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Abstract

In this article, some properties of neutrosophic numbers as well as neutrosophic functions are presented to develop neutrosophic
integral calculus. This is the first time, the concept of neutrosophic Riemann integration has been introduced. The (o, 8, y)-
level sets of the neutrosophic Riemann integral are presented. Some numerical examples have been given to verify the
concept of neutrosophic Riemann integration, and the integration has been examined in terms of tables and figures. In one of
the examples, it has been presented that how one can use trapezoidal rule to calculate neutrosophic Riemann integral and the
numerical approximate result shows that here also, the numerical integral gives a neutrosophic number.

Keywords Neutrosophic Riemann integration - Closed neutrosophic number - Bounded neutrosophic number - Trapezoidal

rule

1 Introduction

Name Properties Remarks
. Fuzzy sets Every elements of this It is the generalization
1.1 NeUtrOSOPhlc set (Zadeh set has a membership of classical set
1974) value.
In the history of neutrosophic mathematics, Smarandache = Type 2 fuzzy ~ Its membership function It is one kind of
(1999, 2003) introduced the neutrosophic set theory. Mainly, sets (Zadeh is a fuzzy function generalization of
the idea of neutrosophic set comes from fuzzy set. After the ]9.7 .5) . . fuzzy sets
. . ’ Intuitionistic Every element of this set It is also one kind of a
invention of fuzzy set theory (Zadeh 1974), not only neutro- fuzzy sets has a membership generalization of
sophic set theory, various kinds of generalization have been (Atanassov value as well as a fuzzy sets. Its
presented by various authors. In the following table, we have 1999) non-membership value  membership function
. . . . . is exactly same as the
tried to give a comparison and make a conclusion about their X .
. . .- membership function
importance and applicability. of fuzzy sets
Neutrosophic ~ Every element of this set It is also the
set has three different generalization of
(Smaran- types of membership fuzzy set. But it is not
dache 2003, value: truth, the generalization of
1999) indeterminacy and intuitionistic fuzzy set,
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falsity membership
value

because for
Intuitionistic fuzzy set,
membership function
and non-membership
function are dependent
on each other. But for
neutrosophic set truth,
falsity and
indeterminacy
membership functions
may not always be
dependent on each
other
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In real-life application, when someone collects the data
from a source which is not fully trustworthy but exactly how
much trust one can put one the source is known, one can
use fuzzy environment of type-1. If the source is not fully
trustworthy and exactly how much trust one can put one the
source is unknown, then one can use the fuzzy environment
of type-2. But when the data source is very complex in nature
that means the values of the trustworthiness and untrustwor-
thiness of the source are not complement of each other, then
we can use intuitionistic environment and for more complex
environment where an indeterminacy is in play, one can use
neutrosophic environment. Also, there are many researchers
who have been working on the application of neutrosophic
set. Ulucay et al. (2018) introduced some different types of
similarity measures for bipolar neutrosophic set and they also
developed a multicriteria decision-making method for bipo-
lar neutrosophic set. They also compared their method in
other existing methods. Then, Sahin et al. (2018a) introduced
some different types of weighted arithmetic operators and
geometric operators with single valued neutrosophic num-
bers and they have shown the application of these operators
to multicriteria decision making problems. After that, Ulucay
et al. (2019) studied a new distance-based similarity mea-
sure for refined neutrosophic sets and they have found the
application of distance-based similarity measure in medical
diagnosis of some diseases. Bakbak et al. (2019) introduced
the concept of neutrosophic soft expert multisets and they
also define an algorithm for neutrosophic soft expert multi-
sets decision-making method. Recently, Ulugay (2021) has
proposed the concept of Q-neutrosophic soft graphs. In the
same article (Ulucay 2021), he introduced the concept of
strong Q-neutrosophic soft graph, union and intersection of
Q-neutrosophic soft graph and he also showed the application
of Q-neutrosophic soft graph in communication network and
decision-making problem. In recent times, many researchers
are also working on the various types of application of neu-
trosophic set in different field of mathematics (Ulugay 2020;
Sahin et al. 2017; Ulucgay et al. 2018; Broumi et al. 2019;
Ulugay and Sahin 2020; Ulugay et al. 2019) .

1.2 Neutrosophic calculus

As we have seen in the above, neutrosophic set theory has
been presented as a general form of fuzzy set theory. Like
fuzzy set theory, it also has huge scope of application in differ-
ent fields of mathematics like bio-mathematics, optimization
and inventory model in the complex environment where the
trustworthy and untrustworthy values of the source are not
complement of each other and an indeterminacy about the
value of truthfulness and untruthfulness of the source is in
play. The proper development of neutrosophic calculus has
a very important role to play, and in this path, very few work
has been done.
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In the literature review, we have seen that Smarandache
(2013) introduced the definition of neutrosophic derivative,
which is the extension of fuzzy derivative. Then, Son Nguyen
Thi Kim et al. (2020) introduced a new type of neutrosophic
derivative, which is called granular derivative(gr-derivative).
Also, Son Nguyen Thi Kim et al. (2020) gave an if and only
if conditions for gr-derivative of a neutrosophic valued func-
tion. Again, they also introduced the gr-partial derivative of
neutrosophic valued several variable function and they also
gave the concept of neutrosophic granular fractional deriva-
tive and partial derivative. With the help of this definition,
many researchers develop the concept of neutrosophic dif-
ferential equation. But this definition has serious drawbacks,
which was found by Moi et al. (2020) and they introduced the
generalized neutrosophic derivative. Also, Moi et al. (2021)
proposed a new method to find the solution of second order
boundary value problem in neutrosophic environment.

The concept of neutrosophic integral is the extension of
fuzzy integral. The concept of fuzzy integral was first intro-
duced by Sugeno (1974). After that, many researchers have
presented different types of fuzzy integrals. There are var-
ious works on fuzzy measures and fuzzy integrals in the
literature (Ralescu and Adams 1980; Wang 1984; Zhang and
Guo 1995; Congxin et al. 1993; Zhanga and Guo 1995; Guo
et al. 1998; Biswas and Roy 2019, 2017; Biswas et al. 2021;
Biswas and Roy 2018). The concept of fuzzy Riemann inte-
gration was presented by Wu (2000). Also, the improper
fuzzy Riemann integral was introduced by Wu (1998). In
recent time, Smarandache (2013) introduced the concept of
neutrosophic measures and neutrosophic integration. There
are lots of scopes to generalize and develop the concept of
neutrosophic integration.

