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OZET

Matematigin bir¢ok dalinin kiimeler teorisi iizerine insa edilmesi nedeniyle bu teori her an yeni konularin
calisilmaya baslandig1 alan olma 6zelligini korumaktadir. Klasik kiime teorisi miithendislik basta olmak {izere
matematik disinda bir¢ok giinliik hayat problemine de ¢6ziim ararken baglangi¢ noktasi olmustur. Hayatin daha
karmasik hale gelmesi ile birlikte bu teori yetersiz hale gelmis ve yeni kiime kavramlari ortaya ¢ikmistir. Fuzzy
kiime ve intuitionistic kiime teorisinden sonra son giinlerin popiiler yaklasimlarindan biri de Neutrosophic kiime
teorisidir. Elemanlarin bir kiimeye ait olmalarin1 derecelendirme yaklasimina dayanan fuzzy kiime teorisi
elemanlarin dahil olmamasmin derecesine iliskin bilgiler verecek sekilde intuitionistic kiime seklinde
genisletilmis daha sonra celiski ve belirsizlik durumlarinin derecelerini de igerecek sekilde Neutrosophic kiimeler
haline getirilmistir. Bu teoriyi matematigin tiim disiplinlerine uygulamaya yonelik hizla 6nemli caligmalar

yapilmis olmakla birlikte giinliik hayat uygulamalari da en az onlar kadar popiilerdir.

Chang (1968) tarafindan bulanik kiimeler iizerine topolojik uzaylarin tanimlanmasinin ardindan Coker (1997)
intuitionistic fuzzy kiimeler i¢in topoloji kavramini tanimlamistir. Salama ve Alblowi (2012) den sonra
neutrosophic kiimeler i¢in de topoloji alanindaki ¢alismalar hiz kazanmistir. Bu alanda bir¢ok matematik¢i hem

teorik hem de diger alanlarla iligkili uygulama ¢aligmalar1 yapmaktadir.

Baz1 6zel kosullari saglayan iiyelik derecelerinin temel alindigi ¢alismamizda neutrosophic ay —topolojik uzaya
iliskin baz1 6nemli 6zellikleri inceleyecegiz. neutrosophic ay —kapali ve neutrosophic ai —normal kiimeleri
kullanarak neutrosophic ai —normal uzay, kuvvetli neutrosophic aiy —normal uzay tanimlar1 verilecektir.

Ayrica verilen kavramlar arasindaki iligkileri belirleyen 6nemli teoremler kanitlanacaktir.

Anahtar Kelimeler: Bes Bilesenli Notrosofik Kiime, Bes Bilesenli Fermatean Notrosofik Topoloji, Bes Bilesenli

Fermatean Notrosofik aip —kapali Kiime.
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PENTAPARTITIONED FERMATEAN NEUTROSOPHIC ALPHA PHI NORMAL TOPOLOGICAL
SPACES

ABSTRACT

Since many branches of mathematics are built on set theory, this theory maintains its feature of being the field
where new subjects are started to be studied at any time. Classical set theory has been the starting point when
searching for solutions to many daily life problems besides mathematics, especially engineering. As life became
more complex, this theory became insufficient and new set concepts emerged. After fuzzy set and intuitionistic
set theory, one of the popular approaches in recent days is Neutrosophic set theory. Fuzzy set theory, which is
based on the grading approach of the elements belonging to a set, was expanded as an intuitionistic set to provide
information about the degree of inclusion of the elements, and then turned into Neutrosophic sets to include the
degrees of contradiction and uncertainty situations. Although important studies have been made to apply this

theory to all disciplines of mathematics, daily life applications are at least as popular.

After the definition of topological spaces on fuzzy sets by Chang (1968), Coker (1997) defined the concept of
topology for intuitionistic fuzzy sets. After Salama and Alblowi (2012), studies in the field of topology for
neutrosophic sets accelerated. Many mathematicians in this field do both theoretical and practical studies related
to other fields.

In our study, which is based on membership degrees that meet some special conditions, we will examine some
important features of the neutrosophic ay —topological space. Definitions of neutrosophic ay —normal space,
strong neutrosophic ay —normal space will be given using neutrosophic ay —closed and neutrosophic
ay —normal sets. In addition, important theorems that determine the relationships between the given concepts

will be proved.

Keywords: Pentapartitioned Neutrosophic Set, Pentapartitioned Fermatean Neutrosophic Topology,
Pentapartitioned Fermatean Neutrosophic ay —closed Set.
1. INTRODUCTION AND PRELIMINARIES

Fuzzy topological spaces was defined and developed in [1]. After that, Atannasov [2] described the notion of
intuitionistic fuzzy sets, Coker [3] constructed the intuitionistic fuzzy topological spaces. The concept of

neutrosophic crisp topological spaces were defined in [4,5].

Neutrosophic set theory, which was founded by Samarandache and carried to many different areas, was built to
eliminate the deficiencies of fuzzy and intuitionistic fuzzy theories. After the definition of neutrosophic sets,
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important researches has been carried out to adapt and develop the studies in the field of fuzzy and intuitionistic
fuzzy to this new field.

Neutrosophic topology has been studied by many authors especially Samarandache, Salama and Alblowi [6-9].
Neutrosophic a-open and regular open set defined in [10]. Later, Ray and Dey investigated neutrosophic point in
2021,[21].

Now, let us give the basic definitions we will need about neutrosophic sets.

