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1 Introduction

Most often, the mathematical programming problems consist of only one decision
maker who takes the decisions all alone. Apart from that, many decision-making
problems involve hierarchical decision structures, each with independent, and
most often contradictory in nature. Such decision-making scenarios are termed as
decentralized planning problems. Thus, the hierarchical decision-making texture of
the problem is formulated as multi-level programming problems (MLPPs). If there
are only two decision makers, then it becomes bi-level programming problems, tri-
level for three decision makers, and so on. The fundamental concepts behind the
MLPPs optimization techniques are that the leader-level decision maker defines
his/her goals/target and then seeks the optimal solution from each subordinate level
of the organization that has calculated individually. The follower-level decisions are
then submitted and satisfied by the leader-level in view of overall benefit of the
organizations. There may be more than one linear objective function that are to be
optimized by different levels in MLPPs, then such kind of decentralized decision-
making problems are termed as multi-level multiobjective linear programming
problems (ML-MOLPPs).

There are several research works available in the literature that contribute to
the domain of multi-level multiobjective linear programming problems. Based
on fuzzy set theory, [I, 6, 19, 20, 22] presented fuzzy programming and fuzzy
goal programming approaches to bi-level decision-making problems. Furthermore,
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[8, 10, 12, 14, 15] suggested the fuzzy-based solution procedure for ML-MOLPPs.
Later on, intuitionistic fuzzy set theory [7] is also introduced to solve the ML-
MOLPPs under intuitionistic fuzzy environment. Recently, [9, 21] discussed the
intuitionistic fuzzy techniques to solve the ML-MOLPPs by considering the mem-
bership as well as non-membership functions of all objectives at each level.
Furthermore, the extension and generalization of fuzzy and intuitionistic fuzzy sets
are presented and named as neutrosophic set. First, [18] proposed the neutrosophic
set, and later on it was extensively used in the field of mathematical programming
problems and their optimization techniques. Only few research work is available that
captures the neutrosophic decision set theory in ML-MOLPPs. Only two research
articles are cited below that have contributed to neutrosophic ML-MOLPPs domain.
Maiti et al. [11] investigated neutrosophic goal programming strategy for ML-
MOLPPs with neutrosophic parameters. Pramanik and Dey [13] also suggested a
goal programming technique for neutrosophic ML-MOLPPs where the parameters
have been taken as triangular or trapezoidal neutrosophic numbers. Thus, this
chapter provides more emphasis toward the neutrosophic ML-MOLPPs research
area and laid down a concrete base for neutrosophic ML-MOLPPs optimization
domain.

In this chapter, the neutrosophic fuzzy goal programming (NFGP) algorithm is
introduced to solve the multi-level multiobjective linear programming problems.
Two different NFGP procedures based on neutrosophic fuzzy decision set are
presented for ML-MOLPPs. To formulate any of these two proposed NFGP
models of the ML-MOLPPs, the neutrosophic fuzzy goals of the objectives are
determined by finding individual optimal solutions. Marginal evaluations of each
objective functions are then depicted by the associated membership functions
under neutrosophic environment. These membership functions are converted into
neutrosophic fuzzy flexible membership goals by means of incorporating over- and
under-deviational variables and assigning highest truth membership value (unity),
indeterminacy value (half), and a falsity value (zero) as aspiration levels to each
of them. To determine the membership functions of the decision variable vectors
monitored by any level decision maker, the optimal solution of the corresponding
MOLPP is separately solved. A marginal relaxation of the decisions is prescribed to
avoid decision deadlock.

The first proposed NFGP solution algorithm provides an extension of the work
presented by [1, 8, 16] under neutrosophic environment, which deals with bi-level
linear single-objective programming problems. It also extends the work of [14]
by introducing the NFGP algorithm to multi-level programming problems with a
multiple linear objective at each level. The final fuzzy model groups the membership
functions for the defined neutrosophic fuzzy goals of the objective functions and the
decision variable vectors at all levels, which are determined separately for each level
except the follower level of the multi-level problem.

The second proposed NFFGP algorithm may be seen as a method for solving
multi-level multiobjective programming problems. First, it develops the NFGP
model of the leader-level problem to obtain a satisfactory solution to the leader-
level decision maker’s problem. A marginal relaxation of the leader-level decision
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maker’s decisions is taken into account to avoid a decision deadlock. These
decisions of the leader-level decision makers are depicted by membership functions
of neutrosophic fuzzy set theory and transferred to the second-level DM (SLDM) as
an additional constraint. Then, the SLDM modeled its NFGP model that considers
the neutrosophic fuzzy membership goals of the objectives and decision variable
vectors of the leader-level decision makers. Afterward, the achieved solution is
passed to the third-level DM (TLDM) who seeks the solution in a similar fashion.
The same process is carried out until the follower level reaches. Thus, this procedure
may be assumed as an extension of the fuzzy mathematical programming algorithm
of [16, 17] under the neutrosophic environment.

The remaining part of the chapter is summarized as follows: in Sect.?2, the
preliminaries regarding neutrosophic set have been discussed, while Sect.3 dis-
cusses the formulations of multi-level multiobjective programming problems. The
proposed neutrosophic fuzzy goal algorithm is developed in Sect.4, whereas in
Sect. 5, a numerical example is presented to show the applicability and validity of
the proposed approaches. Finally, conclusions and future scope are discussed based
on the present work in Sect. 6.

