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Abstract

A neutrosophic set is a mathematical approach that helps with challenges involving data that is indeterminate,
imprecise, or inconsistent. The goal of this manuscript is to present the notion of neutrosophic g*-closed
sets and neutrosophic g*-open sets. In this situation, we prove various neutrosophic generalized theorems.
The findings support previous methodologies in the literature and are backed up by various examples and an
application.
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1 Introduction and Preliminaries

Generalization topological spaces is a classical subject which is a type of classical topological spaces. The
concept of fuzzy sets was introduced by Zadeh in his classical paper.> In 1968, Chang'® used fuzzy sets to
introduce the notion of fuzzy topological spaces. Coker>!'® defined and introduced the intuitionistic fuzzy
topological spaces using intuitionistic fuzzy sets Atanassov’s?? (Ifs for short) on a universe X. Neutrosophic
system was defined by Smarandache In various recent papers, has laid the foundation for a whole family
of new mathematical theories generalizing both their fuzzy and classical counterparts, and have wide range
of real applications for the fields of Medicine, Information Systems,decision making, Applied Mathematic,
Computer Science. F. Smarandache and A. Al Shumrani obtained the concept of neutrosophic topology on
the non-general and standard interval.?>?! Several authors was extended this principle with many applications
(see!0-1424-26) " In this paper we study and introduce about generalized neutrosophic sets. g*-closed sets
in neutrosophic topological space. We also discussed with details about properties and relationships with
other classes of early defined forms. We also introduced application of neutrosophic g*-closed sets namely
neutrosophic Tg‘ space and *T% space. Several interesting characterizations and properties are also discussed.

For non-empty fixed set R and each element € R to the set R. A neutrosophic set'® (NS for short) R is an
object having the form R = {(r, uz(r), o 5(r),v5(r)) : r € R}, where

(k) represent the degree of member ship function,

o (k) represent the degree of indeterminacy,

and 7 (k) represent the degree of non-membership.

Neutrosophic sets in S will be denoted by R,W, B, G, etc., and although subsets of R will be denoted by
R,B,T,etc.

A neutrosophic set R = {(k, pup(k), 0 5(k),v5(k)) : k € R} can be identified to an ordered triple (11 5 (k), o 5 (k), 75 (k))
in 07,17 on RR.
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2 Historical Background

Definition 2.1. '° Let Z be a non-empty set. A neutrosophic set (V'S for short) R is an object having the form
R = {(r, pp(r),o5(r),vg(r)) : v € Z}, where y5(r), 05(r), up(r), and the degree of non-membership
(namely v5(r) ), the degree of indeterminacy (namely o ;(r)), and the degree of membership function (namely
115 (r)), of each element r € Z to the set R.

Since our main purpose is to construct the tools for developing neutrosophic set and neutrosophic topology,
we must introduce the Neutrosophic sets (N Ss) O and 1'% in Z are introduced as follows:

1 — O can be defined as four types:

L Oy = {(r,0,0,1): 7 € Z},
2. Oy ={{r,0,1,1): 1€ Z},
3. Oy = {{r,0,1,0) : r € Z},
4. Oy = {(r,0,0,0): r € Z}.

2- 1 can be defined as four types:

1. 1y ={{r,1,0,0) : r € Z},
2. 1y ={{r,1,0,1): r e Z},
3. Iy = {(r,1,1,0) : 7 € Z},
4. 1y ={{r,1,1,1):re Z}.

Definition 2.2. '° Let X be a non-empty set, and GNSS H and K in the form H = {r, ug (r), o (r), vz (r)},
K = {r,ux(r),0x(r), vk (r)}, then we may consider two possible definitions for subsets (H < K)
(H < K) may be defined as

1. Type l: HS K < up(r) < pr(r),op(r) < ok (r),andyg (r) = v (r) or
2. Typel: HS K = pup(r) < px(r),on(r) = ok (r),and vy (1) = vk (r).
Definition 2.3. ' Let {A4; : j € J} be a arbitrary family of N.SS in Z, then

1. nA; may be defined as two types:
Type 1: 0 Ay = (r, ppra(r), 2 oa;(r), v 7vai(r)

-Type 2: mAj ={r, jé\JﬂAj(T)yj\E/JUAj (T),jgﬂA]‘(T)>~

2. UA; may be defined as two types:
-Type 1: UA; = (r, ngMAj(T)ngjUAj(T),jQﬂA]‘(T»

“Type 20 W A; =y v pag(r), A oag(r), nvag(r)
Definition 2.4. Let R = (;u5(r), 0 4(r),75(r)) be an N'S on 2.2 The complement of the set R(C(R), for short)
may be defined as follows:
L C(R) = {(r,1 = pp(r), 1 =vz(r)y : 7€ 2},
2. O(R) = {{rvp(r), 04(r), up(r)y 7 e 2},
3. C(R) = {(r,vp(r), 1 = o(r), pp(r)) s v e Z).
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Definition 2.5. ! A neutrosophic topology (N7 for short) and a non empty set Z is a family 7~ of neutrosophic
subsets of Z satisfying the following axioms

