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Abstract

The primary purpose of this report is to present an idea that is considered one of the main ideas in neutrosophic binary
topological spaces. We plead them the axioms of neutrosophic binary separation axioms associated in the neutrosophic
binary kernel. Also we studied its characteristics and the relationships between these new neutrosophic binary
separation axioms and their relationships with some other properties.

Keywords: Neutrosophic Set; Neutrosophic Binary Separation; Neutrosophic Binary Kernel Set; binary topological
spaces

Phrases: REB.T.S (X,Y), O(REB.T.S (X,Y)), C(RBE.T.S (X, Y)), REBCL(R,Q.), REBINT(R,Q.) ,
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1. Introduction

The neutrosophic set was introduced by Smarandache in 1998 [1] and explained, neutrosophic set is a generalization
of intuitionistic fuzzy set. Salama, Bluey introduced a denotation of neutrosophic topological spaces in 2012 [3], and
they introduced neutrosophic topological space as a generalization of the intuitive fuzzy topological space and
topological space with the aspect of degree of membership, degree of indeterminacy degree of non-membership of
each element. The connotation of separation axioms has always been important and indispensable in the branch of
topology , research related to this concept has played fundamental and very important roles in many topological studies.
Also, using the conception of neutrosophic topological space, many types of separation axioms are presented and
studied [4],[51,[61,[71,181,[91,[10], [11]. S. N. Jothi introduced the topology between two universal sets whose
is defined to be binary topology in 2011 [12]. The binary topology is a binary structure from X to Y which consists of
ordered pairs (B, Q.) wherever B € X and Q. € Y. So S. N. Jothi introduced and studied of the conception of binary
separation axioms in 2012 [13],[14],[15]. A neutrosophic binary structure from X to Y is defined as a neutrosophic
set of ordered pairs (P, Q) where P. neutrosophic set in X and Q. neutrosophic set in Y. In continuation, S. S. Surekha,
Sindhu G. and Broumi S. introduced, studied and developed the conception of neutrosophic binary Topological Space
which consists of two universal sets and each universal set include its own reality, indeterminacy and false membership
values in 2022 [16],[17]. Also A.G.Rose Venish and L. Vidyarani introduced along with some properties of
neutrosophic binary crisp points in 2023 [18 ]. Imran et al. [19], [20], [21] gave fresh insights into the concepts of
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topological groups, generalized alpha generalized continuity and generalized semi generalized closed sets that are
weakly neutrosophic. In this Article, our primary motivation is to define and recognize the axioms of separation using
neutrosophic binary which have implications for the set of neutrosophic binary kernels. But, before we get into that,
we've prepared a few definitions and assumptions based on the neutrosophic binary sets and also on the neutrosophic
binary kernel sets. In the second part of this article, we defined the weaker dualistic neutrosophic separation axioms
and studied their properties and relationships, which we called neutrosophic binary R, -Spaces, L = 0,1,2. In the third
part, we give the definition of the dualistic neutrosophic separation axioms, we call them neutrosophic binary T, -
Spaces, L = 0,1,2, and we mention some of their properties. In this part, we also prove their relationship with the
previous type. In the latter part we wrote conclusions for this article.

2. Preliminaries

A neutrosophic binary set (B, Q.) symbolized REB.S (B,Q.), (X,Y,BTy) is called neutrosophic binary topological
spaces on XEB.S (X,Y) (representas XEB.T.S (X,Y) ), the collection of each neutrosophic binary open set in
(X,Y,BTg ) symbolized by O(NEB. T.S (X, Y)), the collection of each neutrosophic binary closed in (X, Y ,BTy ) is
symbolized by C(NEB. T.S (X, Y)), the binary neutrosophic closure, neutrosophic binary interior, neutrosophic binary
kernel and neutrosophic binary complement of a XEB.S (B, Q.) in XEB.T.S (X,Y) is notation XEBCL(R,Q.),
XREBINT(P,Q.) , REBKER(P,Q.) and (P,Q.)%, respectively.

Definition 2.1 [14]: A neutrosophic binary topology is a binary structure consistence of two universal sets X andY
is where a family BTy < P(X) x P(Y), which satisfies the following three conditions:

(i) (0x,0,)and (Ix,1y) € BTy.

(i) (B, nQy, B, nQ.,;) € BTk whereas (B; N Q.;) € BTyand (B, N Q,;) € BTy.

(@iii) 1f{(B,,Q.,) : ¢ € A} is a family of members of BTy, then (UgeaBo s Ugen Qoo ) € BTy

The triplet (X,Y,BTy) is called RXEB.T.S (X,Y). Every member (B,Q.) of NEB.T.S(X,Y) belong to
O(XEB.T.S (X,Y )) and the complement of (B, Q.) in 8EB.T.S (X, Y) belong to (REB.T.S (X,Y)).

Definition 2.2 [14]:
a) The order (0, 0y) can be defined as
(i) 0y = {(x,0,0,0): x € X}, 0y = {{(y,0,0,0): ye Y}
(i) 0 y= {(x,00,1): 2 € X},0y= {(y,0,0,1): yeE Y}
(iii) 0x = {(,0,1,0) : = € X},0y= {{(y,0,1,0) : yE Y}
(iv) 0x = {(¢,0,1,1): 2 € X},0y= {{y,0,1,1): yE Y}
b) The order (1x, 1y) can be defined as
M 1x = (e, ,1,1): 2 € X} 1y = {(y,1,1,1) : yE Y}
(i) 1x = {{e,1,1,0): 2 € X}, 1y = {{(y,1,1,0) : yE Y}
(i) 1x = {{e,1,0,1): 2 € X}, 1y = {(y,1,0,1): yE Y}
(iv) 1x = {(¢,1,0,0): 2 € X}, 1y = {{(y,1,0,0) : ye Y}

Definition 2.3 [14] : The complement (B, Q.)€ of the XEB.S (P, Q) = {{c, up(ce), op(), yp(x®)): x €

