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Abstract The concept of fuzzy set has been extended by

neutrosophic fuzzy sets to represent sets whose elements

have different degrees of membership characterized by a

truth-membership function, an indeterminacy-membership

function and a falsity-membership function. It is usually

assumed that these functions are linear, hence excluding

the possibility of non-linearity in many decision-making

situations. From an alternative definition of non-linear

neutrosophic numbers, we develop the concepts of

ða; b; cÞ-cuts, possibility mean, variance, skewness and a

new possibility score function. These concepts are useful to

deal with multiple criteria decision making problems. We

illustrate the practical use of these concepts by means of a

real case study in supply chain risk management in the

motor industry. Due to the fact that neutrosophic sets have

been used in several areas of decision-making, finance and

economics, we argue that our proposal contributes to

enhance the application of neutrosophic numbers.

Keywords Neutrosophic numbers � Non-linearity �
Multiple criteria decision making � Score functions

1 Introduction

Since the seminal work by Zadeh [1], fuzzy set theory and

its applications have been widely extended to provide

powerful tools to deal with imprecise information in many

decision-making problems. A fuzzy set is a class of objects

characterized by a membership function which assigns to

each element a degree of membership ranging between

zero and one. Fuzzy sets were extended by intuitionistic

fuzzy sets proposed by [2, 3] characterized by a member-

ship function but also by a non-membership function.

Furthermore, neutrosophic sets proposed by [4] extended

intuitionistic fuzzy sets by considering a truth-membership

function, an indeterminacy-membership function, and a

falsity-membership function. Wang et al. [5] introduced the

concept of a single-valued neutrosophic sets (SVNS), a

subclass of the neutrosophic sets. A SVNS is an instance of

neutrosophic set which can be used in real economics and

finance applications. Ye [6] introduced trapezoidal neu-

trosophic sets and developed score and accuracy functions

to deal with multiple criteria decision-making (MCDM)

problems.

Several recent works rely on neutrosophic sets to

approach different problems in multiple research areas. For

example [7] proposes neutrosophic linear programming

using the concept of possibilistic mean; [8] develop an

application in the hotel location selection problem; [9]

proposes an approach to pharmaceutical supply chain

management; [10] investigate the pricing problems of

satellite image data products; [11] study the temperature

variation and climate data; [12] approach the problem of

offshore wind farm site selection in USA; [13] measure

pollution attributes in mega-cities; [14] describe an appli-

cation for sustainable supplier selection; [15] deal with the

assessment of safety in construction; [16] propose a
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leanness assessment methodology; and [17] explore the key

factors which would prevent expansion of the epidemic in

the face of incomplete knowledge.

However, one of the limitations in neutrosophic fuzzy

numbers is the assumption of linearity of membership

functions. Single valued triangular neutrosophic numbers

(SVTNN) can only handle incomplete, indeterminate and

inconsistent information expressed by means of linear

functions. Mondal et al. [18] defined non-linear interval

fuzzy numbers with two membership functions (upper and

lower). More recently, [19] discussed different types of

linear and non-linear neutrosophic trapezoidal numbers.

However, this last work is limited to the proposal of a non-

linear expression of membership functions without con-

sidering its main properties.

In this paper, we develop the concept of non-linear

neutrosophic number (NLNN). By considering the set of

parameters that characterizes a NLNN, we analytically and

graphically explore the implications of selecting alternative

values. We pay special attention to extreme values. We

also derive more general definitions for the notion of

ða; b; cÞ-cuts, possibility mean, variance and skewness of a

NLNN. We also propose a new possibility score function

of a NLNN based on the possibility mean and standard

deviation that can be used to better deal with MCDM

problems.

Other recent contributions to decision-making consid-

ering multiple criteria within a context of uncertainty

include [20–24]. In this paper, we follow the approach of

dealing with uncertainty by means of NLNN. Table 1

presents a survey on recent MCDM works under uncer-

tainty and shows the research gap covered by this paper.

More precisely we propose the use of NLNN to deal with

uncertainty to evaluate a set of alternatives in the context of

supply chain management. Similarly to the use of the

Minkowski distance in several MCDM applications

[25, 26], we argue that a NLNN allows practitioners to

express fuzziness in both a wider and more specific way.

To illustrate our proposal, we describe how can a hybrid

model combining Neutrosophic Analytic Hierarchy Pro-

cess (N-AHP) and Neutrosophic Technique for Order of

Preference by Similarity to Ideal Solution (N-TOPSIS)

recently proposed by [27] can be generalized by using

NLNN.

Summarizing, the main contributions of this paper are:

1. An alternative definition for NLNN.

2. A new set of definitions derived from the concept of

NLNN.

3. A new score function useful for decision-making

applications.

In what follows, Sect. 2 provides some basic definitions

about neutrosophic sets. Section 3 develops the concept of

NLNN by exploring its properties. Section 4 focuses on the

concept of possibility mean, variance and standard devia-

tion of NLNN. Section 5 proposes a new score func-

tion. Section 6 illustrates our porposal by means of a real

case study. Section 7 provides managerial insights and

practical implications and Sect. 8 concludes.

2 Background on Neutrosophic Sets

Since the proposal by Zadeh [1], fuzzy set theory has been

broadly used in several research fields. In the same way,

Smarandache [4] introduced the concept of neutrosophic

set (NS).

Definition 1 [5] Let X be a space of points, with a generic

element in X denoted by x. A neutrosophic set A in X is

characterized by a truth-membership function TA, an

indeterminacy-membership function IA and a falsity-

membership function FA.

TAðxÞ, IAðxÞ and FAðxÞ are standard or non-standard

subsets of 0�; 1þ� ½:
TA : X ! 0�; 1þ� ½
IA : X ! 0�; 1þ� ½
FA : X ! 0�; 1þ� ½

ð1Þ

The membership functions must satisfy the condition:

0� � TAðxÞ þ IAðxÞ þ FA � 3þ ð2Þ

A single valued neutrosophic set is a specific type of NS

with membership value functions in the interval 0; 1½ �.

Definition 2 [5] Let X be a space of points, with a generic

element in X, denoted by x. A single valued neutrosophic

set (SVNS) A in X is characterized by a truth-membership

function TA, an indeterminacy-membership function IA and

a falsity-membership function FA. For each point x in X,

TAðxÞ, IAðxÞ, FAðxÞ 2 0; 1½ �.

The sum of TAðxÞ, IAðxÞ, FAðxÞ must satisfy the

condition:

0� TAðxÞ þ IAðxÞ þ FAðxÞ� 3 ð3Þ

Given a SVNS A in X, x ¼ ðTx; Ix;FxÞ is called a single

valued neutrosophic number (SVNN) as an element in A.

Definition 3 [28] Let x ¼ ðTx; Ix;FxÞ and y ¼ ðTy; Iy;FyÞ
be two SVNNs. The operations for SVNNs can be defined

as follows:

1. x� y ¼ ðTx þ Ty � Tx � Ty; Ix � Iy;Fx � FyÞ
2.

x� y ¼ ðTx � Ty; Ix þ Iy � Ix � Iy;Fx þ Fy � Fx � FyÞ
3. kx ¼ ð1� ð1� TxÞk; ðIxÞk; ðFxÞkÞ;wherek[ 0
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Definition 4 [7] An SVNN ~A ¼ ða; a; aÞ;w ~A; y ~A; u ~AÞ is

called SVTNN when its truth-membership function T ~AðxÞ,
indeterminacy-membership function I ~AðxÞ and falsity-

membership F ~AðxÞ function are linear and given as follows:

T ~AðxÞ ¼

x� a

a� a
w ~A if a� x\a;

w ~A if x ¼ a;
�a� x

�a� a
w ~A if a\x� �a;

0 otherwise:

8
>>>><

>>>>:

ð4Þ

I ~AðxÞ ¼

a� xþ ðx� aÞy ~A

a� a
if a� x\a;

y ~A if x ¼ a;
x� aþ ða� xÞy ~A

a� a
if a\x� a;

1 otherwise:

8
>>>>><

>>>>>:

ð5Þ

F ~AðxÞ ¼

a� xþ ðx� aÞu ~A

a� a
if a� x\a;

u ~A if x ¼ a;
x� aþ ða� xÞu ~A

a� a
if a\x� a;

1 otherwise:

8
>>>>><

>>>>>:

ð6Þ

In Fig. 1, we show an example of a SVTNN.