2 Preliminaries

Some basic preliminaries regarding neutrosophic set are presented in the following
section.

Definition 1 ([4]) Let Y be a universe discourse such that y € Y, then a
neutrosophic set A in Y is defined by three membership functions namely, truth
1A (y), indeterminacy A4 (y), and a falsity v4(y) and is denoted by the following
form:

A={<y, ua(y), 2a(y), valy) > [y €Y},

where wa(y), Aa(y) and v4(y) are real standard or non-standard subsets belong
to ]0~, 17, also given as, ua(y) : ¥ — 107, 17[, Aa(y) : Y — 107, 17[, and
va(y) : Y — 107, 1T[. There is no restriction on the sum of pA(y), Aa(y) and
v4(y), so we have

0™ < sup ua(y) +ra(y) + sup va(y) <3%.

Definition 2 ([4]) A single-valued neutrosophic set A over universe of discourse Y
is defined as

A={<y, ua(y), 2a(y), va(y) > |y €Y},

where pa(y), 2a(y),and va(y) € [0, 1]and 0 < pa(y) +Aa(y) +va(y) < 3 for
eachyeY.
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Definition 3 ([4]) The complement of a single valued neutrosophic set A is
represented as ¢(A) and defined by o4 () = va(y), Ae(a)(y) = 1 — va(y) and
ve(a)(¥) = ra(y), respectively.

Definition 4 ([4]) Let A and B be the two single-valued neutrosophic sets, then the
union of A and B is also a single-valued neutrosophic set C, that is, C = (A U B),
whose truth uc(y), indeterminacy Ac(y), and falsity vc (y) membership functions
are given by

ne(y) = max (ua(y), us(y))
Ac(y) =max (Aa(y), Ap(y))
vc(y) = min (v4(y), vp(y)) foreachy € Y.

Definition 5 ([4]) Let A and B be the two single-valued neutrosophic sets, then the
intersection of A and B is also a single-valued neutrosophic set C, that is, C =
(A N B), whose truth uc(y), indeterminacy Ac(y), and falsity vc(y) membership
functions are given by

e (y) = min (ua(y), np(y))
Ac(y) =min (A a(y), Ap(y))
vc(y) = max (v4(y), vp(y)) foreachy € Y.

Definition 6 A solution set Y* € S is said to be an efficient solution to the
MLMOPPs if and only if there does not exist any other ¥ € S such that O;; > O
foralli =1,2,...,¢; j=1,2,...,my, respectively.

Definition 7 For any ML-MOPPs, an efficient solution selected by the decision
makers is the best compromise optimal solution which is chosen on the basis of
decision makers’ explicit and implicit criteria.

3 Description of ML-MOLPPs

Assume that a ¢- level multiobjective programming problem with minimization-type
objective functions at different level. Consider that DM, represents the i-th level
decision maker and controls over the decision variable y; = (yi1, yi2, ..., Yin;) €
R' foralli =1, 2, ..., t, wherey = (Y1, Y2, ..., ¥:) € R" such that n =
ni +2 + ...+ n;. Furthermore, we assume that

O0;(y) = 0;(y1, ¥2, --., ¥1) : R"xR"”x...xR" — R™ Vi=1,2, ..., ¢t

(1)
represents the vector-set of a well-defined linear objective function to the i-th
decision makers, i = 1, 2, ..., t. The equivalent mathematical expressions for

the ML-MOLPPS with minimization-type objectives can be stated as follows:
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[1st level]
h’)[lin 01(y) = Ni}n (011 012(¥). -, 01w, (¥))
where y2, y3, ..., ¥; solves
[2nd level]
Ngn O2(y) = N)I;n (021(3), 022(¥), ---» 02m, (¥)) Q)

where y; solves

[t-th level]

Min O:(y) =1\/){3n (01 (), 02(¥), -\ 0w, (¥))
subject to

yeS:{yeR”|Gly1+G1y1+~-~+tht(§ or = or>)q,y=>0,
qeR"} £, (3)

where
0ij(y) =clyi +ya by, =12, =12,
=y +ephyia 4 4 €l Ying + G yan + chyn + -

+ Co Yoy - €Y F Y2 -+ ¢ Vi,
4)

such that S is the multi-level convex constraints in feasible decision set under multi-
level multiobjective programming problems. The notation m;, i =1, 2, ..., ¢
denotes the number of objective function under i-th decision maker, m is the number
of constraints, C;é/ = (c;c/l, c}(jz, ’C;cjn,) , k=1,2, ...,1t, c;fnk are constants,
and the coefficient matrices of size m x n; are depictedas G;, Vi=1, 2, ..., 1.

4 Proposed Neutrosophic Fuzzy Goal Programming
Techniques

In the past few decades, it has been observed that the situation may arise in
real-life decision-making problems where the indeterminacy or neutral thoughts
about element into the feasible set exist. Indeterminacy/neutral thoughts are the
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region of the negligence of a proposition’s value and lie between truth and a
falsity degree. Therefore, the further generalization of fuzzy set (FS) [20] and
intuitionistic fuzzy set (IFS) [7] is presented by introducing a new member into
the feasible decision set. First, [18] investigated the neutrosophic set (NS) which
comprises three membership functions, namely truth (degree of belongingness),
indeterminacy (degree of belongingness up to some extent), and a falsity (degree
of non-belongingness) functions of the element into the neutrosophic decision set
(see [2, 3, 5)).

