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Abstract
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1 Introduction

In 1965, the idea of fuzzy set (briefly, fs) gives a degree of membership function was first introduced by
Zadeh™® In 1968, the concept of fuzzy topological space (briefly, fts) was introduced by Chang® In 1983,
the next stage of fuzzy set was developed by Atanassov® which gives a degree of membership and a degree
of non-membership functions named as intutionistic fuzzy set (briefly, I fs). In 1997, Coker introduced the
concept of intutionistic fuzzy topological space (briefly, I fts) in intutionistic fuzzy set. In 2005, the concept
of neutrosophic crisp set and neutrosophic set (briefly, N,s) was investigated by Smaradache 21412 After the
introduction of neutrosophic set, there are many fields of mathematics and various applications 22813 1n 2012,
Salama and Alblowi!? defined neutrosophic topological space (briefly, N,ts) and many of its applications
in'1"12 The neutrosophic closed sets and neutrosophic continuous functions were introduced by Salama et
al® in 2014. Saha'® defined J-open sets in topological spaces. Vadivel et al. in'!8 introduced §-open
sets and their maps in a neutrosophic topological space. P. Iswarya and K. Bageerathi,® studied neutrosophic
frontier and semi-frontier in neutrosophic topological spaces.

In this paper we introduce neutrosophic J frontier, neutrosophic § border and neutrosophic ¢ exterior and
discuss their properties in Ngts’s.

2 Preliminaries

Definition 2.1. Y Let Y be a non-empty set. A neutrosophic set (briefly, Nys) L is an object having the
form L = {(y, pr(y),0L(y), vr(y)) : y € Y} where puy, — [0, 1] denote the degree of membership function,
o1, — [0, 1] denote the degree of indeterminacy function and vy, — [0, 1] denote the degree of non-membership
function respectively of each element y € Y to the set L and 0 < pr(y) + o1 (y) +vi(y) < 3foreachy € Y.

Remark 2.2. "' A Nys L = {{y,ur(y),0n(y),vr(y)) : y € Y} can be identified to an ordered triple
(ys pL(y),oL(y),ve(y))in (0,1 on Y.

Definition 2.3. 'Y Let Y be a non-empty set and the Nys’s L and M in the form L = {(y, ur(y),or(y),
ve(y)) 1y €Y M = {{y, uns(y), o0 (y), vas(y)) : y € Y}, then

() Ox =(y,0,0,1) and 15 = (y,1,1,0),
() L C Miff pur(y) < pm(y), on(y) <om(y) &ve(y) >vm(y) :y €Y,
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(ili) L= Miff L C Mand M C L,
(v) Iy = L={{y,v(y),1 —or(y),ur(y)) :y €Y} =L",
V) LU M = {{y,max(ur(y), um(y)), max(or(y), om (y)), min(vr (y), v (y))) 1 y € Y},

i) LM = {{y, min(ur(y), ua(y)), min(or(y), om(y)), max(vr(y), vm (y))) 1 y € Y}

Definition 2.4. 'Y A neutrosophic topology (briefly, V,t) on a non-empty set Y is a family Wy of neutrosophic
subsets of Y satisfying

(1) On, Iy € Uy
(1) Ly N Ly € U forany Ly, Ly € Uy
(i) J L, € VN,V Ly:x€ X CUp.

Then (Y, ¥p) is called a neutrosophic topological space (briefly, Ngts) in Y. The ¥ elements are called
neutrosophic open sets (briefly, Ns0s) in Y. A Ngs C is called a neutrosophic closed sets (briefly, Ngcs) iff
its complement C* is N;os.

Definition 2.5. "V Let (Y, W) be Nyts on Y and L be an N,s on Y, then the neutrosophic interior of L
(briefly, Nyint(L)) and the neutrosophic closure of L (briefly, N cl(L)) are defined as

Nyint(L)=| J{I: I C Land I'isa N,osinY}

Nycl(L)=({J:LC Jand Jisa Nycsin Y}

Definition 2.6. 2 Let (Y,Uy) be Nsts onY and L be an Ngs on Y. Then L is said to be a neutrosophic
regular open set (briefly, Ngyros ) if L = Ngint(Nscl(L)).
The complement of a Nsros is called a neutrosophic regular closed set (briefly, Nsrcs) in Y.