The notion of ða; b; cÞ-cut is also important to solve

different problems when using neutrosophic numbers such

as optimization.

Definition 5 [7] For a SVTNN ~A ¼ ðða; a; aÞ;w ~A; y ~A; u ~AÞ,
the ða; b; cÞ-cut set is defined as:

~Aða;b;cÞ ¼ x; T ~AðxÞ	 a; I ~AðxÞ� b;F ~AðxÞ� c
� �

: x 2 X
� �

ð7Þ

which satisfies the following conditions:

0� a�w ~A; y ~A � b� 1; u ~A � c� 1 ð8Þ

and

aþ bþ c� 3: ð9Þ

Thus, the ða; b; cÞ-cut set of SVTNN ~A, symbolized by
~Aða;b;cÞ, is a crisp subset of set X:

Table 1 Survey on recent

works about MCDM under

uncertainty

References Methodology Uncertainty Application

[23] Augmented e-constraint optimization Robust optimization Construction

[22] Bi-level programming Robust stochastic Renewable energy

[21] Mixed integer linear programming Robust stochastic Supply chain

[20] Mixed integer linear programming Robust stochastic Waste management

[24] Stochastic goal programming Stochastic Cash management

[8] TOPSIS Linear neutrosophic Hotel location

[9] Multiobjective programming Linear neutrosophic Supply chain

[12] MABAC Linear neutrosophic Energy location

[13] Multicriteria group decision making Linear neutrosophic Pollution measurement

[14] CRITIC Linear neutrosophic Supplier selection

[15] COPRAS Linear neutrosophic Safety in building

[16] DEMATEL Linear neutrosophic Leanness assessment

[17] DEMATEL Linear neutrosophic Public health

[27] N-AHP and TOPSIS Linear neutrosophic Supply chain

This paper N-AHP and TOPSIS Non-linear neutrosophic Supply chain

MABAC multi-attributive border approximation area comparison, CRITIC criteria importance through

inter-criteria correlation, COPRAS multiple criteria complex proportional assessment, DEMATEL decision-

making trial and evaluation laboratory

Fig. 1 A single valued triangular neutrosophic number
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~Aða;b;cÞ ¼ ~AðaÞ; ~AðbÞ; ~AðcÞ
� �

: ð10Þ

The ðaÞ-cut set of SVTNN ~A, symbolized by ~AðaÞ is a

closed interval, denoted by:

~AðaÞ ¼ TL
~A
ðaÞ; TU

~A
ðaÞ

h i
ð11Þ

where

TL
~A
ðaÞ ¼ a ~A þ

a
w ~A

ða ~A � a ~AÞ ð12Þ

TU
~A
ðaÞ ¼ a ~A �

a
w ~A

ða ~A � a ~AÞ: ð13Þ

The ðbÞ-cut set of SVTNN ~A, symbolized by ~AðbÞ is a

closed interval, denoted by:

~AðbÞ ¼ IL~AðbÞ; I
U
~A
ðbÞ

h i
ð14Þ

where

IL~AðbÞ ¼
a ~A � y ~Aa ~A � bða ~A � a ~AÞ

1� y ~A

ð15Þ

IU~A ðbÞ ¼
a ~A � y ~Aa ~A þ bða ~A � a ~AÞ

1� y ~A

: ð16Þ

The ðcÞ-cut set of SVTNN number ~A, symbolized by ~AðcÞ is

a closed interval, denoted by:

~AðcÞ ¼ FL
~A
ðcÞ;FU

~A
ðcÞ

h i
ð17Þ

where

FL
~A
ðcÞ ¼ a ~A � u ~Aa ~A � cða ~A � a ~AÞ

1� u ~A

ð18Þ

FU
~A
ðcÞ ¼ a ~A � u ~Aa ~A þ cða ~A � a ~AÞ

1� u ~A

: ð19Þ

An important limitation of SVTNN is the assumption of

linear functions in its definition. To overcome this draw-

back, [18] introduced the concept of non-linear interval-

valued fuzzy number and [19] presented a single-valued

non-linear trapezoidal neutrosophic number with 21

components:

Definition 6 [19] A single-valued non-linear trapezoidal

neutrosophic number:

~A ¼ ða1; a2; a3; a4; b1; b2; b3; b4; c1; c2; c3; c4; p1; p2; q1; q2; r1; r2;x; q; kÞ

is a SVNN whose truth membership function T ~AðxÞ, inde-
terminacy membership function I ~AðxÞ and falsity

membership function F ~AðxÞ are given, respecting the

original notation, as follows1:

T ~AðxÞ ¼

x
x� a1
a2 � a1

� �p1

if a1 � x\a2;

x if a2\x� a3;

x
a4 � x

a4 � a3

� �p2

if a3\x� a4;

0 otherwise

8
>>>>><

>>>>>:

ð20Þ

I ~AðxÞ ¼

q
b2 � x

b2 � b1

� �q1

if b1 � x\b2;

0 if b2\x� b3;

q
x� b3
b4 � b3

� �q2

if b3\x� b4;

q otherwise

8
>>>>><

>>>>>:

ð21Þ

F ~AðxÞ ¼

k
c2 � x

c2 � c1

� �r1

if c1 � x\c2;

0 if c2\x� c3;

k
x� c3
c4 � c3

� �r2

if c3\x� c4;

k otherwise

8
>>>>>><

>>>>>>:

ð22Þ

where 0� T ~AðxÞ þ I ~AðxÞ þ F ~AðxÞ� 3 and where exponents

p1; p2; q1; q2; r1; r2 6¼ 1 define different kinds of non-

linearity.

Finally, the concept of possibilistic mean and variance

of fuzzy numbers were introduced by [29]. Later on, [30]

proposed definitions for the possibilistic mean Mð ~AÞ and

standard deviation rð ~AÞ of triangular intuitionistic fuzzy

numbers (TIFN).

Definition 7 [30] The possibilistic mean of a TIFN

denoted by ~A ¼ ðða; a; aÞ;w ~A; u ~AÞ is given by:

Mð ~AÞ ¼ Mlð ~AÞ þMvð ~AÞ
2

ð23Þ

where Mlð ~AÞ is the possibilistic mean of the membership

function and Mvð ~AÞ is the possibilistic mean of the non-

membership function computed as follows:

Mlð ~AÞ ¼
1

6
ðaþ 4aþ aÞw ~A ð24Þ

Mvð ~AÞ ¼
1

6
ðaþ 4aþ aÞð1� u ~AÞ: ð25Þ

Definition 8 [30] Given a TIFN ~A ¼ ðða; a; aÞ;w ~A; u ~AÞ,
the possibilistic standard deviation of ~A is given by:

1 This definition is a revised version of the one by [19] to fix some

typographical errors
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rð ~AÞ ¼ rlð ~AÞ þ rvð ~AÞ
2

ð26Þ

where rlð ~AÞ is the possibilistic standard deviation of the

membership function and rvð ~AÞ is the possibilistic standard
deviation of the non-membership function computed as

follows:

rlð ~AÞ ¼
1
ffiffiffiffiffi
24

p ða� aÞ ffiffiffiffiffiffi
w ~A

p ð27Þ

rvð ~AÞ ¼
1
ffiffiffiffiffi
24

p ða� aÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� u ~AÞ
q

: ð28Þ

3 An Alternative Definition of Non-linear
Neutrosophic Numbers and Their Main
Properties

As mentioned in Sect. 2, an important limitation of

SVTNN is the assumption of linear functions in the defi-

nition of their membership functions. Even though Defi-

nition 6 by [19] can be easily transformed in a non-linear

triangular neutrosophic number, it fails to represent non-

linear neutrosophic numbers (NLNN) with sufficient pre-

cision. More precisely, I ~AðxÞ and F ~AðxÞ do not map

parameters q and k with the minimum values of the

functions but with their maximum values. We argue that

this feature is a limitation to express the degree of inde-

terminacy and falsity in a decision-making context. To

better characterize these functions, we propose a novel

definition of a NLNN by considering sets of parameters

m ¼ ðmT ;mI ;mFÞ and n ¼ ðnT ; nI ; nFÞ, with all elements in

the range 1;1½ �:

Definition 9 ~Aðm;nÞ ¼ ðða; a; aÞ;w ~A; y ~A; u ~AÞ is a SVNN

whose truth-member–ship function T ~AðxÞ, indeterminacy-

membership function I ~AðxÞ and falsity-membership func-

tion F ~AðxÞ are given as follows:

T ~AðxÞ ¼

1� a� x

a� a

� �mT
	 


w ~A if a� x\a;

w ~A if x ¼ a;

1� a� x

a� �a

� �nTh i
w ~A if a\x� �a;

0 otherwise

8
>>>>><

>>>>>:

ð29Þ

I ~AðxÞ ¼

y ~A þ ð1� y ~AÞ
a� x

a

� �mI
	 


if a� x\a;

y ~A if x ¼ a;

y ~A þ ð1� y ~AÞ
a� x

a� �a

� �nIh i
if a\x� �a;

1 otherwise

8
>>>>><

>>>>>:

ð30Þ

F ~AðxÞ ¼

u ~A þ ð1� u ~AÞ
a� x

a

� �mI
	 


if a� x\a;

u ~A if x ¼ a;

u ~A þ ð1� u ~AÞ
a� x

a� �a

� �nIh i
if a\x� �a;

1 otherwise

8
>>>>><

>>>>>:

ð31Þ

Without loss of generality, Definition 9 also implies that

functions T ~AðxÞ, I ~AðxÞ and F ~AðxÞ are centered on parameter

a. This situation seems reasonable in a context in which

uncertainty is expressed around a given reference point.

Furthermore, this definition can be easily extended to

consider non-linear trapezoidal, pentagonal, hexagonal and

higher-order neutrosophic numbers. A visual representation

of a NLNN for m ¼ ð2; 2; 2Þ and n ¼ ð2; 2; 2Þ is shown in

Fig. 2. Note that when m ¼ ð1; 1; 1Þ and n ¼ ð1; 1; 1Þ a

NLNN becomes a triangular neutrosophic number as in

Definition 4.

3.1 ða; b; cÞ-Cuts of a NLNN

Along the lines of Definition 5, we develop a more general

definition for the notions of ða; b; cÞ-cuts of a NLNN.

Definition 10 For a NLNN ~Aðm;nÞ ¼ ðða; a; aÞ;w ~A; y ~A; u ~AÞ,
the ða; b; cÞ-cut set is defined as:

Fig. 2 Non-linear neutrosophic number with m ¼ ð2; 2; 2Þ and

n ¼ ð2; 2; 2Þ
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~Aða;b;cÞ ¼ x; T ~AðxÞ	 a; I ~AðxÞ� b;F ~AðxÞ� c
� �

: x 2 X
� �

ð32Þ

which satisfies the following conditions:

0� a�w ~A; y ~A � b� 1; u ~A � c� 1 ð33Þ

and

aþ bþ c� 3: ð34Þ

Thus, the ða; b; cÞ-cut set of NLNN ~Aðm;nÞ, denoted by

~Aðm;n;a;b;cÞ is a crisp subset of set X:

~Aðm;n;a;b;cÞ ¼ ~AðmT ;nT ;aÞ;
~AðmI ;nI ;bÞ;

~AðmF ;nF ;cÞ
� �

ð35Þ

The a-cut set of NLNN ~Aðm;n;a;b;cÞ, denoted by ~AðmT ;nT ;aÞ is a

closed interval, denoted by:

~AðmT ;nT ;aÞ ¼ TL
~A
ða;mTÞ; TU

~A
ða; nTÞ

h i
ð36Þ

where

TL
~A
ða;mTÞ ¼ a ~A � 1� a

w ~A

� �1=mT

ða ~A � a ~AÞ ð37Þ

TU
~A
ða; nTÞ ¼ a ~A � 1� a

w ~A

� �1=nT

ða ~A � a ~AÞ ð38Þ

The b-cut set of NLNN ~Aðm;n;a;b;cÞ, denoted by ~AðmI ;nI ;bÞ is a

closed interval, denoted by:

~AðmI ;nI ;bÞ ¼ IL~AðbÞ; I
U
~A
ðbÞ

h i
ð39Þ

where

IL~Aðb;mIÞ ¼ a ~A �
b� y ~A

1� y ~A

� �1=mI

ða ~A � a ~AÞ ð40Þ

IU~A ðb; nIÞ ¼ a ~A �
b� y ~A

1� y ~A

� �1=nI

ða ~A � a ~AÞ: ð41Þ

The c-cut set of NLNN ~Aðm;n;a;b;cÞ, denoted by ~AðmF ;nF ;cÞ is a

closed interval expressed by:

~AðmF ;nF ;cÞ ¼ FL
~A
ðcÞ;FU

~A
ðcÞ

h i
ð42Þ

where

FL
~A
ðc;mFÞ ¼ a ~A �

c� u ~A

1� u ~A

� �1=mF

ða ~A � a ~AÞ ð43Þ

FU
~A
ðc; nFÞ ¼ a ~A �

c� u ~A

1� u ~A

� �1=nF

ða ~A � a ~AÞ: ð44Þ

3.2 Interpretation of Alternative Degrees of Non-

linearity

Parameters m ¼ ðmT ;mI ;mFÞ and n ¼ ðnT ; nI ; nFÞ control

the degree of non-linearity of a NLNN and, ultimately, the

degree of uncertainty of any membership function because

it covers a wider range of possible values of x. This feature

is formally expressed by the following remark.

Proposition 1 Given two NLNN ~Aðm1;n1Þ ¼
ðða; a; aÞ;w ~A; y ~A; u ~AÞ with m1 ¼ ðmT1 ;mI1 ;mF1

Þ and n1 ¼
ðnT1 ; nI1 ; nF1

Þ and ~Bðm2;n2Þ ¼ ðða; a; aÞ;w ~A; y ~A; u ~AÞ with

m2 ¼ ðmT2 ;mI2 ;mF2
Þ and n2 ¼ ðnT2 ; nI2 ; nF2

Þ, if m1 [m2

and n1 [ n2, then ~Aðm1;n1;a;b;cÞ [ ~Bðm2;n2;a;b;cÞ.

Proof If m1 [m2 and n1 [ n2, element by element, then
~Aðm1;n1;a;b;cÞ [ ~Bðm2;n2;a;b;cÞ because the following set of

inequalities holds:

TL
~A
ða;mT1Þ\TL

~B
ða;mT2Þ ð45Þ

TL
~A
ða; nT1Þ[ TL

~B
ða; nT2Þ ð46Þ

IL~Aðb;mI1Þ\IL~Bðb;mI2Þ ð47Þ

IL~Aðb; nI1Þ[ IL~Bðb; nI2Þ ð48Þ

FL
~A
ðc;mF1

Þ\FL
~B
ðc;mF2

Þ ð49Þ

FL
~A
ðc; nF1

Þ[FL
~B
ðc; nF2

Þ: ð50Þ

h

As a result the degree of non-linearity of a NLNN is a

measure of the degree of uncertainty expressed in terms of

its ða; b; cÞ-cut. Extreme values for elements in m and

n would lead to special types of NLNN. If we simultane-

ously increase the elements of vectors m and n, the area

under the curve of T ~AðxÞ and the area above the curve of

both I ~AðxÞ and F ~AðxÞ increases. In the limit, a NLNN m ¼
ð1;1;1Þ and n ¼ ð1;1;1Þ is an interval crisp set. For
instance, a visual representation of a NLNN for m ¼
ð100; 100; 100Þ and n ¼ ð100; 100; 100Þ is shown in Fig. 3.

This kind of NLNN is an expression of a high degree of

vagueness or uncertainty around a given number that

abruptly disappears when reaching the extremes of the

interval.

On the contrary, values below one in the elements of

vectors m and n lead to a reduced degree of uncertainty

around a given number. For instance, Fig. 4 is a repre-

sentation of a NLNN for m ¼ ð0:5; 0:5; 0:5Þ and

n ¼ ð0:5; 0:5; 0:5Þ. The truth-membership function of this

kind of NLNN is an expression of a reduced degree of

vagueness or uncertainty around a given number that

decreases more vertically than increases horizontally.
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3.3 Symmetry and Skewness

Definition 9 implies the possibility of symmetry and

asymmetry of a NLNN. The notion of symmetry of NLNN

is related to the measurement of skewness of a fuzzy

variable:

Definition 11 [31] Let ~A be a fuzzy variable with finite

expected value E


~A
�
. The skewness (G) of ~A is defined as:

Gð ~AÞ ¼ E ð ~A� E


~A
�
Þ3

h i
ð51Þ

Remark 1 [31] If fuzzy variable ~A has a symmetric

membership function, then Gð ~AÞ ¼ 0.