In ML-MOLPPs, if an imprecise aspiration level under neutrosophic environ-
ment is assigned to each of the objectives at each level of the ML-MOLPPs,
then such neutrosophic objectives are termed as neutrosophic goals and dealt with
neutrosophic decision-making techniques. Hence, the marginal evaluation of each
neutrosophic goals is characterized through three different membership functions,
namely truth, indeterminacy, and a falsity membership functions by defining the
tolerance limits for attainment of their respective aspiration levels.

4.1 Characterization of Different Membership Functions
Under Neutrosophic Environment

In multi-level decision-making problems, each DM intends to minimize its own
objectives in each level over the same feasible region depicted by the system of
constraints; hence, the individual optimal solutions are obtained by them and can be
regarded as the aspiration levels of their associated neutrosophic goals.

Assume that yij = (yllj, ylzj, el y;]) and oﬁmn, i=1,2, ...,¢t, j=
1, 2, ..., m; be the best individual optimal solutions of each DMs at each level,
respectively. Furthermore, consider that /;; > O?}i“ denotes the aspiration level
assigned to the ij-th objective 0;;(y) (where ij means that when i = ¢ for ¢-
th level decision makers then j = 1, 2, ..., m;). Moreover, also consider that
y = (y’i*, yé*, el yf*), i=1,2, ..., t— 1, be the optimal solutions for the
t-th level decision makers of ML-MOLPPs. Consequently, the neutrosophic goals of
each objective function at each level and the vector-set of neutrosophic goals for the
decision variables monitored by ¢-th level decision makers can be stated as follows:

Oij(y)ilij, i=1,2, ...,¢t, j=1,2, ..., m;j and
viSyr i=1,2 -1,
where < and = represent the degree of neutrosophy of the aspiration levels.
One can note that the solutions y” = (y{, v, ..., /) i =
1, 2, ..., t, j=1,2, ..., m; are probably different due to the conflicting

nature of the objective functions at each level for all the decision makers. Therefore,
it can be obvious to consider that the values of 0gn (¥ . ¥5 + -..0 ¥5') >
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ot g =1,2 ..., t, m=1,2 ..., mandVij # gm with all values
greater than Ogm = max [ o;; (yfm, ygm, e, y‘tgm), i=1,2, ...,¢t j=
1, 2, ..., m; and ij # gm] are absolutely unacceptable to the objective
function 04, (y) = 0gm(¥1, ¥2, .., ¥t). As aresult, 0g;(y) can be taken as the

upper tolerance limit ugy, (y) of the neutrosophic goal to the objective functions.
The upper and lower bounds for ij-th objective function under the neutrosophic
environment can be obtained as follows:

Ul.‘]‘. = ujj, LZ. =1 for truth membership
Ul?}. = Lg. + aij, L?j = Lg. for indeterminacy membership
Ul = Ui‘;, L}, = LZ + bjj for falsity membership,

where a;; and b;; € (0, 1) are predetermined real numbers.

Thus, the different membership functions, namely truth i, (0;(y)), indeter-
minacy A,,;(0ij(y)), and a falsity v,,; (0;;(y)) membership functions for the ij-th
neutrosophic goals can be stated as follows:

1 if 0;(y) < ij-
.. — 1 Oij(Y)_L:;' if LM < 0:: < UM 5
MOi_;(Oz](Y))— _wl ij < 0i(y) < ij (@)
0 if 0;;(y) > Uil;
1 ~if o(y) < L
0ij(y)—L}; .
hoi; (0ij(y)) =1 1 — W if L] <oij(y) < U,% (6)
0 if 0i(y) = U};
1 if 0j(y) = U}
U,'V' —0jj (y) . )
Vo, (0ij(¥)) = 1 — [}\;fi:}l if L}, <0ij(y) =U}; 7
0 if 0;j(y) = L}

To construct the different membership functions for the decision variables
monitored by i-th decision makers, first, the optimal solution for the z-th level

MOLPPs, y** = (yi*, yb*, ..., yi*), i =1, 2, ..., t — 1, should be carried out
by using any appropriate method for MOLPPs optimization techniques.
Suppose that 7T} and Tk’ﬂ, i=1,2, ...,t—=1, k=1,2, ..., n; bethe

maximum negative and positive tolerance limits on the decision variables imposed
by the i-th level decision makers. Usually, the tolerances 7}, and Tjg may not be
equal. The upper and lower bounds for ik-th decision variable vectors under the
neutrosophic environment can be stated as follows:
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uzk =y + Tlﬂ, ,uﬁ,k =y — Tkio‘ for truth membership
)\gk = '“)L’;k + ajk, )»}L,[k = “ft . for indeterminacy membership
vgk = ,ugk, v;‘l_k = M)L,ik + bix for falsity membership,

where a;; and b;; € (0, 1) are predetermined real numbers.