1.3 Motivation

In our literature review, it has been seen that the most of
the works in neutrosophic set theory have been done on the
application of neutrosophic set in different branches of sci-
ence. But there is almost no work on the proper development
of calculus in the neutrosophic environment. So, there is a
conceptual gap between the development of core subject and
its application. Researchers are applying neutrosophic set
theory in different branches of science depending mostly
on neutrosophic arithmetic. So, the proper development of
neutrosophic calculus is required. So, that one can use neu-
trosophic environment in different branch of science with
lot more accuracy and precise cases. This much importance
of this topic motivates us to develop this article where we
have concentrated to develop integral calculus involving the
definition of neutrosophic Riemann integration.
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1.4 Novelty

In order to build a bridge between theory and application
of neutrosophic set theory and to apply neutrosophic set the-
ory in different complex environment, neutrosophic Riemann
integration and its properties are developed in this article.
The objectives of this article are presented as follows:

e To define some properties of neutrosophic number and
neutrosophic function.

e To develop the neutrosophic integral calculus.

e To present some arithmetic properties of neutrosophic
number like "4+’ and " x’.

e Todefine neutrosophic arithmetic in the sense of (o, 8, y)-
cut.

e To define neutrosophic Riemann integration on closed
and bounded interval.

e To present that the neutrosophic Riemann integration of
neutrosophic function is a neutrosophic number.

e To prove that the addition and subtraction of two neu-
trosophic Riemann integrable functions is also Riemann
integrable.

e To present the use of trapezoidal rule to calculate neutro-
sophic Riemann integration.

In this article, our mainly focus is on the theoretical devel-
opment of neutrosophic calculus. In order to do that, we
are going to introduce some properties of neutrosophic
set, neutrosophic number and neutrosophic function in the
form of several theorems, lemmas and propositions. Neu-
trosophic Riemann integral is defined on closed-bounded
interval [a;, b1]. We are going to present a theorem to show
that the neutrosophic Riemann integral of a neutrosophic
function on [aj, b1] is also a neutrosophic number. Later,
we explain that how one can use trapezoidal rule to calculate
neutrosophic Riemann integral with proper graph and tables.

1.5 Structure of the paper

The article has been organized as follows: In Sect. 2, the
mathematical preliminaries are given, which is related to our
article. Section 3 contains some definitions of neutrosophic
number, theorems and propositions. The neutrosophic Rie-
mann integration is given in Sect. 4. In Sect. 5, some test
examples are examined. Finally, a brief conclusion about this
article is given in Sect. 6.

2 Preliminaries
Definition 2.1 (Zadeh 1996) Let X be a space of points

(objects), with a generic element of X denoted by x. Thus,
X = {x}. A fuzzy set (class) A in X is characterized by a

membership (characteristic) function f4 (x) which associates
with each point in X areal number in the interval [0, 1], with
the value of f4(x) at x representing the “grade of member-
ship” of x in A. Thus, the nearer the value of f4(x) to unity,
the higher the grade of membership of x in A. When A is a
set in the ordinary sense of the term, its membership function
can take on only two values 0 and 1, with fa(x) = 1 or 0
according as x does or does not belong to A. Thus, in this
case f4(x) reduces to the familiar characteristic function of
a set A. (When there is a need to differentiate between such
sets and fuzzy sets, the sets with two-valued characteristic
functions will be referred to as ordinary sets or simply sets.)

Fuzzy set is the generalization of classical set. The notion
of union, intersection, inclusion, complement, relations, con-
vexity, etc., of classical set is extended to the notion of fuzzy
set.

Definition 2.2 (Deli and Subag 2017) An single-valued neu-
trosophic set (SVN-set) N over the universal set U is a
neutrosophic set over U, but the truth, indeterminacy and
falsity membership functions are, respectively, defined by
Tn :U — [0,1], Iy :U —[0,1], Fy:U — [0, 1].

The neutrosophic set is the generalization of fuzzy set. For
real-life applications, the neutrosophic set and set-theoretic
operations need to be specified. Otherwise, it will be difficult
to apply in the real applications. Single-valued neutrosophic
set can be used for real-life applications. So, in the rest of
this article we will use single-valued neutrosophic set.

Definition 2.3 (Sumathi and Sweety 2019) A neutrosophic
set N over the universal set of real numbers R is said to be
neutrosophic number if it has the following properties.

1. Nis normal, i.e., there exists xo € R such that Ty (xg) =
L(In(x0) = Fn(x0) = 0).

2. N is convex for truth membership function Ty (x), i.e.,
Ty (ux1+(1—p)x2) = min(Ty(x1), Tn (x2)),Yx1, x2 €
R and p € [0, 1].

3. N is concave for indeterminacy and falsity membership
functions, Iy (x) and Fy (x), respectively, i.e., Iy (ux1 +
(1 =m)x2) = max(Iy(x1), Iy(x2)),and Fy (ux; +(1—
Wx2) > max(Fy(x1), Fy(x2)) Vx1,x2 € Rand u €
[0, 1].

Definition 2.4 (Sun et al. 2015) An interval neutrosophic set
N over the universal set U is described by a truth, inde-
terminacy and falsity-membership functions, Ty (x), Iy (X),
and Fy(x), respectively. For all x € U, we have Ty (x) =
[inf Ty (x), SupTy ()], In(x) = [infIn(x),Suply(x)],
Fy(x) = [infFy(x),SupFy(x)] € [0,1] V x € U. Here
we consider sub-unitary interval [0, 1]. It is the sub class of
a neutrosophic set. Therefore, all interval neutrosophic sets
are clearly neutrosophic sets.
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For convenience, letii = ([T, TV, [1F, IV, [FF, FY))
denotes an interval neutrosophic number(INN).
Here, TﬁL, ﬁU, IﬁL, IﬁU, F;lL and FﬁU denotes in f Tj; (x),

SupTj;(x), inf1l;(x), Supl;(x), infF;(x) and SupFj;(x),
respectively.