Within the context of NLNN, symmetry is given by the

elements of m ¼ ðmT ;mI ;mFÞ and n ¼ ðnT ; nI ; nFÞ that

control for the form of membership functions T ~AðxÞ, I ~AðxÞ
and F ~AðxÞ. As a visual example, Fig. 5 shows an asym-

metric NLNN with with m ¼ ð2; 2; 2Þ and n ¼ ð1; 1; 1Þ.

Following the approach by [30] in the context of intu-

itionistic fuzzy numbers, we can reasonably assume that

the combined skewness of a NLNN is the average of the

skewness of its three membership functions.

Definition 12 The skewness Gð ~Aðm;nÞÞ of a NLNN is

given by:

Gð ~Aðm;nÞÞ ¼
GT þ GI þ GF

3
: ð52Þ

Remark 2 If a NLNN ~Aðm;nÞ is characterized by m ¼
ðmT ;mI ;mFÞ with n ¼ ðnT ; nI ; nFÞ and mT ¼ nT , mI ¼ nI
and mF ¼ nF , then T ~AðxÞ, I ~AðxÞ and F ~AðxÞ are symmetric

and Gð ~Aðm;nÞÞ ¼ 0.

Note also that the skweness can be negative and the

positive skewness of a membership function can offset the

negative skewness of another membership function . Then,

we say that a NLNN ~Aðm;nÞ, is perfectly symmetric when

mT ¼ nT , mI ¼ nI and mF ¼ nF . We say that a NLNN
~Aðm;nÞ, is partially symmetric when at least one of the fol-

lowing identities hold: mT ¼ nT , mI ¼ nI , mF ¼ nF , disre-

garding its combined skewness. Otherwise, we say that a

NLNN is asymmetric.

4 Possibility Mean, Variance and Standard
Deviation of a NLNN

Along the lines of the definitions of possibility mean,

variance and standard deviation of fuzzy numbers by

[29, 30] and [32], we next define the concepts of possi-

bilistic mean, variance and standard deviation of a NLNN.

Fig. 3 Non-linear neutrosophic number with m ¼ ð100; 100; 100Þ
and n ¼ ð100; 100; 100Þ

Fig. 4 Non-linear neutrosophic number with m ¼ ð0:5; 0:5; 0:5Þ and
n ¼ ð0:5; 0:5; 0:5Þ

Fig. 5 Non-linear neutrosophic number with m ¼ ð2; 2; 2Þ and

n ¼ ð1; 1; 1Þ
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4.1 Possibility Mean of a NLNN

Definition 13 Given NLNN ~Aðm;nÞ ¼ ða; a; aÞ;w ~A; y ~A; u ~AÞ
and its a-cut set ~AðmT ;nT ;aÞ ¼ TL

~A
ðaÞ;TU

~A
ðaÞ

h i
, the f-weighted

lower and upper possibility means of truth-membership

function for NLNN ~Aðm;nÞ are defined as follows:

MTð ~Aðm;nÞÞ ¼
Z w ~A

0

f ðPos½ ~Aðm;nÞ �TL
~A
�ÞTL

~A
da ¼

Z w ~A

0

f ðaÞTL
~A
da

ð53Þ

MTð ~Aðm;nÞÞ ¼
Z w ~A

0

f ðPos½ ~Aðm;nÞ 	TU
~A
�ÞTU

~A
da ¼

Z w ~A

0

f ðaÞTU
~A
da

ð54Þ

where

Pos½ ~Aðm;nÞ �TL
~A� ¼ sup

x�TL
~A

fTL
~AðxÞg ¼ a ð55Þ

Pos½ ~Aðm;nÞ 	TU
~A� ¼ sup

x	TU
~A

fTL
~AðxÞg ¼ a ð56Þ

and f : 0;w ~A


 �
! R is a non-negative and monotonic

increasing weighting function that satisfies conditions
R w ~A

0
f ðaÞ ¼ w ~A and f ð0Þ ¼ 0.

From Eqs. (36), (53) and (54) if f ðaÞ ¼ 2a=w ~A,

a 2 0;w ~A


 �
, as suggested by [30] as an example, then:

MTð ~Aðm;nÞÞ ¼ w ~A

2m2
Ta ~A þ 3mTa ~A þ a ~A

ð1þ 2mTÞð1þ mTÞ

� �

ð57Þ

MTð ~Aðm;nÞÞ ¼ w ~A

2n2Ta ~A þ 3nTa ~A þ a ~A

ð1þ 2nTÞð1þ nTÞ

� �

: ð58Þ

Then, the f-weighted possibility mean of a truth-member-

ship function is defined as follows:

MTð ~Aðm;nÞÞ ¼
MTð ~Aðm;nÞÞ þMTð ~Aðm;nÞÞ

2
ð59Þ

Introducing Eqs. (57) and (58) in equation (59), then:

MTð ~Aðm;nÞÞ ¼
w ~A

2

2m2
Ta ~A þ 3mTa ~A þ a ~A

ð1þ 2mTÞð1þ mTÞ
þ 2n2Ta ~A þ 3nTa ~A þ a ~A

ð1þ 2nTÞð1þ nTÞ

� �

:

ð60Þ

The b-cut set of a NLNN is ~AðmI ;nI ;bÞ ¼ IL~AðbÞ; I
U
~A
ðbÞ

h i
.

Then the g-weighted lower and upper possibility means of

the indeterminacy membership function for the NLNN

number ~Aðm;nÞ are, respectively, defined as follows:

MIð ~Aðm;nÞÞ ¼
Z 1

y ~A

gðPos½ ~Aðm;nÞ � IL~A�ÞI
L
~A
db ¼

Z 1

y ~A

gðbÞIL~Adb

ð61Þ

MIð ~Aðm;nÞÞ ¼
Z 1

y ~A

gðPos½ ~Aðm;nÞ � IU~A �ÞI
U
~A
db ¼

Z 1

y ~A

gðbÞIU~A db

ð62Þ

where

Pos½ ~Aðm;nÞ � IL~A� ¼ sup
x� IL~A

fIL~AðxÞg ¼ b ð63Þ

Pos½ ~Aðm;nÞ � IU~A � ¼ sup
x� IU~A

fIU~A ðxÞg ¼ b ð64Þ

and g : y ~A; 1

 �

! R is a non-negative and monotonic

decreasing weighting function that satisfies conditions
R 1
y ~A
f ðbÞ ¼ 1� y ~A and gð1Þ ¼ 1.

From Eqs. (14), (61) and (62) for

gðbÞ ¼ 2ð1�bÞ
ð1�y ~AÞ

; b 2 ½y ~A; 1�, as suggested by [30] as an

example, then:

MIð ~Aðm;nÞÞ ¼ ð1� y ~AÞ
2m2

I a ~A þ 3mIa ~A þ a ~A

ð1þ 2mIÞð1þ mIÞ

� �

ð65Þ

MIð ~Aðm;nÞÞ ¼ ð1� y ~AÞ
2n2I a ~A þ 3nIa ~A þ a ~A

ð1þ 2nIÞð1þ nIÞ

� �

: ð66Þ

The g-weighted possibility mean of indeterminacy mem-

bership function defined as follows:

MIð ~Aðm;nÞÞ ¼
MIð ~Aðm;nÞ þMIð ~Aðm;nÞÞ

2
ð67Þ

Introducing Eqs. (65) y (66) in equation (67), then

MIð ~Aðm;nÞÞ ¼
ð1� y ~AÞ

2

2m2
I a ~A þ 3mIa ~A þ a ~A

ð1þ 2mIÞð1þ mIÞ
þ 2n2I a ~A þ 3nIa ~A þ a ~A

ð1þ 2nIÞð1þ nIÞ

� �

ð68Þ

The c-cut set of a NLNN is ~AðmF ;nF ;cÞ ¼ FL
~A
ðcÞ;FU

~A
ðcÞ

h i
.