1. ON,lNET
2. HHnHyeT forany Hy, Hy € T

The pair (Z, T) is called a neutrosophic topological space ( NT'S for short).
Definition 2.6. '° Let R be an NS and (Z,7) an NT where R = {r, u5(r), o 5(r),75(r)}. Then,

1. NCL(R) = n{H : HisanNCSin Z and R < H}
2. NInt(R) = U{W : Wisan NOS in Z and W < R}

It can be also shown that NCI(R) is an NC'S and N Int(R) is an NOS in Z. We have

1. Risin Z iff NCI(R).
2. Risan NCS in Z iff NInt(R) = R.

Definition 2.7. ' Let R = {115(r), o 4(r),75(r)} be aneutrosophic open sets and B = {up(r), o5(r), v5(r)}
a neutrosophic set on a neutrosophic topological space (Z, 7). Then

1. Ris called neutrosophic regular open iff R = N Int(NCI(R)).
2. The complement of neutrosophic regular open is neutrosophic regular closed.

Definition 2.8. ° Let Rbe an NS and (Z,7) an NT. Then

1. Neutrosophic regular-open set (N ROS) if R = NInt(NCI(R)),
2. Neutrosophic regular-closed set (N ROS) if R = NCI(NInt(R)),
3. Neutrosophic semi-open set (N.SOS) if R < NCI(N Int( ~))
Neutrosophic semi-closed set (N.SCS) if NInt(NCI(R)) € R
)

Neutrosophic pre-open set (N POS) if R = NInt(NCI(R)
Neutrosophic pre-closed set (N PCS) if NCI(NInt(R)) < R,

AN U

7. Neutrosophic a-open set (NaOS) if R € NInt(NCI(N Int( )))
8. Neutrosophic a-closed set (NaC'S) if NCI(NInt(NCI(R))) <
Definition 2.9. 7

1. Neutrosophic 3-closed set (NACS) if NInt(NCI(NInt(R))) < R,
2. Neutrosophic -open set (NB0OS) if R € NCI(NInt(NCI(R))),

Definition 2.10. '7 A (NS) Rof an NT's (Z,T) is called generalized neutrosophic closed sets (GNC's in
short) if NCI(R ) C B wherever R — B and B is neutrosophic closed sets in Z.

Definition 2.11. 5 A neutrosophic set R of an NT'S (Z,T) is neutrosophic generalized pre-closed set (NGPC'S
in short) if NPCI(P) < G whenever P € G and G isan NOS in Z.
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Definition 2.12. 3 Consider a neutrosophic set RinNTS (Z,T). Then it is neutrosophic generalized 3-closed
set (NGBC'S in short) if NSCI(P) < G whenever P € G and G is an NOS.

Definition 2.13. © A neutrosophic set R of an NT'S (Z,T) is neutrosophic generalized semi-closed set
(NGSCS in short) if NScl(P) < G whenever P < G and G is an NOS in Z.

Definition 2.14. * Consider a neutrosophic set R in NT'S (Z,T). Then it is neutrosophic a-generalized closed
set (NaGCS in short) if NaCl(P) < G whenever P € G and G is an NOS.

An NS Ris called a neutrosophic generalized open set,neutrosophicgeneralized pre-open set, neutrosophic a-
generalized open set, neutrosophic generalized semi-open set, ineutrosophic S-generalized open set (NGOS,
NGPOS, NaGOS, NGSOS, NGBOS respectively), if the complement of R¢ is a NGCS,NGPCS,
NaGCS, NGSCS, NGBCS respectively. The following implications?? are true:

NaCS§ ———» NPCS5 —» NGPCS

'+ 7\

NRCS —® NCS — NaGCS —® NRaGCS — NGPRCS

R

NwCS —» NGCS — NRGCSNC

In this diagram by A ——— B means A implies B but not conversely and A —— B means A &
B are independent.
Diagram 1

Definition 2.15. ° Let (Z,T)) be a neutrosophic topological space and z,.; s be a neutrosophic point in Z. A
neutrosophic set S of Z is called a neutrosophic neighbourhood if there exists a neutrosophic open set x; ¢ s
in Z such that p. € z,+ s < S.

Definition 2.16. 2" A neutrosophic point z,.; s is said to be g-coincident with a neutrosophic set G, denoted
by z,: sqG, if and only if there exists z,; & G°. A neutrosophic set H is said to be neutrosophic quasi-
coincident (neutrosophic g-coincident, for short) with G, denoted by HqG if and only if H ¢ G°.