For each of the n; components of the decision variable vector yj, =
(y;."l, y?‘z, y;“ni) controlled by the leader (¢t — 1)-th level decision makers,
the different linear membership functions under neutrosophic environment such as
truth py,, (yix), indeterminacy Ay, (yix), and a falsity vy, (yix) can be furnished as
follows:

L
Yik~My, ..o op "
ik §f <y < vy
Vi—hL Ky = Vik = Yk
U
My k) = § Po =k oo . U ®)
—ik —— if yE < < ud
Mg']ik_y?k Vi = Yik = My,
0 otherwise.
L
y:’k_)hvik . L %
. < vy <V
),%—Agik if Ay, < Vik = Vit
Dy Qi) = { M )
yir Vi ik if y5 <y <Al
A ik ik = Jik = Ay
0 otherwise.
L
}’ik_V)-‘-k . L *
ik < vy <y
y'ZC_U)L'ik if Vyie = Yik = Yig
Vy Oik) = 4 DYk oo U (10)
Yik \J1 L <y <
Gy TV S i Sy
1 otherwise.

Also, it should be noted that the range of y;; may be shifted according to the decision
makers’ choices.

In a neutrosophic decision environment, the neutrosophic goals comprising
the decision makers’ objective functions at different level and the neutrosophic
goals of the decision variable vectors are monitored by leader (¢ — 1)-th level
decision makers. The attainment degrees to their aspiration levels to the extent
possible are virtually achieved by the possible achievement of their respective
memberships, namely truth, indeterminacy, and a falsity membership functions to
their utmost degrees. Obviously, this aspect of neutrosophic fuzzy programming
approach enables a neutrosophic fuzzy goal programming technique as a justified
approach for solving the leader ¢-th level MOLPPs and consequently ML-MOLPPs.
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4.2 Neutrosophic Fuzzy Goal Programming Approach

In neutrosophic programming approaches, the neutrosophic membership degrees
can be transformed into neutrosophic membership goals according to their respec-
tive maximum degrees of attainment. The highest degree of truth membership
function that can be achieved is unity (1), the indeterminacy membership function is
neutral and independent with the highest attainment degree half (0.5), and the falsity
membership function can be achieved with the highest attainment degree zero (0).
Now, the transformed membership goals under the neutrosophic environment can
be expressed as follows:

I'L(),'_,' (Oij (Y)) + di;ﬂ - di—}_,u, = 17

hoy (0ij () +dij, —df, =05, 4Y i=1,2, ...t j=1,2 ....m
vo,, (01 (¥)) + i, — dt, =0,
(11)

Py Yik) + diy,, — d;,rm =1,
My Qi) Fdi, —dib, =05tV i=1,2, .. =1, k=12, ..., n
ink(yik)+di_kv _diJ'l;v =0,

(12)
or equivalently represented as follows:
Oij(y)*L,‘; _ +
V= iy —dju =1
oij(y)—L[?‘. _ + . . .
l_w+dijk_di,/)» =05 ¢vYi=12, ...t j=1,2, ..., m
U}, —oij(y) - +
1— W-’_dlfv _dijv :O,
(13)
L
Yik—Hy; — +
—y?k—ug.l,: +dy, —dit =1,
P~ 8 B+
Yik 7! - —
oy i~ i = 1
VTR L g _get 05
R Ll VR Lok=1,2 -
)\gk_)’[k b bt =1, 2, ..., t—1, =1, 2z, ..., n;,
U +dip, — di;. = 0.5,
L
Yk~ Vy; - + _
y?*k_—U}L“k—i_dz?;w _dﬁcv =0,
Lok e e
v}éi—y;kk +diku - dikv =0,
(14)
- - - . - - - +
where dp = (d3”, df). dif = (d%T. di )iy df . i als, it abt =
O;anddii_ ><d;i-|r =0, Vi=1,2, ...,t—1, k=1, 2, ..., n; are the over

and under deviations for truth, indeterminacy, and a falsity membership goals from
their respective aspiration levels under neutrosophic environment.
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In goal programming strategy, the over- and/or under-deviational variable vectors
are considered in the objective function to minimize them and solely depend on the
nature of objective function that is being optimized. In the proposed neutrosophic
goal programming technique, the over-deviational variables for neutrosophic goals
of each objective function, d;;. Vi=12, ....,t, j=1,2, ..., mj and
the over and under-deviational variables for the neutrosophic fuzzy goals of the
decision variable vectors, dfjf, d; . dﬁf and dﬁ; Vi=1 2 ..., -1,
k =1, 2, ..., n; are needed to be minimized to attain the neutrosophic fuzzy
goals.

4.3 Neutrosophic Fuzzy Goal Programming Approach
Jor ML-MOLPPs

The proposed neutrosophic fuzzy goal programming (NFGP) algorithm for solving
the multi-level multiobjective linear programming problems (ML-MOLPPs)
is presented, and the two new algorithms are suggested under neutrosophic
environment.

4.3.1 The First NFGP Algorithm for ML-MOLPPs

First of all, the first NFGP algorithm proposed in this chapter groups over the
different membership functions for the prescribed neutrosophic fuzzy goals of the
objective functions at each levels; it also groups the different membership functions
of the neutrosophic fuzzy goals of the decision variable vector of the 7-th leader-level
problems that are optimized individually under neutrosophic environment. Thus, by
assuming the goal attainment problems at the same preference level, the equivalent
proposed neutrosophic fuzzy multi-level multiobjective linear goal programming
model of the ML-MOLPPs under neutrosophic environment can be expressed as
follows:

mi
inF=) w Z Z
MmF_Zwlm lm+ w2m 2m -+ wtm tm
j=1

mi my
+ g+ + g+
+Zwljkd1jk+zw2jkd2]k +Zwm A
=1 j=1
my

mi my
+ - + -
_Zwljvdljv_Zijvdev_'” Zwtjv tjv
=1 j=1

+ 3 (whe @i + i) + wf, @l +afh)
k=1
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ny