Definition 1.1. [6] A neutrosophic set VV on a fixed set X is given below:

V={<rH,(r),E,(r),S,(r) >:r € X}, where Hy,Ey,Sy:X — [0,1] are the truth, indeterminacy and falsity
membership functions.

Later, the number of membership functions used was increased so that the concepts involved in the uncertainty
situation were more clearly stated. Let's give the definition of the set which the concepts of contradiction and
ignorance are included.

Definition 1.2. [15] A pentapartitioned neutrosophic set Z (in short P-NS) on X is given below:

Z =<1, Hz(r),Az(r),05(r),Mz(r),S;(r) >:1 € X}

where H,(r),A;(r),0,(r),M,(r),S,(r) € [0,1] are the truth, contradiction, ignorance, unknown, falsity
membership values of every r € X. Also, forall r € X, 0 < H,(r) + A;,(r) + 0,(r) + M,(r) + S,(r) <5 if
truth, falsity, contradiction, ignorance, unknown are independent components.

But for all € X, truth, falsity are dependent components and contradiction, ignorance, unknown are independent
components and so

0<H,(r)+A;,(r)+0,(r)+ M;(r)+ S,;(r) < 4.

Now, we give (1) and (0p,) We noted that there are different definitions for this sets but we use as in Definition
1.3

Definition 1.3. [15] Let X be a fixed set. Then, (1py) and (0py) on X are defined as follows:
(i) 1py = {(r,1,1,0,0,0): 7 € X},

(i) 0py = {(r,0,0,1,1,1): r € X}.

For pentapartitioned neutrosophic set general set operations is given in [15].

Remark 1.1. [15] Let M be a P-NS. Clearly, 0py S M S 1py.

Let's give the definition of a fermatean neutrophic set with the help of membership functions with certain
conditions.
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Definition 1.4. [16],[17] Let Hg(r), Eg(r), Sg(r): X — [0,1] show the degree of membership indeterminacy and
non-membership of every reW to B. A Fermatean neutrosophic set B has the formB=
{(r, Hy(r), Eg(r), Sg(r)):r € X} where indeterminacy is an independent component and membership and non-
membership are dependent components: for each r € X, 0 < Hy(r) + Ez(r) + Sg(r) < 2,0 < Hg(r)3*(r) +
Sp’(r) < 1and Hy(r)® + Eg>(r) + S°(r) < 2.

Definition 1.5. [18] A pentapartitioned fermatean neutrosophic set (in short P-FNS) Z on X is given below:

Z={r,Hy;(r),A;(r),0,(r),M;(r),S,(r)):r € X} where H,(r), A;(r), 0,(r),M,(r), S;(r) € [0,1] are the
truth, contradiction, ignorance, unknown, falsity membership values of each r € X. Here, 0 < H,(r) + A, (r) +
0;(r) + Myz(r) + S;(r) < 4, forall r € X, H,(r), S;(r) are dependent components and A, (r), 0,(r), M;(r) is
an independent component for each r € X. Also, for each re W, 0<H,>(r)+S,°(r) <1 where
0< A () +0,°(r) + M3 (r) < 3.

Definition 1.6. [16] Let
Tl = {(T, HT1 (r)'ATl (T), 0T1 (T), MT1 (T), ST1 (T')): rE X},
T, = {(r, Hy, (1), Ay, (1), O, (r), My, (1), Sy, (1)):7 € X}

be two P-FNSs on X and let Ay, (), Oy, (r), My, (r) is an independent component and Hy, (r), Sy, (r) are dependent
components foreachr € W, i € {1,2}.

i) Ty €Ty iff Hy (r) < Hy, (1), Ay, (1) < Ar, (), 07, (1) = Oy, (1), My, (r) = My, (1), Sy, (1) = Sy, (1), for every
r € X.

ii) The intersection of T, and T is

Ty N T, = {{r, min{Hy, (), Hy,(r)}, min{4y, (1), Ar, (r)}, max{0r, (1), Or, (1)},
max{My, (r), My, ()}, max{Sy, (1), Sy, (M}):r € X}.

iii) The union of T, and T is

Ty U T, = {{r, max{H; (), Hy, (1)}, max{Ar (r), Ar,(r)}, min{Or, (1), Or, (1)},
min{My, (r), My, ()}, min{S;_ (r), Sy, (M}): 7 € X}.

iv) T, = {(r, Sy, (r), My, (r), 1 — Oy, (r), Ay (), Hy,(")): 7 € X}.

2. Pentapartitioned Fermatean Neutrosophic Topologicial Spaces

Before giving the concept of topological space that we will work with, let's give the definition of pentapartitioned

fermatean neutrosophic point.

EE———,—————
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Definition 2.1. Let V' (X) be set all pentapartitioned fermatean neutrosophic sets over X. A neutrosophic set
Xapeae) = Ux, H(x),A(x),0(x), M(x),S(x): x € X)} is named pentapartitioned fermatean neutrosophic point
iff for any element y € X, H(y) = a, A(y) =b, 0(y) =c, M(y) =d,S(y) =e for y=x and H(y) =0,
Ay)=0,0y) =1, M(y)=1,S(y)=1fory+x,where 0<a<1,0<bh<1,0<c<1,0<d<10<
e<l1.