Definition 2.17. %" A neutrosophic point (N P in short), x,; s is said to be a neurosophic cluster point of a
neutrosophic set (Vs in short) G if HgG for each neutrosophic open g-neighborhood H of z, ; s. The union
of all neutrosophic cluster points of G is called the neutrosophic closure of G and denoted by NCI(G).

Definition 2.18. '> A neutrosophic set (Ns in short), (Z,T) is said to be neutrosophic-T% (N T% in short)
space if every GNCsin Zisan NCsin Z.

3 Neutrosophic g* Closed Sets

In this section we introduce neutrosophic g*-closed sets in neutrosophic topological spaces and discuss some
of their properties.

Definition 3.1. A neutrosophic point (NP in short) z, ; , is said to be an neutrosophic ¢-cluster point of a
neutrosophic set (/Ns in short) R if and only if CI(H )qf% for each g-neighborhood H.The set of all neutro-
sophic -cluster points of R is said to be neutrosophic #-closure of R and is denoted by C’lg(R). An Ns R
will be called an neutrosophic 6-closed (NOC'S for short) if and only if R = C’lg(]:%). The complement of
0C'S is said to be neutrosophic #-open set (NOO.S for short).

Definition 3.2. A neutrosophic set H in (Z,T") is said to be an neutrosophic g*-closed set (NG*C'S in short)
if Cl(H) <€ W whenever H € W and W is an NGOS in (Z,T'). The family of all G*CSs of an NT'S
(Z,T) is denoted by NG*C(Z2).
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Example 3.3. Let X = {u,v} 'y = {ON,lN,F} 1saNp on Z. where F = (z, (3, 15, 15), (35, 15, 15))-
Then the Neutrosophic set H = (z,, ({5, =, &), (3, 5, )y isan NG*CS in (Z,F)

Example 34. Let X = {u, .} and 4 = (b, &5 ). (5. o )i ) B = (b ). (5,
ﬁ)ﬁ) (10710a10)> and C' = <(10710a10) (10710a )7(ﬁa]{? ﬁ)> Then 7 = {ONr’ N> 7B} 1S a
neutrosophic topology on X. Then the Neutrosophic set C' = (35, 15, 55): (55: 15> 15): (35+ 155 15)> is an
NG*CSin (2,T).

Example 3.5. X = {u,v} T'ny = {On, 1y, F} 1saNp on Z. where F' = (z, (10, 23,5, 5.5) .
Then the Neutrosophic set H = (z,, (3, 5, 1), (55 15 15)» is notan NG*CS in (Z,T).

Theorem 3.6. Every NCS is a NG*CS but not conversely.

Proof. Let Hbea NCS'in (Z,T"). Then Ci(H) = H.Let H € W and W isan NGOS in (Z,T). Therefore

Cl(H) =H < W.Thus Hisan NG*CS'in (Z,T). O
Example 3.7. Let X = {u,v} 'y = {On, 1y, F} is aNp on Z, where F' = (z, (s, %, %), (5, & 150)>
Then the Neutrosophic set H = (z,, (5, &, 3), (55, &, 1)) isan NG*CS in (Z,T) but not an NCS in
T.

Theorem 3.8. Every NG*CS in neutrosophic topological space (Z,T') is an NGC'S but not conversely.

Proof. Let H be an NG*CSCS in (Z,T"). Let H € W and W is a NOS in (Z,T"). Since every NOS is
NGOS and since H is an NG*CS in Z. Therefore CI{(H) < W whenever H € W, Wisan NOS in Z.
Thus H isan NGCS'in Z. O

Example 3.9. Let X = {u v} Iy = {On, 1n, F}isa Npon Z. where F = (z, (35, 15, 15): (35: 15 15))-
Thenthe NS H = (z,, (3, 5, ), (1, 20,10)>1sanNGCSbutnotanNG*CSm1"

Theorem 3.10. Every NGOC'S in neutrosophic topological space (Z,1") is an NaGC'S but not conversely.

Proof. 1t is obvious because every NOC'S is NC'S and by Theorem 3.6 the proof is clear. O

Example 3.11. Let X = {u,v} Ty = {On,1n,F, H, FUH}isa Npon Z. where H = (z, (0,0, &), (1,1,0))
and H = (z,,(1,2,0),(0,2,1)). Then the NS F = (,(1,1,0),(0,0,-%)) is an NGOCS but not an

» 100 ’ 100 710
NaGCSinT.

Theorem 3.12. Every NG*C'S in neutrosophic topological space (Z,T') is an NaGC'S but not conversely.

Proof. Let H be an NG*CSin (Z,T"). By Theorem 3.8 H is an NGOS in (Z,T"). Since aCIl(H) < CIi(H)
and H isa NGCS in Z. Therefore «Cl(H) < Cl(H) < W whenever H € W, W is an NOS in Z. Thus

Hisan NG = CSin Z. O
Example 3.13. Let X = {u v}y = {ON,lN,F} isa Nron Z. where F = (z, (5, 15- 16 ) (55 15+ 15 ))-
Then the NS H = (z,, (&, 15, ). (3, 3, 2))isan NG * CS but not an NaGCS inT.