Then, the h-weighted lower and upper possibility means of

indeterminacy membership function for the NLNN number
~Aðm;nÞ are, respectively, defined as follows:

MFð ~Aðm;nÞÞ ¼
Z 1

y ~A

hðPos½ ~Aðm;nÞ �FL
~A
�ÞFL

~A
dc ¼

Z 1

y ~A

hðcÞFL
~A
dc

ð69Þ

MFð ~Aðm;nÞÞ ¼
Z 1

y ~A

hðPos½ ~Aðm;nÞ �FU
~A
�ÞFU

~A
dc ¼

Z 1

y ~A

hðcÞFU
~A
dc

ð70Þ

where
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Pos½ ~Aðm;nÞ � FL~A� ¼ sup
x� FL~A

fFL~AðxÞg ¼ c ð71Þ

Pos½ ~Aðm;nÞ 	 FU~A � ¼ sup
x	 FU~A

fFL~AðxÞg ¼ c ð72Þ

and h : u ~A; 1

 �

! R is a non-negative and monotonic

decreasing weighting function that satisfies conditions
R 1
y ~A
f ðcÞ ¼ 1� u ~A and gð1Þ ¼ 1.

From Eqs. (17), (69) and (70) for

hðcÞ ¼ 2ð1�cÞ
ð1�u ~AÞ

; c 2 ½u ~A; 1�, then:

MFð ~Aðm;nÞÞ ¼ ð1� u ~AÞ
2m2

Fa ~A þ 3mFa ~A þ a ~A

ð1þ 2mFÞð1þ mFÞ

� �

ð73Þ

MFð ~Aðm;nÞÞ ¼ ð1� u ~AÞ
2n2Fa ~A þ 3nFa ~A þ a ~A

ð1þ 2nFÞð1þ nFÞ

� �

: ð74Þ

The h-weighted possibility mean of an indeterminacy

membership function defined as follow:

MFð ~Aðm;nÞÞ ¼
MFð ~Aðm;nÞ þMFð ~Aðm;nÞÞ

2
ð75Þ

Introducing Eqs. (73) y (74) in Eq. (75), then

MFð ~Aðm;nÞÞ ¼
ð1� u ~AÞ

2

2m2
Fa ~A þ 3mFa ~A þ a ~A

ð1þ 2mFÞð1þ mFÞ
þ 2n2Fa ~A þ 3nFa ~A þ a ~A

ð1þ 2nFÞð1þ nFÞ

� �

ð76Þ

Remark 3 If mT ¼ mI ¼ mF ¼ nT ¼ nI ¼ nF ¼ 1, then

NLNN ~Aðm;nÞ degenerates to a SVTNN and the possibility

mean reduces to:

MTð ~AÞ ¼
ðaþ 4aþ aÞw ~A

6
ð77Þ

MIð ~AÞ ¼
ðaþ 4aþ aÞð1� y ~AÞ

6
ð78Þ

MFð ~AÞ ¼
ðaþ 4aþ aÞð1� u ~AÞ

6
: ð79Þ

Remark 4 If mT ¼ mI ¼ mF ¼ nT ¼ nI ¼ nF ¼ 1, with

0�w ~A þ u ~A � 1 and y ~A ¼ 0, then NLNN ~Aðm;nÞ degener-

ates to a triangular intuitionistic fuzzy number and the

possibility mean reduces to:

Mw ~A
ð ~AÞ ¼ ðaþ 4aþ aÞw ~A

6
ð80Þ

Mu ~A
ð ~AÞ ¼ ðaþ 4aþ �aÞð1� u ~AÞ

6
: ð81Þ

Remark 5 If mT ¼ mI ¼ mF ¼ nT ¼ nI ¼ nF ¼ 1, w ~A ¼
1 and y ~A ¼ u ~A ¼ 0, then NLNN ~Aðm;nÞ degenerates to

triangular fuzzy number ~A ¼ ða; a; aÞ and the possibility

mean of triangular fuzzy number ~A ¼ ða; a; aÞ reduces to:

Mð ~AÞ ¼ ðaþ 4aþ aÞ
6

: ð82Þ

4.2 Possibility Variance of a NLNN

Along the lines of the definitions by [30] in an intuitionistic

fuzzy numbers context, we next define the possibility

variance of a NLNN:

Definition 14 Given NLNN ~Aðm;nÞ ¼
ðða; a; aÞ; w ~A; y ~A; u ~AÞ with its a-cut set

~AðmT ;nT ;aÞ ¼ TL
~A
ðaÞ;TU

~A
ðaÞ

h i
, the possibility variance of its

truth-membership function is defined as follows:

VTð ~Aðm;nÞÞ ¼
Z w ~A

0

f ðaÞ
TU

~A
� TL

~A

2

 !2

da ð83Þ

From Eqs. (37), (38) and (83), and for

f ðaÞ ¼ 2a
w ~A
; a 2 ½0;w ~A�, we obtain the following expression:

VTð ~Aðm;nÞÞ ¼w ~A

m2
Tða2~A � a2~AÞ

4ð1þ mTÞð2þ mTÞ
þ

n2Tða2~A � a2~AÞ
4ð1þ nTÞð2þ nTÞ

"

�
n2Tm

2
Tða2~A � a ~Aa ~A � a ~Aa ~A þ a ~Aa ~AÞ

ðmT þ nT þ 2nTmTÞðmT þ nT þ nTmTÞ

#

ð84Þ

The b-cut set of NLNN is ~AðmI ;nI ;bÞ ¼ IL~AðbÞ; I
U
~A
ðbÞ

h i
. Then,

the possibility variance of indeterminacy membership

function is defined as follows:

VIð ~Aðm;nÞÞ ¼
Z 1

y ~A

gðbÞ
IU~A � IL~A

2

 !2

db ð85Þ

From Eqs. (40), (41) and (85), for

gðbÞ ¼ 2ð1�bÞ
ð1�y ~AÞ

; b 2 ½y ~A; 1�, we obtain the following

expression:

VIð ~Aðm;nÞÞ ¼ð1� y ~AÞ
m2

Tða2~A � a ~A2Þ
4ð1þ mTÞð2þ mTÞ

þ
n2Tða2~A � a2~AÞ

4ð1þ nTÞð2þ nTÞ

"

�
n2Tm

2
Tða2~A � a ~Aa ~A � a ~Aa ~A þ a ~Aa ~AÞ

ðmT þ nT þ 2nTmTÞðmT þ nT þ nTmTÞ

#

ð86Þ

The c-cut set of NLNN is ~AðmF ;nF ;cÞ ¼ FL
~A
ðcÞ;FU

~A
ðcÞ

h i
.
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Then, the possibility variance of a falsity membership

function is defined as follows:

VFð ~Aðm;nÞÞ ¼
Z 1

u ~A

hðcÞ
FU

~A
� FL

~A

2

 !2

dc ð87Þ

From Eqs. (43), (44) and (87), for hðcÞ ¼ 2ð1�cÞ
ð1�u ~AÞ

; c 2 ½u ~A; 1�,
we obtain the following expression:

VFð ~Aðm;nÞÞ ¼ð1� u ~AÞ
m2

Tða2~A � a2~AÞ
4ð1þ mTÞð2þ mTÞ

þ
n2Tða2~A � a2~AÞ

4ð1þ nTÞð2þ nTÞ

"

�
n2Tm

2
Tða2~A � a ~Aa ~A � a ~Aa ~A þ a ~Aa ~AÞ

ðmT þ nT þ 2nTmTÞðmT þ nT þ nTmTÞ

#

:

ð88Þ

4.3 Possibility Standard Deviation of a NLNN

Definition 15 Given NLNN ~Aðm;nÞ ¼
ðða; a; aÞ; w ~A; y ~A; u ~AÞ with its a-cut

~AðmT ;nT ;aÞ ¼ TL
~A
ðaÞ;TU

~A
ðaÞ

h i
, the possibility standard devi-

ation of its truth-membership function is defined as

follows:

DTð ~Aðm;nÞÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VTð ~Aðm;nÞÞ
q

: ð89Þ

Introducing (84) in Eq. (89):

DTð ~Aðm;nÞÞ ¼ ðw ~AÞ
m2

Tða2~A � a2~AÞ
4ð1þ mTÞð2þ mTÞ

þ
n2Tða2~A � a2~AÞ

4ð1þ nTÞð2þ nTÞ

""