Let f be a mapping from X into Y. If V = {{(y, H, (), Ay (y), Oy (), My, (y),Sy(¥)):y € Y} isan P-FNS in Y,

then the inverse image of V under f is an P-FNS given by

fW) = {{e fHH) ), AN (), F7HOW (), f M) GO, f (S () x € X3

The image of P-FNS U = {{y, Hy (y), Ay (), 0y (¥), My (y), Sy(¥)): ¥y € Y} under f is an P-FNS described with
fQO) =y, fHD ), (A @), fF O ), fF(My) (), f(Sy)(¥)):y € Y} where

H Jif 1 0
FHDG) = {x;‘ug(y( ), ) # '

otherwise

A Jf Y 0
FUAG) = {xef p(y( v)(X),if () # ,

otherwise

0, if f71 () #0

fOw») Ef o)

otherwise

FOM) ) = { iy Mu) ), i 7 1(y)¢0

otherwise

S, if [T #0

fSG) Ef o)

otherwise

foreachy €Y.

Definition 2.2. A pentapartitioned fermatean neutrosophic topology on X is a set T, of pentapartitioned fermatean
neutrosophic subsets of X providing

(1) Opn, 1py € Ty.

(i) G NH€eTyforevery G,H € Ty.

(iii) Uje) G; € Ty forevery {G;:j € J} € Ty.

EE———,—————
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Here, the pair (X,Ty) is said a pentapartitioned fermatean neutrosophic topological space (P-FNTS). The
elements of Ty are said pentapartitioned fermatean neutrosophic open sets (P-FNOS) in X. P-FNS A in X is said

a pentapartitioned fermatean neutrosophic closed set (P-FNCS) < its complement A€ is a P-FNOS.

Example 2.1 Let X = {ry,r,} forall k € {1,2,3,4} T, be P-FNS:
Tp, = {(r,,0.2,0.3,0.5,0.2,0.6), (r,, 0.3,0.6,0.4,0.2,0.7) }

Tn, = {(r,0,0,1,1,1),(r,,0,0,1,1,1)}

Tn, = {(r,,0.2,0.2,0.9,0.2,0.7),(r,, 0.1,0.3,0.5,0.7,0.8) }

T, = {(r1,1,1,0,0,0),(r, 1,1,0,0,0)}

where for all j € {1,2}, 0 < Hy, *(1;) +5r, *(r;) < 1and 0 < Ay, (1) + Or, *(1;) + My, *(r;) < 3. Then,
Ty = {ON, 1 N'Tnernz'Tn3rTn4} is a pentapartitioned fermatean neutrosophic topology. Also, T, UT,, =T, U
Ty =Tny T, UTn, =T, UTy, =Ty UTy, =Ty, Ty, UT,, =T, and T, UT,, UT,, =T, , Ty, UT,, U
T, =T, UTy, UTp, =Ty UT,, UTp UT,, =Tp,.

Further, T, N Ty, =To, N T =T, N T, =T, Ty NTp =T N Ty, =Ty, Ty NTp, =To, T, N Ty N
Toy =Tn, N T, N Ty, =T N T, Ny AT, =Ty and Opy =Ty, 1oy = Ty,

Now, we examine some properties of these spaces, similar to the works done on neutrosophic topological spaces.

Definition 2.3. On (X, ty), let T = {{r, Hy (1), A¢(r), O (1), M;(7), S;(r)): r € X} be a P-FNS. Then

i) The pentapartitioned fermatean neutrosophic interior of T, denoted by PFN Int(T) is the union of all
pentapartitioned fermatean neutrosophic open subsets of T. Clearly PFN Int(T) is the largest neutrosophic open

subset of X included in T.

ii) The pentapartitioned fermatean neutrosophic closure of T denoted with PFN CI(T) is the intersection of all P-
FNCSs containing T. Here, PFN CI(T) is the smallest P-FNCS which contains T.

Example 2.2. Let X = {ry,r,} forall k € {1,2,3} T, be P-FNS:
Tp, = {(r1,0.5,0.6,0.4,0.5,0.1), (3, 0.7,0.4,0.6,0.7,0.5)3},

T, = {(r1,0.5,0.4,0.6,0.8,0.3), (r, 0.6,0.4,0.7,0.8,0.9)},

Tn, = {(r1,0.4,0.3,0.8,0.9,0.4),(r3,0,0.3,0.8,0.8,1)}.

Then, Ty = {OPN, 1pns Ty Tnys Tn3} IS a pentapartitioned fermatean neutrosophic topology.

EE———,—————
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Also Opy, 1py, Ty, Tny, T, P-FNOS in (X, Ty) and their complements 1py, Opy,

Tp,© = {{r1,0.1,0.5,0.6,0.6,0.5),(r;, 0.5,0.7,0.4,0.4,0.7)}

Tnzc = {(ry,0.3,0.4,0.4,0.4,0.5), (r,, 0.9,0.8,0.3,0.4,0.6)},

Tn3c = {(ry,0.4,0.9,0.2,0.3,0.4),(r, 1,0.8,0.2,0.3,0)}

and 1py N Tnlc = {(r;, min{1,0.1}, min{1,0.5}, max{0,0.6},max{0,0.6}, max{0,0.5}),

(r,, min{1,0.5}, min{1,0.7}, max{0,0.4},max{0,0.4}, max{0,0.7}),r;, 7, € X}

= {(r1,0.1,0.5,0.6,0.6,0.5), (1, 0.5,0.7,0.4,0.4,0.7)} = T, ., 1py N T, =T, 1py N Ty, =Ty €
{0pn, 1oy, T, 6, Ty, S, Tn, €} are P-FNCS in (X, Ty).

