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Abstract
In 2014, Broumi et al. (S. Broumi, F. Smarandache, M. Dhar, Rough neutrosophic sets, Italian

Journal of Pure and Applied Mathematics, 32 (2014), 493-502.) introduced the notion of rough
neutrosophic set by combining neutrosophic sets and rough sets, which has been a mathematical
tool to deal with problems involving indeterminacy and incompleteness. The real world is full of
indeterminacy. Naturally, real world decision making problem involves indeterminacy. Rough
neutrosophic set is capable of describing and handling imprecise, indeterminate and inconsistent
and incomplete information. This paper is devoted to propose several new similarity measures
based on trigonometric hamming similarity operators of rough neutrosophic sets and their
applications in decision making. We prove the required properties of the proposed similarity
measures. To illustrate the applicability of the proposed similarity measures in decision making,
an illustrative problem is solved.
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1. Introduction

L. A. Zadeh [1] introduced the degree of membership in 1965 and defined the concept of fuzzy
set to deal with uncertainty. K. T. Atanassov [2] introduced the degree of non-membership as
independent component in 1986 and defined the intuitionistic fuzzy set. F. Smarandache [3, 4]
introduced the degree of indeterminacy as independent component and defined the neutrosophic
set in 1998.

To use the concept of neutrosophic set in practical fields such as real scientific and engineering
applications, Wang et al. [5] presented an instance of neutrosophic set, called single valued
neutrosophic set (SVNS).
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In many applications, due to lack of knowledge or data about the problem domains, the decision
information may be provided with intervals, instead of real numbers. To deal with the situation
Wang et al. [6] introduced interval valued neutrosophic sets (IVNS), which is characterized by a
membership function, non-membership function and an indeterminacy function, whose values are
intervals rather than real numbers. Also, the interval valued neutrosophic set can represent
uncertain, imprecise, incomplete and inconsistent information which exist in the real world.

In 2014, Broumi et al. [7, 8] introduced the concept of rough neutrosophic set (RNS). It is
derived by hybridizing the concepts of rough set proposed by Pawlak [9] and neutrosophic set
originated by F. Smarandache [3, 4]. Neutrosophic sets and rough sets are both capable of dealing
with uncertainty and partial information. Rough neutrosophic set [7, 8] is the generalization of
rough fuzzy sets [10], [11] and rough intuitionistic fuzzy sets [12].

Mondal and Pramanik [13] applied the concept of rough neutrosophic set in multi-attribute
decision making based on grey relational analysis in 2015. S. Pramanik and K. Mondal [14] also
studied cosine similarity measure of rough neutrosophic sets and its application in medical
diagnosis in 2015. Mondal and Pramanik [15] proposed multi attribute decision making using
rough accuracy score function. Pramanik and Mondal [16] proposed cotangent similarity measure
under rough neutrosophic environment. Pramanik and Mondal [17] further proposed some
similarity measures namely Dice similarity measure and Jaccard similarity measure in rough
neutrosophic environment. Mondal et al. [18] proposed rough neutrosophic variational coefficient
similarity measure and presented its application in multi attribute decision making. Mondal et al.
[19] presented rough neutrosophic TOPSIS for multi-attribute group decision making problem.
Mondal and Pramanik [20] studied tri-complex rough neutrosophic similarity measure and its
application in multi-attribute decision making. Mondal et al. [21] further proposed rough
neutrosophic hyper-complex set and its application to multi-attribute decision making.

Literature review reflects that no studies have been made on multi-attribute decision making
using trigonometric Hamming similarity measures under rough neutrosophic environment. In this
paper, we propose cosine, sine and cotangent Hamming similarity measures under rough
neutrosophic environment. We also present a numerical example to show the effectiveness and
applicability of the proposed similarity measures.

2. Mathematical Preliminaries

2.1 Neutrosophic set [3, 4]

Let U be a universe of discourse. Then the neutrosophic set 4 is presented in the form:

A = {< x: T«x), Lu(x), Fa(x)>, x < U}, where the functions T, I, F: U—] 0,17 represent
respectively the degree of membership, the degree of indeterminacy, and the degree of non-
membership of the element x< U to the set P satisfying the following the condition.

