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1. Introduction

A fuzzy set is a category of items with a continuum of membership levels between
zero and one. The concept of a fuzzy set was first introduced by Zadeh [1], who also
provided a useful starting point for the development of a conceptual framework that,
while similar to the framework used for sets in many ways, is more general and may
have a wider range of applications, particularly in the fields of pattern classification and
information processing. The study of statistical metric spaces and an examination of the
continuous characteristics of the distance function were both continued by Schweizer and
Sklar in [2]. Fuzzy metric spaces (shortly, Fuzzy MS) were proposed by Kramosil and
Michélek in [3], who also expanded on the notion of convergence that is typically used
to determine whether a generalization is appropriate. On fuzzy double-controlled MSs,
Azmi [4] developed the novel idea of (¢ — IT)-fuzzy contractive mappings and illustrated
various fixed-point results. In the framework of extended fuzzy b-MSs, various generalized
fixed point findings of Banach and Ciri¢ type are established by Rome et al. [5]. A Hausdorff
fuzzy b-MS is described by Batul et al. [6]. A few fixed point results for multivalued
mappings in G-complete fuzzy b-MSs that satisfy an appropriate contractiveness criterion
are established using the novel idea. Numerous fixed point theorems in fuzzy b-MSs
make up Raki¢ et al. [7]. They provided a necessary condition for a sequence to be Cauchy
in the fuzzy b-MS, which was a significant result. By using a control function a(x,y)
of the right-hand side of the b-triangle inequality, Mlaiki [8] created a new extension
of b-MSs known as controlled metric type spaces. Controlled fuzzy MS is a brand-new
development of Sezen’s [9] work on fuzzy metrics. Additionally, they demonstrated a
new fixed point theorem and a Banach-type fixed point theorem for some fulfilling self-
mappings. see [10-16]. Grabiec [17] extended two fixed point theorems of Banach and
Edelstein to contractive mappings of complete and compact fuzzy MSs, respectively. In
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order to established some fixed point theorems, Rehman et al. [18] defined x-admissible
and a-11-fuzzy cone contraction in fuzzy cone MS. Finally, he used theoretical results to
show that a nonlinear integral equation has a solution.

Park [19] created an intuitionistic fuzzy MS delta membership and nonmembership
functions. The concept of an intuitionistic fuzzy b-MS was first proposed by Konwar [20],
who also demonstrated a number of fixed point theorems. Neutosophic MSs, which are
initialized to handle membership, nonmembership, and naturalness, were introduced by
Kirisci and Simsek in their [21] paper. Simsek and Kirisci [22] demonstrated various fixed
point results in the context of neutrosophic MSs. Fixed point findings in neutrosophic
MSs were demonstrated by Sowndrarajan et al. [23]. Itoh [24] showed a usage for random
differential equations in Banach spaces.

In this article, we introduce the neutrosophic pentagonal MS (also known as NPMS)
and demonstrate a few fixed point conclusions. The following are the primary goals of
this work:

1.  To introduce the notion of neutrosophic pentagonal MS;

2. To prove several fixed-point theorems for contraction mappings;

3. Show the existence of a unique solution of an integral equation;

4. Show the existence of a unique solution of a fractional differential equation.

2. Preliminaries

Here, we’ll go over some fundamental terms that will be useful for the key results.

Definition 1 ([19]). Let x: [0,1]?> — [0, 1] be a binary operation is said to be a continuous triangle
norm if:

(1) @xh=hxo, ¥Ya&,he(0,1);

(2) s continuous;

3) @x1=&, Vo el01];

4)  (oxh)xfi=@xhxf), ¥V & hfcl01];

9

h *
(5) Ifo<jandh<g ¥V @,hji,ce€0,1], thenc&*ﬁgﬁ*g.

Definition 2 ([19]). Let e: [0,1]?> — [0, 1] be a binary operation is said to be a continuous triangle
co-norm if:

(1) @eh=hed, ¥V &he|0,1];

(2)  eiscontinuous;

(3) we0=0,V @wel01]
(4) ((Doﬁ)oﬁ:d)o(floﬂ),V(D,fl,ﬁG[O,l];

(5)  Ifo <jiand i < g withd,h,fi,c € 0,1, then @ eh < fieg.

Definition 3 ([24]). Let x,F: K x K — [1,+00) be given two non-comparable functions, if
d: K x K — [0, +00) satisfies axioms:

(@)  o(UW)=0iffuU=W;

(b))  o(U,W)=0W,U),

() (UW) < x(U£)(U£L)+F(EW)IEW);

Y U,W, £ €K, then, (K,0) is known to be a double controlled MS (shortly, DCMS).

Definition 4 ([25]). Let K # @ and x,F: K x K — [1, +00) be known non-comparable functions.
And « is a continuous t-norm also A be a fuzzy set on K x K x (0, 4+00) is said to be fuzzy double
controlled metricon K, ¥ U, W, £ € Kif:

() A(U,W,0) =0;

(i1) AUWT) =1V T>0<U=W;

(iii) AUW,T) =AW, U,T);
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(i)  AULT+T) > (UW (LIW))*A(WfffF(vrv,s));

(v) AUW,): (0,400) — [0,1] is continuous on left.
Then, (K, A, N, %) is known to be a fuzzy DCMS.

Definition 5 ([20]). Let K # @. Let %, o are the continuous t-norm, continuous t-co-norm
respectively, b > 1 and A, N be fuzzy sets on K x K x (0,4+00). If (K, A, N, *, ) fullfils all
UWeKandg,T > 0:

) A(U,W,T) +II(U,W,T) < 1,

I 0< A(UW,T);

Iy  AUWT) =1aU=W;

V)  A(UW,T) = AW,U,T);

V) AUWEDT+§) > AUW,T)« AW,£ §);

(VD) A(U, W, ") is a non-decreasing function of R* and limr_, ;oo A(U,W,T) =
(VID 0 < II(U,W,T);

(VII)  TI(UW,T) =0 U=W;

(IX)  TI(UW,T) =II(W,U,T);

X)  I(U b(F+g)) < TI(U, W,T) o LI(W, £, §);

(XI) I1(U, W, -) is a non-increasing function of R™ and limr_, . o I1(U, W,T) =

Then, (K, A, 11, %, ®) is an intuitionistic fuzzy b-MS.

Definition 6 ([21]). Let K # @, x, ® are the continuous t-norm, continuous t-co-norm respec-
tively, and A, 11, S are neutrosophic sets (shortly, N-sets) on K x K x (0, 400) is known to be a
neutrosophic metric on K, if for all U, W, £ € K, the following axioms are fulfilled:

(1) AUW,T)+IIUW,T) +S(UW,T) <3;
2)  0<AUW,T);
3 AUWTI)=1VYT>0<U=W,

4  AUW,T)=AW,UT),;

(5) A(U£F+g)>A(UWF)*A(W£g)

6)  A(UW,-): (0,+0c0) — [0,1] is continuous and imr_, , o A(U,W,T) =
(7) 1< (UW,T);

8 TIUW,T)=0YT>0U=W,

(9  II(U,W,T) = [I(W, U,T);

(10) H(U£r+g)<n(uwr).H(W£g)

(11) TI(U,W,-): (0,4+00) — [0,1] is continuous and imr_, 1 o [I(U, W,T) =
(12) 1< S(UW,T);

(13) S(UW,T)=0VY T >0 U=W,

(149) S(UW,T)=SW,U,T);

(15) S(UET+§) < S(UW,T) e S(W,£ §);

(16) S(U,W,-): (0,400) — [0,1] is continuous and limp_, 1, S(U, W, T) =

(17) IfT <0, then A(U,W,T) = 0,I1(U, W,T) = 0;
Then, (K, A, 11, S, %, ®) is known to be a neutrosophic MS.