+ (wgk(dgk_- 5 + why (. + dfkf))
k=1
ny—1
- B B B+
+ Z (wfilk(dza—lk- F ) dt—lk-)>
k=1
subject to
Moy (01j(Y) +dp, —dfj, =1, j=1,2 ..., m
Moy (02j(Y) +dy;, —dfy, =1, j=1,2, ..., m
Moy (0j(Y) +dy, —df =1, j=1,2, ... n

hoyj (01;(0) +di; —di; =05, j=1,2, ..., n

)‘Ozj(OZj(Y)) +d2_jx _d;—jk =05, j=12, ..., mn

Ao (01 (Y)) +d,j; _dt-}_k =05 =12, ..., n

Vo (01 (V) +dp;, —di, =0, j=1,2, ..., n
Uozj(OZj(y))+d2_jv _d;_jv =0, Jj= 1,2, ..., np

Vo (0 (V) +dp;, —df, =0, j=1,2, ... m
H'y1k(y1k) +d17(# _dﬁﬂ = 19 k= 1, 2, ey N

Myzk(ka) +d2_kﬂ _d;;‘ll = 1, k= 1, 2, ce.y, N2
My,_lk()’z—lk)—f‘d,_,lku _dt—tlk,u = 1, k = 1, 2, coe, Ny
)‘ylk(ylk)_’_d]_]()L _dl_;)\ :OS, k= 1, 2, co., Ny

My V2k) +dyp, —d, =05, k=1,2, ..., ny
)‘y,_lk(yt—lk) +dtilkk _dttlk)\ =0.5, k= 1, 2, ..., ni—1
vy k) +dy, —df, =0, k=1,2, ..., n

Vi O20) +dop, —diy, =0, k=1,2, ..., m
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Yy Or—16) +d;_ 1y — dt =0, k=1,2, ..., n

Gii+Giyi+--+Gy(s or =0r=)q,y=0

d,j,d,j >0andd;; _xdf:O, Vi=1,2, ...t j=1,2, ..., m

di,di >0andd, xdt =0, Yi=1,2 ....,t—1, k=1,2, ... n
(15)

Now the above model in Eq. (15) can be represented as follows:

nmi
inF=3 w Z Z
MIHF_ZwUu 1m+ w2/u 2/# -+ wtm tm
j=1

mi
+wajk 1/A+Zw21k ZJA +Zwt/k tjx
Jj=1
mi my
= 2wl = 2wy~ Z Wiy
j=1 j=1
ni
+ (w?k-(d?k_. + i) + wi @l + d{slj_)>
k=1

+ Z (ka A +d) +wh @b d'”))

k=1
ni—1 /3
+
+Z(wz e A @y 4 d —lk-))
k=1
subject to
0ij(y) — L, _ .
—gE e T = =L 2 =2,
0ii(y) — L},
I—UA——i—d —df, =05 i=1,2 .1 j=12 .om
Ul]
U--_Oij(Y)
1_W+dljv_dljv_0’ l—l, 2, .., 0, ]—1, 2, e, My
Vik = 1, .
ey, —df, =L i=12 = k=12

ylk H’V,k
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U
My — Yik
W pdy, —df, =1 i=12 =1 k=12,
Hyie = Yik
L
Vik = Ay,
S b, —df =05, =12, =1 k=1,2, ... n
Yik = My
AU — ik
s bdp, —df =05, =12 =1 k=1,2 ... n
A — ik
L
ik — Vy.
T g —df, =0, =12 1, k=12
Yik = Vyi
U
Vo, — Vik
Zk—ﬁwl—,w—dlﬁw:o, i=1,2 .., t—1, k=1,2, ..., n
Vyie ~ Yik
Giyi+Giyit+---+Gyi(s or =o0r=)q,y=0
dj;., d;;. > 0and d;;. xd;,zo, Vi=1,2, ...t j=1,2, ..., m
di,dit >0andd xdif=0, Vi=1,2 ...,t—1, k=12, ..., m
&7 db > 0anddl xdit =0, Vi=1,2, ... 1—1, k=1,2, ..., m,
(16)
where F represents the neutrosophic achievement function comprising the weighted
over-deviational variables d;,, Vi=12, ....,¢t, j=1,2, ..., mjof
the neutrosophic goals /;; and the under-deviational and over-deviational variables
A%, det, db T and BT, v i=1,2, L 1=, k=1,2, ..., nfor

the neutrosophic goals of all the decision variable vectors for the leader ¢+ — 1-th
levels. The corresponding weights w;;_, wf, and wﬁc_ depict the relative importance
of attaining the aspired levels of the respective neutrosophic goals under the given
constraints in the hierarchical decision-making scenarios.

