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Abstract—The purpose of this paper is to consider coefficient estimates in a class of functions
M, A(q) consisting of analytic functions f normalized by f(0) = f’(0) — 1 = 0in the open unit disk
A={z:2€C and |[z]|< 1} subordinating with nephroid domain, to derive certain coefficient
estimates ag, az and Fekete—Szeg6 inequality for f € M, A(¢g). A similar result have been done
for the function f~!. Further application of our results to certain functions defined by convolution
products with a normalized analytic function is given, and in particular we obtain Fekete—Szeg6
inequalities for certain subclasses of functions defined through neutrosophic Poisson distribution.
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1. INTRODUCTION
Let A denote the class of all functions f(z) of the form

f(z):z—i-Zanz”, (1.1)
n=2

which are analytic in the open unit disk
A:={z:2€C and [z <1}

and S be the subclass of A consisting of univalent functions. A function f € S is said to be starlike in
A if and only if

%(zf'(z)) >0, (z€A),

f(z)
and, on the other hand, a function f € § is said to be convex in A if and only if
2f"(2)
R(1+ P )>0, (zen)

denoted by §* and C, respectively.

Let f1 and fy be functions analytic in A. Then we say that the function f; is subordinate to fs if there
exists a Schwarz function w(z), analytic in A with w(0) =0 and |w(z)| <1 (2 € A), such that
fi(z) = fa(w(z)) (2 € A). We denote this subordination by

fi<fo or fi(z) < fa(2) (2 €A).
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FEKETE—-SZEGO INEQUALITIES FOR CERTAIN SUBCLASSES 91

In particular, if the function fy is univalent in A, the above subordination is equivalent to
f1(0) = f2(0) and f(A) C f2(A). The function ¢(z) =1+ z — Z; maps A onto the region bounded

by the nephroid
4\ 4?
<(u—1)2+v2— 9> —~ ;) =0,

which is symmetric about the real axis and lies completely inside the right-half plane v > 0. Geometri-
cally, a nephroid is the locus of a point on the circumference of a circle of radius p traversing positively the
outside of a fixed circle of radius 2p. It is an algebraic curve of degree six and is an epicycloid having two
cusps. The plane curve nephroid was studied by Huygens and Tschirnhausen around 1679 in connection
with the theory of caustics, a method of deriving a new curve based on a given curve and a point. In 1692,
J. Bernoulli showed that the nephroid is the catacaustic (envelope of rays emanating from a specified
point) of a cardioid for a luminous cusp. However, the name nephroid, which means kidney shaped, was
first used by the English mathematician Richard A. Proctor in 1878 in his book Geometry of Cycloids
(for more details, see [20] and references cited therein).

Definition 1.1 [20]. Let S*(gq) denote the class of analytic functions f in the unit disc A normalized
by f£(0) = f’(0) — 1 = 0 and satisfying the condition that

z2f'(z) 23
<142z— _ =:q(2), z€ A. 1.2
‘o , = al2) (1.2)
and C(q) if
Zf//(Z) 23
1 1 - = A. l.
( ey ) SrE g ) 2 € (1.3)
Further, they proved by considering, ¢(z) as a holomorphic solution of the differential equation
zq’(Z) 2 /
=142z—_, z€A q(0)=0,¢(0) =1,
. ; a(0) =0, ¢(0)
ie.,
z q(cn—l) -1 on Z2n—1
Qn(z) = = s A 1.4
(2) zexp</0 ¢ d¢ Z+n—1+2(n—1)2+ z € (1.4)

plays the extremal role of the class S as noted by Wani and Swaminathan [20]. Also

B z q(Cn—l) -1 _ on Z2n—1
Tn(z)—exp</0 ¢ dc>_Z+n(n—1)+2(2n—1)(n—1)2+”" (1.5)

z € A, plays the extremal role of the class C, as noted by Wani and Swaminathan [20]. It may be noted
from (1.3) of Definition 1.1 that the set ¢(A) lies in the right half-plane and it is not a starlike domain
with respect to the origin.