“0< supTu(x)+ supls(x)+ supFa(x) < 3°

2.2 Single valued neutrosophic sets [6]

Definition 2.2 [6]

Wang et al. [6] mentioned that the neutrosophic set assumes the value from real standard or
non-standard subsets of 70, 17[. So instead of |70, 1"[ Wang et al. [6] consider the interval [0, 1]
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for technical applications, because ]70, 17 is difficult to apply in the real applications such as
scientific and engineering problems.

Assume that X be a space of points (objects) with generic elements in X denoted by x. A SVNS
A in X is characterized by a truth-membership function 74(x), an indeterminacy-membership
function 74(x), and a falsity membership function F4(x), for each point x in X, T4(x), Li(x), Fa(x)e<
[0, 1]. When X is continuous, a SVNS A4 can be written as follows:

A :j<TA(x)>[A(x)7FA(x) >

¥ X
When X is discrete, a SVNS 4 can be written as follows:

A=3", <T4(x), 14(x;), F 4(x;) >

X
For two SVNSs, Asyns= {<x: Tu(x), Ls(x), Fa(x)> | x <X} and Bsyns= {<x, Ts(x), Ip(x), Fp(x)> |
xeX }, AsvnsCBsyns and Asyns= Bsyws are defined as follows:
(1) AsynsCBsyws if and only if T4(x) < Tp(x), L4(x) = Ip(x), Fa(x )= Fp( x)
(2) Asvns= Bsyns if and only if TA(x) = TB(x), IA(X) = IB(x), FA(x) = FB(x) for anyxeX
2.3 Hamming distance [17]
Hamming distance [17] between two neutrosophic sets A(T ,(x),7 (x),F ,(x)) and
B(T 4(x),1 4(x),F 4(x)) is defined as

x€ X

X, € X,

H(A, B):%ZLI (T A () =T (O] +] 1A (%) =T (x)] +[F A () =F s (x))) (1)

2.4 Rough neutrosophic set (RNS)
Definition 2.2.1 [1], [2]: Let Z be a non-null set and R be an equivalence relation on Z. Let A
be a neutrosophic set in Z with the membership function7,, indeterminacy function 7, and non-

membership functionF ,. The lower and the upper approximations of 4 in the approximation (Z,
R) denoted by N(4) and N(A) are respectively defined as follows:
N(A) = (<x.T y (0T yaf0), F %) >/ 2€ [x]y.x€ Z)
N(A)=<< xT v >/ € [x];.x€ Z> 5
where, T y(4(¥) A € e 74(2), Iy 4fx) = € e 1,(2), F na(X) F -€ k] F (),
I3 )= € [x]RT ( ), I5 ()= € [x]RT ( ) N(A)(x)—v € [x]RI ( )
So, O0ST y (%) + y((X) +F y(¥) 3 and 0ST5 Yoo 5 ) +F5 (X) <3 hold. Here

and A denote “max” and “min’’ operators respectively. 7 ,(z), 7,(z) and F,(z) are the

N(A)(x)’ IN(A)(X)a F

membership, indeterminacy and non-membership degrees of z with respect to A. ~N(4) and N(A)

are two neutrosophic sets in Z.
Thus, NS mappings N, N : N(Z) —» N(Z) denote respectively the lower and upper rough NS

approximation operators, and the pair (n(4), ¥ (4))is called the rough neutrosophic set in (Z, R).
Based on the above mentioned definition, it is observed that N (4)and ~(4) have constant

membership on the equivalence class of R, if neaoy=Na, ie. Tyu(*)=T5 N 20,

I A/(A)(x) =1 N A)(x), F N(A)(x) = F N( A)(x) .
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For any x belongs to Z, P is said to be a definable neutrosophic set in the approximation (Z, R).
Obviously, zero neutrosophic set (Oy) and unit neutrosophic sets (1) are definable neutrosophic
sets.