To assign the different relative importance of the neutrosophic goals adequately,
we have suggested the weighting scheme with the aid of u;; and /;;. The weighting

scheme to each weight wl"; w, ., and wﬁ( has been stated as follows:

1
wf:—, Vi=1,2, ....t, j=1,2, ..., m; (17)
Y i =l
w¥ —Landwﬂ —L Vi=1,2 t—1, k=1,2 n:
ik_Tia ik~_Ti/3’ =L, & ey s =1, 2, ..., nj.
k k
(18)

The NFGP model (16) gives the most satisfactory solution for the decision makers at
all levels by attaining the aspired level of different neutrosophic membership goals
at utmost possible in neutrosophic decision environment. The solution method is
quite simple and demonstrated with the help of numerical examples in Sect. 5.
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The step-wise solution procedure for the first NFGP algorithm for solving ML-

MOLPPs can be stated as follows:

1. Solve each objectives individually for all levels under given constraints in order
to find the maximum and minimum values of each objectives at all levels.

2. Depict the goals and upper tolerance limits—u;;, l;;; Yi=1,2, ..., t, j=
1, 2, ..., mj—for each objectives at all levels.
1
3. Calculate the weights, w.+, = — VvV i=1,2, ..., t, J =
i =1
1,2, ..., mjandset g = 1.

4. Evaluate the different membership functions w, o (0gi (¥)), Ao o (0gj(y)) and
Vo, (0gi(¥),j =1, 2, ..., mgforeach objective function under neutrosophic
environment.

5. Develop the model given in Eq. (22) for the g-th level MOLPPs.

6. Obtain the value of y8* = (yf " yg*, ..., ¥¥") by solving model given in Eq.
(22).

7. Impose the maximum negative and positive tolerance limits on the decision vari-
able vectors yg = (Y51, ¥op, --+» Yen,)» Ti" and T k=1,2, ..., n,.

8. Calculate the weights wgk. = ﬁ and wgﬂk, = ﬁ, k=1,2, ..., ng.

k

9. Evaluate the different membership functions My (Vgk)s )Lygk (ygk) and Vyer (Vek)

for the decision variable vectors y§ = (y5|, ¥55, ---» Yen,) givenin Eq. (12).

10. If g > ¢ — 1, then proceed to step 11, otherwise go to step 4.
11. Depict the different membership functions Moy (01 (¥)), )LO,J. (0:j(y)) and

Vo, (04j(y)), j =1, 2, ..., m, for each objective function at the p-th level
under neutrosophic environment.
1
12. Calculate the weights, wh = ——— VvV j=1,2, ..., m;.

U w — L
J Tl
13. Formulate the model given in Eq. (16) under neutrosophic environment and
solve it to get the satisfactory solution of the ML-MOLPPs.

4.3.2 The Second NFGP Algorithm for ML-MOLPPs

In the first NFGP algorithm, the final model contains the different membership
functions for the neutrosophic goals of the decision variable vectors monitored
by ¢ — 1 levels, which separately solves for the i-th level MOLPPs. The second
NFGP algorithm solves t MOLPPs that considers the decisions of the leader levels.
After initialization steps 1 to 3 in first algorithm, the solution methods initiate with
MOLPP of the first decision maker obtaining the compromise solution. A marginal
evaluation of the first decision maker’s decisions is taken into account to get rid of
the decision deadlock. Hence, decisions of the first decision maker are depicted by
the different membership functions under neutrosophic environment and sent to the
second decision maker as additional auxiliary constraints. Afterward, the second
decision maker considers the neutrosophic membership goals of the objectives
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as well as decision variable vectors of the first decision maker. After that, the
achieved solution is passed to the third decision maker who tries to find out the
optimal solution in a similar fashion. The processes of finding the optimal solution
are repeated until the follower level is reached and consequently, the process is
terminated.

The step-wise solution procedure for the second NFGP algorithm for solving
ML-MOLPPs can be stated as follows:

1. Follow the same procedure from steps 1 to 9 as discussed in the first NFGP
algorithm.
2. Formulate the model given in Eq. (16) for the ML-MOLPPs with t = g under
neutrosophic environment.
. Solve the model given in Eq. (16) to get y8* = (y ", y5', ..., ¥ ).

[S]

4. Establish g = g + 1.

5.1f g > t, then terminating with a satisfactory solution results y$* =
oF, ¥, ... ¥ to the ML-MOLPPs, otherwise proceed to step 7 of
the first NFGP algorithm.

According to the solution priority, the second NFGP algorithm can be used to obtain
the direct solution of the ML-MOLPPs to decisions of the first-level decision maker.
After that, it directs the solutions to the decisions of second-level decision maker by
preserving the solution closer to the decisions of first-level decision maker. Thus,
the process goes on until the last level of the ML-MOLPPs preserving the solution
closer to the decision of the leader levels.

5 Numerical Ilustrations

The following numerical example consisting of tri-level multiobjective linear
programming problems is presented to show the validity and applicability of the
proposed NFGP optimization algorithms.

[1st level]

Ny[&n O1(y) = Ngfn (011(y) = y1 — y2 —4y3, o12(y) = —y1 +3y2 —4y3),
where y> and y3 solve

[2nd level]

Ngn O2(y) = 1\%11 (021(y) = 2y1 — y2 + 2y3, 022(y) = 2y1 + y2 — 3y3,

023(y) =3y1 —y2+y3),

where y3 solves
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Table 1 Individual minimum and maximum values for each objectives

1st level 2nd level 3rd level
011 012 021 022 023 031 032
mingo;; -2.5 -3.5 -1 -1 -1 -0.5 0
maxso;; 1 3 4 2 5 8.5 2
[3rd level]

Ng“ O3(y) = NJ&H (031(y) = Ty1 + 3y2 — 4y3, 032(y) = y1 + y3)

subject to

yity+y3 <3 yi+y»—-y3=1,
yvityw+y=1l —yi+yn+y=1,
y3 <05, yi, y», y3=0.