Theorem 3.14. Every NGRC'S in neutrosophic topological space (Z,T") is an NG*C'S but not conversely.

Proof. Let H be an NRCS in (Z,T). Then H = Cl(Int(H)). Let H € W, Wis an NGOS in Z. Thus
CIl(H) < Cl(Int(A)). This implies CI(H) € H < W. Thus H isan NG*CS inT. H isan NG # CS in

Z. O
Example 3.15. Let X = {u,v} Ty = {ON,lN,F} isa Npon Z. where H = (z, (3, 15, 5), (3, 3, 35))-
Then the NS H = (z, ({5, 5, 3), (35, 15, ) is an NG * CS but not an NGRCS in T,

Theorem 3.16. Every NG*C'S in neutrosophic topological space (Z,T') is an NGSC'S but not conversely.

Proof. Let H be an NG*CS in (Z,T). Let H € W, W is an NOS in Z. Since every NOS is NGOS
and since H is an NG*CS in (Z,T"). By hypothesis CI(H) < W. Which implies Ci(Int(H)) < W. Thus
Int(Cl(Int(H))) € W. Therefore BCI(H) < W. Thus H is an NGBCS in (Z,T). O
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Example 3.17. Let X = {u,v} 'y = {ON,lN,F} isa Npon Z. where H = (z, (5, &, %), (5, 56, ).

Thenthe NS H = {z, (3, 5. 15): (3 15+ 1) is an NG = C'S but not an NGBCS in T,
Remark 3.18. An NG = CS is independent from NaCS, NSGCS, NPCS, and NSCS as seen from the

following example.

Example 3.19. Let X = {u,v} 'y = {On, 1y, F}isa Ny on 2. where H = (z, (3, &, 15), (%,1%,%)}.
Then the NS H = (z, (15, 15+ i5) (5, % %)} is an NaCS, NPCS, NSCS and NSCS not an
NG*CSin (Z,T).

Example 3.20. Let X = {u,v} 'y = {ON,lN,F} isa Npon Z. where H = (z, (35, 3, 2), (3, 15, 5))-
Then the NS H = (z, (355, 15, 15): (355 15> 15)) is anNG*C'S but neither NSCS or NaCS in (Z,T).
Example 3.21. Let X = {u v} Ty = {ON,lN,F} isa Ny on Z. where H = (z, (0, %, 5), (3, 15, o))
Then the NS H = (z,(0, 3, 3), (%, 15, 7)) is an NPCS butnot NG*CS'in (Z,T).

Example 3.22. Let X = {u,v} 'y = {ON,lN,Hl,HQ}lsaNFOHZ where H; = (z, (%I 2 2 ,(5 5 5
and Hy = (z, (107 10710) (6+ 15+ 10))- Then the NS Hy = (x, (10710?10) (15160 10)) 1

10° 10’ 10

but notan NPGCS in (Z,T).

Example 3.23. Let X = {u,v} 'y = {On, 1y, H1, Ho}isa Ny on Z. where H; = (z,

and Hy = (z, (107 180’180) (% % *)> Then the NS Hy = (z, (107170’170) (1307130

but notan NSGCS in (Z,T).

,_.
O
i
=
o)

< /—\

Remark 3.24. Let (Z,T') be neutrosophic topological space. Then intersection of any two NG*C'S’s is not an
NG*CS in general as seen in the following example.

Example 3.25. Let X = {u,v} 'y = {ON,lN,F} isaNp on Z. where W = (z, (35,0, 15), (5. 1, 75))-
Thenthe NS Hy = (z, (5,1, 15), (15,0, 15)), H2 = {z, (5,0, 15), (5,1,1))y are NG*CS’s in (Z,T), but

) 10° 16005 15)5 (3g: 1
Hy n Hyisnotan NG*CS in Z.

Theorem 3.26. Let (Z,T") be neutrosophic topological space. Then the union of any two NG*C'S is an
NG*CS.

Proof. Let H and K be any two NG*CSs in (Z,T") and let H U K < W, where W is a NGOS in Z.
Therefore H € W or K < W or both subset of W. Since H and K are NG*CS, CI(H) < W and
CIl(K) < W. Therefore CI(H v K) € W. Thus H u K isan NG*CS. O

Theorem 3.27. Let (Z,1") be neutrosophic topological space. Then H is an NG*CS in (Z,T) iff |( H1qH2)
implies |(Cl(H1)qH2) for every NGC'S Hs of Z.

