{1S(P, ),18(P, ),1S(P, ), 1(P, )}
= (max{is,,,is,,,i5,,i5, } , max{is,,, is,,,i5,,i5,, }, min {i5,, ,i5,,,i5,,i5,, })
max{[0.3,05],[0.1,0.4],[0.1,0.4],[0.1,0.4]}, max{[0.2,0.6 |,[0.2,0.5],[0.2,05],[ 0.2,05]},
min{[05,0.87,[0.4,0.8],[05,0.8],[0.5,0.8 ]}
=([03,0.5],[0.2,06],[04,0.8]).

Definition 8
An IVNIG G = ()A(, \A{,Z) is a cycle if and only if the underlying graph G = (X*,Y‘,Z*) is a
cycle.

Definition 9
The IVNIG G = ()A(, \A{,Z) is a neutrosophic cycle if and only if, G' = (X*,Y*,Z*) is a cycle, and

there exists no unique edge vw €Y', such that

T; (Vw)zmin T; (Xy):xer*},T:(J (Vw)zmin TS (xy):xer*},
Ib (Vw):min II;( (xy):xer*}, IS (Vw):min !
FYL (Vw)zmax FYL (xy):xer*},FU(

Definition 10
The IVNIG G = ()A(, \A{,Z) is a neutrosophic incidence cycle if, and only if it is a neutrosophic

cycle and there exists no unique pair (V, VW) €Z', such that

T, (V, VW) =min{T, (x, xy) : (x, xy) c Z‘]},
T; (V,VW) =min TZU (x,xy) : (x,xy) eZ'\,
I, (V, VW) =min{l}; (x, xy) : (x, xy) eZ't,
I; (V, VW) =min I; (x, xy) : (x, Xy) eZ'\,
F. (V, VW) =max {F, (x, xy) : (x,xy) e Z‘l},
F; (V,VW) = max F; (X,Xy) : (x,xy) eZ \.
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Example 5
Let (A}=()A( Y, Z) be an IVNIG. G is a cycle since G’ :(X*,Y*,Z*)(support of G)isacycle.
[0.1,047,[0.2,0.5],[0.3,0.7]),(b,[0.3,05],[02,0.6],[0.1,0.7]),
J[03, 08] [04 0.9],[0.5,08]),(d,[0.4,07],[0.3,0.8],[04,08]),
e,[07,09],[0.5,0.8],[0.3,05])

)A<=

ab,[0.2,0.8],[0.2,0.7],[0.3,0.8]),(bc,[03,0.8],[0.4,0.7],[ 0.5,0.8]),
cd,[0.4,0.8],[0.4,09],[0.3,0.8]),(de,[0.1,0.9],[0.5,0.8],[0.2,0.6]),

(a
(€
(
(
(
(ea,[03,0.6],[02,05],[02,05])
(
(
(
(
(

<>
I

a,ab),[0.1,04],[02,05],[0.4,0.8]),((b,ab),[0.2,0.5],[0.2,0.6],[0.2,0.8]),
b,bc),[0.3,0.4],[0.1,05],[0.5,0.7]),((c,be),[0.2,0.5],[0.2,06],[05,0.7]),
)1 (

( )

( ) (
(ced),[03,0.7],[03,0.8],[0.5,07]),((d,cd),[04,0.6],[0.2,0.7],[0.4,08]),
(d ) (e de)

(

N>
Il

,de),[0.1,0.6],[0.3,0.8],[04,0.7]),((e,de),[0.1,0.8],[0.4,07],[0.3,0.6]),
a,ea),[0.1,0.3],[0.1,04],[03,0.7]),((e,ea),[0.3,05],[0.2,04],[0.3,05])
(

Ty (ab)=0.1=min{T} (ab), Ty (bc), Ty (cd ), Ty (de), Ty (ea)},

Ty (ab) 0.6 =min|T; ab) Ty (bc),T;J (cd),T;J de), T ea)}

I} (ab) =0.2 =min If{ (ab),1} (bc), 1} (cd), 1} (de), I} (ea)