Definition 2.5 (Deli and Subag 2017) A single-valued trian-
gular neutrosophic number (SVTN-number)

N = ((p,q.,r); pN, VN, kN is a special neutrosophic set
on R, whose truth, indeterminacy—membership and falsity—
membership functions are defined by

X —
p)mv forp<x=gq
qg—Dp
Tntx) = r_x>/01v forg <x=r
r—q
0 Otherwise

(g —x+wk—p)

forp<x<gqg

q9-p
(x =g+ v —x))

In(x) = forg <x<r
r—q
0 Otherwise
(g —x+xnx—p)) forp<x<gq
L )
Fy(x)={&=g+entr=x) forg <x<r
r—q
0 Otherwise,
respectively.

Definition 2.6 (Deli and Subag 2017) A single-valued trape-
zoidal neutrosophic number (SVTrN-number)

N = ((p,q,r,s); pN, VN, kN) is a special neutrosophic
seton R, whose truth, indeterminacy and falsity—membership
functions are defined by

p)mv forp<x<gq
p

Tw () ON forg <x<r
N = _
(S x),oN forr <x <s
s—r
0 Otherwise

(@q—x+vnx—p)

forp<x=<gq

qg—p
VN forg <x<r
In(x) =
x—r+uvy(s —x
( + NG ) forr <x <s
s—r
0 Otherwise
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(g —x+xkn(x—p))

forp<x<gq

q—7p
KN forg <x<r
F =
Ve ¥ —r+xnGs —x) forr <x <s
s —r -
0 Otherwise,
respectively.

Definition 2.7 (Sumathi and Sweety 2019) The («, 8, y)-
cut of a neutrosophic set N is denoted by Ny g,,), Where
a, B,y €[0,1]. Then N g,y = ({Tn(x), IN(x), Fy(x)) :
x €U, Tn(x) Zza, Iy(x) = B, Fy(x) < y}.

3 Neutrosophic analysis

In this section, some properties of neutrosophic set and oper-
ations of neutrosophic number have been presented, which
will be used in the rest of this article.

Definition 3.1 (Rudin 2006) Let g(x) be a real valued func-
tionon atopological space. If {x : g(x) > u}and{x : g(x) <
wu} are closed for every u € R, then g(x) is said to be upper
semi-continuous and lower semi-continuous, respectively.

Let us define some basic concept of neutrosophic number
with the help of Definition 3.1.

Definition 3.2 (i) 7 is called closed neutrosophic number, if
7 is a neutrosophic number and the truth membership func-
tion is upper semi continuous, indeterminacy membership
function and falsity membership function are lower semi-
continuous.

(ii) n is called a bounded neutrosophic number if 7 is
neutrosophic number and truth, indeterminacy and falsity
membership functions has compact support.

(iii) Let m and n be the two neutrosophic number. Then,
m and n are said to be equal, denoted as m = n iff m g g, =
N(qa,p,y)- Here my, g,y and iy, g,,) denote the (a, B, y)—cut
of m and n, respectively.

Definition 3.2 helps to show that the («, 8, y)-cut of closed
neutrosophic number is closed interval neutrosophic number
and this result has been shown in the following proposition.

Proposition 3.1 If nn is a closed neutrosophic number, then
(a, B,y)-cut of n denoted as np,) = ([ﬁé,ﬁg],
[ﬁé,ﬁg], [ﬁ)l;,ﬁ}l,]]) is closed interval neutrosophic num-

ber(INN), where [fzé,ﬁg], [ﬁ’f;,ﬁg] and [ﬁﬁ,ﬁg] are all
closed intervals. Here, ﬁé, ﬁg, fzfé, fzg, ﬁ}l; and ﬁg denotes
in fT;(x), SupTj (x), infI;(x), Supl;(x), infF;(x) and

SupFj;(x), respectively.

Proof Since Tj;(x) is upper semi-continuous, I;(x) and
Fj; (x) are lower semi-continuous. So, the («, 8, y)-level set
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of i, i.e., a,py) = {x : Ti(x) = o, [(x) < B, F(x) <
y,x € R}isaclosed set. Then, from Definition 2.4, n is inter-
val neutrosophic number and intervals are closed intervals.

O

Proposition 3.2 (Sahin et al. 2018) Let m and n be the two
neutrosophic number, then m +n, m — n, m x n and Am are
also neutrosophic number, where A # 0 is any real number.

Proposition 3.3 Let m and n be two closed neutrosophic
numbers, then

1. (m Q) (gp,y) = M@,p,y) O Np,y) Wwhere © denotes
any binary operation'+',” =" and ' x'.

2. (M) (,B,y) = MM (a,p,y), Where ) # 0 be any real num-
ber.

Proof 1. SincemOn = {z, max;—,oy{min(7; (x), T3 (y))},
min {max(Z; (x), I;(y))}, min {max(Fy(x), F5(y)}}
7z=xQy 7z=xQy
and (m © M) g,p.y) = {2 : Taei(@ = @, [iei(z) <
B, Finoi(z) < v}
Letz € (m ®n)«,p,y), then there exist at least one x € m
and y € n such that z = x © y. Then,

Ti0i(2) = max{min(T; (x), T;(y))} > «
=>T;(x)>aand T;(y) > o

L0 (z) = min{max(l; (x), I;(y)} < B
= I (x) < Band I;(y) < B

Fii(z) = min{max(F; (x), F7(y)} <y
= Fa(x) <yand Fi(y) <y

This implies x € m(«, B, y) and y € (e, B, y). There-
fore,z=xQ0y€ I’I’:l(a,/g’y) © ﬁ(a,ﬁ,y).