X, 3o (3),00.3), Ya(3)):y € Y}ona REB.T.S (X,Y) can be defined as
(i) (®,0)%= {(= 1 — pp(®),0p(2), 1-vp(®): ¢ € X, (y,1 = pup(3),0p(). 1 - vp(3)): y € X}
(i) B,0)¢= {{=,vp(x),0p(®), up(®)) : ® € X,(y,va(), 0p(3), 1o, ():y € Y}
(iii) (B,Q) ¢ = {{, yp(®),1 —op(®), mp(®)): @ € X,{y,va.(3),1 —0p(»), Ha () y € Y}

Definition 2.4 [14]: Let (B 1,Q.) = {(up, (), op, (), Yp, (@), {Ha, (), 00, (), Yo, ()} and (B, , Q) =
{Cup, (), 0, (), vp, (), (o, 3), 00, (¥), Ya,(y))} be two neutrosophic binary sets. Then
i) (B1,04)c (By,Qp) ifand only if pp () < pp, (), op, (%) < op,(%®), vp, (®) = yp,(ce) for each x €
X\ Mo, () < Ha, ()00, () <00, Yo, () = va,() foreachy e Y
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(i) (B1,04) c (Bz,Qp) if and only if oq,(y) = 0q, (), ke, (%) < pp, (), op, (%) = op, (), Ve, (®) =
Yp, (%) for each x € X, Ha,, O) < Ko, (M, Yo, () = va,®)
for{(oe s Hp, (®)App, () , op, () A 0p, (@), Ve, (DV VB, ), (¥ Ko, 0D Ko, (3), 60, (DA 00, (3),

Yo, M)V Yva,())}eachy €Y

(iii) (B1,0q) N (B,,Q,) =

(iv) (B1,Q4) N (By,02) = {(, pp, (®)ARp, () , 0p, (%) 0p, (%), Y, 1)V Y, (), (v Mo, (DA Ba, ),
0q, o) VOqQ, o), Yo, MV Yo, (}))}

(v) (B1,0y) UR,,0,) =
{(ee, e, (@) vip, () , op, () Vv 0p, (%) , Y, (DA Yo, (D), {3 Mo, IV Ha, 3) 00, ()V 60,(),

Ya, A Yo, (}))}

(vi) (B1,Q4) U(By,02) = {(, pp, () v pip, () , 0p, (®)V 0, () , Yo, ()2 Yo, (D), {3 oo, (D VHa, ),

00, V0, (¥), Yo, (DA Ya, 0N}

Definition 2.5 [14]: Let (X,Y,BTx ) bea XEB.T.S, a XEB.S(R,Q.) = {< ®, up(®), op(®), yp(x®) >:x € X, <
Y 1o (), 00,(y), Yo,(y) >:y € Y } is namely the neutrosophic binary point [shortly, XEB.P] if and only if for each
element (e *, y*) €(X,Y)

pp(e™) = oy, 1pG*) = ay
{Ga(oe*) =By, op(x*) =B for (=*, y") = (=)

ve(e*) =8, vp(G*) =6,

op(®*) =1, op(3*) =1 for(x*, y*) # (x,y). a XEB.S (B, Q.) will be denoted by (P*
ve(®*) =1, vps(G*) =1
(%®y,8,,8, 'yazlﬁzlsz) , for the neutrosophic binary point (wal.Bl.Sl ’3a2.82.82)'(°e’3) will be called its support , The

Q'yaz»ﬁzﬁz) or

a1,B1,81 7

{HE(Oe*) =0,pmpG*)=0

C
complement of the (Oeal.ﬁl.sl '5a2.62.82) will be denoted by (xal.ﬁl.sl '%cz.ﬁz.sz) .

Definition 2.6 [14]: Let (X,Y,BTx ) bea XEB.T.Sanda XEB.S (P,Q) < (X,Y). The subset (P, Q.) is namely
neutrosophic binary neighborhood of a XEB.P (z,y) if and only if there exists (By,O.) € O(XEB.T.S (X,Y)) so

Definition 2.7 [14]: Let (X,Y,BTyx ) bea XEB.T.Sand (B,Q) < (X,Y),

(i) The ordered pair (B, Q.)x"", (B,Q.)"") is called REBCL(B,Q.) where
(B, Q)" =n{B;:(B,,Q,) €C(REB.T.S(X,Y)) & (B,Q)c (B,,Q,) } and
(B,Q)* =n{Q,x(B,,Q,) €C(REB.T.S(X,Y)) & (B,Q)c (B,,Q) }.

(ii) The ordered pair ((B,Q.)*", (P, Q.)?") is called REBINT(P,Q.) where
(®,Q)" =U{P,;:(R,,Q,) €O(REB.T.S(X,Y)) &(B,Q)2(B,;,Q,)}
(®,Q)" =u {0, (B,,Q,) € O(REB.T.S(X,Y)) & (B,0) 2 (B,,Q) }

Theorem 2.8 [14]: Let (B,,Q,;), (B;,0,) € (X,Y) and (X,Y,BTy) be XEB.T.S. Then the following
statements are fulfilled:
(i) REBINT(R;,Q,) c (B;,Q,).

(if) If XEBINT(B, ,Q.,)is neutrosophic binary open if and only if XEBINT(R;,Q.;) = (B;, Q).
(iii) If (B, ,Q,,) = (P, ,Q.,), then XEBINT(R,,Q.;) < XEBINT(B,,Q.,).
(iv) REBINT(XEBINT(R, ,Q,;)) = REBINT(R;,Q.,).
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(V) (By,Q) < REBCL(B;,Q.).
(vi) If (B, Q1) € C(REB.T.S (X,Y)) ifand only if XEBCL(B;,Q.;) = (By,Q,).

(V")If (E1 » Qzl) c (El » Q"I) ’ then NEBCL(E]_ ’ O"l) C NEBCL(EZ ’ Qz) .

Definition 2.9: Let (X,X,BTyx) bea XEB.T.Sand (P,Q.) < (X, Y). The ordered pair ((B, Q.)***, (P, Q.)?**) is
called REBKER(P, Q.) where

(®,0)" =n{R,:(B,,Q,) €O0O(REB.T.S(X,Y)) &(B,Q) c (B,,Q.,) } and

(B, Q)% =n {0, (B,, Q) € O(REB.T.S (X, Y)) &E,0.) = (B,,0.p) }.