I} (ab) =0.5 = min{I} (ab),1y (bc),I} (cd ), 1Y (de), 1y (ea

F} (ab)=0.5 = max FYL (ab),Fy (bc),Fy (cd), Fy (de) F) (ea) },

F! (ab)=0.8 =max{F (ab),F} (bc),F} (cd), EY FU (ea)}.
and

Ty (bc) =0.1=min|T} (ab),TYL (bc) Ty (cd Ty (de),T§ (ea },

T, (bc) =0.6 =min{T{ (ab), Ty (bc), T, (cd ), Ty (de), Ty (ea)},

I (bc) =02 =min|I} (ab),I§ (bc) I (cd),I§ (de),Ib (ea) ,

I} (bc) =0.5=min{I} (ab),1} (bc),Ij (cd ), 1} (de),1} (ea },

F: (bc) = 0.5 = max{F} (ab), FL (be), FYL( d),Fy (de), Fy (ea)},

F/(bc)=0.8 = max{Fy (ab), FU (bc),FY (cd),Fy (de), Fy (ea)}.

Thus, G is an interval-valued neutrosophic cycle.

Furthermore, G is a neutrosophic incidence cycle since there is more than one pair, namely
(b,ab)and (d,de)such that

T, (b ab) 0.1=min{T} (V,VW):(V,VW)EZ*},
T; (b ab) 0.3 = min T (V VW) (V,VW) eZ*},
L (b,ab) 0.1=min IL (V ) (V,Vw) € Z*%,
I; (b ab) 0.4 = min{IY (V VW ) (V,Vw)eZ* ,
EL (b ab) 0.5 = max F (V vw ) (V,VW)EZ*%,
F; (b,ab) 0.8 = max ( V,VW ) (V,VW) eZ’

and
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T, (d,de)=0.1=min T, (V,vw):(v,vw)eZ* ,
T; d,de)=0.3 =min T (V,VW):(V,VW)EZ* ,
L

0.4 = min{IY (V VW):(V,VW)GZ* ,
0.5 =max F} (V,VW):(V,VW)EZ* ,
F; (d de) 0.8 = max F (V,VW)Z(V,VW)EZ*

(d,de) =

) - *
(d,de) 0.1 =min IL(V Vw):(v,vw)eZ ,
(d,de)=

(d,de) =

The concepts of bridges, cut vertices and cut pairs in IVNIG are defined as follows:

Definition 11
Let (AS:()A(,\A{,Z)be an IVNIG. An edge, vwin G is called a bridge if and only if vwis a
bridge inG = (X*,Y*,Z* ) which is the removal of vw disconnects G’ .

An edge vw is called a neutrosophic bridge if

S” (a,b <S” (a,b)for some a,be X’
57 )<(57,5,57)
—'% - —='o = =<' o

5 <8/,8,°<5,,8">5,

where S” (a,b) and S” (a,b) denote the connectedness between a and b in a:G—{vw} and

G, respectively.
An edge vw is called a neutrosophic incidence bridge if

(is 1s

<(is715757)

( )<IS( )forsomeabeX
1s <is/” ,1s <1sz,1s >s,

where 1S5* (a,b) and 1S (a,b) denote the incidence connectedness between a and b in

G=G- {VW} and G, respectively.

Definition 12
Let G= ()A(, \A(,Z) be an IVNIG. A vertex, v, in G is called a cut vertex if and only if it is a cut
vertexin G’ =(X*,Y*,Z*) where G —{V} is the disconnect of G'.

A vertex, vin an IVNIG is called a neutrosophic cut vertex if the connectedness between any

two vertices inG =G — {V} is less than the connectedness between the same vertices in G — that is,
5= (a,b) <S” (a,b)for some a,be X,

A vertex, vin an IVNIG is a neutrosophic incidence cut vertex if for any pair of vertices
aandb other than v, the following condition holds:
5" (a,b) <5"(ab),

where 1S~ (a,b) and 15~ (a,b) denote the incidence connectedness between a and b in

G=G- {Vw} and G, respectively.
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Definition 13

Let éz()A(,\A(,Z) be an IVNIG. A pair, (V,VW) in G is called a cut pair if and only if
(v,vw)is a cut pair in G = (X”,Yw,Z*) that is, after removing the pair (v,vw), there is no path
between vand vw .