Again let z* € m(y,p,y) O fi(a,p,y)- Then, there exist
at least one x* € iy g,y) and y* € 7i(q,pg,y) such that
7* = x* © y*. Then, we have,

T7(x*) = a and T;(y*) = «
Li(x™) < Band I;(y*) < B
F(x™) <yand F;(3") <y

This implies that min(73; (x*), T; (y*)) > o, max(L; (x™)
L;(y*)) < B and max(F; (x*), F(y*)) < y. Then, we
have

Therefore, z* € (1 © 1) («,8,)-
2. Since Wit = {z, max,—y, Ty (x), min I (x), min Fj(x)}
Z=Ax Z=Ax

and (Am)@,py) = {2z Tn(x) > o, L) <
B, Fun(x) < v}

Let z € (A1) (q,p,y)» then there exists x € m such that
z = Ax. Then, T;(x) > «, I;(x) < B and F;(x) < y.
This implies thatx € 7 (q,g,,), thenz = Ax € (g g,y)-
Againlet z* € Afii(q,pg,y). Then, there exists x* € m such
that z* = Ax*. This implies Tj; (x*) > «, L;(x*) < B
and F; (x*) < y. Then, we have

max o« T (x°) = o = T (Ax™) = T, (%) > «

min L (x*) < B = L (Ax™) = La(@*) < B
ZE=Ax*

mixn Fp(x™) <y = FiOx™) = FaE) <y
Z*: x*

Therefore z* € (A1) (0, 8,y)-
]

Proposition3.4 Let m and n be two closed neutrosophic
number then m + n, m — n, m x n and Am are also
closed neutrosophic number, where A # 0 is any real
number.

Proof From Proposition 3.2, we can show that T;07, T
are upper semi-continuous and I;o7, Lin and Fien, Fan
are lower semi-continuous. Again from Proposition 3.3, we
can show that (mO1) «,,,) and (A1) @, g, ) are closed set for
all (a, B, y), where © denotes the binary operation '+/,” —’
and 'x’. O

Proposition 3.5 Let m and n be two closed neutrosophic
number then

1 (m+n)wp,y) = ([mé +n§, mg —I—ng], [mlg +n§, mg +
ng], [mﬁ +n)L,, m)[,] + ng]).
U

2. (i — ) apy) = (Imk —n{,mY

—ng], [mé —ng, mg —

L L_,U ,U_ L
nﬂ],[my n,,my, ny]).

30 Q) ) = (m, am 1, Dmg, amy 1, [am;, am1),
forx >0
= (mY, aml], [kmg, xmg], [(amY, amLY), for 1 < 0.

max+—y+oy {min(T; (%), Ti(y)} = a@ = Tiei(x* © y") = Tiei(c*) =
min {max(I;(x*), ;N } < B = Liei (6 © y*) = Lica(2®) < B

Z*=x*Qy*

min {max(Fz(x"), F;(7*)} < v = Faea(* 0 y") = Frei@) <y

Z*=x*Qy

@ Springer
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Proof

1. Since (m + 1) (a,8,y) = M(a,B,y) + N(a,p,y) (By Proposition 3.3)

= ([ i) [iomi ] |

n
=<[m§+né,mg+na] [mﬁ —i—nﬁ,mﬁ +nﬂ]

) o) [ ] e

XQ

J)

[mﬁ —i—n)e,mjl,] +n}[,]]>

The proof of the second and third parts of this proposition
is similar to the first part. O

Theorem 3.1 Let N be a neutrosophic set and N g ) =
{x :Tn(x) > a,Iy(x) < B, FN(x) < y}). Then

1. N(Oéz,ﬂz,yz) - N(Oll,ﬁlg}/l) where o1 < ap, f1 > B2 and
YL = Y.
00

2. ﬂ N, povw) = N.py) Joran t o, fn L Band y, |
n=1

Y.

Proof 1. Let x € N(qy,p,,1,), then we have Ty(x)
az, In(x) < B2, Fn(x) < 2.

Now, Tn(x) = a2 > a1, IN(x) < B2 < B1, Fn(x)
y2 < y1. This implies that

Tn(x) > ay, INn(x) < B, FN(x) < y1. Therefore, x €
Neay.pr.y) = N(ggﬁm) € Nea.pr.n)

v

IA

2. Let x € ﬂN(anaﬂann) = x € N(anaﬁmyn)' Then’

n=1
Ty(x) = ap, IN(x) < Bn, FN(X) < Yn.
Now, Ty(x) > lim o, = o, Iy(x) <
n—0oo
B, Fn(x) < lim y, = y.
n—0oo
So, Tn(x) > «, IN(x) < B, Fy(x) < y. Therefore, x €
o0

Na.p.y) = ﬂ Nean.uyn) S Nea.py)

n=1
Again let x € N(g,y). Then, Ty(x) > o, In(x)
B, Fn(x) <y.Sincean T o, By | Band y, | y.
Then, we have Ty (x) > a > o, In(x) < B
Bn, FN(x) <y <y, foralln.
o0

lim g, =
n—0oo

IA

IA

This implies x € ﬂN(an,ﬂn,yn) = N@py S

n=1
o0
ﬂ N(O‘mﬂm}’n)'
n=1

(0.¢]
Therefore, ﬂ Ny, pov) = N, ,y)- O
n=1
Proposition 3.6 Let{N.gy) =
0<a<1,0<pB<1,0<y <1} beafamily of inter-
val neutrosophic set and each intervals [ly, uql, [lg, ugl and
[ly, u,] are closed intervals. Suppose N4 g,y is decreasing
with respect to (a, B, y) and n is a closed neutrosophic num-
ber. Then, {N(«,g,y)} can induce i and (o, 8,y) = N(a,g,y),
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<[l()lv uOl]v [lﬂ’ I/Iﬂ], [l}/5 u}/]> :

where iy p,y) and N, p,,) denotes (a, B, y)—cut of i
and N, respectively.

Proof Since 7 is a closed neutrosophic number and N g,y)
is decreasing with respect to («, §, ). From Theorem 3.1,
o0

we have ﬂ N, guvn) = Ne,g.y) foro, 1t a, B, | B and
n=1

Yo v,

Now, from Definitions 2.3 and 2.4 it can be said that
{N(,,y)} can induce 7.