Definition 2.2.2 [1], [2]: Let N(4) = ( ~(4), N(4) ) is a rough neutrosophic set in (Z, R). The
rough complement of N(A4) is denoted by ~ n(4)=(N(4)°, N(A4)°), Where nN(4)°, N(4) are the
complements of neutrosophic sets of n(.4), ¥(4) respectively.

N(AY = (< x,F 0,11y (%), Ty (%) >/,xE Z),and

N(AY = (<5 F (00,1 - I (30, Ty () >/, X€ Z) 3)

Definition 2.2.3 [1], [2]: Let N(4) and N(B)are two rough neutrosophic sets respectively in
Z, then the following definitions hold good:

N(AD=N(B) S NAD=NB)A N(A=N(B)

N(A)ES N(B) = N(AS N(B) A N(AS N(B)

N(ADUN(B) =< N(HUN(B), N(DUN(B) >

N(ADHNN(B) =< N(AHNN(B), N(ADNN(B) >

N(A)+ N(B)=<N(A)+N(B), N(A)+ N(B) >

N(A) .N(B)=<N(A) . N(B), N(A) .N(B) >

If 4, B, C are the rough neutrosophic sets in (Z, R), then the following propositions can be stated
from definitions.

Proposition 1 [1], [2]:

1. ~A(~A) =4

2. AUB=BUA,AnNB=Bn A4

3. (AUBUC=4UBUOC),(ANB)YNC=4N(BNC)

4. (AUBNC=UBNMUC), (4NBUC=ANBUMNC)

Proposition 2 [1], [2]:

De Morgan‘s Laws are satisfied for rough neutrosophic sets N(4) and N(B)

L ~(N(ADUN(B)) =(~ N(A)N(~N(B))

2. ~(N(ADNN(B)) =(~ N(A))HU(~N(B))

For the proofs of the propositions, see [1, 2]

Proposition 3[1], [2]:

If 4 and B are two neutrosophic sets in U such that AS B,then N(A)S N(B)

1. N(ANB)S N(A)N\ N(B)

2. N(AUB)2 N(4)UN(B)

For the proofs of the propositions, see [1, 2]

Proposition 4 [1], [2]:

1. N(A)=~ N(~ A)

2. N(A)=~ N(~ A4)

3. N(A)ES N(A)
For the proofs of the propositions, see [1, 2]

3. Cosine Hamming Similarity Measures of RNS
Assume that A={(1100). L) E L G)MT (i) T4 (). F () and

B={(T 0.1y Ey LT (). Ty F(x))) in X = {x1, %2, ..., 3} be any two rough
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neutrosophic sets. A cosine Hamming similarity operator between rough neutrosophic sets 4 and

B is defined as follows:
Cchuso(4, B)=

%écos (quTA(xi) — AT ()| + AL ((x,) = AT y(x)| + |AF ((x,) — AFB(x,.)Dj 4)

Here, AT (x,) = (Mj AT ,(x,) = (ZB(xi-) +TB(xl.)J

2 2
s = L0102 Tuts)
AF A (x,) = (%ﬂ)) APy (El,(xi);a(xi))

Also, [ AT (%), AT 4(x), AF 4(x)]£[0,0,0] and [ AT5(x), AT5(x), AF(x)]£[0,0,0], i=1,2,...,

Proposition 3.1

The defined rough neutrosophic cosine hamming similarity operator Ccuso(4, B) between
RNSs A4 and B satisfies the following properties:

1. 0= Crchso (4, B)<1
2. Cchso(4, B)=11ifand onlyif 4 =B
3. Ccuso(4, B) = Ccuso(B, A)

Proof of the property 1.

Since the functions A7 ,(x) , AT 4(x), AF4(x), AT5(x), AIs(x),and AF;(x),and the value of the
cosine function are within [0,1], the similarity measure based on rough neutrosophic cosine
hamming similarity function also lies within [ 0,1].