Let G= ()A(, \A{,Z) be an IVNIG. A pair, (v, VW) is called a neutrosophic cut pair if deleting the

pair (V, vw) reduces the connectedness between v, viw e X" UY’, that is,
g~ (V,Vw) <§* (V, VW),

where S~ (v,vw) and S~ (V,VW) denote the connectedness between v and w in
G=G- {V, Vw} and G, respectively.

A pair (V,VW) is called neutrosophic incidence cut pair if

1S* (v, vw) <IS” (v,vw) forv,vwe X LY,

where IS~ (V,Vw) and 1S (V,VW) denote the incidence connectedness between v and vw in

G=G- {VW} and G, respectively.

Definition 14
Let G= ()A(,\A{,Z) be an IVNIG. An edge, vw of G iscalleda strong edge if
g'oc

(vow) = ([T (vw), T3 (vw) L [15 (vw), 15 (vw) L[ (vw) B (vw)]),
where S~ (V, w) represents the connectedness between v and w in C_§ G- {Vw} .

In particular, an edge vwis said to be an o —strong edge if

S* (V,W) < ([TYL (VW),T\[(J (vw)],[lb (VW),IS (VW)],[FYL (VW),FE (VW):|) ,

and it is called S —strongedge if

S* (V,W) = ([Tb (VW),TS (VW):|,|:II; (VW),IS (vw)],[FYL (VW),F\I(J (VW):I) )
Definition 15
A pair (V,V w) inan IVNIG, G is called a strong pair if

15 (v,ve) < (T2 (v, v00), T2 (v v ) 1 (w00 1 (v, v ] (v S (v, vw) )
where 1S (v,v w) represents the incidence connectedness between v and vw in G=G- {(V,VW)} .
In particular, an edge (v, vw)is called & —strong pair if
15 (v, w) < ([ (v vw), 2 (v, w00 15 (v, w90 1 (v, w00 B (v ), ()],
and it is called S —strong pair if
15 (v, w) = ([ (v w00) T (v, v 15 (v, v 15 (v, v ) B (v vw), B (v )]
All edges and pairs do not need to be strong. There exist edges and pairs that are not strong in

an IVNIG. Such edges and pairs are given in the following definition.

Definition 16
Let G= ()A(, Y ,Z) be an IVNIG. An edge, vw is said to be & —edge if

5= (V,W) > ([TYL (VW),TE (vw)},[lb (vw),Ig (VW)],[FYL (VW),RJ (VW):I) )

Similarly, a pair (v, vw) inG is called & — pair if
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IS~ (v,vw) > ([TZL (v,vw),T;J (V,VW):|,|:I; (V,VW),IE (V,VW)],[FZL (V,VW),F;J (V, VW)]).
Theorem 1. Let G = ()A(, \A{,Z)be an IVNIG. If vw is a neutrosophic bridge, then vw is a strong edge
in any cycle.

Proof. Let vw be a neutrosophic bridge. By contradiction, suppose that vw is not a strong edge of a
cycle. Then, in this cycle, we can find an alternative path, P, from v to w that contains the

edge vw and S( )IS less than or equal to S( ), where P, is the path that does not contain the

edge vw . Thus, removing the edge of vw from G does not affect the connectedness between
vand w, which is a contradiction to our assumption. Hence, vw is a strong edge in any cycle. [J

Theorem 2. If (v, vw) is a neutrosophic incidence cut pair, then (v,vw) is a strong pair in any cycle.