Recently, Raina and Sokol [15] have studied and obtained some coefficient inequalities for the class

S*(z 4+ /1 4 22) and these results are further improved by Sokol and Thomas [19] further the Fekete—
Szeg6 inequality for functions in the class C(q) were obtained and in view of the Alexander result

between the class S*(z 4+ v/1 + 22) and C(z + V1 + 22), the Fekete—Szeg inequality for functions

in S*(z + /1 + 22) were also obtained. For a brief history of Fekete—Szegé problem for the class of
starlike, convex and various other subclasses of analytic functions, we refer the interested reader to [18].
Leta>0, A>0and0 < p<1land f € A Wesay that f € M(a, )\, p) if it satisfies the condition

R {z]{(g) <f(zz)>a T [1 ; z]{(z) B z;((z«’;) i <z]{(g) B 1)}} o

The class M(a, A, p) was introduced by Guo and Liu [4].

Motivated essentially by the aforementioned works, (see [15, 17 and 1]) in this paper we define the
following class Mg, (q) given in Definition 1.2. First, we shall find estimations of first few coefficients
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92 MURUGUSUNDARAMOORTHY

of functions f of the form (1.1) belonging to M, x(¢) and we prove the Fekete—Szeg6 inequality

[ € Mq, x(q) and also for f~1 € M, a(q). Also we give applications of our results to certain functions
defined through Poisson distribution.

Now, we define the following class M, (¢q) :
Definition 1.2. Fora > 0, A > 0 a function f € Ais in the class M, A(q) if

Urio () 2l 5 =0+ G )y

< 1+z—z3 =q(2); z=re" € A. (1.6)

Note that by specializing the parameter we get the following subclasses based on nephroid domain
(see [20]).

2f'(2) I
£(2) <q(z) =1+ . GA}

e Mo 1(q) =C(q) = {fEA: (1—1— ZJ{,/ES)) <q(z)=1+2— 233,26 A}

-Amawzswwz{feA:

e My (q) = Mai(q) \
B NN ) 2f"(2) Nl Z
={feA:(1-)) 2) +>\<1+ f’(z)><q() 1+ . e A}

e Maolq) = Bq) = {feA: 7Y (fgz>) <qz)=1+2-%,z2€A}..

2. A COEFFICIENT ESTIMATE

To prove our main result, we need the following:
Lemma2.1[8]. /[ p1(z) =1+ c12 + 22 + - -+ is a function with positive real part in A, then

—4dv+2, if v<0,
e —vei| <% 9 if 0<v<1,
v -2, if v>1.

1
When v < 0 orv > 1, the equality holds if and only if p1(z) is ) te or one of its rotations. If
—z

2

1
0 <wv <1, then equality holds if and only if p1(2) is te or one of its rotations. If v =0, the

1— 22
equality holds if and only if

1 1 \1+z (1 1\1-z
_ - 0<n<1
Piz) <2+2">1—z+<2 277>1—|—z O<n<l)

or one of its rotations. Ifv =1, the equality holds if and only if p1 is the reciprocal of one of the
functions such that the equality holds in the case of v = 0.

Although the above upper bound is sharp, when 0 < v < 1, it can be improved as follows:
lca —wved| Foler]* <2 (0 <wv<1/2)
and

leo —vd |+ (1—v)|ea]? <2 (1/2<v<1).
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FEKETE—-SZEGO INEQUALITIES FOR CERTAIN SUBCLASSES 93

We also need the following:
Lemma 2.2 [3]. /[ p1(z) = 1 + c12 + 2% + - -+ is a function with positive real part in A, then
2 lc1]?
|en | <2 foralln > and g — 1| <2 - 5
The class of all such functions with positive real part are denoted by P.

Lemma 2.3 (7). If p1(z) = 1 + c12 + c22® + - -+ is a function with positive real part in A, then
lco — ved| < 2max(1, |20 — 1]).
The result is sharp for the functions

1+ 22 142

PR = e PE =

Lemma 2.4 [6]. Let P(z) =1+ c12 + 222 + c323 + ... be in P then for any complex number p,

C% 27
o2 = )| < max{2,2ln - 1]} =
2| — 1|, elsewhere.