Now from Definition 2.7, {x : T;(x) > a, [;(x) <
B. Fi(x) <y} = N((x,ﬂ,y) = ([la, ual, [lﬂ’ uﬁ]» [ly» uy])
is a closed neutrosophic number. O

Proposition 3.7 If nn is a closed neutrosophic number then,
flén 0 ﬁé and ;lgn N ﬁg fora, 1 a, ﬁén 0 ﬁlfg and flgn i} ﬁg
Jor Bn | B, ﬁﬁn 0 N ﬁ)lljfor Va4 v. O

S ~U
n, and ny,

Proof SinceN(a,,g,y) = fl(a’ﬁ,y) = ([fl U] [nL NU] [I’ly,

ﬁf,/ 1) and by Theorem 3.1, we know that N g ) is decreas—
ing with respect to («, 8, ¥). Then, we have,

s S 1. ~U
hmnangna,hmn >n hmnﬁ <nﬂ,hmnﬂ

~U 1s ~L ~], U - =U
> ng, hmnyn =n, and llmnyn = n,.

Since nL <11rnn aU >limﬁU nL <limﬁL,ﬁU >

on ﬂ ﬂn ﬁn
U
Yn®

. Then,

.
hmnﬂ, nL <11mn)€ andnU > limn

U ~U

limsz <x<limﬁ iﬁL <x <ng,
~U

<x< <x<
hmnﬂ X hmnﬂ :>n,3 x <iig,

U

=L <x<i
- - Yn

limn nyn <x< lunn

This implies that x € ﬂ( al] [n/3 ,nﬂ] [”yn L:])
= <[ﬁ{.;,ﬁ3],[ﬁg,ﬁg] [}

(L ~U]> (by Theorem 3.1).
Therefore, vy,

([han hmn 1 [hmnﬂ ,hmn/3
U] g ~U] [}, Y1), i

11an > nL han <l

[han hmn ]) ([ﬁ
hmnﬂ >nﬂ,hmnﬂ <

> il and lim 7 U<nU O

ﬁ,hmny " y-

Note Propositions 3.2 and 3.3 have helped to proof of Propo-
sitions 3.4 and 3.5. Propositions 3.4 and 3.5 will help to
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define some basic properties of neutrosophic function. Also,
Propositions 3.6, 3.7 will help to develop the concept of neu-
trosophic Riemann integration and in the next section we will
discuss neutrosophic Riemann integration and its properties.

4 Neutrosophic Riemann integration

Here, we shall discuss neutrosophic Riemann integration and
some basic concept of neutrosophic function. Before dis-
cussing neutrosophic Riemann integration, it is necessary
to define closed neutrosophic function and bounded neutro-
sophic function.

Definition 4.1 Let A/ be the set of all neutrosophic numbers,
N¢; be the set of all closed neutrosophic numbers and N
denote set of all bounded neutrosophic numbers. Then,

1. far(x) is a neutrosophic valued function, if fN X >
N.

2. f/\/(x) is a closed neutrosophic valued function, if f N
X — Ng.

3. far(x)is abounded neutrosophic valued function, if fys :
X = Np.

Now, let us define the concept of neutrosophic Riemann inte-
gration.

Definition 4.2 Let fx/(x) be a closed-bounded neutrosophic
valued function on a closed-bounded interval [ay, b;]. Let
Pl 0, T @), Fly), FY500, F (0 and £ (x)
are all Riemann integrable on [a1, b1], for all (¢, B, y). Let

bi ~ by -
Nea.p.y) = <|: f/%/a (x)dx, f/{][a(x)dx] ,
a

1 ap

by by
[ Frrp0dx, / fﬁ’/,g(x)dx]

ai

by _ by _
[ Fir, (0)dx, fﬁ’/y(x)dxp

1 ap

Then, fpr(x) is called neutrosophic Riemann integrable
on closed-bounded interval [a;, b;], denoted as f/\/(x) €
Ngr on closed-bounded interval [aj, b1], where Ng; is
the set of all neutrosophic Riemann integrable functions.
Here, [ /{7, (0)., /7, 1. LK (). fip ()] and [f, (),

f /\l}y (x)] denote (a, 8, y)—cut of f/\/(x), respectively.

Proposition 4.1 (Royden and Fitzpatrick 1988) g(x) is a
bounded function defined on [ay, b1]. If g(x) is Riemann inte-
grable over [ay, b1], then g(x) is also Lebesgue integrable
over ay, b1] and the two integrals are identical.

Proposition 4.2 (Royden and Fitzpatrick 1988) g(x) is a
bounded function on [ay, b1]. Then, g(x) is Riemann inte-
grable on [ay, b1] if and only if g(x) is continuous almost
everywhere on closed-bounded interval [ay, by].

Proposition 4.3 (Royden and Fitzpatrick 1988) If g(x) is
Riemann integrable on [ay, b1] and n € R, then ug(x) is
also Riemann integrable on [ay, bi] and fabl] ugx)dx =

i Ly g)dx.

Propositions 4.1, 4.2 and 4.3 will help to prove the following
theorems. Also, in the following theorems we have shown
some basic properties and operations of neutrosophic Rie-
mann integrable functions.

Theorem 4.1 Let fr(x) be a closed-bounded neutrosophic
valued function on closed-bounded interval [ay, b1]. If
f/\/(x) € Ny on closed-bounded interval [ay, b1], then the
neutrosophic Riemann integral | abl‘ f ‘A (x)dx is a closed neu-

trosophic number. Then, (a, B, y)-cut offabll Fa(x)dx is

b
< fN(X)dX)
a (a..y)

by by
=<[ / frr, ()dx, / fﬁ’/a(x)dx]

by _ by _
[ Frrp(0)dx, f/\%(x)dx} ,
ap

ap

by _ by _
[ Firydx, | 7y, (x)dx]>
a 1

1 a

Proof Let N@g,y)y = ([fabll f/{‘/a(x)d)f, fabll f/i//’a(x)dx],
2 s oda, (2 7 codal 12 7l oda, [

75, (dxl)
For a1 < a2, B1 > B2 and y1 > y», we have

PN @) = PRy () Ny 00 2 FNf, ()2 Frg, ()
> firp, (O s, @) < Fg, O, fir, ) = k7, (0
and fxr, () < fir,, ()

Then, Niay.5.72) S Near.p1.71)- ~ ~

For 0 < ay, < 1, we get that fi;(x) < fra,®) <
Fir (o). Then, [ £, (0 < max{| fly (0l | flr (01} =
h(x).