Proof. Let (v, vw) be a neutrosophic incidence cut pair in G and by contradiction, suppose that
(V,Vw) is not a strong pair of a cycle. Then, we can find an alternative path from v to vwhaving
incidence strength greater than or equal to that of the path involving the pair (V,VW) . Thus, removal
of the pair (v, vw) does not affect the incidence connectedness between v and vw. This is a

contradiction to our assumption that (v,vw) is a neutrosophic incidence cut pair. Hence, (v,vw) is

a strong pair in any cycle. U

Theorem 3. Let G = ()A(, \A{,Z)be an IVNIG. If vw is a neutrosophic bridge in é, then

57 (vow)=(5757,57 ) = ([ T¥ (vw), Y (vw) |, [ 15 (vw), 1y (vw) ], [ By (vw), B (vw) ])

Proof. Let G be anIVNIG and vwisa neutrosophic bridge in G. By contradiction, suppose that

S*(v,w)> ([T& (vw), Ty (VW):H:I];( (vw), 1§ (vw)],[FYL (vw),F/ (VW):')

Then, there existsa v—wpath, P, with

S(P)> ([ Ty (vw), Ty (vw) |, [ 15 (vw), 15 (vw) [ B¢ (vw), B} (vw)])

([ (xy). 1 (XY)]I[K(XY)' ( y) LB () B () ]) >
([TYL(VW),TS(VW)],[ ],[F;(vw ) B ( VW):')

and

for all edges on path P. Now, P together with the edge vw forms a cycle in which vw is the weakest
edge, but it is a contradiction to the fact that vw is a neutrosophic bridge. Hence,

S (V,W) = <§1°°,§2°°,§3°°) = ([T& (VW),TS (VW):|,|:II; (VW),IS (VW)J,[F\} (VW),F$ (VW):|)
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Theorem 4. Let G :()A(, \A{,Z) be an IVNIG. If (v, vw) is a neutrosophic incidence cut pair in é,
then
157 (v,vw) =(i57,i5;,i5;)

([TZL (V,VW) T (V VW)] [ (V,VW),I;I (V,VW)J,[FZL (V,VW),FZU (V,VW):|).

A

Proof. Let G be an IVNIG and (v,vw) is a neutrosophic incidence cut pair in G. By

contradiction, suppose that

ICH (V,VW) > ([TZL (V,VW),TZU (V,VW):|,[I; (V,VW),IT; (V,VW)J,[FZL (V,VW),FZU (V, VW):|>.

Then, there existsa v—wpath, P, with

IS(P)> ([TZL (v,vw),T; (V,VW):|,[I]£ (v,vw),I; (V,VW)],[FZL (v,vw),E} (V,VW)])

([TL (x xy) (x xy)] [ (x,xy),lg (x,xy)] [F (x xy) (x xy)})
([T; (V, VW),T; (V, VW):|,|:I]£ (V, VW),I[ZJ (V, VW):H:F; (V,VW),F; (V, VW)]),

for all pairs on path P. Now, P together with the pair (V,Vw) forms a cycle in which (V,VW) is the

and

weakest pair. However, it is a contradiction to the fact that (V,VW) is a neutrosophic incidence cut
pair. Hence,

157 (v,vw) =(i57,i5;,i5;)

([TZL (V,VW) T (V VW)] [ (V,VW),I;I (V,VW)J,[FZL (V,VW),FZU (V,VW):|).

0

Theorem 5. Every neutrosophic incidence cut pair in IVNIG is a strong cut pair.

Proof. Let G= ()A(, Y, 2) be an IVNIG. Let (v,vw) € Z be a neutrosophic incidence cut pair. Then, by
Definition 12, we have
IS~ (V, VW) <IS” (v,vw) .
By contradiction, suppose that (v, vw) is not a strong incidence pair. Then it follows that
IS” (v,vw)> ([TZL (v,vw), T/ (v,vw)],[I; (v,vw),IJ (V,VW)J,[FZL (v,vw),F (v, VW):|) .