Suppose that T = {(ry, 0.4,0.3,0.4,0.5,0.1), (r,, 0.6,0.3,0.6,0.7,0.6)} be a P-FNTS on X. Then, PFN Int(T) =
{(ry,0.4,0.3,0.8,0.9,0.4), (r,, 0,0.3,0.8,0.8,1)} and PFN CI(T) = 1py.

b) Let T,,, = {{r1,0.2,0.3,0.5,0.2,0.6),{r;, 0.3,0.6,0.4,0.2,0.7)},
T,, = {(r,0.2,0.2,0.9,0.2,0.7), (r,0.1,0.3,0.5,0.7,0.8)}.

In this case TN={OPN, 1pn, T, T,y IS a pentapartitioned fermatean neutrosophic topology. Here
Opn, 1pn, Tnys Tn, P-FNOS in (X, Ty) and their complements 1py, Opy,

To,© = {(r1,0.6,0.2,0.5,0.3,0.2), (3, 0.7,0.2,0.6,0.6,0.3)},

Tnzc = {(r1,0.7,0.2,0.1,0.2,0.2),(r», 0.8,0.7,0.5,0.3,0.1)}

and 1py N T, © = {{r;, min{1,0.6}, min{1,0.2}, max{0,0.5},max{0,0.3}, max{0,0.2}),
(r,, min{1,0.7}, min{1,0.2}, max{0,0.6},max{0,0.6}, max{0,0.3}), 7,1, € X}

= {(r1,0.6,0.2,0.5,0.3,0.2),(r;,0.7,0.2,0.6,0.6,0.3)} = T, %, 1py N Ty, € = Ty ©

are P-FNCS in (X, ty). Suppose that T = {{ry,0.7,0.7,0.8,0.8,0.6), (r,, 0.5,0.5,0.5,0.6,0.6)} be a P-FNS on X.
Now, the regular open set and related definitions given for neutrosophic spaces in [10] will be transferred to the
topological spaces we have defined.

Definition 2.4. A pentapartitioned fermatean neutrosophic subset T of a P-FNTS (X,Ty) is said to be a
pentapartitioned fermatean neutrosophic regular open set (P-FNRQOS) if T € PFN Int[PFN CL(T)]. The
complement of a pentapartitioned fermatean neutrosophic regular open set is said a pentapartitioned fermatean
neutrosophic regular closed (pre-closed) set (P-FNRCS) in X.
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Example 2.3. a) Let X = {ry,,} non-empty set. Clearly (X, ty) be an P-FNTS, where
Tp, = {(ry,0.3,0.3,0.3,0.3,0.4), (15, 0.4,0.4,0.4,0.4,0.3): 7,1, € X},

Tn, = {(ry,0.4,0.4,0.1,0.1,0.4), (r,,0.5,0.5,0.3,0.3,0.1): 7,7, € X}

T~ = {Opn, 1pn, Tny, T, } Here complements of Oy, 1y, Ty, T, are 1py, Opy,

Tnlc = {(r1, 0.4,0.3,0.7,0.3,0.3),(r3, 0.3,0.4,0.6,0.4,0.4)},

Tn,© = {(r1,0.4,0.1,0.9,0.4,0.4),(r,,0.1,0.3,0.7,0.5,0.5)} and they are P-FNCS in (X, ty).

Let T = {(ry,0.3,0.3,0.2,0.2,0.9), (1, 0.3,0.3,0.3,0.3,0.4): 74, 7, € X} be a P-FNS on X. Then, PFN Int(T) = Opy
and PFN CI(T) = 1py. PFN Int[PFN CL(T)] = 1py

Sowe get T € PFN Int[PFN CI(T)], then T is (P-FNROS).
b) Let X = {ry,,} forall k € {1,2} T, be P-FNS:

Tp, = {{r1,0.2,0.3,0.5,0.2,0.6), (13, 0.3,0.6,0.4,0.2,0.7)},
Tp, = {{r1,0.2,0.2,0.9,0.2,0.7), (13, 0.1,0.3,0.5,0.7,0.8)}.

Inthis case Ty = {OPN, 1pns Tnys Tnz} is a pentapartitioned fermatean neutrosophic topology. Here Oy, 1y, Ty, Tp,

P-FNOS in (X, ty) and their complements 1y, 0py,

Tn,© = {{r1,0.6,0.2,0.5,0.3,0.2),(r3, 0.7,0.2,0.6,0.6,0.3)},

Tn,© = {(r1,0.7,0.2,0.1,0.2,0.2),(r3, 0.8,0.7,0.5,0.3,0.1)} are P-FNCS in (X,7y). Suppose that T =
{(r,0.1,0.1,0.5,0.2,0.6), (r,, 0.1,0.1,0.4,0.2,0.7)} be a P-FNTS on X. Then, PFN Int(T) = 0y and PFN CI(T) =
1py, PFN Int[PFN CL(T)] = 1py.

Thus T € PFN Int[PFN CL(T)], T is (P-FNROS) and pre-open set.