For example: Let X = {p;,p,}andY = {q,,q,}betheuniverse. Let BTy = (0x,0y),(1x,1v), (P,Q)}bethe
NEB.T.S. So that (B,Q) = {(X (0.7,0.5,0.3),(0.6,0.50.4)),(Y,(0.6,0.5,0.4),(0.7,0.5,0.3))}. Let
(By, Q) = {(X,(0.4,0.5,0.8),(0.3,0.4,0.7) ),{Y, (0.5,0.5,0.6), (0.4,0.3,0.5) }} . Then XEBKER(P,,Q.,) =
r,0)

Theorem 2.10: Let (X,Y,BTyx) Be a XEB.T.S and (ex,y) € X x Y, then XEBKER(R,Q.) = {(x,y) EX XY :
XEBCL({x}, {y}) n (B, Q) # (0x,0y)}.

Proof: Let (x,y) € NEBKER(R,Q.) & suppose that XEBCL({x},{3}) n(B,Q.) = (0x,0y). Hence (z¢,y)
¢ [(X,Y) — (REBCL({x}, {3}))] which is belong to O(XEB.T.S (X,Y)) & containing (B,Q.) , since (c,y) €
NEBKER(R, Q). This is a ambivalence.

Conversely, let (e,5) €EX XY be so that XEBCL({zx},{3}) n(B,Q) # (0x,0y). If possible, let
REBCL({x},{3y}) n(B,Q) # (0x ,0v) & suppose that (x,y) ¢ XEBKER(R, Q.), then there exists (B,;,Q,;) €
O(REB.T.S (X,Y)) & containing(R, Q) , (,y) & (B;,Q.y ). Let (x*, y" ) € REBCL({x},{3}) N (B,Q.) .Hence,
(By,Q.; ) is a neutrosophic binary neighborhood of (oe* , y*) which (=,y) ¢ (B,,Q,; ). By this ambivalence
(e,y) € REBKER(R,Q.).

Theorem 2.11: Let (X,Y,BTy) beaXEB.T.S anda XEB.P (x,y),(*, y*) € (X,Y), then (x,y) €
REBKER({x=*}, {y"}) ifand only if (*, y") € REBCL({x}, {3})
Proof: Suppose that (x,y)# REBKER({xc*}, {y"}), then there exists (B,Q.) € O(REB.T.S (X,Y)) so that

(=*,y") € (B,Q). But (x,y) ¢ (B,Q.); therefore, we have (x* , y*) & REBCL({x}, {y}). By comparable
procedure we can prove the opposite .

Theorem 2.12:1f (x,y) and (*, y*) each REB.P in the REB.T.S (X,Y) , then NEBKER({x},{y}) #
REBKER({xe*},{y*}) if and only if REBCL({oe}, {y}) # REBCL({=*},{3 *}).

Proof: Suppose that XEBKER({x},{y}) # NEBKER({xe*},{y*}), consequently there is (e, ,yl) € X X Y so that
(%1,y,) € REBKER({=},{y}) & (=;,y,)¢ REBKER({*},{y*}), it follows that ({=},{3}) N
NEBCL({xe;},{y,}) # (0x,0y) , from this we get ({=},{y}) € REBCL({oe;},{y,}). Now, (a;,y,)¢
NEBKER({*},{y*}), we have ({=*},{4*} n REBCL({x;}.{y,}) = (0x,0y), since ({oe},{3}) €
REBCL({2¢1},{y,}), NEBCL({=},{y}) © REBCL({w:},{y,}) & ({=*},{3*}) n REBCL({=1},{y,}) = (0x,0v),
therefore REBCL({c}, {y}) # REBCL({*}, {3 * D).

Conversely, suppose that REBCL({zx}, {y}) # REBCL({ze*},{y*}), consequently there exist (3e2 ,yz) € X X Y such
that (o ,y,) € XEBCL({x=},{y}) & (2;,y,) ¢ REBCL({=®*},{y*}), there exist (B,Q.) € O(REB.T.S (X,Y))
including (o ,y,) & therefore (a,y) but not (x*, y') , namely (=*,y") & REBKER({x},{3}), hence
NEBKER({z}, {y}) # REBKER({x*},{3*}).

Theorem 2.13: Let (X,Y,BTx ) bea XEB.T.Sand (B, ,Q.;), (B,,Q,) € (Y,Y). Then:
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i) () € REBKER(P, ,Q,,) if and only if (B;,Q.;) N (G,H) # (0x,0y) for each (G, H) € O(REB.T.S (X,Y))
containing (e, y).

ii) (Py,Q,) < REBKER(P,,Q.,) and XEBKER(R;,Q,,) < (B;,Q,) if (B,Q) € O(REB.T.S (X,Y))

i)y If (B;,Q,) < (P,,Q,), then REBKER(P, ,Q.;) S REKER(P,,Q.,).

Proof: Obvious.

Definition 2.14: Let (B,Q.), (R*,Q.%) € O(REB.T.S (X, Y)) ,(B,Q.), (B*,Q.") are called disjoint
if(RnP*,0.nQ.*) = (0x,0,).

3. Neutrosophic Binary Ry -Spaces, L = 0,1,2

Definition 3.1: A XEB.T.S (X, Y)is said to be:

(i) Neutrosophic Binary Sober —R, space [SREB — Ry. S| if N(xyexy) REBCL({ee}, {y}) = (0x,0y).

(ii) Neutrosophic Binary—R, space [REB — R,.S] if (B,Q.) € O(XEB.T.S (X,Y)) and REB.P (z,y) € (B,Q.), then
REBCL({x}, ) € (B, Q).

(iii) Neutrosophic Binary —R; space [REB —R;.S] if for each NEB.P(zx,y), (oe*,y*) in (X, Y) with
NEBCL({cx}, {y}) # REBCL({xe*}, {y*}), there are disjoint (B,Q.), (R*,Q.*) € O(XEB.T.S (X,Y)), so that
REBCL({xe},{y}) € (B,Q) and REBCL({=*}L{3*}H < (R*,0.%).