Since f ./%/’0 (x) and f /@l(x) both are Riemann-integrable
on [ay, b1], |fj\L[0(x)|, |fﬁ/1 (x)| and h(x) are also Riemann
integrable on [ay, b1]. Since fN(x) is bounded on [a;, b1],
f /f/al (x) and f ./{]fal (x) are also bounded on closed-bounded
interval [ay, b1] Va1. Then A(x) is also bounded on [ay, b1].
Now, from Proposition 4.1 it can be said that 4 (x) is Lebesgue
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integrable on [a1, b1]. Now we should apply Lebesgue dom-
inated convergence theorem. For 1, 1 o1, we have

by by
lim SNy, @)dx = SRy ()dx
n—oo ay 1

a
Since far(x) is a closed neutrosophic valued function, we
. ~L =~ .- .
have nan;O f/\foqn x) = f/\/’a] (x) by Proposition 3.7. Again,
for 0 < a1, < 1, we have f (1) < fva, (0) < fr().

Then | £, ()] < max{| £, ()], | F{f()1) = gx).
Then, by similar argument we can say that

a

by _ by _
lim SNy, ()dx = SNy ()dx
n—oo ay 1
Since f ‘A (x) is a closed neutrosophic valued function, then
by Proposition 3.7 we have lim £\, (x) = f{, (x).
n—00 In a1

By similar process, we have,

by B by _
lim | firp, dx = [ firp ()dx
n—o00 a a
by o by o
lim fNﬂln (x)dx = fj\/’ﬁl (x)dx
n—00 a a
by . by -
Jim [ 7, 0= [ 7k, war
by

by
: ~U _ U
nlggo o Ty, ()dx = TNy, (0)dx

ap

From Proposition 3.6, the proof of this theorem is complete.
]

Theorem 4.2 [f f/\/(x) is closed-bounded neutrosopfiic val-
uedfunction on closed-bounded interval [ay, bi] and f ﬁ/a (x),
SR (), fj(‘/ﬁ (x), fﬁ//ﬁ (x), fﬁ/y (x), fﬁ//y (x) are all contin-
uous on lay, by], then f/\/’(x) € Ngi on closed-bounded
interval a1, b1] and

b
< fN(x)dX>

1

(o, 8,7)

by _ by _
=<[ FRrg ()dx, fﬁ’/a(x)dx]

1 ap

@ Springer

by b
[ FRrg(0)dx, f/{]/ﬂ(x)dx],
aj

ap

by _ by _
[ / FAry (0)dx, f fﬁy(x)dxp
al ai

P~roof Frorfl Propositi0n~ 42, fl @), f, o, fjf/ﬂ (x),
f /ijfﬂ x), f ./(7)/ (x), and f ﬁ//y (x) are all Riemann integrable

on [ay, bp]. Then, fN(x) is Riemann-integrable on [ay, b1].
From Theorem 4.1, we have

b
< fN(X)dX)
a1 (o, 8,7)

by _ by
=<[ f frra ()dx, f f/{’/a(x)dx],

b by
[ Frrp)dx, fﬁ’/,g(x)dx]

aj aj

by _ by _
[ Frr,dx, | Fi, (x)de
a a

1

This completes the proof. O

Theorem 4.3 Let fx/(x) and gr(x) be closed-bounded neu-
trosophic vcilued function on [ay, b1]. Ifj/\/'(x), en(x) €
Ngi, then far(x) + gar(x) € Ny and far(x) — gn(x) €
NRgi. Moreover, we have

b
(A (x) + gar(x))dx

by
g (x)dx

ap N )
= Jy()dx + /
" ~1 1
(fnv(x) — gn(x))dx

by

= fj\/(x)dx — /

aj aj

by
gn (x)dx

Proof Let fz/\/(x) = f/\/’(x) + gn(x). From Proposition 3.4,
we can say that has(x) is closed neutrosophic valued func-
tion.
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Then,

by
< ag

LY a)

—_—
1

LJdj

LJa;

fN(x)dx +/

by - by
Fir, (0dx + f

by

by _ by
Fxr, (0)dx + f

by
§N(x)dX)

ap

ap

~ bl bl ~
fﬁ/ﬂ(x)dx+/ gjL\/ﬁ(x)dx,/ fﬁ’[ﬁ(x)der/

&x ()

ap

(a,

o (X)dx,

B.v)
by

by
F, (dx + /
1 a

a 1

by
ap

dx,

ap

Now, from Theorem 4.1 and Proposition 3.5 we have,

by

i)
<_

al

LY d]

LJaj

LY ady

—_—
1 1

LJa;

LY d]

by
( aj

(o + /

by
by

by

by
éN(X)dX>

ap (a,

by
(A7 () + &Ry (),

a

(fNﬂ () + Zkrp (),

(fnv(x) + gn(x)kldx,

ap

(@) + gn () fdx

ap

(fn () + v ()L dx,

ap

(fnv () + §N(x))dx)

ﬂy)

(fNa (x) + gj\/a(x))dx
l

<ff&,3 (x) + g‘Nﬂ(x))dx

by _ by
fj{/,y(x)dx + /

83, (0)dx

Zirp(r)dx

—_—

gj{/y (x)dx

b] - b] - T

(fRr, @) + &7, ()dx, f (fXr, @) + &§r, (0)dx
by

(NG + En(0)g dx} :
by

(fnr(x) + gmx))gdx} :

by
(fN () + g )y de

[By Theorem 4.1]

(o, B,7)

L
—

Therefore from Definition 3.2 (iii), we have [ abll (Frv(x)+
~ b1 & by ~
gnvdx = [ fayodx + [ ga(x)dx

This completes the proof of the first part of this theorem
and the proof of the second part of this theorem is similar to
the first part.

m}

Theorem 4.4 Let fnr(x) be a closed-bounded neutrosophic
valued function on closed-bounded interval [a 1, b1l If

fN(X) € Nki then)»f/\/(x) € Ng1. Moreover, f AfN(x)dx
= A fabll fn(x)dx, where A # 0 be any real number.