In this article, we define NPMS and demonstrate fixed point theorems.

3. Main Results

This section presents NPMS and illustrates some fixed-point theorems.

Definition 7. Let K # @ and function x: K x K — [1,400) be non-comparable, x, ® are the
continuous t-norm, continuous t-co-norm respectively, and A, I1, M be N-sets on K x K x (0, +o0)
is known to be a neutrosophic pentagonal metric on K, if for any U,£ € K and all distinct
X, W, £ € K, the following axioms are fulfilled:

(i) AU, W,T) +IL(U,W,T) + M(U,W,T) < 3;
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(i)  0<A(UW,T);

i)  AUW,T)=1V¥T>0eU=W;
(iv)  A(UW,T)=AW,UT);
v  AUWLET+§+k+¢) >AUWT) AW, % §) x A%, 7,k)
* A(¥,£,8);
(vi) AU,W,): (0,400) — [0,1] is continuous and limp_, 1o A(U,W,T) = 1;

(vi)) 1 <IL(UW,T);

(i)  TI(UW,T)=0VYT>0&U=W;

(ix)  II(U,W,T)=TI(W,UT);

x)  INUET+g+k+¢) <II(UW,T) e II(W, %, §) o I1(%,1,k)
ol_[(yv,f é)

(xi) II(U,W,"): (0,400) — [0,1] is continuous and limr_, , o, [L(U, W, T) = 0;
(xii) 1< MUW,T);
(xiii) MUW,I)=0VIT>0<U=W,
(xiv)  M(U,W,T) = MW, U,T);
x0)  MUET+g+k+¢) < MUW,T) e M(W,%,§) e M(%,7,k)
e M(7,£,€);

(xvi)  MU,W,-): (0,400) — [0,1] is continuous and limr_, ;oo M (U
(xvii)  IfT <0, then A(UW,T) =0,I1(U,W,T) = 1and S(U,W,T)

Then, (K, A, 11, M, %, ®) is said to be a NPMS.

W )

\

Example 1. Let K = {1,2,3,4}. Define A, 11, M: K x K x (0, +00) — [0,1] as

L if U=W
A(U,W,T) = .
Trmax{UW]’ otherwise,
i, w,r) = if U=W
S % otherwise,
and
0 if U=Ww
MUW, T
( - { M, otherwise,

Then , (K, A, T1, M, %, ®) is a NPMS with continuous t-norm & *x I = &h and continuous t-co-
norm, @ e f = max{@, f}.

Proof. Now, we prove the conditions (v), (x) and (xv) others are obvious.
LetU=1,W =2,%¥=3,£=4and p =5. Then

L s T+§+k+4 T+§+k+g
A(L5T+§+k+§)=—"8TETH = TE&TETd
I'+¢+k+4+max{1,5} T+g+k+4+5
On the other hand,

r r

A1L2T) = T +max{L,2} T+2

N g g

A2 = =
(23.8) = s maxzar ~ 743
A(3,4,k) = K _ K

k+max{3,4} k+4
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and

v

¥\ q = ‘7
A(4,5,4) = j+max{4,5}  §+5

ie.,

T+g+k+qg _ T & k 4
T+§+k+g+5 T+28+3k+44+5

Then it satisfies all T, §, Tc,q > (0. Hence,

v

AU 0, T+§+k+d) > AUW,T)* AW, %, §) x A%, £,k) xA(£,0,4).

Now,
(5T +g+ktg) = max{LO) S —
Ir+¢+k+4+max{1,5} T+g¢+k+4+5
On the other hand,
max{1,2} 2
I1(1,2,T) = =
(1,.2.1) I'+max{1,2} T+2’
max{2,3} 3
11(2,3,8) = < =<~—T=
(23.3) ¢+max{2,3} §+3
I1(3,4,k) = - max{3,4} _ 4
k+max{3,4} k+4
and
max{4,5} 5
I1(4,5,4) = =
(45.4) i+ max{4,5] J+5
ie.,

5 { 3 4 5 }
. < max P ’y ’ .
T+§+k+4+5 [+2°¢+3k+4"4+5
Then it satisfies all T, §, Tc,q > 0. Hence,

(U, p,T + g +k+4) <TI(U,W,T) o T1(%,£,8) o I1(%, £,@) o I1(£,0,7).

Now,
y 1,5 5
M5, T+ g+ Faq) = b5 5
F+¢+k+q T+g+k+4g
On the other hand,
M(1,2,T) = Lxﬁl’z} = %
M(2,3,8) max{v2,3} %,
8 8
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M(3,4,F) = maxi34) 4
k k
and
M(4,5, V) _ max{4,5} g
q q
ie.,
5 {2 3 4 5}
—————— <maxq{=, %, v,
F+§+k+q "¢k q

Then it satisfies all T, ¢, fc,q > 0. Hence,
MU, 0, T+g+k+q§) < M(UW,T) e M(W, %, §) e M(%,£,k) e M(£,p,k).
Hence, (K, A, TT, M, %, 8) isa NPMS. O

Remark 1. The above example satisfies for continuous t-norm & f = min{®, f} and continuous
t-co-norm @ @ f = max{®, f}.

Definition 8. Let (K, A, I1, M, x, ®) is a NPMS, an open ball is then defined M (U, r,T) with
center U, radius r,0 < r < 1and T > 0 as follows:

MU, T)={WeK: AUW,T)>1—,II(UW,T) <, M(UW,T) < r}.

Definition 9. Let (K, A,IT, M, x, e) is a NPMS and {Ug, } be a sequence in K. Then {Ug, }
is called:

(1) aconvergent if exists U € K such that

lim A(Ug,UT) =1 lim II(Us, UT)=0, lim M(Us, UT)=0 YT >0,

B1—+o0 Br1—+e0

(b)  a Cauchy sequence, if for each f > 0,T > 0, exists B1, € N such that

A(Uﬁl,uﬁ1+q,F) > 1 —f,H(uﬁl,Uﬁl+q,F) < f_,H(U[;l,ulg1+q,F) < f_,fOT all ﬁl,m > ﬁ10,

If every Cauchy sequence convergent in K, then (K, A, 11, M, %, ®) is said to be complete
NPMS.

Lemma 1. Let {Uﬁl} be a Cauchy sequence in NPMS (K, A, T1, M, x, ®) such that Ug, # Unm
whenever m, B1 € N with By # m. Then the sequence {Ug, } can converge to, at most, one
limit point.

Proof. Contrarily, suppose that Ug, — U, Ug, — W, and U # W.

Then, limg, o0 A(Up,, U,T) = 1, limg, o I(Up,, U,T) =0,

limg, 1o ./\/l(llﬁl, U,T) =0, and limg, 1o A(Uﬁl,W,F) =1,

limg, ;4o H(U/gl, W,T) =0, limg, ;| M(u/gl, W,T) =0, forallT > 0. Suppose



Axioms 2023, 12, 758 7 of 30

T r T T
A(U, W, F) Z A (U, Uﬁl’ 4) * A <Uﬁ1/ Uﬁ1+1, 4> *A(Uﬁ1+1, U‘B1+2, 4) *A<U‘31+2, W, 4>

—1x1x1x1, as B1— +oo,

r T r r
H(U, W,r) S H(U, Uﬁ1,4> .H(u‘gl, Uﬁ1+1, 4) .H(Uﬁl_;’_l, U/51+2,4) OH<U’31+2,W, 4>

—0e0e000, as P — oo,
T T T
M(U,W,F) S M U,Uﬁ],z .M U‘BI,U'B]+1/Z .M U‘B]+],u/51+2,1
T
OM(Uﬁ1+2,W, 4)
—+ 0000000, as fq — +oco.