(iv) Neutrosophic Binary—R, space [REB — R,.S] if for each XEB.P (2, y) & (G, H) and (G, H) € C(XEB.T.S (X, Y))
with XEBCL(BXKER({x}, {y})) # REBCL(BXKER(G,H)) , there are disjoint (B,Q), (R*,Q.%)€
O(XEB.T.S (X,Y)), sothat XEBCL(BXKER(G,H)) < (B,Q.) and XEBCL(BXKER({x},{y})) € (R*,Q.").

For example: Let X = {p,p,} and Y= {q.,q,} be the universe. Let BTy =
(0..,0,),(1;,1,),(B,Q),(By,Q),(B,,Q.,)}  be the  REB.T.S. So that (B, Qo) =
{(X,(0.7,0.5,0.3),(0.6,0.5,0.1) ), (Y, (0.6,0.5,0.4), (0.7,0.5,0.1) )}. Let (B,,Q.) =

{(X,(0.7,0.5,0.3),0, ),{Y, (0.6,0.5,0.4),0, )} , (B,,Q,,) = {(X,0x,(0.6,0.5,0.1)),(Y,0y,(0.7,0.5,0.1))}
Then (X,Y) is REB — R,.S

Remark 3.2: Every XEB —R;.Sisan XEB —R;_;.S, L =2,1.

Theorem 3.3: AREB.T.S (X,Y ) isSREB — R,.Sif and only if NEBCL({z},{y}) # (X,Y) foreach (x,y) € (X,Y)

Proof: presume that (X,Y) SREB—R,.S & that there is a REB.P (x*,y") in (X,Y) so that
REBCL({* 1,y *}) = (X, Y), then (*,y" )& (B,Q) which (B,Q)) € O(REB.T.S (X,Y)), this implicate that to
(oe* ,y*) € Nayexy) NEBCL({ee}, {y}) , but and so on a ambivalence.

Consequently, XEBCL({ae}, {y}) = (X, Y) for any (,3) € (X,Y). If there exists a REB.P (x*,y" ) in (X,Y) so
that (*,3")e Neayerx.y) NEBCL({x},{3}), then any (B,Q.) € O(REB.T.S (X,Y)) containing (*,y") must
contain all XEB.P of (X,Y), this implicate that the XEB.T.S (X,Y) is the unique containing (z,y) & belong to
O(REB.T.S (X,Y)) , hence REBKER({x*},{y*}) = (X,Y) which is a ambivalence, therefore (X,Y) is SKEB —
Ro.S.

Theorem 3.4: A REB.T.S (X,Y) is an is XEB — R,.S if and only if for each (B,Q.) € C(XEB.T.S (X,Y)) and
(c¢,y) € (B,Q.) , then REBKER({z}, {}) < (P, Qv).
Proof: LetaREB.T.S (X,Y) be a REB — R,.S & (B,Q.) € C(REB.T.S (X,Y)) & (z,y) € (B,Q.). Then for each

(=*,y") & (B,Q.) implicate (=*,y") € (B,Q)¢ € O(XEB.T.S (X, Y)) ,then REBCL({*},{y*}) € (P, Q.)¢, also
(ce,y)  REBCL({o*}, {y*}). Hence (*,y") ¢ NEBKER({x}, {y}). Thus XEBKER({x}, {y}) € (B, Q.).

Conversely: suppose forall (B,Q.) € C(REB.T.S (X,Y)) & (2,y) € (B,Q.), then REBKER({xe} , {3}) € (B,Q.) &
let  (U,V) €eO(REB.T.S(X,Y)) ., (=3 €(B,Q,) then  for  each(x*,y") ¢(R, Q)
implicate (oe*,y*)e((El,O,l))C € C(XEB.T.S (X,Y)) implicate that REBKER({x*},{y*}) < (B;, Q)¢ .
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Therefore (x,y) & XEBKER({x*},{y*}) & (*,y") ¢ NEBCL({x},{3}). Hence NEBCL({x},{3}) € (B;,Q.,).
That’s mean(X,Y ) isan NEB — R,.S.

Corollary 3.5: AREB.T.S (X,Y ) isan XEB — R.S if and only if for each (B, Q.) € O(XEB.T.S (X,Y)) and (x,y) €
(B, Q.), then REBCL(REBKER({z}, {y})) € (B, Q).

Theorem 3.6: AREB.T.S (X,Y )isa REB — R,.S if and only if for any XEB. P (z,y) in (X,Y ), REBCL({zx},{3}) =
XEBKER({} .,{y}).
Proof: XEB.T.S (X,Y ) isaXEB — R,.S. Now If XREBCL({zx}, {y}) = NEBKER({c¢}, {y}) for each REB.P (x,y) €

(X,Y), then there are REB.P (x*,y") € (X,Y) so that (e¢,3) = (®*)") & (=*,y") € NEBCL({},{3}),
(=*,y") & REBKER({x}, {y}) this implicate, there exist (B, Q.) € O(REB.T.S (X,Y)), (=*,y") & (B,Q,), from
this we get XEBCL({x}, {3}) € (B, Q) this is ambivalence, therefore REBCL({x}, {y}) = REBKER({z}, {3}).
Conversely , suppose that REBCL({ce}, {y}) = REBKER({z}, {y}), then forall (B,Q.) € O(XEB.T.S (X,Y)), () €
(B,Q), let (*,y") € REBKER({x},{y}), then (ce,y) € REBCL({xc*},{*}) & hence (x=*,y") € (B,Q.). This
implicate that REKER({zx},,{y}) < (B,Q.), thus XEBCL({zx}, {y}) = (P, Q.) , therefore (X,Y) isan REB — R,.S.