Proof. Necessity: Let Hy be an NGC'S of (Z,T) such that |(H;gH>). Then by Definition, H; & HS where
HSisan NGOS in Z. Then Cl(H,) < HS. Hence |(Cl(H;)qH>).

Sufficiency: Let Hs is an NGC'S in Z. Therefore |(H1gH>), by hypothesis, |(CI(Hy)qHz). Then we have
CIl(Hy) < HS whenever H; < H$ and HS is an NGOS in Z. Hence Hy is an NG*CS'in Z. O

Theorem 3.28. Let (Z,T') be neutrosophic topological space. If H is an NG*CS in (Z,T), such that
H, € Hy € Cl(Hy). Then Hy is alsoa NG*CS (Z,T).

Proof. Let W be a NGOS in (Z,T') such that H, € W, Since H; € Ho, H; € W and W be an NGOS.
Since H; is an NG*CS, Cl(H,) < W. Therefore Hy < CI(H,), by hypothesis. Cl(Hs) < CI(CI(H;)) <
W. Then we have Cl(Hs) < W. Hence Hy isan NG*CS'in Z. O

Theorem 3.29. Let (Z,T) be neutrosophic topological space. Then NGO(T') = NGC(T') iff every NS in
(Z,T)isan NG*CS in Z.

Proof. Necessity: Suppose that NGO(T') = NGC(T"). Let H; € W and W is an NGOS in I. This implies
Cl(Hy,) € ClY(W). Since W is an NGOS in I'. Since by hypothesis W is an NGCS in T, CI(W) < W.
This implies CI(H,) < W. Therefore Hy is an NG*CS inT.

Sufficiency: Suppose that every NS in (Z,T) isan NG*CS inT. Let W € NO(T'), then W € NGO(T).
Since W € W and W is NOS in T, by hypothesis CI(W) € W. Thatis W € NGC(T'). Hence NGO(T") <
NGC(T). Let H € NGC(T') then H¢ is an NGOS inI'. But NGO(I') € NGC(T'"). Therefore H® €
NGC(T). Thatis H e NGO(T'). Hence NGC(I') € NGO(T'). Thus NGO(T') € NGC(TI). O
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Theorem 3.30. Let (Z,T') be neutrosophic topological space. If H is NG*CS and NGOS in (Z,T), then
Hiyisan NCSin Z.

Proof. Let Hy is an NGOS in Z. Since H; < Hj, by hypothesis Ci(H;) < H;. But from the Definition,
H, < CI(H,). Therefore ClI(H,) = H;. Hence H; isan NC'S of Z. O

Theorem 3.31. Let (Z,T) be neutrosophic topological space. If H is an NG*C'S in (Z,T") and w(u,v) be a
neutrosophic point in Z such that w(u, v)qCUl(H) then Cl(w(u,v))qH.

Proof. Let H be an NG*C'S in Z and let w(u, v)qCI(H). Let |(Cl(w(u, v))gH), then H < [Cl(w(u,v))]C,
where [Cl(w(u,v))]¢ is an NGOS in Z. Since CI(H) < [Cl(w(u,v))]¢ € [w(u,v)], by hypothesis, we
have|(w(u, v)qCIl(H)), which is a contradiction to the hypothesis. Therefore Cl((w(u,v))qH. O

Theorem 3.32. Let (Z,T) be neutrosophic topological space. If H is an NOS and an NG*CS in (Z,T),
then

1. Hisan NROS in Z,
2. Hisan NRCS in Z.

Proof. (1) Let H be an NOS and an NG*CS in Z. Hence CI(H) < H. Thatis Int(CI(H)) < H. Since
Hisan NOS, H isan NPOS in Z. Then H < Int(CIl(H)). Therefore H = Int(CI(H)). Hence H is an
NROS in Z.

(2) Let H be an NOS and an NG*CS in Z. Then CI(H) < H. Thatis Cl(int(H)) < H. Since H is an
NOS, H is an NSOS in Z. By hypothesis, we have H < Cl(Int(H)). This implies H = Int(Cl(H)).
Hence H isan NRC S in Z. O

Remark 3.33. From above the following implication between N G*C'S and the other existed NC'S’s and none
of these implications is reversible

N6CS

~ |

NaCs ’ NaGCS ‘H’ NGPCS ‘

NRCS ‘H’ NCS ‘H’ NG*CS ‘—>’ NGCS ‘H—’ NAGCS ‘

Theorem 3.34. Ler (Z,T) be neutrosophic topological space. If H is an NG*CS in (Z,T), then Cl(H)\H
contains non-empty NGC'S.

Proof. Suppose that H is an NG*CS of (Z,T") and let W be non-empty NGCS of (Z,T'), such that W <
CIl(H)\H. Therefore H = Z\W. By hypothesis, we have H is NG*C'S and Z\W is NGOS, then Ci(H) <
Z\W. This implies W < Z\CI(H). So W < (Z\cl(H)) n (cI(H)\H) < (Z\CI(H)) n cl(H) = ¢. Hence
W is empty set. O
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4 Neutrosophic g*-Open Sets

In this section, we introduce Neutrosophic g*-open set in Neutrosophic topological space and study some of
their properties.