Thatis A(UW,T) > 1x1x1x1=1I[(UW,T) <0e0e0e0 =0and M(UW,T) <
0Oe0e0e0=0. Hence U =W, i.e., the sequence converges to at most one limit point. [J

Lemma 2. Let (K, A, I, M, x, ®) is a NPMS. If for some 0 < §j < 1 and for any U, W € K,

r>Do0,
T r T
AU W,T) > A(U,W,u),H(U,W,F) < H<U,W,b>,M(U,W,F) < M(U’W’u) 1)
then U = W.

Proof. By (1) follows that

r

A(U,W,T) > A<U,W, 5

),H(U,W,F) < H(U,W,hg]),

M(UW,T) < M(U,W,hgl),ﬁl €N,T>0.
Now

AUW,T) > lim A(U,W,F> =1,
B1—+c0 hP1

(U, W,T) < lim H(U,W,r> —0,
Pr—+oo il

MU, W,T) < lim M(u,w,hll;l)zo,r>0.

B1—+o0
Also, by definition of (iii), (viii), (xiii), i.e., U=W. O
Theorem 1. Suppose (K, A, 11, M, , ®) is a complete NPMS, § € (0,1) and assume that

lim A(U, W, F) =1, lim H(U, W, F) =0 and lim M(U, W,r) =0, (2)
I—+oo I'—+o0 =400

forall U, W € Kand T’ > 0. Let p: K — K be a mapping satisfying

A(pU, oW, i) > AU, W, T),
I(pU, oW, 1) < TI(U,W,T) and  M(pU, W, i) < M(UW,T),  (3)

forall U W € Kand T > 0. Then @ has a unique fixed point (shortly, ufp).
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Proof. Consider a point U of K and define a sequence Ug, by Up, = ePLUy = plp, -1,
,Bl e N.
By utilising (3) for all " > 0, we obtain

T
A(Ug,, Ug, 11,0T) = A(pUg, 1, pUp,, iT) > A(Up, 1, Up,, T) > A<Uﬁ1—2, Ug, -1, )

h
> > A<U0,U1/F>/

)
T
I1(Ug,, Ug, 11, 1T) = I(pUg, _1, pUpg,, iT) < TI(Up, 1, Up,,T) < H<U51—2, Up, -1, h)

and

r
M(ulgl,Uﬁl+], hr) = M(pu/gl_l, pulgl,r) S M(uﬁl—ll uﬁlrr) S M (uﬁl—ZI uﬁl—l/ h)

T T
<M <Uﬁ;13, Ug, -2, hz) < <M <UO/ Uy, h/gll>

We obtain

r
A(uﬁll u’Bl-i-]r ur) Z A <u01 ul/ uﬁl_l) ’

r r
H(Uﬁl,Uﬁ1+1, hr) S H(UO, Ul/bﬁll) and M(U/SI’ uﬁ1+1/ hr) S M<UO/ ul/ uﬁll) (4)

Consequently,
r
A(Up,, Up,+2,8T) = AlpUp, -1, 9Up, 41, 8T) = A(Up, -1, Up,+1,T) 2 A(uﬂl‘z’ o h)
T r
> A uﬁ1*3’uﬁ1*1’h72 > > A UO,Uz,W ’
r
II(Up,, Up, +2,8T) = T(pUp, 1, pUp, 41, 87) < TI(Up, -1, Up; 11, T) < H(uﬁl‘z’ Upv b)
r T
<II U/gl,\g, Uﬁl,l,h—z <...<II l,[(],llz,hﬁli_1 .
and
M(Ug,, Up, 12,8T) = M(pUp, 1, pUp, 11, T) < M(Up, -1, Up;11,T) <
r
S M (uﬁ13/ uﬁl*l/ h2> S e S M <U(), UZ/ TR—1

We obtain

r
A(uﬂll U‘Bl—‘,-Zr hr) 2 A <UO, u2/ b.Bll) 7

T r
H(Uﬁl'uﬁﬁz,hf)<H<U01U2rh51_1> and M(Uﬂlfuﬁ1+thr)<M(U0fu2'h;sl—1)- ®)

It follows that
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T
A(Up,, Up,+3,8T) = AlpUp, -1, 9Up, +2,4T) = A(Up, 1, Up 42, T) = A(uﬁlz’ Hpi b)
T T
= A(Uﬁlg, u/gl, h2> =2 A<U(), Us, hﬁl—l)’
T
T1(Ug,, Up, 43, 4T) = T1(Up, 1, pUp, 42, iT) < TI(Up, 1, Up, 12, T) < H<u/51_2' Uit h)
T T
~ H(Uﬁlgl uﬁl’ uz) S e S H(UO/ u3l hlBl_1> .
and
T
M(Up,, Up, +3,1T) = M(pUp, 1, pUp, 12,T) < M(Up, 1, Up, 12,T) < M <Uﬁ1_2' Ui h>
T T
<M (Uﬁ13, ulgl, uz) < <M (UO/ Us, h/31_1> .
We obtain
r
A(Uﬁl, Up, +3 i) > A <UO, Uz, h.Bll) ’
T r
II(Upg,, Up, 43,81 < I1{ Uo, u?”hﬁli—l and - M(Up,, Up,+3,8T) < M{ Uo, Us, ph-1)

Similarly, forj = 1,2,3,..., we obtain

T
A(Ug,, Ug, 43i41,8T) > A(UO, Usjt1, hﬁll) (U, Up, 13511,41) H<U0, Usjt1, e 1)
T

and M (Up,, Up, +3j+1,00) < M (Uo, Usjy1, P 1) (6)
r T
A(Ug,, Ug, 43542, 0T) > A( Up, Usj 2, P JI(Upg,, Ug, 43i12,8T) < TT{ Up U3;+2, 51
and M(U,51’ Ll,31+3J+2, hl’ M <U U3]+2, 1 >
T T
A(Upg,, Ug, 43543, 8T) > A( Up, Usjy3, P JT(Up,, Ug, 43i13,8T) < TT{ Uo, Uz, 75— P
T
and M(U‘BV uﬂ1+3j+3/ hr) < M <U0/ u3j+3/ > (7)

By using (4), we obtain for eachj =1,2,3,...,
A(Uy, Uzs41,T) > A Up, U E * Al Uy, U E * A | Uy, U £ * Al Uy, U L
0r U35+1, = 0, Y11, 4 0, Y1, 4 0s Y1, 4u 0, Y1, 4h2

r r T
*A(Uo, u1, 4[13) *A(Uo, u1, 4h4> *A(Uo, U1, 4h5)

r
*A<U0, Ul, h3] 1>
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r T r T
H(UO/ u3]+1lr) S H(UO/ ul/ 4> .H(UOI ul/ 4) .H(UO/ ul/ 4u) .H(UO/ ul/ 4:h2)
T r r
L4 H(”O/ ul/ 4u3) L4 H<UO/ ul/ 4:h4> o]l (u()/ ul/ 4u5>
r
o .H<U0’u1’4h3j—1)
and

M(Uo, U1, T) < M<U0, Uy, > . (Uo, Uy, ~ ) (Uo, Uy, 1}) 0M<Uo, U1,41h;)

r
OM(U(),ul, 4h3) [ ] (LIO,Ul, 4h4> OM(U(),Ul, 4h5>
° ..oM(UO,ul, h3] 1)