Definition 2.5 Let (X,Ty) be a P-FNTS and T be a P-FNS. Then pentapartitioned fermatean neutrosophic a-
interior of T, (briefly PENa Int(T)) is given as the union of each pentapartitioned fermatean neutrosophic regular

open subsets of T. Equivalently, it could be as given below:

PFNa Int(T) =U{B:B S Tand B is a P — FNROS in X}.
Example 2.4 Let X = {ry,r,} non-empty set. Clearly (X, ty) be an P-FNTS, t = {Opy, 1pn, Tn,, Tn, } Where,
Tn, = {{r1,0.5,0.5,0.7,0.7,0.2), (r,, 0.6,0.6,0.7,0.7,0.3): 74,7, € X},

T,, = {{r,0.5,0.5,0.6,0.6,0.2), (r,0.8,0.8,0.6,0.6,0.3): 71,7, € X},
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Tn,© = {(ry,0.2,0.7,0.3,0.5,0.5), (r,0.3,0.7,0.3,0.6,0.6): 74,7, € X},

Tn,© = {(r1,0.2,0.6,0.4,0.5,0.5), (r,0.3,0.6,0.4,0.8,0.8): 1,7, € X},

Consider the P-FNS T = {(ry, 0.4,0.4,0.6,0.6,0.2), (r, 0.7,0.7,0.6,0.6,0.3): 11,1, € X}

PFN CI(T) = 1py, PFN Int[PFN CL(T)] = 1, is regular open set. So, PFNa Int(T) = 1py.

Definition 2.6 A subset T of a P-FNTS (X, Ty ) is said

i) a pentapartitioned fermatean neutrosophic semi-open set if T € PFN CI[PFN Int(T)] and a pentapartitioned

fermatean neutrosophic semi-closed set if PEN Int[PFN CI(T)] € T,

i) a pentapartitioned fermatean neutrosophic a-open set if T S PFN Int[PFN CI[PFN Int(T)]] and a
pentapartitioned fermatean neutrosophic a-closed set if PEN Cl[PFN Int[PFN Cl(T)]] cT.

The pre-closure (respectively, a-closure and semi-closure) of a subset T of a P-FNTS (X, Ty) is the intersection
of every pre-closed (respectively, a-closed, semi-closed) sets which contain T and is demonstrated with
PFNpCL(T) (respectively, PFNaCl(T)).and PFNsCI(T)

Example 2.5 Let X = {ry, ,} non-empty set. Clearly (X, 7)) be an P-FNTS, where
v = {Opn, 1oy, Tn, = {(r1,0.3,0.3,0.3,0.3,0.4), (13, 0.4,0.4,0.4,04,0.3): 1y, 15, € X3,

Tn, = {(r1,0.4,0.4,0.1,0.1,0.4), (r5,0.5,0.5,0.3,0.3,0.1): 74,75, € X}} Here Opy, 1py, Tn,, T, P-FNOS in (X, 7y)
and their complements 1, 0y,

Tp,© = {{r1,0.4,0.3,0.7,0.3,0.3),(r,, 0.3,0.4,0.6,0.4,0.4)},
T,,© = {{r1,0.4,0.1,0.9,0.4,0.4),{r,,0.1,0.3,0.7,0.5,0.5)} are P-FNCS in (X, 7).

T, = {{ry,0.3,0.3,0.1,0.1,0.4), (ry,0.4,0.4,0.3,0.3,0.1): 74,7, € X} be a P-FNS on X. Then, PFN Int(T,) =
Tp, = {{r1,0.3,0.3,0.3,0.3,0.4),(r;, 0.4,0.4,0.4,0.4,0.3): 77,7, € X}

and PFN CI[PFN Int(T,)] = 1py. Thus T, € PFN CI[PFN Int(T,)], T, is pentapartitioned fermatean

neutrosophic semi-open set. So;

PFN Int[PFN CIU[PFN Int(T,)]] = 1pn.
Thus T, € PFN Int[PFN CI[PFN Int(Tl)]], T, is pentapartitioned fermatean neutrosophic a-open set.
Example 2.6 Let X = {ry,r,} forall k € {1,2} T, be P-FNS:

T, = {(r1,0.2,0.3,0.5,0.2,0.6), (r,0.3,0.6,0.4,0.2,0.7)},
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Tn, = {(r,,0.2,0.2,0.9,0.2,0.7),(r,, 0.1,0.3,0.5,0.7,0.8) }.

In this case Ty = {OPN, 1pn,Tn, Tn,p IS @ pentapartitioned fermatean neutrosophic topology. Here
0pn, 1pn, Tnys Tn, P-FNOS in (X, Ty) and their complements 1py, Opy,

Tn,© = {{r1,0.6,0.2,0.5,0.3,0.2),(r3, 0.7,0.2,0.6,0.6,0.3)},

To,© = {(r1,0.7,0.2,0.1,0.2,0.2),(ry, 0.8,0.7,0.5,0.3,0.1)} are P-FNCS in (X, ty).

Suppose that T = {(r;, 0.5,0.1,0.8,0.8,0.6), (r, 0.6,0.1,0.6,0.6,0.3)} be a P-FNTS on X. Then, PFN Int(T) = Opy
and PFN CL(T) = {(r1,0.6,0.2,0.5,0.3,0.2), (r,, 0.7,0.2,0.6,0.6,0.3)} = Tnlc. PFEN Int[PFN CI(T)] = Opy,
PFEN Int[PFN CI(T)] € T, T semi-closed set.