�
n2Tm

2
Tða2~A � a ~Aa ~A � a ~Aa ~A þ a ~Aa ~AÞ

ðmT þ nT þ 2nTmTÞðmT þ nT þ nTmTÞ

##1=2

ð90Þ

The b-cut set of NLNN is ~AðmI ;nI ;bÞ ¼ IL~AðbÞ; I
U
~A
ðbÞ

h i
. Then,

the possibility standard deviation of indeterminacy mem-

bership function is defined as follows:

DIð ~Aðm;nÞÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VIð ~Aðm;nÞÞ
q

ð91Þ

Introducing (85) in Eq. (91):

DIð ~Aðm;nÞÞ ¼ ð1� y ~AÞ
m2

Tða2~A � a2~AÞ
4ð1þ mTÞð2þ mTÞ

þ
n2Tða2~A � a2~AÞ

4ð1þ nTÞð2þ nTÞ

""

�
n2Tm

2
Tða2~A � a ~Aa ~A � a ~Aa ~A þ a ~Aa ~AÞ

ðmT þ nT þ 2nTmTÞðmT þ nT þ nTmTÞ

##1=2

ð92Þ

The c-cut set of a NLNN is ~AðmF ;nF ;cÞ ¼ FL
~A
ðcÞ;FU

~A
ðcÞ

h i
.

Then, the possibility standard deviation of falsity mem-

bership function is defined as follows:

DFð ~Aðm;nÞÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VFð ~Aðm;nÞÞ
q

ð93Þ

Introducing (87) in Eq. (93):

DFð ~Aðm;nÞÞ ¼ ð1� u ~AÞ
m2

Tða2~A � a2~AÞ
4ð1þ mTÞð2þ mTÞ

þ
n2Tða2~A � a2~AÞ

4ð1þ nTÞð2þ nTÞ

""

�
n2Tm

2
Tða2~A � a ~Aa ~A � a ~Aa ~A þ a ~Aa ~AÞ

ðmT þ nT þ 2nTmTÞðmT þ nT þ nTmTÞ

##1=2

:

ð94Þ

Remark 6 If mT ¼ mI ¼ mF ¼ nT ¼ nI ¼ nF ¼ 1, then

NLNN ~Aðm;nÞ degenerates to a SVTNN and the possibility

standard deviation reduces to:

DTð ~AÞ ¼
ða� aÞ
ffiffiffiffiffi
24

p ffiffiffiffiffiffi
w ~A

p ð95Þ

DIð ~AÞ ¼
ða� aÞ
ffiffiffiffiffi
24

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� y ~AÞ
q

ð96Þ

DFð ~AÞ ¼
ða� aÞ
ffiffiffiffiffi
24

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� u ~AÞ
q

: ð97Þ

Remark 7 If mT ¼ mI ¼ mF ¼ nT ¼ nI ¼ nF ¼ 1,

0�w ~A þ u ~A � 1 and y ~A ¼ 0, then NLNN ~Aðm;nÞ degener-

ates to a triangular intuitionistic fuzzy number and its

possibility standard deviation reduces to:

Dw ~A
ð ~AÞ ¼ ða� aÞ

ffiffiffiffiffi
24

p ffiffiffiffiffiffi
w ~A

p ð98Þ

Du ~A
ð ~AÞ ¼ ða� aÞ

ffiffiffiffiffi
24

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� u ~AÞ
q

: ð99Þ

Remark 8 If mT ¼ mI ¼ mF ¼ nT ¼ nI ¼ nF ¼ 1, w ~A ¼
1 and y ~A ¼ u ~A ¼ 0, then NLNN ~Aðm;nÞ degenerates to tri-

angular fuzzy number ~A ¼ ða; a; aÞ and its possibility

standard deviation reduces to:

Dð ~AÞ ¼ ða� aÞ
ffiffiffiffiffi
24

p : ð100Þ

5 A New Possibility Score Function for NLNN

Score functions for fuzzy numbers are very important for

comparative and ranking purposes in many different

applications (see e.g., [32]). In this section, we introduce a

new possibility score function for NLNN based on the
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concepts of possibilistic mean and standard deviation that

will be later used in a case study (Sect. 6).

Definition 16 Let ~Aðm;nÞ ¼ ðða; a; aÞ; w ~A; y ~A; u ~AÞ be a

NLNN with truth-membership T ~A xð Þ, indeterminacy-

membership I ~A xð Þ and falsity-membership F ~A xð Þ of NLNN
~Aðm;nÞ. Then, a possibility score function PSð ~Aðm;nÞÞ is given
as follows:

PSð ~Aðm;nÞÞ ¼
PSTð ~Aðm;nÞÞ þ PSIð ~Aðm;nÞÞ þ PSFð ~Aðm;nÞÞ

3

ð101Þ

where possibility score functions PSTð ~Aðm;nÞÞ, PSIð ~Aðm;nÞÞ
and PSFð ~Aðm;nÞÞ related, respectively, to truth-membership

T ~AðxÞ, indeterminacy-membership I ~AðxÞ, and falsity-

membership F ~AðxÞ, are defined as follows:

PSTð ~Aðm;nÞÞ ¼ MTð ~Aðm;nÞÞ þ DTð ~Aðm;nÞÞ ð102Þ

PSIð ~Aðm;nÞÞ ¼ MIð ~Aðm;nÞÞ þ DIð ~Aðm;nÞÞ ð103Þ

PSFð ~Aðm;nÞÞ ¼ MFð ~Aðm;nÞÞ þ DFð ~Aðm;nÞÞ: ð104Þ

Given ~Aðm;nÞ ¼ ðða; a; aÞ; w ~A; y ~A; u ~AÞ and

~Bðm;nÞ ¼ ððb; b; bÞ; w ~B; y ~B; u ~BÞ, we have that:

– If PSTð ~Aðm;nÞÞ[PSTð ~Bðm;nÞÞ ) T ~AðxÞ[ T ~BðxÞ
– If PSIð ~Aðm;nÞÞ[PSIð ~Bðm;nÞÞ ) I ~AðxÞ[ I ~BðxÞ
– If PSFð ~Aðm;nÞÞ[PSFð ~Bðm;nÞÞ ) F ~AðxÞ[F ~BðxÞ.

6 Case Study

In this section, we illustrate how our NLNN are used in

practice. More precisely, we build a hybrid model com-

bining Neutrosophic Analytic Hierarchy Process (N-AHP)

and Neutrosophic Technique for Order of Preference by

Similarity to Ideal Solution (N-TOPSIS). [27] propose a

ranking of supply chain risks in the motor industry of

Pakistan using N-AHP to obtain weights and N-TOPSIS to

compute a score and the final ranking.

6.1 N-AHP

To solve the problem, we propose the following steps.

Steps 1, 2, 3 and 4 correspond to N-AHP and steps 5, 6 and

7 to N-TOPSIS.

Step 1 Hierarchical structure of the problem. [27]

establish that the main goal is managing risks

in the supply chain. Then, they consider three

different criteria: supply chain resilience (C1),

supply chain agility (C2) and supply chain

robustness (C3). Finally, seventeen supply chain

risks are assessed.

Step 2 Neutrosophic pairwise comparison of criteria.

From the aggregation of the expert opinions

expressed by a SVTNN with the help of a

neutrosophic linguistic scale, a neutrosophic

pairwise comparison of criteria is built as shown

in Table 2

Step 3 Structure the crisp comparison matrix of the

criteria. In this step, we transform the neutro-

sophic pairwise comparison matrix in a deter-

ministic pairwise comparison matrix. To this end,

we use different score functions for comparison

purposes. [33] propose the following score func-

tion under the assumption of linearity of

functions:

S1ð ~AÞ ¼
aþ aþ a

8
� ð2þ w ~A � y ~A � u ~AÞ

ð105Þ

Similarly, [27] propose the following score

function:

S2ð ~AÞ ¼
aþ aþ a

3
þ w ~A � y ~A � u ~A ð106Þ

In addition to these score functions, we here

propose a new possibilistic score function based

on Eq. (101) from Definition 16. This score

function allows practitioners to use both linear

(m1 ¼ ð1; 1; 1Þ and n1 ¼ ð1; 1; 1Þ) and non-linear

functions (m25 ¼ ð25; 25; 25Þ and

n25 ¼ ð25; 25; 25Þ). As an illustrative example,

we use a value of 25 to express a significant

degree of non-linearity, although any other value

above or below one could have been chosen for

this purpose. Tables 3 and 4 contain the deter-

ministic pairwise comparison matrices when

using this new score functions.