Definition 4.1. A neutrosophic set H (/Ns in short) is said to be Neutrosophic g*-open set (NG*OS in short)
in (Z,T') if the complement H¢ is an NG*CS in Z. The family of all NG*OS’s of an NT'S (Z,T') is
denoted by NG*O(Z).

Theorem 4.2. Let (Z,T") be neutrosophic topological space. Then A subset Hy of Z is an NG*OS if and
only if Hy € Int(Hy) whenever Hy is an NGCS in Z and Hy < H;.

Proof. Necessity: Let Hy is an NG*OS in Z. Let Hy be an NGCS in Z and Hy, < H;. Then H)®
is an NGOS in Z such that H,© < H2°¢. Since H:° is an NG*CS, we have CI(H°) < H,°. Hence
(Int(Hy))® < Hy°. Therefore Hy < Int(Hy).

Sufficiency: Let Hy < Int(H;) whenever Hy is an NGCS inand Hy € H;. Then H1° € H»° and H5° is an
NGOS. By hypothesis, (Int(Hy))® S H»¢, which implies C1(H;“) € Hs°. Therefore H:¢ is an NG*CS
of Z. Hence H; isan NG*OS in Z. O

Theorem 4.3. Let (Z,T') be neutrosophic topological space. Then for every NOS is an NG*OS but not
conversely.

Proof. Let H be an NOS. Then H¢ is an NCS. By Theorem 3.6, every NC'S is an NG*C'S. Therefore H¢

isan NG*CS. Hence H is an NG*OS. O
Example 4.4. Let X = {u v}y = {ON,lN,F} isa Npon Z. where H = (z, (35, 15, 55), (35 15 15))-
Then the NS H = (z, (35, 5, 5): (15: 15> 15)) is an NG*OS but not an NC'S in (Z,T").

Theorem 4.5. Let (Z,T') be neutrosophic topological space. Then every NROS is an NG*OS but not
conversely.

Proof. Let Hbean NROS in (Z,T). Then H¢isan N RC'S. By Theorem 3.14, every NRC'S isan NG*C'S.

Therefore H¢ is an NG*C'S. Hence H is an NG*OS. O
Example 4.6. Let X = {u v} Ty = {ON,IN,F} isa Npon Z. where H = (z, (35, 15, 5), (5. 15, 55))-
Then the NS H = (z, (3, 55, 15): (15+ 15> o5)) is an NG*OS but notan NROS in (Z,T).

Theorem 4.7. Let (Z,T) be neutrosophic topological space. Then every NG*OS is an NGOS but not
conversely.

Proof. Let H be an NG*OS in (Z,T"). Then H€ is an NG*CS. By Theorem 3.8, every NG*C'S is an
NGCS. Therefore H¢ is an NGC'S. Hence H is an NGOS. O

Example 4.8. Let X = {u,v} 'y = {ON,lN,F} isa Npon Z. where H = (z, (35, 5, 35), (55, 5, 25 ))-

{u
Then the NS H = (z, (5, % ), (3,5, 5))isan NGOS but notan NG*OS in (Z,T).
I)

Theorem 4.9. Let (Z,
conversely.

be neutrosophic topological space. Then every NG*OS is a NaGOS but not

Proof. Let H be a NG*OS in (Z,T"). Then H¢ is a NG*CS. By Theorem 3.12, every NG*CS is a
NaGCS. Therefore H¢ is a NaGC'S. Hence H is a NaGOS. O

Example 4.10. Let X = {u,v} 'y = {ON,lN,F} isa Npon Z. where H =z, (75, 15, 15): (35+ 15> 15 ))-

10° 107 10 10
Then the NS H = (z, (&, 5, 4y (4 )% isan NaGOS butnota NG*OS in (Z,T).

6
10’ 10° 10) (107 10° 10
L)

o‘o‘

Theorem 4.11. Let (Z,
a NG*OS.

be neutrosophic topological space. Then The intersection of any two NG*OS’s is
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Proof. Let Hy and Hs be the any two NG*OS’s in Z, H1 and H5° are NG*C'S sets. By Theorem 3.26,
H,° v Hy®is an NG*CS in Z. Therefore (H, n H3)¢ is an NG*CS. Thus H; n Hy is an NG*OS in
Z. O

Remark 4.12. Let (Z,T) be NT Space. The union of any two NG*O.S’s is not a NG*OS in general as seen
in the following example.