PFEN CI[PFN Int(T)] = {(r1,0.6,0.2,0.5,0.3,0.2),(r>, 0.7,0.2,0.6,0.6,0.3)} = Tnlc,
T € PFN CI[PFN Int(T)], T semi-open set. PFN Int[PFN CI[PFN Int(T)]] = Opy

PFN CU[PFN Int[PFN CI(T)]| = Opy, PFN CI[PFN Int[PFN CI(T)]| €T, T is pentapartitioned fermatean
neutrosophic a-closed set.

Now, the definition of neutrosophic generalized semi-open set will be given in the next definition.

In the next definitions, the definition of neutrosophic generalized semi-open(closed) set will be given with the

method in [11] for the space we are working on.

Definition 2.7 A subset T of P-FNTS (X, Ty) is called pentapartitioned fermatean neutrosophic generalized-semi
closed set [PFNgs-closed set] in X if PENs CI(T) € B, whenever T € B and B is pentapartitioned fermatean
neutrosophic open set.T¢ is pentapartitioned fermatean neutrosophic generalized-open set in X [PFNgs —

open set] .
Now, we give some definition of using y-closed set in our spaces same as in [12].

Definition 2.8 A subset T of a P-FNTS (X, Ty) is said
i) a pentapartitioned fermatean neutrosophic semi- generalized closed set [PFNsg — closed set] if PFNsCI(T) <

B whenever T € B and B is semi-open in (X, Ty).

il) a pentapartitioned fermatean neutrosophic -closed set [PFNy — closed set] if PENsCI(T) S B whenever
T € B and B is PFNsg-open in (X, Ty).

iii) The y-closure of a subset T of a P-FNTS (X, Ty) is the intersection of every PFN -closed sets that contain
T and is denoted by PFNyCI(T).
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iv) A pentapartitioned fermatean neutrosophic ay-closed (PFN aiy-closed) set is given as if PFNy cl(T) € B
whenever T € B and B is a PFNa-open set in (X, Ty). Its complement is said a pentapartitioned fermatean
neutrosophic ay-open (PFN aip-open) set.

Example 2.7 Let X = {ry, r,} non-empty set. Clearly (X, ty) be an P-FNTS, where

Tp, = {(r1,0.3,0.3,0.7,0.3,0.4), (r3, 0.3,0.4,0.6,0.4,0.4): 1y, 7, € X},

Tp, = {(r1,0.4,0.4,0.1,0.1,0.4), (r3,0.5,0.5,0.3,0.3,0.1): 74, 7, € X}

Iy = {OPN» 1pns Ty Try §-

Here Opy, 1py, Tn,, Tn, P-FNOS in (X, Ty) and their complements 1y, Opy,

Tnlc = {(ry,0.4,0.3,0.3,0.3,0.3), (1, 0.4,0.4,0.4,0.4,0.3)},

Tn,© = {(r1,0.4,0.1,0.9,0.4,0.4), (r,,0.1,0.3,0.7,0.5,0.5)} are P-FNCS in (X, y).

Then the P-FNS G = {(r,0.6,0.6,0.1,0.1,0.4),(r,,0.9,0.9,0.2,0.2,0.1):1;,7, € X} is an pentapartitioned

fermatean neutrosophic semi-open set in (X, ty).

T =Tn,, PFN CU(T) = T,,°, PFN Int[PFN CI(T)] = T,,.

PFNsCI(T) € G where T =T,, € G and G € PFN CI[PFN Int(G)] = 1py.
So T is pentapartitioned fermatean neutrosophic generalized-semi closed set.
Example 2.8 Let X = {ry, ,} non-empty set. Clearly (X, 7)) be an P-FNTS, where
Tp, = {(r1,0.3,0.3,0.6,0.6,0.5), (r5,0.4,0.4,0.5,0.6,0.7): 74,1, € X},

Tn, = {(r1,0.4,0.4,0.5,0.5,0.5),(r3,0.5,0.5,0.5,0.6,0.7): 14,7, € X},

and 7y = {0py, 1pn, Tn,, Tn, }- Here

G = {(ry,0.5,0.5,0.5,0.4,0.4), (r,, 0.7,0.6,0.5,0.5,0.5): 1y, 1, € X},

Tn ¢ = {(r1,0.5,0.6,0.4,0.3,0.3),(r,,0.7,0.6,0.5,0.4,0.4): 14, 7, € X},

Tn,© = {(r1,0.5,0.5,0.5,0.4,0.4),(r,,0.7,0.6,0.5,0.5,0.5): 74, 7, € X},

B = {(ry,0.4,0.4,0.5,0.5,0.4), (r5, 0.5,0.5,0.5,0.6,0.7): 1y, 1>, € X}},

G¢ = {(ry,0.4,0.4,0.5,0.5,0.5), (r, 0.5,0.5,0.5,0.6,0.7): 1y, 7, € X}.

PFN Int(B) = T,,, PFN Cl(Tnz) =T,,“, B € T,,° So B apentapartitioned fermatean neutrosophic semi-open
set.
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G° € B, PFN CI(G®) = T,,°, PFN Int(T,,¢) = T,,, T,, € G s0 G a pentapartitioned fermatean neutrosophic
semi-closed set and pentapartitioned fermatean neutrosophic semi-closure.

T, = PFNs CI(G°) € B, G¢ is pentapartitioned fermatean neutrosophic generalized-semi closed set and G is
pentapartitioned fermatean neutrosophic generalized-semi open set.