Proof For . > 0, let gar(x) = A f/\/(x). From Proposition

3.4, gnr(x) is a closed neutrosophic valued function. From
Proposition 3.5, we have,
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< / f/\/(x)dx)
(e, 8,7)

by
fﬁa(x)dx} : [A

ai

[ f/{‘/a(x)dx, A

aip

by
fﬁ/y @de,a [ fY, (x)dx:|>
ay

by
xfﬁfy(x)dx,/ ,\fj{f,y(x)dx]>

ai

~ by
[ (Afo))édx, /

aip

(?»fN(X)) dx,

= (/ )\,fN(X)dX)
a (@.8.7)

ai

b b b
<[ kfﬁ/a(x)dx,/ lkf/l\]fa(x)dx:|, |:/ lkfﬁ/—ﬂ(x)dx,/ lkf/l\]fﬂ(x)dx]
aj aj ai

by by
Frrgde, a | fi, (x)dx] :
ai

~ by ~ by ~
()\f/v(x))é’dx],[/ (fvtofax, [ ()»f/\f(x))gdx],

b
l(kf/\f(x))f,]dx]> (By Proposition 4.3)

Therefore from Definition 3.2 (iii) we have, [ abll Afa(x0)dx =

b ~
A fa.l S (x)dx.
The proof is similar for A < 0.
This completes the proof. O

5 Examples

In this section, we shall discuss some test problems and their
numerical results. Tables 1 and 2 are calculated by using
Wolfram Mathematica 9.0. Here, the figures have been drawn
by using MATLAB R2014a.

Example 1 Let us consider the neutrosophic valued function
f/\/(x) = 7ix2 on [0, 1], where n = ((0, 1, 2); 0.8, 0.6, 0.4)
is a single valued triangular neutrosophic number. Now we
integrate the neutrosophic valued function on [0, 1], i.e., we
try to find fol fa(x)dx.

Now, we take («, 8, y)-cut of the integral fol f/\/(x)dx.
Then, we have,

1
</ f/\/(X)dX>
0 (a,8,y)
1
= (/ ﬁxzdx>
0 (a,B,7)
1 1
/ 5—ax2dx,/ 8
0o 4 o 4

5
axzdxi| s
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—_

1
(1 — B)x’dx, / 1(5,3— l)xzdx:|,
0 2

I
(1 — y)x2dx, / —(5y + l)xzdxi|>
0 3
1 1
/xz 8—501/‘ zdx:l
4 Jo 4
(1 - ﬁ)[ xdx,%(Sﬁ—l)f }
(1- y)/ de,§<5y+1)/ D

O
2
w|m NIUI

O

I_II_I/\I_ll_l
I_|

Wl WL | W

[5 1— ! 58 — 1}
s =P cGB-D.
5 sy 41
[50-ng6renl)
where [ [l @dx = ?_(;’ fo Fifa0dx = 8:250[’

~ 5 ~ 1
Jo Fip@odx = 2(1 = B). [y Firp(0dx = (5 = 1),

I Fke, (dx = g(l —y)and [, £, (odx = é(Sy +1)
fora € [0,0.8], f € [0.6, 1] and y € [0.4, 1].

In Table 1, it is seen that when the value of « increases,
the value of fol fﬁ/a(x)dx increases and the value of
fol f/\lfa(x)dx decreases. At « = 0.8, fol f/ffa(x)dx and
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Table 1 Solutions for the different values of «, 8 and y for Example 1

a fo flde [ fYde B Jo Fhpmdx [ FYp00dx y Jo Fleyodx i 7Y (odx
0 0 0.66667 0.6 0.33333 0.33333 0.4 0.33333 0.33333
0.4 0.16667 0.5 0.8 1.66667 0.5 0.6 0.22222 0.44444
0.6 0.25 0.41667 0.9 0.08333 0.58333 0.8 0.11111 0.66667
0.8 0.33333 0.33333 1 0 0.66667 1 0 0.66667

Table 2 Approximate value of the integral in Example 2 by trapezoidal rule for the different values of «, B and y

« f Fatoax ) flaode B [ fhgodx f{ fGs0de v T ede fy T, (odx
0 0 1.03125 0.6 0.34375 0.6875 0.4 0.34375 0.6875
0.4 0.171875 0.859375 0.8 0.171875 0.859375 0.6 0.229167 0.802083
0.6 0.257813 0.773438 0.9 0.0859375 0.945313 0.8 0.114583 0.916667
0.8 0.34375 0.6875 1 0 1.03125 1 0 1.03125
2 ) ] Now, we take (o, B, y)-cut of the integral fol fN(x)dx.
E gjsj 1 Then, we have,
% 0.60 ——Truth function H
3 05 o notorminacy uncion|
é 047 —8— Falsity function i 1

odl 1 ( / fN’(x)dx)

01| 1 0 (@.8.7)

Qo 0.1 02 03 04 05 06 0.7

X

Fig. 1 The truth, indeterminacy and falsity membership functions of
the integral in Example 1

fol f J\U/a (x)dx gives the same solution. Again, when the value
of B increases, the value of fol f /ffﬂ (x)dx decreases and the
value of fol f}//ﬂ(x)dx increases. At 8 = 0.6, fol f/f/-ﬂ(x)dx
and fol f J{J[ﬁ (x)dx gives the same solution and similarly
when y increases, the value of fol f /f/y (x)dx decreases and

the value of fol f ./i//’y (x)dx increases. This follows that the
approximate solution in Table 1 gives a neutrosophic num-
ber. From Fig. 1, it is seen that the solution gives a triangular
neutrosophic number.