0 p<2

The result is sharp for the functions defined by P(z) = }J_rjz or P(z) = {12

Theorem 2.1. Let o > 0 and X > 0. If f(z) given by (1.1) belongs to My, x(q), then

1
92l S aya gy
1 a’ + o —2(a+3)\ -
lag| < (@ +2)(1 +2)\) max{l"( 2((1+a)(1+)\ >|}

Proof. If f € M, A(g), then there is a Schwarz function w(z), analytic in A with w(0) =0 and
|lw(z)| < 1in A such that

Ui () 258 =78 = (08 )l

3
— q(w(z)) = 1+ w(z) — (“’(;)) . (2.1)
Define the function P(z) by
P(z) := iizgi; =1+cz+epz? 4.
it is easy to see that
_ 2 3
] CSU) R GRS O N
Since w(z) is a Schwarz function, we see that R(p1(2)) > 0 and p1(0) = 1. Let us define the function
p(z) by
C_ [2'() <f(z)>a [ 2f"(z) _ 2f'(2) (Zf’(Z) B ﬂ }
w0 = {75 (7)o - T e (78 -
= 14+biz+byz?+---. (2.3)
In view of the Egs. (2.1)—(2.3), we have
_ (P(2)—-1
p(2) _q<P(z)+1>' (2.4)
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94 MURUGUSUNDARAMOORTHY

Hence
(w(2))? c1 co A\ cg ciea A3\ 53 e g
1 =1 — — — ..
+ w(z) 5 +22+2 4z+2 2+8z 24z+
2 3
:1+C21z+ <C22 —C41>z2—|— <C23 —61202 +Cll2>z3+---, zeD.

Using (2.2)in (2.4), we get

2

_a _ G g

b1 = 9 and b2 = 9 4
A computation shows that

/
Z;(S) =1+ agz + (2a3 — a3)2* + (3a4 + a3 — 3azaz)2® + - -

Similarly we have

2f"(2)
f'(z)

An easy computation shows that

(e (0) a7 -3 e (7 )}
=1+ (14 a)(1 + Nagz + (a+2)(1 + 2)\)az2?

2
—I—(a ;a—(a+3))\—1>a%z2+---

1+ = 1+ 2az + (6ag — 4a3)2> +

In view of the Eq. (2.3), we see that
by = (14 a)(1+ Naso,

2
by = (a+2)(1+2)\)a3+<a ;a—(a+3))\—1>a§

or, equivalently, we have
c1

214 a)(1+A)
B 1 CQ_C% o +a—2(a+3)\ -
BT a1 +2 )<2 4[” 2((1+a)(1+ A))? D
2(a

B 1 _02 a4+ a— +3)A

T 2(a+2)(1+2)) <02 ) {H 2((1+a)(1+A)? D
1

2(c + 2)(1 + 2)) (

ay =

cy — vc%) ,

where
b L <1 a2+a—2(a+3))\—2>'
2 2((1+a)(1+N)?
Therefore, we have
1

92l < oy + )

(2.6)
(2.7)

(2.8)

(2.9)

(2.10)
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and, by using the estimate
lcog — ve?| < 2max(1, |20 — 1|)

given in Lemma 2.3, we have

las| <

1 o +a—2(a+3)\ -2
max{1, |2 x 5 <1+ ) >—1|}

(a+2)(1+2)) 2((1+a)(1+ )

B 1 i a?+a—2(a+3)\— >

T (a+2)14+20 " “"( 2o+ )
Remark 2.1. Let « =0 and A > 0. If f(z) given by (1.1) belongs to M(q), then

1

< )
jaz| 14\

<! 3\ 41 =, 3A+1
BUS 91 12 21+ A2 T 41+ 20) (1 + A2
Remark 2.2. Let A = 0. If f(z) given by (1.1) belongs to B%*(q), then
1 1 o?+a— -2
< < .
las| < Lo and |a3\\a+2max{1,|< 2(14 a)? >|}
Remark 2.3 (see [20]). Let « = 0 and A = 0. Ii f(2) given by (1.1) belongs to §*(¢), then

max{1, |

1 1 1
lag| <1, and las| < 2max{1,|2‘}:2,
Remark 2.4 (see[20]). Let « = 0 and A = 1. If f(2) given by (1.1) belongs to C(q), then
1 1 1 1
|az| < 9’ and |a3|<6max{1,|2‘}:6