Let P be the path from v to vw in G=G- {(V,VW)} with the greatest incidence strength. Then
P together with (V,VW) forms a cycle in G . Now, in this cycle, (V,VW) is the weakest pair.
However, based on Theorem 2, this is not possible since (V,VW) is a neutrosophic incidence cut

pair. This is a contradiction to our assumption, hence (v,vw) is a strong incidence pair. 0

Theorem 6. Let G= ()A(, \A{,Z) be an IVNIG. The pair (V,vw) is a neutrosophic incidence cut pair if

and only if it is & —strong .

Proof. Let (V,VW) be a neutrosophic incidence cut pair in G. Based on Definition 12,

I (v,vw) >[5~ (v,vw)

Then, based on Theorem 4, it follows that
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([ (o), T2 (s 1 (50w, 2 (w0 ) LB (), (v, v) ) 7 (w0 w),
which is the definition of «—strong. Hence, (v, vw) isan o —strong pair in G.
Conversely, suppose that (v,vw) isan o —strong pair in G. Then, by definition
(75 (vovw) T3 (v, vw) LI (v, vw), 15 (v, vw) L[S (v vw) Y (v, vw) ) > 15 (v, v w).
It follows that P: v,(v,vw),vw is the unique strongest incidence path from vtovw. The
removal of (v,vw)reduces the incidence strength between v and vw, giving
15 (v, vw) 515" (v, vw).

Hence, (V,VW) is a neutrosophic incidence cut pair. U

4. Application in Finding the Best Route

In this section, the developed approach of IVNIGs is utilized in the safe root problem dealing with
the selection of the best route among some routes. Suppose Mr Manapat wants to travel from
Thailand to Indonesia following all border lines between Thailand and Indonesia. There are
basically three ways of doing so. The first one is a direct way, i.e., Thailand to Indonesia, the second
one is Thailand to Malaysia and Malaysia to Indonesia and the last one is Thailand to Singapura,

Singapura to Malaysia and Malaysia to Indonesia, as shown in Figure 3.

Let V = {Thailand (THAI), Singapura (SGPR), Malaysia (MAL), Indonesia (IDN)} be the set of
countries.

Let E = {(THALSGPR),(SGPR,MAL),(THALMAL),(MAL,IDN),(THALIDN)} a subset of Vx V.

Let X be the interval-valued neutrosophic set on V, given as:
(THAL([0.1,04],[0.2,0.5],[0.3,0.7]),(SGPR,[0.3,0.5],[ 0.2,0.6],[0.1,0.7]),
(MAL,[03,0.8],[0.4,09],[05,0.9]),(IDN,[04,0.7],[0.3,0.8],[ 0.4,0.9])

Let Y be the interval-valued neutrosophic relation on V, given as:
((THAI, SGPR),[0.1,0.4],[0.2,0.5],[0.3,0.7]),((THAI,MAL),[0.1,0.4],[0.2,0.5],[0.4,0.8]),
Y =4((SGPR,MAL),[0.3,0.5],[0.2,0.6],[0.5,0.8]),((MAL,IDN),[0.3,0.7],[0.3,0.8],[0.5,0.8]),
((THAI,IDN),[O.L0.4],[0.2,0.5],[0.4,0.8])
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Let Z be the interval-valued neutrosophic seton VxE, given as:

((THAL (THAILSGPR)),[0.1,03],[0.1,0.4],[0.3,0.7]),
((SGPR,(THALSGPR)),[0.1,0.3],[0.1,0.5],[0.2,0.6]),
((THAL(THALMAL)),[0.1,0.3],[0.1,05],[03,0.8]),
((MAL, (THAL MAL)),[0.1,04],[0.1,0.4],[0.4,0.8]),
((SGPR, (SGPR,MAL)),[0.2,0.5],[0.1,05],[04,0.7]),
((MAL, (SGPR,MAL)),[03,0.5],[0.2,0.6],[0.4,08]),
((MAL, (MAL,IDN)),[0.3,0.7],[0.3,0.8],[0.4,09]),
((1DN,(MAL,IDN)),[03,0.6],[0.2,0.7],[03,0.8]),
((THAL(THALIDN)),[0.1,04],[02,04],[03,0.7]),
{