Example 4.13. Let X = {u v} 'y = {On,1n,F}isa Npon Z. where F = (x,(3,0,0), ({5.1,1)).
Then the NS’s H; = {x, (10,0 0),(3,1,1)), Hy = (x,($,1,1),(%,0,0)) is are NG*OS in (Z,T) but
Hy, v Hyisnotan NG*CS'in (Z,T).

Theorem 4.14. Let (Z,T) be neutrosophic topological space. Then every NG*OS is an NSGOS but not
conversely.

Proof. Let H be an NG*OS in (Z,T"). Then H€ is an NG*CS. By Theorem 4.3, every NG*CS is an

NBGCS. Therefore Hisa NBGCS. Hence H isa NSGOS. O
Example 4.15. Let X = {u,v} 'y = {ON,lN,F} isa Nr on Z. where F = (x, (107 &, 5) (55515 )
Then the NS H = (z, (3, &, %), (5, 15, <)) is an NBGOS butnot an NG*OS in (Z,T)).

Remark 4.16. From above the following implication between N G*O.S and the other existed NO.S’s, NGOS’s
and none of these implications is reversible

Theorem 4.17. Let (Z,1") be neutrosophic topological space. Then if H is a N S of Z then have the following
equivalent properties:

1. Hin NG*O(I),
2. F < Int(H) whenever F < H and F isa NGCS in Z,

3. There exists OS’s Q1 and Qs such that Qs € F < Q1, where Q1 = Int(H), F < H and F isa NCS
inZ.

Proof. (1) — (2): Let H in NG*O(Z). Then H¢ is an NG*CS in Z. Therefore CI(H®) < W whenever
He¢ <€ Wand W is a NGOS in Z. By taking the complement on both sides [CI(H¢)]® 2 W° whenever
[H€]® © We¢. Therefore W¢ < Int(H) whenever W¢ € H and W°is a NGCS € Z. Replacing W° by F,
F < Int(H) whenever F € H and F'isa NGCS € Z.

(2) — (3): F < Int(H) whenever ' < H and F isa NGCS € Z. Hence Int(F) < F < Int(H) then
there exists NOS’s Q1 and Q5 such that Q2 € F € Q1, where Q1 = Int(H) and Q2 = Int(F).

(3) — (1): Suppose that there exists NOS’s Q1 and Q5 such that Q2 € F < Q. Thatis F' < Int(H). Then
Cl(H¢) < F° whenever H® € F°and F¢isa NGOS € Z. Hence H¢ isa NG*CS € Z. Therefore H in
NG*O(2). O
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Theorem 4.18. Let (Z,T) be neutrosophic topological space. Then if H is a NS of Z. Then for every H in
NG*O(Z) and every Rin NS(Z), Int(H) € R < H implies Rin NG*O(Z).

Proof. Since Int(H) < R < H. By taking the complement on both sides, we get H¢ < R¢ < CI(H®).
Let R° € Fand F'isa NGOS € Z. Since H® € R°, H° < F. Since H® is a NG*CS, CI(H®) < F.
Therefore CI(R°) < CI(H®) < F. Hence R°is an NG*CS € Z. Therefore Risa G*OS € Z. Thatis R in
NG*O(2).

O

5 Separation Axioms of Neutrosophic ¢*- Closed Sets

In this section, we study and introduce the concepts of neutrosophic T'¥ space (N7 in short), neutrosophic
2 2

*T% space and some of their basic properties. Also we study some applications of Neutrosophic ¢g*- Closed
Sets.

Definition 5.1. An neutrosophic topological space (Z,T) is said to be an neutrosophic T'¥ space (in short
2
NT¥)ifevery NG*CS of (Z,T)isa NCS of (Z,T).
2

Theorem 5.2. A neutrosophic space topological (Z,T') is neutrosophic T¥ space iff NG*OS(Z) = NOS(Z)
2

Proof. Necessity: Let H be an NG*CS in Z then H® is a NG*C'S in Z. By our assumption H¢ is an NC'S

in Z, this implies H isa NOS of Z. Then NG*OS of Z = NOS(Z).

Sufficiency: Let H be a NG*C'S in Z, the H¢ isa NG*OS of Z. By hypothesis H¢ is NOS € Z, therefore

Hisa NCS € Z. Then (Z,T") is neutrosophic T'5 space. O
2

Theorem 5.3. Ler (Z,T") be neutrosophic topological space. Then every neutrosophic T% space is neutro-
sophic T space.
2

Proof. Assume (Z,T) be an NT} space and let H be an NG*CS in (Z,T). Since every NG*CS is a
NGCS. However, H is an NC'S. Hence Z is an NT¥ space. O

Remark 5.4. Every neutrosophic T'¥ space need not be neutrosophic T% space in (Z,T") in general as seen
2
from the following example.