The individual minimum and maximum values of each objective function for all
the three levels of MOLPP under the given constraints S is furnished in Table 1.
To apply the proposed NFGP algorithms, the aspiration levels and leader tolerance
limits to the objective functions may be taken as the minimum and maximum
individual optimal solutions.

The first NFGP algorithm can be elaborated through the solution method of the
second NFGP algorithm. Thus, the following is the proposed first NFGP algorithm
to tri-level multiobjective linear programming problem with the step-wise solution
procedures.

First — level decision maker's NFG P model :

Min Fi =0.286d/;, +0.154d} , +0.286d,}; +0.154d, —0.286d;,, —0.154d,,
subject to

— 0.286y; +0.286y; + 1.143y3 + d;, — df;, = 0.714

11w
—0.286y; + 0.286y; + 1.143y3 + d;;, — d}}, = 0.143
— 0.286y1 +0.286y, + 1.143y3 +d;;, —dj;, = 0.03
0.154y; — 0.154y, 4+ 0.62y3 +d;,, —df; = 0.54
0.154y; — 0.154y, + 0.62y3 + d;5, —d;5, = 0.21

0.154y; — 0.154y, +0.62y3 + d;,, — d}, = 0.07
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yity+y3 <3 yit+ty»-—y3s=1,
yityn+ty=l, —yi+yn+y3=l
y3 =05, yi, y2, y3=0, (19
i, di =0andd; xdf =0, ¥Vi=1, j=1,2.

With the help of optimizing software, the optimal solution of the problem given in
Eq. (19) is y'* = (0.5, 0, 0.5). Assume that the first-level decision maker assigns

yll* = 0.5 along with the negative and positive tolerances Tll"‘ = TlllS = 0.5 and

1
with the weights w{, = w’f =05 = 2, respectively.

Second — level decision maker's NFGP model :

Min Fi = 0.286d} , +0.154d};,, +0.286d}, +0.154d}, — 0.286d;,,
—0.154d,, 4+ 0.2d5, , +0.33d},  +0.167d35,, +0.2d5}, +0.33dy;,
+0.167d;, —0.2d3;, — 0.3y, — 0.167d5;, +2[di* + di + ;) + a7 |
subject to

—0.4y1 +0.2y2 — 0.4y +dy;, —dyy, = 0.2

— 0.4y + 0.2y, — 0.4y3 + d5;, — dy;;, = 0.13

—0.4y; +0.2y, — 0.4y3 + dy;, — d5j, = 0.04

—0.667y1 — 0.33y2 + y3 + ds,, — di, = 0.33

—0.667y1 — 0.33y2 + y3 + dyy, — di, = 0.18

—0.667y; — 0.33y2 + y3 + dsp, — d55, = 0.02

—0.5y1 +0.167y2 = 0.167y3 + do3,, — dyy, = 0.17

— 0.5y +0.167y, — 0.167y3 + ds3; — dyy, = 0.09

—0.5y1 +0.167y, — 0.167y3 + d5;, — d5, = 0.01

— +a —B +8 _
2y1+d11‘;—d11‘;‘1_1, 2y1 +dyy, —dyy, =1,

21 +di —diS =05, 2y +d;f —dif =05,

- - +
2y1 +dy, _dlﬁ% =0, 2y +d11ﬁu _duﬁu =0,
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constraints (19)
di7, dif >0andd)” xdit =0, Vi=12k=1 (20)
df7, dbt > 0anddl xdft =0, Vi=1,2k=1.

The optimal solution for the second-level NFGP model in Eq. (20) is obtained

as y2* = (0.5,0,0.5), (0.5,0.998,0.5), (0.5,0.5,0). Suppose that second-level
decision maker finalizes yf* = 0.998 along with the negative and positive tolerances

= 1.333, and w}, =

1
T2 = 0.75, and TP = 0.25 and with weights w, = 075

1
05 = 4, respectively.

Third — level decision maker's NFGP model :

Min Fi = 0.286d} , +0.154d};, +0.286d}, + 0.154d}, — 0.286d;;,

— 0.154dy,, +0.2d5, , +0.33d},  +0.167d35,, +0.2d5}, + 0.33d35,

+0.167d5;, —0.2d;5,, — 0.33d, — 0.167d55, +2 [ +d i +d; + 4}’

+1.33(dy% + d) + 4dy, + dfF)
subject to
—0.78y1 4 0.33y; + 0.44y3 + d5;, — d3, = 0.06

— 0.78y1 + 0.33y; + 0.44y; + dj;, — iy, =

—0.78y1 +0.33y; + 0.44y3 + d;;, — df}, =

—0.5y1 —0.5y3 +dsy, —dyy, =0

—0.5y1 — 0.5y3 +dy, —dih, =0

—0.5y1 —0.5y3 +dy,, —d,, =0

133y, +dy, — dift,, = 1.33, 4y +dy, — il =3.99,
1.33y; +d;% —dfiS = 0.94, 4y +dy° —d;f =235,
133y, +d;% — dy® =035, 4y +dy —d) )P = 1.86,
constraints (20)

di-, dit >0anddl xdif =0, Vi=123k=1,2.