Step 4 Weights for criteria and consistency evaluation.

Once the neutrosophic matrix is transformed in a

deterministic matrix by means of a score func-

tion, weights are computed and consistency is

evaluated as recommended by [34]. Table 5

gathers the weights obtained using different

score functions.

6.2 N-TOPSIS

Step 5 Neutrosophic decision matrix for each alternative

risk and criteria. Table 6 summarizes the opinion

of experts revealed by a single value triangular
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number according to a neutrosophic linguistic

scale.

Step 6 Deterministic decision matrix for each alternative

risk and criteria by means of different score

functions similarly to Step 3.

Step 7 TOPSIS methodology. From the deterministic

decision matrix, we implement TOPSIS method-

ology [35] to establish a ranking of the most

vulnerable risks in the supply chain. Table 6

shows the obtained ranking for different score

functions.

From the analysis of Table 7, we find two main results.

– Firstly, in case of assuming that expert opinions are

expressed by SVTNN with linear truth-membership

(T ~A xð Þ), indeterminacy-membership (I ~A xð Þ) and a

falsity-membership (F ~A xð Þ) functions, the rankings

obtained by using score function PSð ~Aðm1;n1ÞÞ are the

same than those obtained by using score function S1ð ~AÞ
proposed by [33]. However, the results are sensibly

different to those obtained by using score function

S2ð ~AÞ proposed by [27].

– Secondly, assuming linearity of truth-membership

(T ~A xð Þ), indeterminacy-membership (I ~A xð Þ) and fal-

sity-membership (F ~A xð Þ) functions as proposed by [33]

and [27] may lead to possible errors. From the results of

the case study, we obtain different rankings when the

expert opinions are expressed with NLNN and

PSð ~Aðm25;n25ÞÞ with respect to linearity with

PSð ~Aðm1;n1ÞÞ, S1ð ~AÞ and S2ð ~AÞ.

7 Managerial Insights and Practical Implications

Linearity in the assessment of uncertainty imposes some

degree of rigidity in exchange for simplicity. The main

motivation to introduce non-linearity in the expression of a

neutrosophic number is its flexibility. By using NLNN,

practitioners are allowed to: (i) control the degree of

uncertainty of any membership function by varying the

order of non-linearity as shown in Sect. 3.2; and (ii) control

the degree of symmetry and skewness of any membership

function as mentioned in Sect. 3.3. As a result, we argue

that NLNN lead to more realistic decision-making models.

In other works, the order of non-linearity is used either

as an expression of ethical principles [36, 37], or as

indicative of the balance of solutions [38, 39]. We here

follow the approach of using the order of non-linearity as

an expression of the uncertainty, hence providing more

flexibility to decision-makers. Furthermore, the rest of

useful tools such as the possibilistic mean, variance and

score functions can be similarly computed. As a result, we

achieve a higher degree of generality.

However, NLNN also introduce a higher degree of

complexity when compared with their linear counterpart.

As summarized in Table 8, NLNN require a larger number

of parameters, a more complex informational structure and

may involve more computational load. In order to avoid

Table 2 Neutrosophic pair-wise comparison matrix

SC Resilience SC Agility SC Robustness

SC Resilience 1 ð2; 3; 4Þ; 0:60; 0:25; 0:40½ � ð4; 5; 6Þ; 0:55; 0:30; 0:45½ �
SC Agility ð0:25; 0:33; 0:5Þ; 0:60; 0:25; 0:40½ � 1 ð3; 4; 5Þ; 0:70; 0:25; 0:30½ �
SC Robustness ð0:16; 0:2; 0:25Þ; 0:55; 0:30; 0:45½ � ð0:2; :25; 0:33Þ; 0:70; 0:25; 0:30½ � 1

Table 3 Deterministic pair-wise comparison matrix for m1 and n1

SC Resilience SC Agility SC Robustness

SC Resilience 1.00 2.28 3.32

SC Agility 0.44 1.00 3.21

SC Robustness 0.30 0.31 1.00

Table 4 Deterministic pair-wise comparison matrix for m25 and n25

SC Resilience SC Agility SC Robustness

SC Resilience 1.00 2.71 3.71

SC Agility 0.37 1.00 3.67

SC Robustness 0.27 0.27 1.00

Table 5 Weights for criteria

S1ð ~AÞ S2ð ~AÞ PSð ~Aðm1 ;n1ÞÞ PSð ~Aðm25;n25ÞÞ

SC Resilience 0.55 0.62 0.55 0.58

SC Agility 0.32 0.28 0.32 0.30

SC Robustness 0.13 0.10 0.13 0.12
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decision fatigue in decision makers, the use of graphical

tools such as Figs. 2, 3, 4 and 5 may help understanding

the implications of the selection of parameters. In addition

to visualization, NLNN parameters can be determined by

means of the common interactive process in multiple cri-

teria decision making in which parameters selection and

optimization stages are repeated until a satisfactory solu-

tion is obtained with the help of an analyst.

The necessity of adopting NLNN in a MCDM problem

will be determined by the degree of flexibility and generality

that the decision-maker wants to achieve. When linear

functions are not enough to express the opinion of decision-

makers, a more general set of functions such as NLNN is

required. For instance, let us assume that a decision-maker

wants to express a lower degree of uncertainty around

parameter a as in Fig. 2 with respect to the triangular neu-

trosophic number in Fig. 1. NLNN not only allows to a more

flexible expression of uncertainty but also allows to control

the degree of uncertainty by means of a parameter.

Finally, computational complexity may give rise to

some limitations when using NLNN in the context of large

optimization problems when solving algorithms are

required to obtain solutions. However, this limitation will

mainly depend on the particular application, the available

computational power and the ability of the state-of-the-art

algorithms. In this sense, we would like to recall that in

ranking applications such as the one described in Sect. 6,

the impact of computational complexity is null.

8 Concluding Remarks

In this paper, we present an alternative definition for

NLNN that overcome some of the limitations identified in

existing literature. We also develop the main properties of

NLNN including the concepts of ða; b; cÞ-cuts, possibilistic
mean, possibilistic variance and possibilistic standard-de-

viation. After this new set of definitions, we show how

these expressions reduce to the well-known counterpart

expressions for intuitionistic, and triangular fuzzy numbers.

Table 6 Neutrosophic decision

matrix
SC Resilience SC Agility SC Robustness

A1 ((2,3,4) 0.6,0.3,0.4) ((3,4,5) 0.65,0.35,0.35) ((6,7,8) 0.85,0.2,0.15)

A2 ((4,5,6) 0.5,0.3,0,5) ((3,4,5) 0.6,0.4,0.4) ((2,3,4) 0.55,0.3,0.45)

A3 ((2,3,4) 0.7,0.2,0.3) ((2,3,4) 0.75,0.2,0.25) ((4,5,6) 0.7,0.25,0.3)

A4 ((2,3,4) 0.55,0.3,0.45) (2,3,4) 0.85,0.3,0.2) ((5,6,7) 0.8,0.2,0.2)

A5 ((5,6,7) 0.6,0.4,0.4) ((2,3,4) 0.65,0.3,0.35) ((5,6,7) 0.85,0.25,0.15)

A6 ((5,6,7) 0.65,0.35,0.35) ((6,7,8) 0.6,0.2,0.4) ((1,2,3) 0.55,0.3,0.45)

A7 ((6,7,8) 0.55,0.25,0.45) ((5,6,7) 0.7,0.3,0.3) ((1,2,3) 0.55,0.35,0.45)

A8 ((6,7,8) 0.85,0.2,0.15) ((4,5,6) 0.7,0.3,0.3) ((2,3,4) 0.75,0.2,0.25)

A9 ((7,8,9) 0.7,0.25,0.3) ((3,4,5) 0.6,0.25,0.4) ((1,2,3) 0.55,0.25,0.45)

A10 ((5,6,7) 0.55,0.35,0.45) ((3,4,5) 0.65,0.3,0.35) ((2,3,4) 0.7,0.2,0.3)