IDN, (THAL IDN)),[0.1,04],[0.2,05],[04,08])

Let (TT,L (uv),TfEJ (uv)) represent the degree of protection for travelling from country u to the

country v. There are three paths from THAI to IDN, such that

P, : THAL (THAL (THALIDN))(THALIDN),(IDN, (THALIDN) ), IDN

P, : THAL(THAL (THAI, MAL))(THAIL, MAL), (MAL, (THAI, MAL)), MAL,(MAL,(MAL,IDN)),
(MAL,IDN), (IDN, (MAL,IDN)),IDN

P, : THAI(THAL (THAI,SGPR))(THAL SGPR), (SGPR, (THAL SGPR)), SGPR, (SGPR, (SGPR, MAL)),

(SGPR,MAL),(MAL,(SGPR,MAL)),MAL,(MAL,(MAL,IDN)),(MAL,IDN),(IDN,(MAL,IDN)),IDN

(Mhas [0 104l[0205]{0307]) (Sgpr]0.3,05110.2,0.61,10.107])
== > ([0.1,0.4][02,051[0.3.0.5)
= ) « &
s . ([byo3lfo0.1.04)[0307D £10.1,0.31,[0.1,0.5].[0.2.0.6) i
= ' =
= [/ =
S J - - -
el 'O-J//o - - = =
S = ey S 17 5 =
= || 8 %14, Ris 5 || &
qQ v = &) ., & -
P L7/ <4 = =
= b ~lto 3
a LS 28 2
z of > A =
B a Uy, ™~ 2 =
= = "l'oi,{‘, . -
P - Lo, >
5 Uy £
= %oy 2
= (10.3.0.71,003.0.5].[0.50.5) 7 =
=5 < — =
S ([030.6]00.2,0.7L[03.0.5) 0.3,0.71.10.3,0.8),10.4.0.9]) —
1dn [0.4,0.7L[0.3,0.05v4,09]) Mal[0.3.05){0.405L[0.509)

Figure 3 Model of travelling paths from Thailand to Indonesia
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I1S” (THAI,IDN) is the greatest incidence strength of the path between THAI and IDN. In other
words, this is the safest path between THAI and IDN. To calculate the value of IS* (THAI,IDN),
we need to first calculate the incidence strength of paths P,,P, and P, denoted by
IS; (THALIDN), IS; (THALIDN) andIS; (THALIDN), respectively. By calculation, we obtain
IS, (THALIDN)=([0.1,0.4],[02,0.5],[04,0.8])
IS, (THALIDN)=([0.3,0.7],[03,0.8],[05,0.9])
IS, (THALIDN) = ([0.2,0.4],[0.2,05],[0.5,0.9]).

3

Hence,

IS”(THALIDN) =([0.3,0.7],[0.2,0.6],[ 0.4,0.8]).

We see that (Tp. (THALIDN), T, (THALIDN)) = (Téﬁz (THALIDN), T (THAI,IDN)) :

Therefore, P

, is the safest path for travelling. We present the proposed method in the following

algorithm.

Algorithm:
1. Input the vertex set V.
Input the edge set EcVxV.
Set up the interval-valued neutrosophic set X on \
Set up the interval-valued neutrosophic relation Y on V.
Set up the interval-valued neutrosophic set Z on V xE.

S

Calculate the incidence strength IS(x,, y, ) of all possible paths from x to y such that
i, =min{[ T} (%, %%, ), T (x %%, ) = (xx0x,., ) €1}

DS (%%, ) ] (ko xx, ) €1

is, = min{[ F} (x, %%, ) B (%, %%, ) ]+ (x %, ) €1

7. Calculate the greatest incidence strength IS” of the path from x to y.
The safest pathis S(v, )= mim(TFL (xy), T (xy))where i=1.k

= . L
is, = mm{[lz (xi,x.x.

i+l

9. Ifv, has more than one value then any path can be chosen.

5. Comparative Study and Advantages of the proposed algorithm

In this section, a comparative study based on the results of numerical computation is performed
to validate the proposed method. For this purpose, we present a comparative analysis between
fuzzy incidence graphs (FIG), single-valued neutrosophic incidence graph (SVNIG) and the
proposed method IVNIG as presented in Table 5.