Theorem 3.7: AREB.T.S (X,Y)isan REB — R,.S ifand only if for any two XEB. P (a,y) ,and (2 *,y " ) in (X,Y)
with REBKER({z} ,{y}) # XEBKER({oe*}.,{y*}) , then XEBKER ({2} , {3}) N XEBKER({z* }, {y*}) = (0x, Oy).
Proof: let A XEB.T.S (X,Y) is an isREB — R,.S , then for any two XEB.P () & (*,3y") in (X,Y) if
REKER({x}, {y}) # REBKER({=*},{y*}), hence REBCL({oe},{y}) # REBCL({o*},{y*}). In fact, (xo,y,) €
REBKER ({2}, {y}) N REBKER({z*},{y*}), then we have (x¢,y), (=*,y") € REBCL({x,} {3,}) . we obtain that
REBCL({x},{y}) = REBCL({=*},{y*}) = REBCL({,},{y,}) . which is impossible. Then REBKER({zx},{y}) n
NEBKER({e*},{y*}) = (0x,0y)

Conversely : assume that for any twoXEB.P (x3) & (o*,y") in (X,Y) & XEBKER({x},{y}) N
REBKER({=*},{y*}) = (0x ,0v) then REBCL({oe}, {y}) N REBCL({xe*},{y*}) = (0x ,0v). In fact, (a,y,) €
REBCL({x} ,{y}) N REBCL({z*}, {y*}), this implicate that (x,y) & (x=*") € REBKER ({2} , {y,}). this means
NEBCL({oe}, {y}) N REBCL({oe*}, {3 *}) # (0,,0,). Hence by hypothesis, we get NEBKER({xe},{y}) =
REBKER({=,},{y,}) , by similar way it follows that REBKER({oe*},{y*}) = REBKER({=,},{y,}) Wwhich is a

ambivalence. Then XEBCL({x}, {y}) n XEBCL({=*}L,{y *}) = (0x,0y), therefore A XEB.T.S (X,Y) isXEB—
RO.S.

Corollary 3.8: A XEB.T.S (X,Y) is an is XEB — R,.S if and only if for any two XEB.P (a,3) , and (c*,y ") in
(X,Y) with REBCL({}, {y}) # REBCL({ee* }.{y*}) , then REBCL({ze} , {y}) N REBCL({=* }.{y * }) = (0x,0y).

Theorem 3.9: IfaXEB.T.S (X,Y ) is XEB — R;.S, then (X,Y ) is XEB — R,.S.

Proof: Let (x,y) € (B,Q,) € O(REB.T.S (X,Y)) , if (*,y" )& (B,Q.) then since (x,y) ¢ REBCL({f=*},{y*}),
NEBCL({xe}, {y}) # REBCL({ee*},{y*}) , hence there exist (R*,Q.*) e O(KEB.T.S(X,Y)) so that
REBCL({x*},3*}) € (R*,Q.*) & (=) ¢ (P;,Q,), which implicate (*,y") & REBCL({x},{y}), thus
REBCL({zx}, {y}) < (P,Q.), therefore, (X,Y ) is XEB — R,.S .

Theorem 3.10: A REB.T.S (X,Y) is an XEB — R,.S if and only if for any two REB.P (x,y), and (=*,y") in
(X, Y ) with XEBKER({z}, {y}) # REBKER({=*},{y*}), then there exist (G, H), (G*,H*) € C(XEB.T.S (X, Y)),
so that XEBKER({x},{y}) € (G, H), REBKER({z=},{y}) N (G* ,H*) = (0x,0y) and NEBKER({x*},{y*}) C
(G*,H*), REBKER({x*},3*D n (G, H) = (0x,0y) and (GH)U(G* H*) = (1x,1y).

Proof: Let a NEB.T.S (X,Y) be REB—R,.S , then two XEB.P (wmy), and (x=*,") in (X,Y) with
NEBKER({x},{y}) # REBKER({x*}, {3*}), this mean REBCL({x},{y}) # XEBCL({z*}.{3*}), since (X,Y)
is REB — R,. S then there exist disjoint (B, Q.), (B*,Q.* ) € O(XEB.T.S (X,Y)), sothat REBCL({x}, {y}) < (B, Q.)
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& REBCL({x*},{3*}) < (R*,0."), also (B,Q)C, (E*,O,*)C € C(REB.T.S (X,Y)) so that (B,Q.)¢ U (1x, 1y).
Now (GH)= (B,Q)C& (G*H*)=(R*,Q*)" Thus (=3 €®Q)CS(G*H*) & (x*y*)e
(B*,Q.") c (GH) implicate that NXEBKER({=},{3)c (B,Q) <(G* H*) & REKER({=*},{y*} c
(*,Q*) < (G H).

Conversely : suppose any two REB.P (z, y), (®*,y") € (X,Y ) with REBKER({}, {y}) # NEBKER({x*}, {3 *}) ,
there exist (G,H), (G*,H*) € C(REB.T.S(X,Y)), so that XEBKER({x}, {y}) € (G, H), REBKER({ze},{3}) n
(G*,H™) = (0x,0y) & REBKER({=* },{y * Dc (G*,H™) , REBKER({=* 1.{y *}) n (G, H) = (0x,0y) & (GH) U
(G*,H*) = (1x,1y), then (G, H), (G*,H*) € C(REB.T.S (X,Y)) & (G, H)¢ n (G*,H*)¢ = (0x, 0y). Now
take (G, H)¢ = (P*,Q.%) & (G*,H*)C = (B,Q.). Thus REBKER({x}, {y}) € (B,Q.) & REBKER({x*},{y*})
(B*,0*), (®a)n(R*,Q.*)=(0x,0y) hence (x3y) € (B,Q) & (x*y )€ (B*,Q*) implicate that
(y) ¢ NEBCL({ae*},{y*})&(oe*,y*) ¢ NEBCL({x},{y}), from this we get RXEBCL({x},{3}) € (P,Q) &
REBCL({*},{y*}) € (B*,Q."). Therefore a XEB.T.S (X,Y)isan REB —R;.S.

Corollary 3.11: A RXEB.T.S(X,Y) is an XNXEB—R; if and only if for any two
NEB.P (z,y),and (®*,y ") in (X,Y) with REBCL({x},{3}) # REBCL({oc*},{y*}), then there exist disjoint
(P,Qu), (P*,Q0.") € O(REB.T.S (X, Y)) which NEBKER(XEBKER({x},{y})) = (B,Q.) and
NEBCL( XEBKER({=*},{y*}) c (B*,Q.).