Now, from (6), we get

T
A(U,B]/ u/51 +3j+1s hr) > A <UO, u3j+1/ hﬁll)

T r r
> /\<U0, s, 4hﬂ_1> */\(Uo, Uy, 4u51_1) * A <Uo, Uy, 4ﬂﬁl>
Tr r
( 1/ 4h/3 +1> <u0/ ul/ W) *A<UO/ ul/ W’)

r
(UO/ ul/ 4hﬂ1+4> *A<u01 ulr W)r (8)

T
II(Ug,, Ug, 13j41,8) < TI (UO/ Uzjy1, ﬂﬁl_l)

= H(UO’ u1’4h[311) °H(UO, u1'4hl311) OH(UO, U1/4hﬁ])
1 u Uo, Uy, — 11 ( Uy, Uy, —-
.H( )

.H(umub‘r2> 9)

uO/ ul/ 4h31+/5]

4h/3 1+4

and
r
M(Upg,, Ug, 43i41,8T) < M (Uo, Uszjq1, ﬂﬁl_l)

<M (Uor Uy, ‘lhﬁll) oM <U0, Uy, 4b’511> oM <Uo, U, 4h51>
M o, Uy, — Ml L mluww, L
° 0, Y1, W o 0, Y1, W ° o, Uq, W

T r
.M(UO’ULW) ..”.M(UO,LHIW)' (10)
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By using (4) and (5), we obtain for eachj =1,2,3,...,
S r r r T
A(UO/ u3j+2/r) = A UO/ U1,Z * A uO/ Ul/Z * A UO/ U1,Zh * A uO/ U1,W
T r T
*A(UO, Ul, 4[13) * A<U0, LIl, 4h4> * A (LIO, Uz, 4t]5)

r
*..'*A(UO/UZIW)H)I

r T T T
H(UO/ u3j+2/r) S H<u0/ ul/ 4> .H<u0/ U]/ 4) .H(UOI ul/ 4h) .H<u0/ ul/ 4u2>

T T T
.H<u0/ Uy, 4u3) 'H(UO, U, 4h4) ‘H<u0/ U, 4h5>
T
... .H<U0,U2,4u3j_1>

and

M(UOI u3j+2/ F) S M (UOr ul/ Z) L4 M (UOr ul/ Z) L4 M (uOr U], L) L4 M (u()/ ull F)

I T T
'M(”O' ”1'4n3) *M (”0' ”1’4u4> * M (”0' “2'4u5>

T
."'.M(uo’uz’gmi%jl>'

Now, from (6), we get
r
A(u,Bll uﬁ1+3]+2/ hr) 2 A uO, u3)+2’ W

I T T

T T r
*A(uo,u1,4hﬁl+l)*A(UO,U‘I,W)*A(UO,U],W)>

I
*A(UQ, U,, W) *oe *A(LIO, U,, 4h3j+ﬁ1_2>, (11)

H(U‘B]/ uﬁ] +3j)+2/ hr) S IT (u()/ u3j+2/ hﬁlfl )
<TII( Up, U L IT{ Uy, U L IT{ Uy, U
= 0/ 1/W b 0/ LW b 0/ LM
T
QH(UO,U1,4hﬁ +1> QH(UO,Ul,W> QH(UO,Ul,W>
IT{ Uy, U. L IT{ Uy, U. r 12

[ ] 0 2’4hﬂ1+4 ®:--:0 0, ZIW ( )

and



Axioms 2023, 12, 758 12 of 30

T
M(Up,, Ug, 13j42,8T) <M (Uor Usj2, hﬁll)
< M| Uy, U L M Uy, U r M| Uy, U r
> 0, Y1, W i 0, Y1, W b 0, Y1, m
M| Uy, U T M| Uy, U r M| Uy, U r
hd 0, Ui, W d 0, U1, W L4 0, Ui, W
M Uy, U L M Uy, U L 13
b 0s Z/W ¢:---0 0s Z;W . (13)
By using (4) and (5), we obtain foreachj = 1,2,3,...,
A(Uyp, Us; 1")>AllllE *AUUE >'<Allll£ *AUUL
0r 43543, = 0, Y11, 4 0, Y1, 4 0,41, 4h 0, Y1, 4h2
T T T
*A(UO, Ul, 4[13) *A<U0, Ul, 4h4> *A(UO, U3, 4t]5)

r
* "*A(uofu314h3j1>/

r T T T
H(UO/ u3j+3/r) S H<u0/ ul/ 4> .H<UO/ Ul/ 4) .H(UOI ul/ 4u) .H<u0/ ul/ 4h2>

T r r
.H<u()r ul/ 4u3) .H(UOr U1, 4h4> .H<UO/ U3, 4u5>
r
oot (U Us, s )

and
T r
M(Uo, Uzjy3,T) < M (Uor Uy, - > . (Uor Uy, — ) (Uo, Uy, 4h> oM (Uo/ Uy, ‘W)
r
L4 M (UOI Ul/ 4h3) ° (UOI U1, 4h4> o M <u0/ U3/ 4h5>

L4 ".M(u0ru3/4h31 1)

Now, from (6), we get
T
A(uﬁl' Up,+3+3/ o) > A{ Uo, Usjys, W

- A(UO’ U g )+ (Ut s ) o (it )

T r
1/ 4hﬁ1+1) (UOI ul/ 4h‘31+2) *A<UO/ ul/ W’)

r
(UO/ Us, ;‘31+4> (uOr Us, W) ’ (14)
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T
T1(Ug,, Up, +3i43,T) < H(Um Usjs, ﬂﬁll)
S H(UOI ul/ 4hﬁ11> [ ] H(Uo, u1, 4hﬁ11> [ ) H(UO, ul/ 4hﬁ1)

T T
oIl (u0/ U1/ W) oIl (u0/ U1/ W)

r r
QH(U(),UQ,, 4hﬂ1+4> ."'.H<u0,u3,4b3j+ﬁl_2> (15)

and
T
M(Upg,, Ug, 43i43,T) < M <U0, Uzt 3, ﬂﬁll)
<M Up, U I M| Uy, U I ML Uy, U r
= 0/ 1/W i 0/ 1’W b 0/ Lm

r r r

T r
OM(UO,UZ, 4hﬂ1+4> .'...M(uo,uz, 4h31+,31_2) (16)

Using (8)—(16), for each case f1 — +o00, we deduce that
/5lli>r§1rooA(uﬁ1’ Ug i, T) =1x1x---x1=1,
ﬁlli%nioon(uﬁl' uﬁﬁ‘i’r) =0e(0e---00=0

and

;Bllig}ooM(u/gl’uﬁlJrilr) =0e0e---00=0.