A11 ((6,7,8) 0.65,0.25,0.35) ((4,5,6) 0.65,0.35,0.35) ((2,3,4) 0.6,0.2,0.4)

A12 ((6,7,8) 0.6,0.3,0.4) ((2,3,4) 0.55,0.4,0.45) ((3,4,5) 0.65,0.35,0.35)

A13 ((7,8,9) 0.75,0.2,0.3) ((3,4,5) 0.6,0.45,0.4) ((1,2,3) 0.55,0.3,0.45)

A14 ((6,7,8) 0.6,0.25,0.4) ((3,4,5) 0.6,0.3,0.4) ((2,3,4) 0.65,0.3,0.4)

A15 ((4,5,6) 0.5,0.4,0.5) ((3,4,5) 0.6,0.3,0.4) ((2,3,4) 0.6,0.45,0.4)

A16 ((4,5,6) 0.6,0.35,0.4) ((2,3,4) 0.55,0.35,0.45) ((2,3,4) 0.6,0.4,0.4)

A17 ((3,4,5) 0.75,0.2,0.25) ((6,7,8) 0.55,0.25,0.45) ((2,3,4) 0.65,0.3,0.4)

Table 7 Supply Chain risk ranking

S1ð ~AÞ S2ð ~AÞ PSð ~Aðm1 ;n1ÞÞ PSð ~Aðm25;n25ÞÞ

ci Rank ci Rank ci Rank ci Rank

A1 0.28 12 0.21 15 0.28 12 0.25 13

A2 0.23 14 0.39 12 0.23 14 0.23 14

A3 0.19 17 0.16 17 0.2 17 0.19 17

A4 0.22 15 0.2 16 0.22 15 0.20 16

A5 0.4 10 0.5 10 0.41 10 0.40 10

A6 0.55 6 0.63 5 0.54 6 0.54 7

A7 0.58 5 0.68 1 0.58 5 0.58 5

A8 0.74 1 0.65 3 0.75 1 0.78 1

A9 0.64 2 0.67 2 0.65 2 0.68 2

A10 0.37 11 0.52 9 0.37 11 0.37 11

A11 0.61 4 0.64 4 0.61 4 0.63 4

A12 0.47 8 0.59 7 0.47 8 0.49 8

A13 0.64 3 0.6 6 0.64 3 0.68 3

A14 0.52 7 0.57 8 0.53 7 0.55 6

A15 0.22 16 0.37 13 0.21 16 0.21 15

A16 0.25 13 0.33 14 0.25 13 0.26 12

A17 0.43 9 0.4 11 0.43 9 0.42 9
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Non-linearity allows practitioners to increase the degree

of flexibility in the expression of truth, indeterminacy and

falsity-membership functions in the context of neutro-

sophic fuzzy logic. By varying the order of non-linearity,

we analyze the implications of selecting alternative values

paying special attention to extreme values. More precisely,

we find that the ða; b; cÞ-cuts are an increasing function of

the order of non-linearity (Proposition 1). In addition, we

define global skewness as the average of the skewness of

the truth, indeterminacy and falsity-membership functions.

A NLNN allows practitioners to express fuzziness in

both a wider and more specific way. However, in many

decision-making contexts, we need score functions for

comparative and ranking purposes in many different

applications. A further contribution of this paper is new

possibility score function for NLNN based on the concepts

of possibilistic mean and standard deviation. We illustrate

the use of NLNN by means of a hybrid model in a multiple

criteria decision-making context. Summarizing, the main

results of this paper are:

– An alternative definition for NLNN.

– A new set of definitions derived from the concept of

NLNN.

– A new score function useful for decision-making

applications.

We argue that the main advantage of a NLNN is its ability

to handle indeterminate and inconsistent information in

much wider way than triangular fuzzy numbers. An inter-

esting future line of work is the extension of the analysis to

non-linear trapezoidal, pentagonal, hexagonal and higher-

order neutrosophic numbers.

Notation Appendix

Variables and Functions

~A: neutrosophic fuzzy number,

~Aðm;nÞ: non-linear neutrosophic number,

T ~A: truth-membership function,

I ~A: indeterminacy-membership function,

F ~A: falsity-membership function,

Mð ~AÞ: possibilistic mean of a triangular fuzzy

number,

Mlð ~AÞ: possibilistic mean of the membership

function,

Mvð ~AÞ: possibilistic mean of the non-membership

function,

rð ~AÞ: the possibilistic standard deviation of ~A,

rlð ~AÞ: possibilistic standard deviation of the

membership function of ~A,

rvð ~AÞ: possibilistic standard deviation of the non-

membership function of ~A,

Gð ~AÞ: skewness of ~A,

Gð ~Aðm;nÞÞ: skewness of a NLNN,

GT : skewness of a truth-membership function,

GI : skewness of a indeterminacy-membership

function,

GF: skewness of a falsity-membership function,

MTð ~Aðm;nÞÞ: upper possibility mean of a truth-

membership function,

MTð ~Aðm;nÞÞ: lower possibility mean of a truth-

membership function,

MTð ~Aðm;nÞÞ: possibility mean of a truth-membership

function,

MIð ~Aðm;nÞÞ: upper possibility mean of a indeterminacy-

membership function,

MIð ~Aðm;nÞÞ: lower possibility mean of a indeterminacy-

membership function,

MIð ~Aðm;nÞÞ: possibility mean of a indeterminacy-

membership function,

MFð ~Aðm;nÞÞ: upper possibility mean of a falsity-

membership function,

MFð ~Aðm;nÞÞ: lower possibility mean of a falsity-

membership function,

MIð ~Aðm;nÞÞ: possibility mean of a falsity-membership

function,

VTð ~Aðm;nÞÞ: possibility variance of a truth-membership

function,

VIð ~Aðm;nÞÞ: possibility variance of a indeterminacy-

membership function,

Table 8 Pros and cons of linear

and non-linear neutrosophic

numbers

Linear neutrosophic numbers Non-linear neutrosophic numbers

Simplicity Flexibility

Rigidity More realistic approach

Lower number of parameters Larger number of parameters

Simple informational structure Complex informational structure

Moderate computing requirement More computational load

Limitation in the expression of opinions Better adjustment to the problem

Linear decision models More general decision models.
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VFð ~Aðm;nÞÞ: possibility variance of a falsity-

membership function,

DTð ~Aðm;nÞÞ: possibility standard deviation of a truth-

membership function,

DIð ~Aðm;nÞÞ: possibility standard deviation of a

indeterminacy-membership function,

DFð ~Aðm;nÞÞ: possibility standard deviation of a falsity-

membership function,

PSð ~Aðm;nÞÞ: possibility score function,

PSTð ~Aðm;nÞÞ: possibility score function of a truth-

membership function,

PSIð ~Aðm;nÞÞ: possibility score function of a

indeterminacy-membership function,

PSFð ~Aðm;nÞÞ: possibility score function of a falsity-

membership function,

Si: score function for the j-th criterion.

Parameters

a: central parameter of a triangular fuzzy

number,

a: lower parameter of a triangular fuzzy

number,

a: upper parameter of a triangular fuzzy

number,

w ~A;x: maximum value of the truth-membership

function,

y ~A; q: minimum value of the indeterminacy-

membership function,

u ~A; k: minimum value of the falsity-

membership function,

ða; b; cÞ: parameters of the cut set,

TL
~A
ðaÞ: lower value of the interval of the ðaÞ-cut,

TU
~A
ðaÞ: upper value of the interval of the ðaÞ-cut,

IL~AðbÞ: lower value of the interval of the ðbÞ-cut,
IU~A ðbÞ: upper value of the interval of the ðbÞ-cut,
FL

~A
ðcÞ: lower value of the interval of the ðcÞ-cut,

FU
~A
ðcÞ: upper value of the interval of the ðcÞ-cut,

a1; a2; a3; a4: trapezoidal number truth-membership

function parameters,

b1; b2; b3; b4: trapezoidal number indeterminacy-

membership parameters,

c1; c2; c3; c4: trapezoidal number falsity-membership

parameters,

p1; p2;mT ; nT : exponential truth-membership function

parameters,

q1; q2;mI ; nI : exponential indeterminacy-membership

function parameters,

r1; r2;mF ; nF: exponential falsity-membership function

parameters.
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