Proof: Let a XEB.T.S (X,Y) is an NEB—R; & then any two REB.P (x,3) , and (=*,y") in (X,Y) with
NEBCL({xe}, {y}) # REBCL({ee*},{y * ), then there exist disjoint (B,Q.), (B*,Q.* ) € O(KEB.T.S (X, Y)) so that
XEBCL({x}, 3}) € (P,Q.) & REBCL({x*}L{y*}) < (R*,Q.*). Since for each (xy) € (X,Y)
NEBCL({x}, {y}) = REBCL(REBCL({zx}, {y})) & (X,Y) is an NEB-—R, then XEBCL({x},{3}) =
NEBCL(REBKER({x}, {y}))

Consequently RECL(XEBKER({x}, {y}))c (B, Q.) & REBCL( REBKER({x*},{y*}) = (R*,Q.%).

Conversely:  Assume any two NEB.P  (¢,y), (oe*,y*)e (X,Y) with XEBCL({x},{y}) #
XEBCL({x*},{y*}),there  exist  disjoint (B,Q), (RP*,Q%)€eO(REB.T.S(X,Y)) such that
NEBCL(REBKER({x}, {y}))<(B, Q.) &  REBCL( REBKE({c}, {y}) c(REBKER({=e}, {3})) R({=*},3*} <

(B*,Q."). Also, then REBCL({x}, {y})  XEBCL(XEBKER({x},{y})) for each (x,3) € (X,Y). So we obtain
NEBCL({xe}, 3}) < (B, Q) & REBCL({x*},{3*}) < (R*,Q.*). Consequently, (X,Y ) isan XEB —R;.

Theorem 3.12: A REB.T.S (X,Y) is REB — R,.S if and only if for each XEB.P (=, y) , and (x*,y" ) in (X, Y)
with XEBKER({a}, {y}) # NEBKER({=e*},{y*}) there exist (B,Q.),(R*,Q.*) € O(REB.T.S(X,Y)) and it is
disjoint so that REBCL({x}, {y})< (P, Q.) and REBCL({=*},{y*}) < (B*,Q.%).

Proof: Obviously.

Theorem 3.13: A REB.T.S (X,Y) isREB—R,.S if and only if for each (G, H) € C(XEB.T.S(X,Y)) and
(%¢,y)e (K,H) with REBCL(XEBKER({cx},{y})) # REBCL(XEBKER(K,H)), then there exist disjoint (B,Q.),
(*,Q.*) € O(REB.T.S (X,Y)) , such that (z,y) € (B,Q.) and (K, H) < (B*,Q.%).

Proof: Let a REB.T.S (X,Y) is XEB — R,.S if and only if for all (z,y)e (K,H) & (K,H) € C(REB.T.S (X,Y))
with XECL(REBKER({zx},{y})) # XEBCL(NEBKER(K,H)) , then there exist disjoint (B,Q.), (R*,Q.*)€
O(REB.T.S (X,Y)) such that XEBCL(RXEBKER(K,H)) c (B,Q.) & REBCL(REBKER({x=}, {3}))
c (P*,Q.") implicate that (K, H) < (B,Q.) & (2,y) € (G, H) .

Conversely: Assume that (oe,y)e (K,H) & (K, H) € C(REB.T.S(X,Y)) with RECL(XEBKER({x},{y})) #
NEBCL(XEBKER(K, H)), then there exist disjoint (B,Q.), (B*,0.* ) € O(REB.T.S (X,Y)) so that (K, H) = (B, Q.)
& (,y) € (P*,Q."). Since REBKER(K,H) € (B,Q.) , this is implicate to NXEBKER(K,H) n(R*,Q.%) =
(0x,0y) , thus (c,y) ¢ XEBCL(XEBKER(K, H)), this explain REBCL(XEBKER(K, H)) c (K, H) = XEBCL(K,H) =
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NEBKER(K,H) &  NEBCL({x},{y}) =  REBKER({x}, {y}) for each (=y) € (X,Y). Thus
NEBCL(XEBKER(K, H)) c (P, Q)& REBCL(REBKER({x=},{y})) c (R*,Q.%).

Theorem 3.14: A XEB.T.S (X,Y) isREB—R,.S if and only if for each (x,y)e (K,H)& (K,H)E€
C(REB.T.S (X, Y)) with NEBKER(GH) # N&EBKER({x},{3}), then there exist (Gy,H;),(GyH,) €
C(REB.T.S(X,Y)) , such that REBKER(G,H) < (KyH;), REBKER(K, H)n (K, H,) = (0x,0y) and
REBKER({e}, {y}) = (K3, H), REBKER({ee}, {y}) n (Ky, Hy) = (0x,0y) (K, Hy) U (K, Hp) = (1x,1y) .

Proof: Let a XEB.T.S (X,Y) is XEB — R,.S if and only if for all (x,y)¢ (K,H) & (K, H) € C(XEB.T.S (X,Y)),
then there exist (B,Q.), (B*,Q.*) € O(REB.T.S (X, Y)) so that (K,H) € (B,Q.), (,3) € (R*, Q") & (B,Q) N
(B*,Q.*) = (0x,0y), then (B,Q)C& (B*,0.*) € C(REB.T.S (X,Y)) such that (B,Q)¢ u (B*,0.*)" =
(1x,1y). Put (K, H)) =(R0)¢ & (K,H)= (B*,Q*)° . alsoREBKER(K,H) < (R,Q) C
(K4, H,), REKER(K, H) n (K,,H,) = (0x,0y) & REBKER({x}, {3} c (E*,Q,*)C c (K, H,),
REKER({x}, {y}) N (K;,H;) = (0x,0y) & (K;,Hy) U (K, Hy) = (1x,1y).