Which implies that {uﬁ1} is a Cauchy sequence. Since (K, A, I, M, x, ®) is a complete
NPMS, we have

li Ug. = U.
‘B]Lnloo A1

Now, U is a fixed point of p, using conditions (v), (x), (xv) and Equation (2), we obtained

r r T T
A(U, pu,r) Z A(U, Uﬁ1,4> *A(Uﬁl,u‘gl+l, 4> *A<Uﬁ]+l, Uﬁ1+2,4> *A<Uﬁ1+2, pu,4>
r r Tr
=A U,U,gl,z * A puﬁl—l’@uﬁl’g * A pulgl,QUﬁl_;,_LZ
T
*A(plllglﬂ,pll,él)
r r r
> AU, uﬁl’z * A uﬁl_l’uﬁl’W * A uﬁl’uﬁl-i-llm

T
*A<Uﬁl+1, U, 4[1)

—+1x1x1x1=1 as 1 — +oo,



Axioms 2023, 12, 758 14 of 30

r r r r
H(U, pll,l“) S H(U, uﬁl'4> .H<uﬁ1/uﬁ1+l/ 4) OH(Uﬁ1+1, U‘B1+2, 4) OH(U‘51+2, pu,4>
r r r
=14, u.Bl’Z oIl puﬁl_l’puﬁl’z oIl puﬁl’puﬁﬁ-l'z
r
.H(pu/gl+1, @U,4)
r r T
< T U, Up,, o ) o IT{ Up,—1, Uﬁl,m oIl Uﬁlfuﬁﬁlfm

T
o1(Usov )

—+00000e0=0 as p1 — +oo,
and
T T
M(U, pu,l—') S M(U, Uﬁ1,4> .M(uﬁlfuﬁl+1’4>
T T
.M(U,Bﬁ-lr Uﬁ1+2,4) OM(Uﬁﬁ_z, KJU,4>
T T T
=M U, uﬁl’Z oM pUﬁl,l,pUﬁl,Z oM puﬁl’puﬂlJfl’Z
T
oM(pU/gl_H, pU, 4)
T T

r
< M(U, uﬁ1'4> .M<u,311’uﬁ1'4hﬁ12) o M (uﬁlfuﬁ1+lr4hﬁl1>

T
o M{Upn )

—+0e00000=0 as Sy — +oo,

Hence, pU = U. Let pjfi = ji for some ji € K, then
. . . T . r
12> AU, T) = Alpp, pU,T) > A(% u, h) = A(W@U, h)
r
1) —+1 as 1 — +oo,

B
N 3 T ) r
0 <TI(f, U,T) = Tl(pfi, pU,T) < H(u, u, h) = H(W,@U, h)

<II ﬁ,u,urz)g §H<ﬁ’u’uﬁ —+0 as B1 — +oo,
and
5 5 5 I 5 I
0 < M(ji, U, T) = M(pfi, pU,T) < M(% U,h> = M(W, pll,h>
- r - r
SM ﬂ/urh2>§§M<#/u/hﬁ]>_>0 as ﬁl—>+00,

using by (iii), (viii) and (xiii), U = fi. O
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Definition 10. Let (K, A, 11, M, %, ®) be a NPMS. A function o: K — K is an NPC (neutro-
sophic pentagonal contraction) if 3 0 < fj < 1, such that

1 1
e R YR 47
II(PU, PW,T) < gI1(U,W,T), (18)
and
M(PU,PW,T) < tM(UW,T), (19)

forall U, W € Kand T > 0.

Theorem 2. Let (K, A,II, M, *,e) be a complete NPMS with x: K x K — [1,+c0) and
assume that

lim M(UW,T) =0, lim II(U,W,T)=0 and lim A(UW,T)=1, (20)
=400 I'—+o00 I'—+o0

forall U, W € Kand T > 0. Let p: K — K be a ND-controlled contraction. Furthermore, assume
that for an arbitrary Uy € K, and B1,q € N, where Up, = eP1ly = ©Up, 1. Then, © has a ufp.

Proof. Suppose Uy be a point of K and define a sequence {Ug,} by U, = ¢l =
pUp,—1,B1 € N. Using by (17)-(19) forall T > 0, f; > g, we deduce

1 1
—-1= _
A(uﬁl, Uﬁﬁ-l,r) A(puﬁl_l,puﬁl,r)
1
<t - : b
A(uﬁl,l,uﬁl,r) A(uﬁl—lzuﬁl,r)
This implies
1 :

< +(1—4

A(u/gll U’B1+1,r) A(uﬁlfll uﬁlrr) ( )
hz

< +0(1-0)+(1—-1p).
In this manner, we conclude that

1 < h.Bl
A(Up,, Ug,+1,T) = A(Uo, Uy, T)
beao g+ (-

< uﬁl
— A(Uo, Uy, T)

< hﬁl
~ AUy, Uy, T)

(1) + 21— )

+HET P (1)

+ (1 —1yP).

We obtain

1
A < A(Up,, Up,+1,T)

A(Up,Uy,T) + (1)
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H(u‘gl, U51+1, F) = H(puﬁl,l, pu‘gl,r) S hH(Uﬁl,l, Uﬁl,l") = H(pulgl,z, puﬁl,l,l")
< BPTI(Up,—p, U, —1,T) < -+ < HATI(Up, Uy, T)

and

M(uﬁyuﬁlJrl/r) = M(puﬂlfll pll/gl,l") < hM(uﬁlfll U‘Byr) = M(puﬁle/ puﬂlfllr)

< PM(Up,—p, Up,_1,T) < -+ < 5PIM(Up, Uy, T). 1)
It again follows that
1 1= 1 .
A(Uﬂl’uﬁlJrz’ r) A(puﬂlfll @U/S1+1/r)
1
<t

A(ulBl—lr uﬂ1+1/ F)

:
A(uﬁlflf uﬁ1+1’r)
1 ’
= < +(1—4
A(U‘Bll uﬂ1+2/r) A(u,Blfl’ uﬁ1+1,r) ( )

hz

+8(1 -1+ (1 -h).

<
A(uﬁﬁz’ Upg,, I)
In this manner, we conclude that

1 < hP1
A(Up,, Ug, 12, T) = A(Up, Uy, T)
+oe+a(l-p+(1-8)

< hﬁl
— A(Uy, Up, T
L
~ AUy, U, T)

FEPTI - 21—y

HEPT T (1)
+ (1 —gh1).

We obtain

1
S A(u ’ u 27 r)
BP1 Brr M Bt
ATy (18

I1(Up,, Up, +2,T) = I(pUp, -1, pUp, +1,T) < g11(Up, -1, Up, +1,T) = I(pUp, 2, pUp,, T')
< hzn(uﬂlle uﬁ]/r) <0 < hﬁln(u()/ UZIF)

and

M(Upg,, Ug, 42, T) = M(pUg, 1, pUp, 11,T) < EM(Ug, 1, Up, +1,T) = M(pUp, 2, pUg,,T)
S th(Uﬁ1,2, U‘B]/r) S T S hﬁlM(u()/ UZIF)'
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Consequently,
1 1= 1 .
A(Uﬁl,Uﬂ1+3,r) A(puﬁlfll puﬁ1+2/ r)
1
<4y
A(Up, -1, Ug,42,T)
_ f
A(uﬁlfll uﬁ1+21 F)
This implies
1 ;
< +(1-1
A(uﬁlf uﬁ1+3/r) A(uﬁl_l’ Uﬁ1+2,r) ( )
uz

<
A(uﬁl—Zr U,B1+1’ r)

In this manner, we conclude that

1 < hlﬁ
A(Uﬁl,uﬁ1+3,r) — A(Uy, U3, T)
bR+ (-

< hP1
~ A(Uop, U5, T)

< hﬁl
~ AUy, Us, T)

+HP 1) + P21 - )

+ (1 —1gf).