Hence 0< Ccuso (4, B)=<1.

This completes thee proved.

Proof of the property 2.

For any two RNSs 4 and B, if A = B, then the following relations hold A7 ,(x,) =AT ,(x,),
AT (x)=Al4(x,), AF ,(x,)=AF y4(x,).Hence

|ATA(xi) _ATB(xi)| =0, AFA(xi)_AFB(xi)| =0.

Al (x;) _AIB(xi)| =0,

Thus CCHso(A, B) =1

Conversely,

If Ccuso(4, B) = 1, then |ATA(xi)_ATB(xi)|: 0, A[A(xi)_AIB(xi)|:0: AFA(xi)_AFB(xi)|:O'
since cos(0) = 1. So we can write 7 (x,) =T y(x,), 1 (x,)=14(x,), F (x,)=F y(x,)

Hence 4 = B.
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4. Sine Hamming Similarity Measures of RNS
Assume that A=((T ) L) E T (i) T (). F 4 () and

B={(T5 (). Ly (). EpeOMT 5 (x) Ty Fp(x))) in X = {x1, x5, ..., x} be any two rough

neutrosophic sets. A sine Hamming similarity operator between two rough neutrosophic sets 4 and
B is defined as follows:
Scuso(4, B)=

1{l§sm (quTA(xi) — AT ()| +|AL (x,) = AT y(x,)| +|AF (x,) —AFB(xl.)Dﬂ (4)

ni=l

Also, [ AT 4(x) » AL4(x), AF 4(x)]#[0,0,0]and [AT3(x), Al(x), AF5(x)]=[0,0,0], i=1,2, ...,
n.
Proposition 4.1

The defined rough neutrosophic sine Hamming similarity operator Scuso(4, B) between RNSs
A and B satisfies the properties 4, 5, 6 as follows.

1. 0= Scuso (4, B)=<1
1. Scuso(4, B) = 1 ifand only if 4 = B
2. Scuso(4, B) = Scuso(B, 4)
Proof of the property 1.

Since the functions A7 ,(x), A7 (x), AF4(x), ATs(x), AIz(x), and AF(x), and the value of

the sine function are within [0 ,1], the similarity measure based on rough neutrosophic sine
hamming similarity function also lies within [ 0,1].

Hence 0= Scuso (4, B)=1.

Proof of the property 2.
For any two RNSs 4 and B if 4 = B, then the following relations hold AT ,(x,) =AT 4(x,),
AT (x)=Aly(x;), AF ,(x,)=AF y(x;).Hence

AT ((x,) = AT )| =0, AT (x,) - Al y(x))| =0,

AF ,(x;)=AF y(x,)|=0 . Thus Scuso(4, B) = 1
Conversely,

If Scuso(4, B) = 1, then ‘ATA(xi)_ATB(xi)‘: 0, AIA(Xi)—AIB(X1)| =0, AFA(xi)_AFB(xi)‘:O'

since sin(0) = 0. So we can write 7 (x,) =T y(x,), I (x)=14(x,), F (x;)= F 4(x,)

Hence 4 = B.

Proof of the property 3.

This proof is obvious.
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5. Cotangent Hamming Similarity Measures of RNS
Assume that A={(T100) L ) E GOMT (e T4 (). F () and
B={(T5 (). Ly (). EpeOMT 5 (x) Ty Fp(x))) in X = {x1, x5, ..., x} be any two rough

neutrosophic sets. A cotangent Hamming similarity operator between two rough neutrosophic sets
4 and B can be defined as follows:

COTcuso(d, B)= L$cot G + %(IATA(xi) — AT (x| +]AT ((x,) = AL y(x )| + |AF ((x,) - AFB(xi)D)
ni=1
(5)

Also, [ AT A (X), AT (X), AFA (x)]#[0,0,0]and [ AT (x), AIg(x), AFg(x)]+[0,0,0], i=
1,2, ...,n.
Proposition 5.1

The defined rough neutrosophic cotangent Hamming similarity operator COTcnso(A, B)
between RNSs A and B satisfies the properties 7, 8, 9.