Example 5.5. Let X = {u,v} I'y = {On,1n,F}isa Npon Z. where F = (z, (5%, 35, 15), (15> 15+ 15))-
Clearly (Z,T) is an neutrosophic T'¥ space, but not neutrosophic T} space.
2

—

Theorem 5.6. For any neutrosophic space topological (Z,T) the following are equivalent:

1. (Z,T) is neutrosophic Ty space,
2. Every singleton element of Z is either NGC'S or NOS.

Proof. (1) — (2): Letr € Z and Suppose r isnota NGCS in (Z,T"). Then Z\r is not NGOS, This implies
Z is the only NGOS containing Z\r. Therefore Z\r is a NGOS of (Z,T'). Since (Z,T") is a neutrosophic
T space, then Z\r is NC'S or equivalently 7 is an NOS in (Z,T).

(22) — (1)” Let H be an NG*CS in (Z,T"). Its Obvious that H < CI(H). Letr € Ci(H). By 2) r is
either NOS or NGCS. Case (1) let r is NOS. Since r € CI(H), then r n H # ¢. Sor € H. Then in any
case r € H. Thus H = CI(H) or equivalently H is a NC'S. Thus every NG*CS is NCS. Hence (Z,T) is
neutrosophic T; space. Case (2) let v is NGCS. If r ¢ H then CI(H)\H contains non-hempty NGC'S r.

But this is not possible according to the theorem 3.34 as H is NG*C'S. Hence r € H. O

Theorem 5.7. Let (Z,T') be a NT'S and Z is a neutrosophic T space. Then the following properties hold:
2
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1. Any intersection of NG*OS is NG*OS in Z,
2. Any union of NG*CS is NG*CS in Z.

Proof. (1) It is obvious from (1) by taking complement.
(2) Let H ; be a collection of NG*C'S’s in a neutrosophic T* space. Thus, every NG*CS is an NC'S of

Z. However the union of NCS is a NC'S in Z. Hence uH oy isan NCS € Z. Since every NC'S is an
NG*CS, vHj, isan NG*CS in Z. Therefore any union of NG*CS’sis NG*CS'in Z. O

Definition 5.8. A neutrosophic topological space (Z,T") is said to be a neutrosophic *T% space (in short N *T%
ifevery NGCS of (£,T) isa NG*CS of (Z,T).

Remark 5.9. The following diagram, we have provided the relation between NT'F, N*T% and NT%.
2

neutrosophic T'F
2

neutrosophic 7' 1

neutrosophic *T

M

Theorem 5.10. If (Z,T) is an N*T% space then eachr € Z, r is either NC'S or NG*OS.

Proof. Suppose (Z,T")is a N*T% space Let r € Z and let that r is NGC'S since Z is the only open set which
contains Z\r. Since (Z,I') is a N*Ty then Z\r is an NG*C'S or equivalently r is NG*OS. O

Theorem 5.11. For any neutrosophic topological space (Z,T), neutrosophic Ty space is neutrosophic *T%
space.

Proof. Let Z be a N*T% space and let H be an NGCS of (Z,T'). By hypothesis H is an NC'S. Since every
NCSin (Z,T)isa NG*CS of (Z,T'). Hence Z is a N*T space. O

Theorem 5.12. A neutrosophic topological space (Z,T) is an NT% space iff it is both N*T% space and NT¥
2
space.

Proof. Necessity: Follows from Theorem 5.3 and 5.11.
Sufficiency: Suppose (Z,T') is both N*T1 space and NT* space. Let H be a NGCS of (£,T). Since (Z,T)

is an *T} space, then H is NG*C'S of (Z, T"). Since (Z I)isa NT* space, then His NCS of (Z,T'). Thus
(Z,T)isaNT} space. O

Theorem 5.13. A neutrosophic topological space (Z,T') is a N*T space iff NG*OS(Z) = NGOS(Z)

Proof. Necessity: Assume H be a NGOS(Z) € Z, then H¢isa NGCS € Z. However H¢ isa NG*C'S in
Z, and this implies H is an NG*OS in Z. Hence NGOS(Z) = NG*OS(Z2).

Sufficiency: Assume H be a NGCS of Z, the H¢ is an NGOS in Z. By Hypothesis H¢ isa NG*OS in Z,
which implies H is a NG*C'S in Z. Hence (Z,T) is a N*T space. O
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6 Conclusion

In this write up, we established inequalities and introduce the notion of Neutrosophic g* set, Neutrosophic *T%
space by using Ng* set in Neutrosophic topological spaces. Furthermore, we investigate and define NG*C'S,
NG*OS. Then we introduce and study the relationships between NG*C'S, NG*OS and other generalization
closed and open sets respectively, and also present some properties and applications of Neutrosophic g* set
in Neutrosophic topological space. This work can easily be extended in various structures like Neutrosophic
Pg*, Neutrosophic Sg*, Neutrosophic ag* sets. The other properties of these types of sets can be found and
one can introduce some other relations to these types of sets to develop the skills of learning mathematics.
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