Conversely : (x,y)¢ (K,H) & (K,H) € C(NEB. T.S (X, Y)) with XEBKER(K, H) # REBKER({zx}, {y}), then there
exist (K4, Hy) , (K5, Hy) € C(REB.T.S (X,Y)) , such that REBKER(G, H) < (Ky,H,) , REBKER(K, H) n (K, H,) =
(0x,0y) & REBKER({xe},{y}) = (K3 H), REBKER({x}, {y}) n (K;,Hy) = (0x,0y) & (Ky, Hy) U (K3, Hy) =
(1x,1y). Then (Ky, H)® & (Ky Hy)C € C(REB.T.S (X, Y)) so that (K;,H;)C n (Ky, Hy)¢ = (0x,0y) and
NEBKER(K, H) n (K;,H;)¢ = (0x,0y) ,REBKER({=}, {y}) N (K, H,)¢ = (0x,0y) , also (K,H) € (Kp,H,)®
& (,y) € (K4, H;)C. Thus (X,Y) isREB — R,.S.

4. Neutrosophic Binary Ty -Spaces,L =0,1,2

Definition 4.1: A REB.T.S (X,Y) is

(i) Neutrosophic Binary—T, space [REB — T,.S] if for each elements (zx,y) # (oe*,y*) in (X,Y), there are
(P,Q), €O(REB.T.S(X,Y))so that (wx,y) € (B,Q)and (=*,3")e (B,Q) or (=) e(PQ)and
(se*,y*) € (B,Q).

(if) Neutrosophic Binary—T,; space [XEB — T,.S] if for each elements (c,y) # (oe*,y*) in (X,Y) , there are
(2,Q), (B*,0.%) € O(REB.T.S (X,Y)), so that (,y) € (B,Q)and (x*,y" )e (B,Q) or (x*,y") €
(*,Q*)and (e y)e (R*,Q%) .

(iii) Neutrosophic Binary—T, space [REB — T,.S] if for each elements (z,y) # (oe*,y*) in (X,Y) , there are
disjoint (,Q.), (B*,Q.*) € O(REB.T.S (X,Y)), so that (x¢,y) € (B,Q)and (x*,y*) e (P*,Q.*).

For example: LetX = {p;,p,}andY = {q;,q,} betheuniverse. Let BTy = {(0,,0,), (1,,1,),(B,Q), (B,Q)}

Be the XEB.T.S. So that (B,Q.) = {X,{(1,0,0),(0,1,1)),(Y,(0,1,1),(1,0,0))}. Then A XEB.T.S (X,Y) is
NEB — T,.S .

Remark 4.2: Clearly, If a REB.T.S (X, Y)is an REB — Ty..S, then isan REB — T;_;.S,L = 1,2.

Theorem 4.3: A XEB.T.S (X,Y)is an REB —T,.S if and only if for each (xe,y) = (2e*,y" )in (X,Y), either
(=*,y")e REBKER({x}, {3}) or (x,y) € REBKER({x*}, {y*}).

Proof: Let (X,Y) be an XEB—T,.S & for each elements (z,y) # (:E*,y*) in (X,Y) ,there are (B,Q.), €
O(REB.T.S (X,Y)) so that (z,y) € (B,Q)and (x=*,y")e (B,Q)

Doi: https://doi.org/10.54216/1JNS.240119
Received: August 14, 2023 Revised: December 23, 2023 Accepted: April 04, 2024

215


https://doi.org/10.54216/IJNS.240119

International Journal of Neutrosophic Science (IINS) Vol 24, No. 01, PP. 208-218, 2024

o (eye@®.Q)and  (x*,y" )€ (B,Q). Thus either (xy)€®Q) &  (x*.y")e (R.Q)
implicate(oe*,y" )& REBKER({xe}, {}) or (z,y)¢(R,Q,) and (®*y") e (B,Q) implicate (,y) €
NEBKER({*}, { * D).

Conversely: Suppose that (ze, y) # (*,y" )in (X,Y) & (=*,y" ) REBKER({x}, {3}) or (z,y) ¢ NEBK. Then
there exists (B,Q.), € O(REB.T.S(X,Y))so that (=, y) € (B,Q), (x*,y )e (B Q) or (xy)¢ (B,Q),
(=*,y") € (B,Q) x &G, Thus REB.T.S (X,Y) is REB — T,.S.

Theorem 4.4: A REB.T.S (X,Y)is an XEB—T,.S if and only if for each (z,y)#(*,y" )in (X,Y), then
(=*,y*)e REBKER({x}, {y}) and (x,3) & NEBKER({x*},{y*}).

Proof: Let (X,Y) Be an REB—T,.S & for each elements (z¢,y) # (se*,y*) in (X,Y), there exist (P,Q.),
(P*,0.*) € O(XEB.T.S(X,Y)), so that (x,y) € (B,Q), (x*y )e®Q) or (x*y )e(R*,Q%),
(&ye (R*.Q7)

, implicate (=*,y" )¢ REBKER({x} , {y}) & (xe.y) € NEBKER({=*},{y*})

Conversely: Suppose that  (wm,y) # (=*,y" )in (X,Y) &(=*,y" )e REBKER({x},{y}) or (x3) ¢
NEBKER({=*},{y*}) . Then there exists (P,Q.),(R*,Q.") € O(XEB.T.S(X,Y)) such that (x,3y) € (B,Q.),
(*3y e @) & (x*3y") e (B*,Q%), (=ye (R*,Q.*). Thus REB.T.S (X,Y) is NEB —T,.S.
Theorem 4.5: A REB.T.S (X,Y)is an XEB—T;.S if and only if for each element (zx,y)in (X,Y), then
NEBKER({x} , {y}) = ({}, {y}).

Proof: Let (X,Y) be an XEB—T,.S &  NEBKER({x},{y}) # ({e},{y}). Then there exists (x*,y" )€
REBKER({x}, {3}) so that (x*,y") # (). Hence a REB.T.S (X,Y)is not XEB — T,.S, this is ambivalence.

Thus XEBKER({x}, {y}) = ({=e}, {y}).
Conversely: Suppose thata XEB. T. S (X, Y)is not NEB — T,.S & XEBKER({x},{y}) = ({c¢},{3y}) foreach (z,y) €

(X,Y) ,then (x*,y") € NEBKER({x},{y}) implicate REBKER({x¢},{3}) # ({x},{y}) , this is ambivalence.
Thus aXEB.T.S (X,Y) isan XEB — T;.S.

Theorem 4.6: A REB.T.S (X,Y) is an XEB — T;,.S if and only if for each (c,y) # (:Je*,y*) in (X,Y) implicate
NEKER({2} , {y}) N REBKER({xe*},{y*}) = (0x,0y) .