We obtain

1

gﬁ1
Ao T 18P

< A(Uﬁl, Ug,+3, r),

II(Upg,, Ug,43,T) = T(pUg, 1, pUg, 42,T) < fT1(Ug, 1, Up, 42,T) = [(pUg, 2, pUg, 11,T)
S qu(uﬁl—Zl uﬁl-i-lrr) S e S hﬂln(u()/ USIF)

and

M(Ug,, Up,13,T) = M(pUp, -1, pUp, 12, T) < M (Up, -1, Up, +2,T) = M(pUp, 2, pUp, 41,T)

< ﬂ2M(uﬁ1—2/ uﬁl-i-l'r) <---< uﬂlM(u(J/ U3rr)'
Similarly, forj = 1,2,3,..., we obtain
1

hP1
A(Up,Uz+1,T) +(1—41)

< A(uﬁlr uﬁ1+3j+l/ r)

T1(Ug,, Ug, 351, T) < 8PITI(Uo, Usj41,T) and  M(Upg,, Ug, 13541, 1) < 1P M (U, Usyye,T),

1

hP1
A(Ug,Uzj12,T) +(1—41)

< A(Upg,, Ug, 13j+2,T)

T1(Ug,, Ug, 13512, T) < BPTI(Uo, Usjya,T) and  M(Upg,, Up, 13542, 1) < 8PP M(Uo, Usjya,T),

+HET P (1)
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1

1
A(Uornusj%/r) +(1—47)

< A(Upg,, Up, +3j+3,T)

T1(Ug,, Up, 1343, 1T) < 4P T1(Up, Usji3,T) and M (Up,, Up, 43543, T) < 5L M (U, Usjy3,T).

By using (21), we obtain for eachj = 1,2,3, ...,

1 1
A(UOI u3j+l/r) 2 1 * b 1 * hz
Ao Ur,z)  A(Ug,Uy, k) +1-8) A(Up Uy, i)
* L * !
B 43y & _ w4
A(Uo,Uy, ) +(1-1) A(Uo,Uy, ) + (=)
* L * !
g _ 5 id _ k6
AU Uy, }) +(1-1) A(Uo,Uy, ) +(1-1°)
koo k !
ST k3
A(Uo,Uy, ) +({1-17)

r

r r
H(UO, U3j+],r) S II <U0/ ul/ ) o hH<UOI ul/ 4> o h2H<u0/ Ul/ 4>

4

r r r
. u3n(uo, u, 4) . u4n<uo, s, 4) . h5H<Uo, n, 4)

T , r
) h6H(uO/ Ul/ 4) ---0 h3]H<UO/ U], 4)

and

4

M(u()r u3j+1rr) < M <UO/ ul/ Z) 4 hM (UOI ul/ F) ° th (

L4 u3M (UOI Ul/ ];) L4 h4M <UO/ ul/ r> ° hSM (UO/ Ul/ Z)

4

o 1°M (uo, uy, F) o e M (uo, uy, Z)

4

Now, from (21), we get

T
A(Ug,, Ug, 4341, 8T) > A (UO, Uszjt1, hﬁ]l>

> 1 * 1
= 1 s
1—
Aot 5r=) Allo T, =) +(1-18)
N 1
i 2
— +(1—5)
A(uﬂrulrW)
1 1
’ : (1-1) J—— +(1—15%)
+ . .
A(UO/ulf4u}gl;_1 ) A(Uo,U1,411311—71 )
* 1 * 1
g 5 i 6
+(1-t°) + (119
A(Uo U, 5=7) AUo th, 5=7)
* * 1
e h3j l _ 3] 7
A(UO'ul'4hﬁ1;71) + ( 1%)

(22)
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T
H(uﬂll uﬁ1+3j+1/ hr) <II (UO, u3j+1/ h’811>
T T 2 r
< H(Uor U, 4hﬁl_1) L4 hH (UO, U, 4h51_1> L4 h IT <u0/ Uy, 4h131_1)

r r
3 4
o H<Uo, ul’4hﬁ11> * H<Uo, U1'4W311>

r r
5 6
.h H<u0/ ul/ 4h‘61_1> .h H(UOI ulr 4hﬁ1_1)
3j r
.....h JH<UO’ul’4hﬁll (23)

and
r
M(Ug,, Ug, 4341,4T) < M (Uo/ Usjt1, ﬂﬁl_l)
< M| Uy, U r M| Uy, U r
> 0/ LW of 0/ LW
.uZMuuL.EMuuL
0, Y1, 4:h161_1 0, Y1, 4:h161_1

4 r 5 r
.hM<U0/ul/4h‘B]l .hM UO/ul/W

r . r
.h6M(u0’u1’4hﬁl—l) ."'.h3)M(u0’ul’4hl31—1)'

By using (21), we obtain for eachj = 1,2,3, ...,

1 1 1
AUy, Uzji2,T) > —— N
1 Ty — — 7 —
AT AT (1-8) Aot §) T (1-1)
X 1 . 1
8 13 o 4
A(Ug, Uy, g) +(1-F) AU Uy, Y) +(1-8)
X 1 . 1
B _ 15 B 16
w1 smEy -9
1

£ — 3
A(Uo,Up%)Jr(l ! )

* e ek

r r r

H(UO, u3j+2/ r) S IT (u()/ ulr 4> ° hn<u0/ ul/ 4> ° u2H<u0/ ul/ 4>
T T r

o h?)H (u()/ ul/ 4) . H4H (uO/ U], 4> o hSH (UO/ ul/ 4>

r | r
hd h()H(uO; qu 4) o0 u31H<UO/ u2/ 4>
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and
r T 2 r
M(UOI u3j+2/r) S M UO/ ul/Z .hM uO/ ullz ’h M UO/ ul/Z
.M (uo, t, Z) .t M (uo, t, Z) .5 M (uo, u, Z)
6 r 3j r
.uM UO’UZIZ ."'.h]M uOIUZIZ .
Now, from (21), we get

r
A(Up,, Ug, 43j42,8T) > A (UO, Usj+2, hﬂll)

1 1
> I * ; 1
A(uﬂrulr%ﬁ%) A(UU,U1,4uﬁl;_1) + ( - h)
N 1 N 1
i 2 i 3
——— + (1 - ——+(1-
A(Uolullehﬁ%) ( h ) A(UO ul/%) ( h )
* 1 * 1
bt 1—H B> 1—115
st T 0 R, 1)
1 1
* n6 ke - @
__® - 8 (] — BB
A(UO,UZ,M%)‘F( 1®) A(UO,U1,4hﬁ11"71 +(1-%)

T
I1(Ug,, Up, 13j42,47) < T1 (Uo, Usj 2, h/51_1>

r r
S IT <UO, ul/ 4u‘511> L4 hH <u0/ Ul/ 4u/5]1>
2 r 3 r
.h H(UOI Ulr 4hﬁl_1> .h IT UO/ U1,W
1 r 5 T
L4 h H(LIO, Ulrm L4 h IT uO/ ullm
r

. u6n(u0, Uy, 4h/51‘1> o e n3in(u0, Uy, LW;_J (25)

and
r
M(Ug,, Ug, 1 3542,8T) < M <U0, Uszj o, ngl>

< Mm( U, uy, — M Uy, uy, —-

> 0/ LW ‘h 0s LW

.uZMuuL.EMuuL
0s 1/, 4hﬂ171 0s 1, 4hﬂ171

.u”wluui.uf’MuuL
0, U1, 4:['_1/3171 0,41, 4:['_1/3171

.u6M (UO'U2'4|J§111> .....h3j,/\/l (uo, u2’4h;11>' (26)
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By using (21), we obtain for eachj = 1,2,3,.. .,

1 1 1
A(UOr u3j+3r r) > 1 * *
1Ty - — 7 —
A(uo'u]’g) A(UO,LIl,g) * (1 h) A(LIo,Ul,%) + (1 h )
x ! . 1
_ 8 3 o 4
A(Ug, Uy, ) +(1-F) AU, Uy, ) +(1-t)
x L . 1
B _ k5 s 6
A(Ug Uy, g) +1-8) A(Up,Us, ) +(1-1°)
ok 1
B3 + (1 _ h3j)