From the safest path column in Table 5, it can be seen that the safest path of our proposed
method IVNIG is consistent with the FIG and SVNIG which is P2. However, as we may notice, FIG
just takes into consideration crisp membership values to represent the uncertain data. In this case,
the non-membership values are directly complementing to their respective membership values. We
can observe that these two elements of membership and non-membership are said to be dependent
here. This approach, even though effective in dealing with uncertainty, but still cannot capture some
types of uncertainties such as indeterminate and inconsistent information. Therefore, some new
theories are required to overcome this problem.

Siti Nurul Fitriah Mohamad, Roslan Hasni, Binyamin Yusoff, Naeem Jan,Muhammad Kamran Jamil, Novel Concept of
Interval-Valued Neutrosophic Incidence Graphs with Application



Neutrosophic Sets and Systems, Vol. 43, 2021 78

Should be noted that, the proposal of IVNIG is to provide a generalization of the notion of
SVNIG. The justification of this generalization lies in the following observation: sometimes it is not
appropriate to assume that the degrees of (t, i, f) are exactly defined, therefore we can admit a kind of
further uncertainty where the values of these components are not numbers, but interval of numbers.
Clearly, SVNIG may be viewed as special cases of IVNIG here if the degrees of (t, i, f) are the only
numbers. Furthermore, an IVNIG also can avoid the loss of information. Sometimes, the degree of
memberships is not certainly known. Then interval-valued may better represent this kind of
information. Similarly, if the three components are dependent, then IVNIG can be reduced to the
FIG.

For SVNIG, the sum of the components is; 0 <t+i+f <3 when all three components are
independent; 0<t+i+f<2 when two components are dependent, while the third one is
independent; 0<t+i+f<1 when all three components are dependent. When three or two of the
components T, I, F are independent, one leaves room for incomplete information (sum < 1),
paraconsistent and contradictory information (sum > 1), or complete information (sum = 1). If all
three components T, I, F are dependent, then similarly one leaves room for incomplete information
(sum < 1), or complete information (sum = 1).

Table 5. A comparative study between FIG, SVNIG and IVNIG

Incidence strength of path Greatest incidence strength Safest
path
FIG 1S; =(0.1) 15 =(0.3) P,
1S, =(03)
IS, =(02)
SVNIG IS, =(0.1,0.3,0.4) 15” =(0.3,0.2,0.5) P,
IS, =(0.3,04,0.5)
IS; =(0.2,0.3,0.5)
IVNIG IS, = ([0.1,0.4],[0.2,0.5],[0.4,0.8]) 15" =([03,0.7],[02,0.6],[0.4,0.8]) P,
(Iizglzsg)d 15, =([03,0.7],[03,0.8],[05,0.9])

1S, =([02,0.4],[02,05],[05,0.9])

6. Conclusions

A new IVNIG has been successfully proposed. We constructed a new set for neutrosophic
incidence graphs based on the definition from the previous study. An interval-valued neutrosophic
set is an extension of an interval-valued fuzzy set combined with a single-valued neutrosophic set, a
more powerful model to solve real-life problems. This paper has presented certain properties related
to IVNIG such as strong edge, strong pair, strong cut pair and neutrosophic incidence cut pair. Also,
in this work, we just limit our attention to the class of standard unit interval [0,1]. The assumption is
that this unit interval may be sufficient to be applied in the real-life problems. However, further
analysis can be potentially conducted on the non-standard unit interval to generalize the developed
concept. Moreover, for future research, another higher order of uncertainty can be proposed to the
neutrosophic set or neutrosophic incidence graph, i.e., incorporate the membership function to each
element of (t, i, f) instead of interval-valued.
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