Proof : Leta XEB.T.S (X,Y)is REB — T,.S.Then REBKER({x}, {y}) = ({=}, {y}) & REBKER({x*},{3*}) =
(=*,y"). Thus REBKER({x},{y}) N REBKER({x*},{y*}) = (0x,0y).

Conversely: Suppose that REBKER({z},{y}) N XEBKER({x*},{y*}) = (0x,0y) for each (ze,y) # (oe*,y*) in
(X,Y) & leta REB.T.S(X,Y)is not REB — T;.S Then for each foreach (xe,3) # (*,y")in (X, Y) implicate
(=*,y") € REBKER({x},{y}) or (¢,y) € NEKER({x*},{y*}) .Thus XEBKER({x}, {y}) N
REBKER({*},{y*}) = (0x ,0vy) , therefore ambivalence. Thusa XEB.T.S (X,Y)is XEB—T,.S.

Theorem 4.7: A REB.T.S (X,Y) isan

i) NEB-—T;.Sifandonlyif isan XEB —T,.S and XEB —R,.S

ii) XEB—T,.Sifandonly if isan XEB — T;.S and XEB —R;.S

Proof:

i) Leta XEB.T.S(X,Y) isan XEB—T,.S & (z,y) € (B,Q) € O(NEB. T.S (X,Y)) , then for each (z¢,y) #
(®*,y")in  (X,Y), NEBKER{wx},{y} nREBKER({xx*},{y*}) = (0x,0y) implicate that (xy) &
REKER({x*},{y*}) & (x*,y") & REBKER({x},{y}) . Thus XEBCL({x},{y}) = ({x}, {y}) , therefore a
XEB.T.S (X,Y) isan XEB — R,.S .

Conversely, suppose that a REB.T.S (X,Y) is REB —T,.S & REB—R,.S, then for each (ze,y) = (*.y") in
(X,Y) thereexists (B,Q.) € O(REB.T.S (X,Y))sothat (x,y) € (P,Q) & (=*,y") ¢ (B,Q). Since (X, Y) isan
REB — R,.S, then REBCL({x} , {y})< (P, Q.) , there exists (P*,Q.*) € O(REB.T.S (X,Y)) so that (x*,y") €
(B*,Q.") & (x,y) ¢ (R*,Q."), therefore, (X, Y) is an REB — T.S.
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ii) Let a XEB.T.S (X, Y) isan XEB — T,.S, this results for each elements (z¢, y) # (oe* ,y *) in (X,Y) there exists
disjoin (B,Q.),(R*,Q.*) € C(REB.T.S (X, Y)) so that (x,y) € (B,QA)& (x*,y7)€e(R*,Q%) (xy) ¢
REBKER({*},{y*}) & (x*,y") & REBKER({x}, {y}), then REBCL({x},{y}) = ({=}, YD c (RQ) &
REBCL({=*},{y*) = (=*}H*H < (R*,Q.7).

Conversely: suppose that a REB.T.S (X, Y) is XEB—T;.S & XEB—R,.S, then for each ()= (x*,y")in
(X,Y) there exists (B,Q),(P*,Q.*) € O(REB.T.S (X,Y)), so that (x,3) € (B,Q) & (*,y") & (B,Q) ,
(y) € (R*,Q.%), (,y) ¢ (B*,Q.") implicate that to REBCL({e} , {y})# REBCL({ee*},{y *}), since(X,Y) is
REB — R,.S, there exist disjoint (B,Q.), (B*,Q.*) € O(REB.T.S (X, Y)), so that (x,y) € (B,Q) & (x=*,y") €
(R*,Q.*),a REB.T.S (X,Y) isan XEB — T,.S.

Corollary 4.8: A XEB —T,.S (X,Y) is REB—T,.S if and only if for each (w,y)# (x*,y")in (X,Y) with
NEBKER({2x} , {y}) # REBKER({x*},{y*}), then there exist (K,H), (K*,H") € C(XEB.T.S (X, Y)), so that
XEBKER({x}, {y}) € (K,H), XEBKER({x}, {y}) n (K*,H*) = (0x,0y) and
NEBKER({oe* 1{y*}) < (K*,H"), REBKER({=*}L.iu* D n (K, H) = (0,,0,) & (K,H)U(K*,H*) = (1x,1y)

iDroof: Obviously.

Theorem 4.9: A REB —R;.S (X,Y)is XEB — T,.S if and only if one of the following satisfies:

i) foreach XEB.P (z,y) in (X,Y), then REBKER({=},{y}) = ({=},{3})

ii) for each two REB.P (,3) and (®*,y") in (X,Y) with XEBKER({xe}, {y}) # REBKER({o*},{3*}) , then
NEBKER({oe} , {y}) N REBKER({oe*}, {3 *}) = (0, 0,).

iii) for each two NEB.P (3 and (x*,y") in (X Y) with (xy)=(x*,y") , either (x3) ¢
REBKER({=*}, {y*}or (=*,y") & REBKER({2} , {y}).

iv) for each two XEB.P (¢,y) and (= *,y ") in (X, Y) with (e, y)= (= *,y ") , then (x¢,y) & REBKER({*},{y*})
and (x*,y") & REBKER({x}, {3}).

Proof: It comes directly from previous results

5. Conclusions

In this present Article, we have defined neutrosophic Binary separation axioms related with the neutrosophic binary
kernel, after we presented some of the basic characteristics in neutrosophic binary topological spaces and
characteristics of the neutrosophic Binary nucleus. The relationships Between them were also investigated. At the
inception of the thierd section, we aforementioned the definitions of the neutrosophic binary topological spaces,
neutrosophic binary R;-Spaces, i = 0,1, we also studied some of the relationships associated with of these separation
axioms. Likewise, In the fourth section we defined the neutrosophic binary topological T, -Space L = 0,1,2 and
calculated the various characteristic and relationships connected with these separation axioms. We prospect that our
feedbacks in this manuscript will be advantageous to the research combination and participate to the improvement of
some distinct appearance of neutrosophic binary topology.
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