Theorem 2.2. Let 0 < p <1, >0 and XA > 0.1f f(z) given by (1.1) belongs to M, x(q), then

1 ot .
— <
SN
2 1 :
|az — paz| < ¢ if o1<p<oy,
L ( 7 ) if nzo
2{. 7_2 Y N = 27
where, for convenience,
—272 4+ 2(a+3)A —p 272 +2(a+3)A —p 2@+ 3)A—p
o1 = 02 = ;03 = )
2€ 2€ 2¢
vi=p—2(a+ 3\ + 2u&, (2.11)
pi=a+a-—2, (2.12)
&= (a+2)(1+2N), (2.13)
and
=14+a)(1+N). (2.14)

Further, if o1 < p < o3, then
1
¢
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96 MURUGUSUNDARAMOORTHY

If o3 < 1 < 09, then

72

NCERATEE

|lag — pa3| +

These results are sharp.
Proof. Now, by making use of (2.8) and (2.9) we get

e il — 1 <02_C%_<a2—|—0z—2—2(a+3))\—|—2,u(a+2)(1—1—2)\)>02>
PTHRT o (2 7 4 8 (14 a)(1+ \))? !
B 1 c? a? +a—2—2(a+3)A+2u(a+2)(1 +2))
 2(a+2)(1+2)) (Cz_ 2 <1+ 2((1+a)(1+A))? >>
where
1 a?+a—2—2(a+3)A+2u(a+2)(1+2))
vy (1 2((1+a)(1 +A)° )
That is, simply

1 p—2(a+3)A+2u& 1 v
= (1 - (1 ) .
YT ( * 272 o " T 92

The assertion of Theorem 2.2 now follows by an application of Lemma 2.1.

To show that the bounds are sharp, we define the functions F;, and G;, (0 < 1 < 1), respectively, with
F,(0) =0 = F(0) — 1 and G;(0) = 0 = G},(0) — 1 by

AF)(2) <F<>> e [u HESE _ABNC) (AN Y] (L),

Fn(z) (Fn)/(z) Fn(z) Fn(z) 1+nz

and

2Gy)'(2) (Gl2) ) (G () _AC) (), (G _ ] _ (=t
Gol2) ( : > “[” GY(z) — Gyle) T <Gn<z> 1) q( 1+nz>’

)
respectively. Clearly, the functions K, := ¢(z), F}), and G,, are members of M, x(q). If o < o1 0r . > 09,
then the equality holds if and only if f is K, or one of its rotations. When o1 < p1 < o9, then the equality
holds ifand onlyif f is K, = g(2?%) or one of its rotations. If = o7y, then the equality holds if and only if f

is F;, or one of its rotations. If 1 = o, then the equality holds if and only if f is G, or one of its rotations.
]

By making use of Lemma 2.3, we immediately obtain the following:
Theorem 2.3. Let 0 < a < 1,and 0 < A< 1. I] f € My \(q), then for complex p, we have

|lag — paj|
1

a2 +a—2—2(a+3)A+2u(a+2)(1+2))
S (a+2)(1+2)) max{l’ ‘}
p—2(a+3)A+2ué

2((1+ a)(1+N))?2
!

where p,&, T are as defined in (2.12), (2.13), and (2.14). The result is sharp.
Remark 2.5.

1. For the choice @ =0 and A = 1, Theorem 2.3 coincides with the result obtained for the class

f€C(q)as
-
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2. For the choices a = 0 and A = 0, Theorem 2.3 reduces to the result for the class f € S*(q) (see
[20]) as

1
a3—,ua2 < _max{l,|2u—1|}.
28

3. For the choice of « = 0, Theorem 2.3, reduces the result for the class f € My (q) as

—2 — 6+ 4u(1 + 2))
2(1 + A)?