1. 0< COTcuso (A, B)Sl
2. COTchuso(4, B)=1ifand onlyif 4 =B
3. COTcuso(4, B) = COTcuso(B, A)

Proof of the property 1:

Proof: Since the functions AT ,(x) , A7.4(x), AF.(x), AT5(x), AIs(x),and AFz(x), and the value

of the cotangent function are within [0 ,1], the similarity measure based on rough neutrosophic
cotangentHamming similarity function also lies within [ 0,1].

Hence 0< COTchso (4, B)<1

Proof of the property 2:
For any two RNSs 4 and B if 4 = B, we have
AT (x) =AT y(x;) 5 AT [(x,) =ALp(x;) 5, AF (x;) = AF 4(x;) -
Hence
AT (%)~ AT(x,)]| = 05 |AT,(x,)~ Aly(x,)| = 05 |AF,(x) —AF4(x,)| = 0. Thus COTcuso(4, B) =1
Conversely,
If COTchso(4, B) = 1, then |AT, (x,) = AT4(x)| = 05 |AL (x) —Aly(x,)| = 05 |AF,(x,) —AF4(x,)| = 0.

Since cot( % )=1,we can write 7 ,(x,) =T 4(x,), I (x;)=14(x,)s F (x;)=F g(x,)

Hence A = B.

Proof of the property 3:

This proof is obvious.
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6. Decision making under trigonometric rough neutrosophic Hamming similarity
measures

In this section, we apply rough cosine, sine and cotangent Hamming similarity measures
between RNSs to the multi-criteria decision making problem. Assume that S = {Si, S2, ... , S } be
a set of alternatives and 4 ={ 41, A2, ... , A» }be a set of attributes.

The proposed decision making method is described using the following steps.

Step 1: Construction of the decision matrix with rough neutrosophic number

Decision maker considers the decision matrix with respect to m alternatives and n attributes in
terms of rough neutrosophic numbers as follows.

Tablel: Rough neutrosophic decision matrix

D:<c_1ij=3ij>m><n =
A, A, A,
S | {disdn) (dosdi) o (dindy)
S2 <421’321> <C_l22’322> <d2n732n> (6)

5, (dsdn) <4m2',“2mz> . <4,,m',“3m,,>
Here <d

=ij>

3,:,.> is the rough neutrosophic number according to the i-th alternative and the j-th

attribute.
Step 2: Determination of the weights of attribute
Assume that the weight of the attributes 4; (j = 1, 2, ..., n) considered by the decision-maker

be w; (j=1,2,...,n))such that Yw; € [0,1](G=1,2,...,n)and T w;=1.

Step 3: Determination of the benefit type attribute and cost type attribute

Generally, the evaluation attribute can be categorized into two types: benefit type attribute and
cost type attribute. Let K be a set of benefit type attributes and M be a set of cost type attributes.
In the proposed decision-making method, an ideal alternative can be identified by using a
maximum operator for the benefit type attribute and a minimum operator for the cost type attribute
to determine the best value of each criterion among all alternatives. We define an ideal alternative
S* as follows:

S*={S1*, %, ..., S»*}, where benTﬁt attribute is presented as

* S: . S; . S:
szmaXTAj( l)’m.lnlAj( ’),III_IIIFAj( &
1 1 1

and Tost type attribute is presented aj

* . S s s
S= m}nTA,-( ’),m?x]Aj( ’),rn?xFAj( D

Step 4: Determination of the overall weighted rough trigonometric neutrosophic
Hamming similarity function (WRTNHSF) of the alternatives
We define weighted rough trigonometric neutrosophic similarity function as follows.