Here T=G°and T € G, PFNsCI(G®) =Ty, ,T,, € G then G is PFN-closed set,
PFNYCI(T) = GC. T = {(ry,0.4,0.4,0.5,0.5,0.5), (r,, 0.5,0.5,0.5,0.6,0.7): 14,1, € X} = G°

PFN Int(T) = T, PFN CI(T,,) = To,%, PFN Int(T,,°) =T,,, TS T,, 50 G is PFNa-openset. G S T, T,,, =
PFNYCL(G) < Tso Tis PFN ap-closed in (X, ty).

Definition 2.9 Let T be an PFNS in PFNTS (X, Ty). Then
PFNay Int(T) =U{B:Bisa PFNay OSinXand B € T} is said to be a pentapartitioned fermatean

neutrosophic ay-interior of T;

PFNay CI(T) =n{B: B is a PFNay CS in X and B 2 T} is said to be a pentapartitioned fermatean neutrosophic
ay-closure of T.

The family of all pentapartitioned fermatean neutrosophic ay-open (ay-closed) in a pentapartitioned fermatean
neutrosophic topological space (X, Ty) is denoted by PENay — 0S (PFNay — CS).

Example 2.9 T, PFN ai-closed set in the previous example. The intersection of closures covering this set is T, “.
Proposition 2.1 Let (X, 7y) be a PFNTS. Then the following situations are true:

i) Every pentapartitioned fermatean neutrosophic a-open (a-closed) set is pentapartitioned fermatean

neutrosophic ay open (ay closed) set.

ii) Every pentapartitioned fermatean neutrosophic open (closed) set is pentapartitioned fermatean neutrosophic

ay-open (ay-closed) set.
Proof. The proof is obtained using the Definition 2.9.

Remark 2.1 As can be seen from the examples 2.8 and 2.9, a pentapartitioned fermatean neutrosophic ay-closed

set does not have to be pentapartitioned fermatean neutrosophic closed set in X.

In next propositions, we give some main properties of union (intersection) of PFNay — 0S, after that we define
regular ay-open as in [13] in PENTS.
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Proposition 2.2 Let (X, Ty ) be a PFNTS. Then the union (intersection) of any family of PEFNay — 0S (PFNay —
CS)isin PFNay — OS (resp. PENay — CS).

Proposition 2.3 Let (X, ty) be a PENTS. Let T be an PFNa — 0S and B be an PENay — 0S. Then TN B is an
PFNap — OS.

Definition 2.10 Let (X, 7y) be a PFNTS and T be a PFNS of X. Then T is called to be pentapartitioned fermatean
neutrosophic regular ay-open set if T= PFNay Int[PFNay CL(T)]. The complement of pentapartitioned
fermatean neutrosophic ay-regular open set (PFN ay-ROS) is called pentapartitioned fermatean neutrosophic
ay-regular closed set (PFN ayp-RCS) in X.

Lemma 2.1 Assume that T is a pentapartitioned fermatean neutrosophic subset of a PEFNTS (X, ty). Then the

following relations hold.
i) X/PFNap Int(T) = PFNap CL(X/T). ii) X/PFNay CI(T) = PFNay Int(X/T).
Now, some main definitions in [12], [19] will be transferred to the space we are working on.

Definition 2.11 A function f: (X,ty) = (Y,oy) is called to be pentapartitioned fermatean neutrosophic a-

continuous function if the inverse f~1(B) of each PFN open set B inY is a-open set in X.

Definition 2.12 A function f: (X,7y) — (Y,0y) is said to be a PFN aip-irresolute function if f~1(B) is a
PFN ay-open set in X, for every PFN ay-openset BinY.

Lemma 2.2 A function f: (X, ty) — (Y, 0y) is a PFN aip-irresolute function if and only if f~1(B) is a PFN ay-
closed set in X, for every PFN ay-closed set B in'Y.

Definition 2.13 A function f: (X, ty) — (Y, ay) is called to be a PFN ai-closed function if image set f(T) isa
PFN ai)-closed set in Y, for every PFN closed set T in X.

3. PEN ay —Normal Spaces

In this section, inspired by the Neutrosophic delta beta normal space given in [19] we constructed pentapartitioned
fermatean neutrosophic ay—normal space and study its characterizations.

Definition 3.1 A PFNTS (X, ty) is called to be PFN ay—normal if for any two disjoint PFN aiy-closed sets T and
'Y, there exist disjoint PFN ay-open sets P and  where T € P and 'Y € Q.

Theorem 3.1 Let (X, ty) be a PENTS. Then the following situations are equivalent:
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a) (X, ty) is PFN ay-normal.

b) For all PFN ai-closed set T and all PEN ay-open set P containing T, there exists a PFN ay-open set (
containing T such that P 2 PFN ay CL(Q).

c) For all pair of disjoint PFN ai-closed set T and Y, there exists a PFN ay-open set P containing T such that

d) For all pair of disjoint PEN ai-closed set T and Y, there exists PFN aip-open set P and ( containing T and Y
respectively where PFN ay CL("P) N PEN ay CL(Q) = 0_PN.

Theorem 3.2 A PFNTS (X, ty) is PFN ay—normal < for all PFN ay—closed set K and a PFN ay—open set Z
containing K, there exists a PFN ai—open set P where K € P € PFNay CI(P) € Z.