A(Uo s, §)
r N r
IT(Up, Uzj43,T) < TT{ U, Ui, 7 ) e gIT{ Uo, t, 5 o 1°I1( U, t, 4
o u3H<U0, ULZ) o H4H<U0/ U1/£> L h5H<Uo/ ULZ)
r ~ r
b h6n(u0/ u3/ 4) ®---0 u31H<UO/ u3r 4>

and

r Tr r
M(UOI u3j+3/ r) S M (uO/ U], 4> L4 hM (UOI Ul/ 4) L4 th <UO/ ul/ 4>

(Ut ) o5t (U U, ) o P (Ut )

o 1°M (UO, Us, 1;) o oM (U0, Us, £>
Now, from (21), we get

r
A(Upg,, Up, 43543,80) = A <U0/ Usjt3, hﬁl1>

> 1 * L
-1 "8 i(1_
A(UO,Ul,M%) A(uo,ul,w;%) +( )
1 1
e T 1-7) s+ (1)
(Uoruhm) (uﬂ’ul’W)
1 1
. = +(1—h4)* o+ (1 15)
A(Uorupm) A(Uoth pP1-1 )
. 1
1o _ k6
Rt (1 5)
1
o (27)
“ +(1-59)
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I1(Up,, Up, 13543, 8T) < H<UO/ Usj3, hﬁlr1>
<II <Uo, Uy, 4uﬁr11> o fIT (Uo, U, 4hg11>
o uzn(uo, us, 4h/3r11> o P11 (Uo, Uy, 4hﬁl:1)
. u4n(u0, us, WL) . u5H(Uo, uy, Lmﬁrl_l)
r

.h6n(u0, U3’4h/311> ."'.thH(UO’ Us, 4h/5r11> (28)

and

r
M(Upg,, Up, +3j43,57) < M <Uo, Usj 3, h’51_1>

r r
S M (u()/ ul/ 4hl311> L4 hM (UO/ ul/ 4h'811>

2 r 3 r
of M(uo’ul'z}hﬂl—l o’ M uo/ulzm

4 r 5 r
of M(Uo, u,, 4hﬁ11> of M(U@, Uu,, 4hﬁ11>
o 1O M ( Uy, U I o e M( Uy U . (29)
0, U3, 4[151_1 0, Y3, 4h151_1 .

Using (22)—(29), for each case f1 — +o0, we deduce

ﬁlll)nlooA(Uﬁl,Uﬁl+q,l") =1xlx---x1=1,
ﬁlliﬁr&mn(uﬁl’uﬁl-&-q'r) =0e0e---00=0,

and

ﬁlliﬁniooM(uﬁl’uﬁJrqfr) =0e0e---00=0.

It follows that {uﬁ1} is a Cauchy sequence. Since (K, A,IT, M, x, ®) be a complete NPMS,
there exists

li Ug, = U.
/315200 A
Since (v), (x) and (xv), we get
1 1 b
—_ 1< 1| = -
A(pUg,, pU,T) = A(Ug,, U,T) A(Uﬁl, u,m) "
= ! < A(pUg,, pU,T).

a1 =1)

By the above inequality, we have
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T r Tr
A(U, pu,l") 2 A(U, Uﬁ]/ 4) *A<U‘51,Uﬂ1+1, 4> *A(Uﬁ1+1, pu/31+2,4)

r
* A <Uﬁ1+2, pU, 4)

T T r
Z A(U, Uﬁlr 4) *A<pu51_1, pUﬁ;l, 4> *A(pu‘gl,pu‘g1+1, 4>

r
* A <puﬁ1+1, pU, 4>

r 1 1
2A<U/U‘Bll4)*h‘511+(1_hﬁl—l) *L
A(uﬂrl’uﬁy%) A(uﬁl’uﬁﬁl'g)

+(1-1h)
1

8 _
AUg 41U, ) -8

*

—+1x1x1x1=1as B — +oo,

r T r
H(U, pu, F) S 11 (U, U,Bl’ 4) (] H(u’gl, Uﬁ1+1, 4) o]l (u/51+1, pu’glJrz, 4)

T
0H<U51+2,pu,4>
T I T
< u'uﬁl'Z oIl puﬁlfl'puﬂl'z oIl puﬁlfpuﬁﬁrl'z
r
o]l @uﬁl-i-lr@urg
I

- r r
S IT (u/ U’Bll 4) b hﬁl lH (uﬁll/ uﬁll 4> b hﬁln(uﬁll U,B1+1/ 4)

r
[ ] uH (Uﬁl+1, U, 4)

—+0e0e0e0=0as B — +oo

and
r r r
MU, pU,T) < M| U, Ug, i) M Ug,, Ug, 11, i)° M Ug, 1, Ug, 42, 1
T
[ ] M <Uﬁl+2, @u, 4)
r r T
S M <u/ u‘Blr 4) L4 M <pu‘51—l/ puﬁlr 4> ° M <@uﬁlr puﬂﬁ-l/ 4>
r
[ ] M (pLIﬁl, pu, 4)
r _ T T
S M <u/ u‘Blr 4) b hﬂl 1M (uﬂl—l/ U‘Blr 4) b hﬂlM (uﬁlr ulBl-‘rl/ 4)

r
.hM (Uﬁl,u, 4)
—+ 0000000 =0as B; — +oo.



Axioms 2023, 12,758

24 of 30
Hence, pU = U. Let pfi = ji for some fi € K, then
LI ! 1
AU p,T) ApU, pfi, T)
<t|xmrn Y < mwan

which is a contradiction.

(U, 7, T) = (pU, ppt, T') < 11U, f,T) < TI(U, f,T),
which is a contradiction and

MU, T) = M(pU, pfi, T) < gM(U, i,T) < M(U, i, T),

which is a contradiction. Therefore, we obtain A(U, f,T) = 1,II(U, %) = 0 and
M(U,f,T) =0,hence, U = ji. [

Example 2. Let K = [0,1]. Define A, IT, M: K x K x (0, +00) — [0,1] as

r
A IN= ———
(LW, T) T+ [U-W|
u—w)|
IUW,T) = —————
(LW, T) T+ |U-W|
M(u,w,r):L_rW'.

Then, (K, A,T1, M, %, ®) is a complete NPMS with continuous t-norm and t-co-norm, i.e., & * h=
@hand & e h = max{@,h}.

Define p: K — Kby p(U) = # and set § € [,1), then

1-3741-3W

_ T o
T+

-u_3-w
1-3-U _ 1-3-W ‘ b + b
T

S ¥ 1

gr 1147 T
= - = A(U,W,T),
_hf+% M+ U-W| ~ T+ |[U-W)| (u,w,T)

1-3U 1-_3W
H( 1 7 11 ,nr)

1-3°4 13 W ‘

I(pU, eV, i)

11 11 [3-U—3"W|
- B ‘371,1_371/\/‘
ro ] E
U3 ju-wW u—-wi

- =TI(U,W,T
M+ 3 U—3 W] = 10+ [U- W[ = T+ |U- W] (u,w,r)
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and

u _ w
M(pU, oW, iT) = ( -5 1 3 hr)
R ‘ 3-U—3|
_ T
or qr
37U 3™ _ju-w| _|[u-w|

ST = 1150 ST =Muw).

As a result, all of Theorem 1 criteria are satisfied, and O is the only fixed point for .