Cwenso(4, B) =24 w; Ceusol4, B) (7)
Swenso(4, B) = 2w, S cuso(4, B) (8)
COTwcnso(4, B) =2 w; COT cyso(4, B) ()]
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where Z’}zlezl J=1,2,..,n

Step 5: Ranking the alternatives

Using the weighted rough trigonometric neutrosophic similarity measure between each
alternative and the ideal alternative, the ranking order of all alternatives can be determined and the

best alternative can be selected with the highest similarity value.
Step 6: End

7. Numerical Example

Assume that a decision maker intends to select the most suitable smart phone for rough use
from the three initially chosen smart phones (S1, S2, S3) by considering four attributes namely:
features A1, reasonable price 42, customer care 43, risk factor A4. Based on the proposed approach
discussed in section 5, the considered problem is solved using the following steps:

Step 1: Construction of the decision matrix with rough neutrosophic numbers

The decision maker forms a decision matrix with respect to three alternatives and four attributes
in terms of rough neutrosophic numbers (see the Table 2).

Table 2. Decision matrix with rough neutrosophic number
d=(N(P),N(P))4 =

A, A4, A, A,
(0.6,0.3,0.3),\ /(0.6,0.4,0.4),\ /(0.6,0.4,0.4)\ /(0.7,0.4,0.4),
N
: <(o.8,0.1,0.1)> <(O.8,0.2,0.2)> <(o.8,0.2,0.2)> <(0.9,0.2,0.2)>
(0.7,0.3,0.3),\  /(0.6,0.3,0.3)\ /(0.6,0.2,0.2),\ /(0.7,0.3,0.3), (10)
N
? <(0.9,0.1,0.3)> <(0.8,0.3,0.3)> <(O.8,0.4,0.2)> <(0.9,0.3,0.3)>
(0.6,0.2,0.2),\ /(0.7,03,0.3)\ /(0.7,0.4,0.6),\ /(0.6,0.3,0.2),
N
’ <(0.8,0.0,0.2)> <(0.9,0.1,0.1)> <(0.9,0.2,0.4)> <(0.8,0.1,0.2)>

Step 2: Determination of the weights of the attributes
The weight vectors considered by the decision maker are 0.32, 0.28, 0.28 and 0.12 respectively.
Step 3: Determination of the benefit attribute and cost attribute
Here three benefit types attributes 41, 42, A3 and one cost type attribute A4.
S*=1(0.8,0.1,0.2), (0.8, 0.2, 0.2), (0.8, 0.3, 0.3), (0.0.7, 0.3, 0.3)]
Step 4: Determination of the overall weighted rough trigonometric neutrosophic
Hamming similarity function (WRHNHSF) of the alternatives
We calculate weighted rough trigonometric neutrosophic Hamming similarity values as follows.
Cwcnso(S1, §) = 0.99554, Cwcnso(S2, S7) = 0.99253, Cwenso(S3, S7) = 0.99799
Swcnso(S1, S*) =0.89455, Swchuso(S2, S*) =0.89233, Swchso(Ss, S*) =0.91729
COTwcnso(S1, §) =0.92114, COTwcnso(S2, S) = 0.90322, COTwcnso(S3, S¥) = 0.93009
Step 5: Ranking the alternatives
Ranking the alternatives is prepared based on the descending order of similarity measures. Highest
value reflects the best alternative.
Here,
Cwcnso(S3, ) = Cwenso(S1, S7) = Cwenso(Sa, S7)
Swenso(S3, 87 = Swenso(S1, ) = Swenso(S2, S)
COTwcuso(S3, ) » COTwenso(S1, S7) » COTwenso(S2, S)
Hence, the smartphone 3 is the best alternative for rough use.
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Step 6: End
7.1 Comparison
All the three similarity measures provided the same ranking order.

8. Conclusion

In this paper, we propose rough trigonometric Hamming similarity measures based multi-attribute
decision making of rough neutrosophic environment and prove some of their basic properties. We
provide an application, namely selection of the most suitable smart phone for rough use. We also
present comparison with the three rough neutrosophic similarity measures. The concept presented
in this paper can be applied other multiple attribute decision making problems in rough
neutrosophic environment.
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