di7, bt > 0anddl xdliT =0, Vi=1,23k=1,2.
ey
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Table 2 Comparison of optimal solutions and satisfactory degrees of the given example

Proposed NFGP algorithm Baky approach | Abo-Sinna approach | Shih approach

(011, p11) = (=2.499,0.999) | (—2.498,0.99) |(—2.21,0.92) (=2.21,0.92)
(012, p12) = (0.4941,0.399) | (0.494,0.39) | (—0.569,0.55) (—0.569, 0.55)
(021, pa1) = (1.002,0.59) (1.002, 0.6) (1.88, 0.56) (1.88, 0.56)
(022, p22) = (0.498, 0.50) (0.498, 0.5) (—0.09, 0.7) (—0.09, 0.7)
(023, 123) = (1.002, 0.67) (1.002,0.67) | (1.09, 0.65) (1.09, 0.65)
(031, p31) = (4.491,0.47) (4.493,045) | (2.62,0.65) (2.62, 0.65)
(032, p32) = (1, 0.50) (1,0.50) (0.899, 0.55) (0.899, 0.55)

yx = (0.5, 0.9975, 0.5) (0.5,0.998,0.5) | (0.339, 0.61, 0.5) (0.339, 0.61, 0.5)

Table 3 Theoretical comparison of proposed NFGP algorithms with others

Proposed NFGP approach Other approaches

Proposed approach considers the indeterminacy | Abo-Sinna [1], Baky [8], and Shih et al. [16]
degree in decision-making process. cannot deal with indeterminacy in
decision-making processes.

The overall satisfactory degree is achieved by In [1, 8, 16] approaches, satisfactory degree is
attaining the neutrosophic fuzzy goals. achieved by attaining the fuzzy goals.

It characterizes neutrosophic membership Abo-Sinna [1], Baky [8], and Shih et al. [16]
functions for both objectives and decision do not cover this aspects.

variables under neutrosophic environment.

Additional predetermined parameters in This facility is not provided in Abo-Sinna [1],
indeterminacy and falsity degrees make the Baky [8], and Shih et al. [16]

decisions more flexible according to decision
makers’ choices.

The final optimal solution for the ML-MOLPPs given in Eq. (21) is obtained as
y3* = (0.5, 0.9975, 0.5) with the different objectives values 01 = —2.499, 01> =
0.4941, 021 = 1.002, 022 = 0.498, 023 = 1.002, 031 = 4.491, and 031 = 1, along
with membership functions @11 = 0.999, w12 = 0.399, uz1 = 0.590, p2p = 0.50,
noz = 0.67, u3; = 0.47, and p3; = 0.50, respectively. A comparative study is
performed among the proposed NFGP algorithm and presented in the Table 2. Other
approaches reveal that the solution results are very close to [8], whereas [1, 16] give
the same solution results for the presented numerical examples. Furthermore, the
theoretical contributions in the domain of ML-MOLPPs are also summarized in
Table 3.

6 Conclusions

This chapter proposes two different neutrosophic fuzzy goal programming algo-
rithms for the solutions of ML-MOLPPs. The neutrosophic goal programming
model is constructed to minimize the group tolerance of satisfactory degree of all
the decision makers and to attain the highest degree for truth (unity), indeterminacy
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(half), and a falsity (zero) of each kind of the defined membership functions’ goals
to the utmost possible by minimizing their respective deviational variables and so
that obtain the optimal solution for all decision makers. The primary advantages of
the proposed two different neutrosophic fuzzy goal programming algorithms that the
chances of refusing the solution repeatedly by the leader-level decision maker and
reevaluation of the problem again and again by restating the defined membership
functions required to reach the optimal solution would not arise.

The first NFGP algorithm considers the different membership functions for the
defined neutrosophic goals of the objective functions at all levels as well as the
different membership functions for the neutrosophic goals for the decision variable
vectors at each level except the follower level of the ML-MOLPPs. The second
NFGP algorithm solves the MOLPPs of the ML-MOLPPs by taking into account
the decisions of the MOLPPs for the leader level only. A numerical example is
presented to show the validity and applicability of the proposed NFGP algorithms
with the fact that the degree of indeterminacy may arise in the hierarchical decision-
making processes and can be overcome by utilizing the proposed algorithms. In
future, it can be applied to real-life applications such as transportation, assignment,
vendor selection, inventory control, supply chain, etc. and problems in multi-level
decision-making scenarios.

Appendix

The NFGP approach to solve the single-level MOLPPs is presented to facilitate the
achievement function y$* = (y‘f*, yg*, yf*), g=1,2, ---, t—1.Byusing
the same notations and symbols of this chapter, the NFGP model can be formulated
for any g-th level MOLPPs and can be stated as follows:

mg
Min F = Zw+ dt +wt.dt. —w d
j=i

gingjn gjr"gjr T Tgjvigjv
subject to
C]ngI +c§jy2+"'+6fj)’z+d(;ju—d;M =1, j=1,2, ..., my ’
Ci”jyl+C§jyz+"'+C§jyt+dg_j)L_d;}AZO'S’ Ji=1,2, ..., my Y

ity ey rdg, —dS, =0, j=1,2, ..., m
Giyi+Giyi+--+Gy(s or =o0r=)q,y=0

- o+ - + _ -
dgj., dgj,EOanddgj.xdgj‘_O, J=12 ..., mg
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