4. Applications
4.1. Application to Fredholm Integral Equation

Let K = C([}, 6], R) be the set of real value continuous functions on [}, d].
Consider the integral equation:

3
U(N):/\(NH—E/ O, 0 UR)ck for Rk € [),0], (30)
Y]
where A(x) is a fuzzy function of k € [},6], ¢ > 0and U: C([},d] x R) — R*. Define A, I1
and M by means of
r
A(URN),W(R),T) = su V UWeKandT >0,
(U WONT) = s o,
r
IT(UN), W), T)=1— su V UWeKandT >0,
OO WD =1 = 5P T i) — Wiy
and
MU(R),W(R),T) = sup w V UWeKandT >0,

NS

by continuous t-norm and continuous t-co-norm define by @+ = @ -hand @ e h =
max{c&,fl}. Then (K, A, 11, M, %, ) is a complete NPMS. Suppose that [O(R, x)U(X) —
O, x)WR)| < [UXR) = WR)| for UW € K,0 < § < 1and VX, x € [;,4]. Let
U\, ) (¢ fj‘s drx) < < 1. Then Equation (30) has a unique solution.

Proof. Define p: K — Kby
pU(R) —I—E/ O(N, x)U(N)gx, forall X, x € [,0].
Now, for all U, W € K, we deduce
A(pU(Y), pW(R),50) = su a
S Ry T+ pU(R) — pW (M)
T
Ne[;5 10+ | A (R +£f (R, 0)U(R)gk — A(R) —EIJ‘SU(N,K)U(N)QK\
T
sup 5 5
rels,0) bT + |€f] O(N, x)U(R)gk — Ef] O(R, ©)U(N)gxk]
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= Ssu hl—‘
el AL+ (O, U) — O, W€ [ er)

T
> su
= b T U(R) — ()]

> A(U(R), W(R),T),

I(pU(R), pW(R),1T) =1 NSGIE%] T+ [pUR) — pW(R)|

gr
=1- sup 3 5
xef0) B0+ | A (R) —H?f] O(N, x)U(N)grx — A(R) — Ef] U(N, x)U(N)gx|
T
sup 5 -~
xefy,0) iT + Mf] (N, x)U(R)gx — Kf] (R, x)U(R)gx]

o
=1- sup 5
xef,0) B0 + [O(R, ) U(R) — U(N,K)W(N)\((Zf} GK)

r
<1- su
S ey T U W)

< TI(U(R), W(R),T),

:1—

and

M(pU(R), pW(R),T) = NSHU%] [pU(R) u_rpwm)y

[A(R)+ ¢ jf O, 0 )U(N)gr — A(R) — ff]‘s OGN, 0)U(N)gx|

= sup
Rel),0] gr

[ LB, OUR)Gr — £ [ BN, ) U(N)gr]

= sup
Re[),0] gr

B, K)UR) = B, )W) [ 6r)

= sup
Re[d] or

[UR) = WX

< sup T

Rely,0]
< MUR), W(R),T),

As aresult, p has a ufp and all of the requirements of Theorem 1 are fulfilled. It is obvious
that the Equation (30) has only one solution. [J

Example 3. Consider the non-linear integral equation.
1 1
U(R) = |cos V| + a xU(x)gxk, forallx € [0,1].
0

Then it has a solution in K.

Proof. Let p: K — Kbe defined by

1 1
PU(R) = | cos X| + ﬁ/ xkU(x)¢x,
0
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and set U(R, x)U(R) = xU(x) and B(R,x)W(R) = LxW(x), where U, W € K, and
VN, € [0,1]. Then we obtain

(R, ) U(R) — DR, 1) W(R)| = y%Ku(K) - %KW(KH

IUG) = W) < [U(x) = W)

1= 1 (A2 % _ 1 -1 i
Furthermore, see that 77 [y k¢x = 17 (3 5—) = 1; = 1 < 1, where £ = 7;. Then, it
follows that all criteria of the above application are easily verified and the above problem
has a solutionin K. O

4.2. Application to Fractional Differential Equations

In order to start, we need to review some basic definitions from the theory of
fractional calculus.
For a function U € C|0, 1], the Reiman-Liouville fractional derivative of order ¢ > 0 is
given by

1 dfi R Uy .
=D N
oA w— e - DU

For as long as the right hand side is pointwise defined on [0, 1], [¢] is the integer portion of
the number /, F is the Euler gamma function.
Consider the following fractional differential equation

IDXUR) +f(R,UR)) =0, 1<R<0, 2<x>1;

u(o) = u(1) =0, (31)

where f is a continuous function from [0,1] x R to R and /DX represents the Caputo
fractional derivative of order x and it is defined by

__ 1 N ub(p)d
Pt = F(B1—Xx) /0 (R —px=Frtl’

The given fractional differential Equation (31) is equivalent

1
ue) = [ YO Di UGy

forallU € Y and X € [0,1], where

[N(l_])}xil—(N—])Xfl
Y(N,])—{ F(x) , 0<7<R<,

Rl 0<R< <L

Let C(]0,1],R) = K be the space of all continuous functions defined on [0, 1]. Define A, IT
and M by means of

T
AUR),WR),T) = Nsel[gfl] T +|UR) - W)

r
H(U(N)/ W(N)/ F) =1- NSEIE[OF,)l] T+ |U(N) — W(N)|

,foralU W eKand T >0,

,foralU W eKandT >0
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and

[UR) = WX

MUR),W(R),T) = sup T

Re(0,1]

,foralU W eKand T >0,

[}
=

with continuous t-norm and continuous t-co-norm define by & x i = @ - h and &
max{®,h}. Then (K, A, IT, M, %, ®) is a complete NPMS.

Theorem 3. Consider the nonlinear fractional differential Equation (31). Let us assume that the
following claims are true:

(i) there exist X € [0,1] and U, W € C([0,1],R) such that

[FOX,U) = F(R,W)| < [UR) = W(R)[;

.. 1
(i) SUPyepoa] Jo Y(R /)R < < 1.
Then the fractional differential Equation (31) has a unique solution in K.

Proof. Let us consider the function p: K — K defined by

1
Ku) = [ Y08 iUy

It is obvious that U* is a solution to the problem (31) if U* is a fixed point of .
Now, for all U, W € K, we deduce

A(pU(R), pW(R), iT) = Ni 3)1 oif + [pU(R) — pW(R)

= Su ur
R0 T + | Ja (R )F08 UGy — Jo YR IR W)
Rl 8T+ Y (R, )R, UQ)) — F% W) ld)

> sup F

refoq) I+ IU®R) = W)
> A(U(R),W(R),T),

I(pUR), W (R), iT) = 1 weioy I+ [UR) — pW(R)]

o
=1- sup T T
wefo1] A7+ [ fo YO, DF(R, U()dy — [y YR, )F(R,W()))d)|
=1- sup T
Ne[Ol LT+ [y YOR, I U()) — TR, W()ld
<1- sup F

Re[0,1] I'+ |U<N) - W(N”
< TI(U(R), W(R),T)
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and

[pUR) — pW)|

M(@U(N)r QW(N), hr) = sup

Re(0,1] i
o o YOUDT UG — Jo YOI W())dy|
= sup
Relo,1] or
o J0 YD UG)) — 58 W0))ldy
= sup
Re(0,1] g
< qp OV
Re(0,1] r

< MUR), W(R),T).

As aresult, p has a ufp and all of Theorem 1 requirements are satisfied. It implies that there
is only one solution to the Equation (30). O

5. Conclusions

We proposed the idea of neutrosophic pentagonal MS in this study and proved new
varieties of fixed-point theorems. By applying a new methodology to an application based
on the literature, we have shown that it outperforms our results.
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