Theorem 3.3 Let (X, 7)) be a PENTS. Then the following statements are equivalent:
a) X is PFN ay—normal.

b) For any two PFN ay—open sets P and  whose union is 1y, there exist PFN ay—closed subsets T of P and
Yof suchthat TUY = 1,y.

Theorem 3.4 Let f: (X, 7y) — (Y, ay) be a function.
a) If X is PFN ay—normal and f is injective, PFN ay—irresolute, PFN ai—open, then Y is PFN aip—normal.
b) If Y is PFN ay—normal and f is PFN ai—irresolute, PFN ay—closed, then X is PFN ay—normal.

Proof a) Suppose X is PFN ay—normal. Let T and Y be disjoint PFN ay—closed sets in . Using f is PFN
ap—irresolute, £~1(T) and £~1("Y) are disjoint PFN aip—closed sets in . Then using X is PFN aip—normal, there
exist disjoint PFN aip—open sets P and (_ in X where f~1(T) € P and f~1(Y) € (. Now f~1(T) € P implies
that T € f(P) and f~1(Y) € q implies that 'Y € £(Q). Since f is a PFN ai—open map, f(P) and f£(Q) are
PFN ayp—open in Y. Also P n qQ = 0y implies that f (P n Q) = 0py and f is injective, then f(P) N f(Q) =
Opn- SO f(P) and £(Q) are disjoint PFN ay—open sets in Y containing T and 'Y respectively. Hence, Y is PFN

ay—normal.

Theorem 3.5 Let f: (X, 7y) — (Y, ay) be a PFN continuous, PFN ay—open bijection of a PFN normal space X
onto a PFN space Y and if all PFN aiy—closed set in Y is PFN closed, so Y is PFN aiy—normal.

Now, we give strongly PFN ay—normal space then we introduce its properties in PENTS.
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Definition 3.2 A PFNTS (X, Ty ) is said to be strongly PFN ay—normal if for all pair of disjoint PFN closed sets
T and "Y, there are disjoint PFN ai—open sets P and ( containing T and 'Y respectively.

Theorem 3.6 Every PFN aiy—normal space is strongly PFN ay—normal.

Proof Let X is PFN ay—normal, also let T and Y be disjoint PFN closed sets. So T and Y are disjoint PFN
ay—closed sets. Since X is PFN ay—normal, there exist disjoint PFN ay—open sets P and ( containing T and 'Y

respectively. This implies that X is strongly PFN ay—normal.
Theorem 3.7 Let (X, ) be a PFNTS. Then the following are equivalent:
a) X is strongly PFN ay—normal.

b) For all PFN closed set E and each PFN open set P containing E, there exists a PFN ai—open set ( containing
E such that PFNay CL(Q) S P.

c) For each pair of disjoint PFN closed sets T and 'Y, there exists a PFN ay—open set P containing T such that

Theorem 3.8 Let (X, ty) be a PFNTS. Then the following are equivalent:
a) X is strongly PFN ay-normal.

b) For any two PFN open sets P and ( whose union is 1y, there exist PFN ay-closed subsets T of P and Y of (

where TU Y = 1py.

Proof a)=D) : Let P and ( be two PFN open sets in a strongly PFN ay-normal space X where P U ( = 1py. SO
P° and (¢ are disjoint PFN closed sets. Using X is strongly PFN a-normal, then there exist disjoint PFN a-
open sets 3 and E where P° € Rand (¢ € E. Let T = ¢ and 'Y = E°. Hence T and 'Y are PFN a1p-closed subsets
of P and ( respectively where TU 'Y = 1.

b)=a): Let Tand "Y be disjoint PFN closed sets in X. Then T¢ and "Y¢ are PFN open sets such that T U "Y¢ = 1,,.
By (b), there exists PFN ai-closed sets M and N such that M € T, N €'Y and UN = 1, . Then M€ and N¢

are disjoint PFN ai-open sets containing T and 'Y respectively.
Theorem 3.9 Let f: (X, Ty) — (Y, ay) be a function.

a) If X is strongly PFN ai-normal and f is injective, PFN continuous, PFN aip-open, then Y is strongly PFN

ay-normal.
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b) If Y is strongly PFN ai-normal and f is PFN a-irresolute, PFN ay-closed map, then X is strongly PFN a-

normal.

Proof a) Suppose X is strongly PFN ay-normal. Let T and Y be disjoint PFN closed sets in. Since f is PFN
continuous, f~1(T) and f~1('Y) are PFN closed in. Since X is strongly PFN ai-normal, there exist disjoint PFN
ap-open sets P and ( in X such that f~1(T) € P and f~1(Y) € 4. Now f~1(T) € P implies that T € f(P)
and f~1(Y) € q implies that Y < £(Q). Since f is a PFN ay-open map, f(P) and £(Q) are PFN ay-open sets
inY. Also Pn q = 0y implies that f(P N Q) = 0py and f is injective, then f(P) N f(Q) = Opy. Thus f(P)
and f(Q) are disjoint PFN ai-open sets in Y containing T and 'Y respectively. Thus, Y is strongly PFN ai-normal

4. RESULTS

In this article, some important properties of neutrosophic ay-topological space are examined. Neutrosophic ay-
normal space using strong neutrosophic ai-normal space definitions, neutrosophic ay-closed and neutrosophic
ay-normal sets is given. In addition, important theorems that determine the relationships between the given
concepts have been proven.
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