1
I%—uﬁ|<l+QAmw{L

4. For the choice of A = 0, Theorem 2.3 reduces the result for f € B%(q)

a2+a2—(12—:—j);;(a+2)'}'

2
las — pad]| < a+2nmx{L

3. COEFFICIENT INEQUALITIES FOR THE FUNCTION f~!

Theorem 3.1. If f € My (q) and f~Hw) =w+ 3 dyw™ is the inverse function of f with

n=2
lw| < ro, where rq is greater than the radius of the Koebe domain of the class f € Mgy x(q), then
for any complex number i, we have

1 212+ p—2(a + 3)A + (4 +2u)¢
J— 2 J—
| ds AmﬂéémM{L\ s 1]} (3.1)
where p,&, and T are as defined in (2.12), (2.13), and (2.14).
Proof. As
Flw)=w+ > dyw" (3.2)
n=2

is the inverse function of f, it can be seen that

@) = H (@) == (3.3)
From Egs. (1.1)and (3.3), it can be reduced to

=+ Z anz") = z. (3.4)
n=2
From (3.3) and (3.4), one can obtain
z+ (CLQ + dQ)Z2 + (ag + 2a9dy + d3)Z3 + e, = z. (35)

By comparing the coefficients of z and 22 from relation (3.5), it can be seen that
d2 = —ay, d3 = QCL% — as. (36)

From relations (2.8), (2.9), and (3.6)
C1

B0 a1 4N (3.7
1
ds = 2+ 2)(1 + 2X)
2014+ )1+ M) +4(@+2)1+2) +a? +a—2a+3)A -2 ,
X | cg — S (3.8)
4(1+a)(1+ )3

1 272 +48+p—2(a+3)\ ,
= Coy — c1 )5
2¢ 272
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98 MURUGUSUNDARAMOORTHY

and p, £, and 7 are as defined in (2.12)—(2.14). For any complex number y, consider

1 272+ p—2(a+ 3)A + (4 + 2p)¢
e _ 2
ds — pud? 25(@ o q). (3.9)
Taking modulus on both sides and by applying Lemma 2.3 on the right-hand side of (3.9), one can obtain
the result as in (3.1). Hence this completes the proof. O

Remark 3.1. Suitably specializing the parameters in Theorem 3.1 one can easily state above result
for the function classes Mg A(q) = M (q), Mq,0(q) = B*(q), Mo,0(q) = S*(q), and My 1(q) = C(q).

4. APPLICATION TO FUNCTIONS
DEFINED BY NEUTROSOPHIC POISSON DISTRIBUTION

By letting pn(2) as the neutrosophic Poisson distribution series, we study the following results (for
details, see[12, 14]). Asis well known that the classical probability distributions only deals with specified
data and specified parameter values, while neutrosophic probability distribution gives a more general
and clear ones. In fact, neutrosophic Poisson distribution of a discrete variable X is a classical Poisson
distribution of z with the imprecise parameter value. A variable X is said to have neutrosophic Poisson
distribution if its probability with the value k € N* = N U {0} is

k
NP@:k%:mg)é”Mk:QLZ&”.
where the distribution parameter my is the expected value and the variance, that is to say, NE(z) =
NV (z) = my for the neutrosophic statistical number N = d + I (refer to [5] and also see [14] and the
references cited). Define a power series whose coefficients are probabilities of neutrosophic Poisson
distribution by

& _ - (mN)n_l —myN N
(mN,z)—z—i—Z (n—l)‘e 2", z e D.
n=2 ’

For f € A, we take the convolution operator % and introduce the linear operator A : A — A defined by

o o - (mN)n ! —mpy n
Af(z) = CI)(m]\/,z)*f(z)—z—knz::2 (n—l)!e anz
= z+4 Z U(my,n)anz", (4.1)
n=m-+1
where
L _ (mN)n_l —mpy
v, = V(mpy,n) (n—1)!
Specially,
2
Uy :=mye ™V, Ug:= (mg) e” N, (4.2)

For the application of the results given in the previous section, we define the class M? | (¢) in the
following way:

ME (@) ={feA and (fxyp)€ Maa(a)},

where

p2) =2+ Y en", (en>0) (Fr@) =2+ nan"
n=2

n=2
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and M, x(q) is given by Definition 1.2 and * denotes the convolution or Hadamard product of two series.
We define the class M, (¢) in the following way:

oa@)={feA and Afe Mqu(9)},

where M, x(q) is given by Definition 1.2.
In following theorem, we obtain the coefficient estimate for functions in the class Mz’)\(q), from

the corresponding estimate for functions in the class M, x(q). Applying Theorem 2.2 for the function
(f * 0)(2) = 2 + paas2® + @3a3z® + - - -, we get the next Theorems 4.1 and 4.2 after an obvious change
Theorem4.1. et 0 < a< l,and 0 < AL 1. If f € Mz’)\(q), then for complex u, we have
1 a?+a—2-2(a+3)A  pla+2)(1+2)\)ps
Theorem 4.2. [et 0<pu<1, a>0, A>0, and ¢, > 0. If f(2) given by (1.1) belongs to
Mz,,\(Q)) then

of parameter .
laz — pa3| = max {1, } .
(4 2)(1 4+ 2X)p3 2((1+a)(1+X))2 (14 a)(1+ N)g2)?

1 V2 .
2{@3 (_TQ) ’ Li M < 01,
1 .
|lag — pa3| < . if o1< <oy,
1 /7 )
2£p3 (7’2)’ i =z o

where, for convenience, vo := p — 2(a + 3)A + 2u§2§§ )
2

@2 2(a+3))\—p—272] @2 [2T2+2(a+3))\—p
o1 = , 02 = ’
©3 2€ ©3 2€
and p,&, and T are as defined in (2.12), (2.13), and (2.14).
Now, we obtain the coefficient estimate for f € M, (q) from the corresponding estimate for

f € Ma a(q). Applying Theorem 2.2 for the function Af = z + Waagz® + Wzazz® + -+, we get the
following Theorems 4.3 and 4.4 after an obvious change of the parameter y as in above theorems.

For Wy and W3 given by (4.2) Theorems 4.1 and 4.2 reduce to the following:

Theorem4.3. Let 0 < a < 1,and 0 < A< 1.I] f € M7\(q), then Jor complex pi, we have

2 max{l a +a—2-2a+3)A pla+2)(1+2))
(a+2)(1+ 2 )m3 e~mn Io2((T4+a) (14 N))2 2((1 + a)(1 + \))2e—mn

Theorem 4.4. Let 0<pu<1, a>0, A\>0, and ¢, > 0. I f(z) given by (1.1) belongs to
QfA(q), then

las — pa3| =

b

1 72) .
- < 9
§m?ve_m1\’ ( 72)° Li 2 01
2 2 ' <p<
lag — pay| < Em?ve_mf\” i o1<p< oy,
1 ’YQ) .
Y l > )
£m?\,e—mN (7’2 ['nzo
where 2 := p — 2(a+ 3)\ + e_‘ﬁsN . For convenience we write
2 2
o i e 27° + 2(0;2— 3N\ — p} Ly = [27’ + 2(0;; )X —p
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100 MURUGUSUNDARAMOORTHY
and p,&, and T are as defined in (2.12), (2.13), and (2.14).

A variable X is said to be Poisson distributed if it takes the values 0, 1,2, 3, - - - with probabilities e,

me;m, m? eglm, m3 e;'m , ..., respectively, where m is called the parameter. Thus,
rT,—m
Px=r=""° ,r=0123....
r!

In[13], Porwal introduced a power series whose coefficients are probabilities of Poisson distribution
0 n—1
m —-m . n
K(m,z) =z+ gZQ(n_l)!e 2", z €A,

where m > 0. By ratio test the radius of convergence of above series is infinity. Using the Hadamard
product, Porwal [13] (see also, [1, 9, 10] introduced a new linear operator Z™(z) : A — A defined by

[ee] n—1 [e.e]
I™f =K(m,z)  f(z) = 2 + Z (;n_ 1)|e_manz”, =z+ Z Yn(m)anz", z € A.
n=2 ’ n=2

00 n—1
SinceZ™f =z + ;wmanz", where 1, = (:ln_ 1)!6_’”, we have
m2
Yo =me” "™ and 3= ) e ™. (4.3)

Remark 4.1. Suitably specializing the parameters in Theorems 4.3 and 4.4, one can easily state
the results for the function classes associated with neutrosophic Poisson distribution and Poisson
distribution as listed below:

L Mg\ (q) = MY (q),
2. Mgtolg) = Sp(a),
3. Ma,0(q) = B*(g) and

4. Mgl (q) =C™(a),

which are new and not been studied sofar.
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