In the following example, we are going to show that how
one can use the existing numerical integration methods to
solve the neutrosophic integral. So, in the following example,
we consider the same neutrosophic function, but the parame-
ter was taken in the form of trapezoidal neutrosophic number.

Example 2 Let us consider the neutrosophic valued function
fN(x) = fix2on [0, 1], wheren = ((0, 1, 2, 3); 0.8, 0.6, 0.4)
is a single-valued trapezoidal neutrosophic number. Now we
integrate the neutrosophic valued function on [0, 1], i.e., we
try to find [ fi(x)dx.

1 1
=<U e (@)dx, / fféamdx]
0 0
I 1
UO fﬁ/ﬁ(x)dx,/o f/{]/ﬁ(x)dxi|,

1 5 1 5
[ /0 Firy (0)dx, fo fﬁy(x)dxp

Since each of the integral fol f /{‘[a (x)dx, fol f, /\L}a (x)dx,
N Flgodx, I Fg0dx, N k-, ()dxand N £, (odx
are Riemann integrable on [0, 1]. Then, we can use trape-
zoidal rule to find the approximate value of the each integral.

Now we find the approximate value of the integral fol x2dx
with the help of trapezoidal rule.

1
Let P = {O.Z, AR 1} be the set of all elements in the
1-0 1
endpoints of the sub-interval and Ax = =7
Then,
/1 24y ~ 1 1[f(0)+2f ! +2f !
XTAx X — X — — —
0 4 4 4 2
3
+2f <Z> + f(D)
_ ! 0+ ! + ! + ) +1
8 8§ 2 8
11
32
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0.9
0.8
0.7

0.6 &~ Truth function
0.5+ -5 Indeterminacy function | |
. —%—Falsity function

0.4+
0.3+
0.2+
0.1F

Membership values

0 0.2 0.4 0.6 0.8 1 1.2 1.4
X

Fig. 2 The truth, indeterminacy and falsity membership functions of
the integral in Example 2 by trapezoidal rule

Therefore,

1
< / fmx)dx>
(a,B,7)
= ( nxzdx>
(e, B, 7/)

5
[ _“xzx

l'ip—35
axzdx] ,
0 4

1

[} 30-meen [ Son e vea]

~(1—B)x%dx, | =GB+ Dx?dx |,

0 2 0 2

15 1 1

[ FA=7)x dx/ —(5y +4)x2dxi|>
0 0o 3

<[ /lxz ix, 12 — 5a /1 de]

4 Jo 4

[5(1 ﬁ)/ dx, 5(5ﬁ+1)/ }

F(l )/ x2d l(5 +4)f D
30 - 3r

550 132 — 550
<[ 128° 128 ] ’
—(1 - ﬂ) (5/3 + 1)}

E
[—(1 73 (5)/ +4)}>

~ 55« ~ 132 — 55«
where fol fﬁ/—a(x)dx = 1’ fol fj\l}a(x)dx = 1w

~ 55 ~ 11
Jo Tegtodx = 21 =B fy Fs00dx = (5B + 1),

- 55 ~ 11
fol fﬁfy(x)dx = %(1—]/)31'1(1[01 fj\l}y(x)dx = %
fora € [0,0.8], B € [0.6, 1] and y € [0.4, 1].

Gy+4)

In Table 2, it is seen that when the value of « increases,
the value of fol f ﬁ/‘x (x)dx increases and the value of

fol f /\% (x)dx decreases. Again, when the value of B increases,

@ Springer

the value of fol f ﬁ/ﬁ(x)dx decreases and the value of
fol fﬁ]fﬂ(x)dx increases and similarly when y increases,
the value of fol ff\‘/y (x)dx decreases and the value of

fol f /i//)/ (x)dx increases. This follows that the approximate
solution in Table 2 gives a neutrosophic number. From Fig. 2,
it is seen that the solution gives a trapezoidal neutrosophic
number.

6 Conclusion

In the beginning of this article basically, we have defined
some properties of neutrosophic set, neutrosophic num-
ber and neutrosophic function. In this article, we have
mainly focused on the theoretical development of neutro-
sophic calculus. In Proposition 3.1, it has been seen that the
(o, B, y)-cut of a closed neutrosophic number is a closed
interval neutrosophic number. From Proposition 3.6, it has
been shown that the («, 8, y)-cut of a neutrosophic set can
induce a closed neutrosophic number. Some properties of
neutrosophic number like '+/, '—’ and 'x’ have been pre-
sented here, and we have redefined neutrosophic arithmetic
inthe sense of («, B, y)-cutin Proposition 3.3 which will help
to solve different types of neutrosophic differential, integral
and integro-differential equation.

We have also defined some properties of neutrosophic
function which are necessary to define neutrosophic Rie-
mann integration over closed and bounded interval [ay, b1].
In Definition 4.2, we have defined neutrosophic Riemann
integral on closed-bounded interval [ay, b1]. In Theorem 4.1,
it has been seen that the neutrosophic Riemann integral of
a neutrosophic function on [ag, b1] is also a neutrosophic
number. In Theorems 4.3 and 4.4, it has been seen that if
fn(x), gnr(x) € Ngrand & € R, then far(x) + gn(x) €
Nri, fv(x) — gar(x) € Ngpand A far(x) € Ngy. In the
second example, it has been shown that the existing numer-
ical integration method like trapezoidal rule can be used to
solve the neutrosophic Riemann integration. In our article,
it has been studied that we can apply neutrosophic Riemann
integral only for bounded neutrosophic function. Also, the
interval where the function is defined, it must be bounded.
So, these are some of the limitations of the neutrosophic Rie-
mann integration method. The study of improper integral in
the neutrosophic environment will help to overcome from
these limitations of the neutrosophic Riemann integration
method. This article will help to develop the concept of neu-
trosophic improper integral method. Also, in the future, this
article will be the pillar of the neutrosophic integral calculus
and it has probable scope to develop the neutrosophic integral
calculus in the future.
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