Definition 2.7. 2 A set K is said to be a neutrosophic

(i) ¢ interior of G (briefly, Nsdint(K)) is defined by Ndint(K) = |J{B : B C K and B is a Ngros
inY}.

(i) 0 closure of K (briefly, Nyocl(K)) is defined by Nsdcl(K) = (\{J : K C Jand Jis a Ngresin Y}.

Definition 2.8. "/ A set L is said to be a neutrosophic d-open set (briefly, Nydos) if L = N dint(L).
The complement of an N dos is called a neutrosophic ¢ closed set (briefly, Nsdcs) in Y.

Proposition 2.9. 7 The Neutrosophic §-interior operator satisfies
(i) Nsoint(K) C K.
(i) K € M = Nydint(K) C Ndint(M).
(iil) Ngoint(K N M) = Ngbint(K) N Ngdint(M).
(iv) Ngoint(K) is the greatest Nydos containing K.
(V) Ngoint(K) = K iff K is an Ngdos.
(vi) Ngoint(Nsdint(K)) = Ngdint(K).
(vi) (1n, — Nsdint(K)) = Ngocl(1n, — K).
Proposition 2.10. Z The Neutrosophic §-closure operator satisfies
(i) K C Nyocl(K).
(i) K € M = Nyocl(K) C Nsdcl(M).
(iil) Ngocl(K U M) = Ngdcl(K)U Ngoel(M).
(iv) Ngdocl(K) is the smallest Nyocs C K.
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(V) Nsdcl(K) = K iff K is an Ngdc set.
(vi) Ngocl(Ngocl(K)) = Ngocl(K).

(vi) (1n, — Nsdcl(K)) = Nydint(1y, — K).

(viil) y € Nécl(K) iff K N C # () for every Nydos C containing y.
(ix) Ns6cl(SNT) C Nyocl(S) N Ngocl(T).

Proposition 2.11. 7 The statements are hold for N,ts. Every N dos (resp. N dcs) is a Nyos (resp. Nycs).
But not converse.

3 Neutrosophic ¢ frontier

In this section, we introduce neutrosophic  frontier and discuss their properties in neutrosophic topological
spaces.

Definition 3.1. Let (Y, Uy ) be a N,ts. Let A be a neutrosophic subset of Y. Then the neutrosophic (resp.

d) frontier of a neutrosophic subset A were denoted by N Fr(A) (resp. Ns;6Fr(A)) and were defined by
N Fr(A) = Ncl(A) N Ncl(A®) (resp. NsoFr(A) = Nsdcl(A) N Ngdcl(A°)).

Example 3.2. LetY = {l,m,n} and define Ns’s Y7,Y> & Y3 in Y are

Yy = (v, (B B Kny (TL Zm Jny (ZLZm Do)

10.270.370.4”710.570.5°0.5”°0.8° 0.7 0.6
=G 601 G5 08 05 G905 06"
Then we have 7y = {On, Y1, Yo, In}. Let A = (Y, (&5, 6% 5%), (55, 5%, 5% ), (55> 5%, ¢ ))» then
O N.Fr(d) = (Y, (¢, 62 5). (55, 65 85 (& 55 830
(i) NsoFr(A) =Y, (g5 6% 66): (55 0% 05): (55 6% 59))-

Remark 3.3. For a neutrosophic subset A of Y, NyFr(A) (resp. Ns6Fr(A))is Nsc (resp. Ngdc).
Theorem 3.4. For a neutrosophic subset A in Ngts (Y, ¥y ),

(i) N,Fr(A) = N,Fr(A°).

(ii) N,6Fr(A) = N,6Fr(A°).

Proof. (i) Let A be a neutrosophic subset in Nyts (Y, ¥ y). Then by Definition 3.1| N,Fr(A) = Nycl(A) N
Nycl(A®) = Ngel(A®) N Nscl(A) = Nscl(A®) N (Nycl(A°)°). Again by Definition this is equal to
Ny Fr(A°). Hence NyFr(A) = NyFr(A°).

(i) Let A be a neutrosophic subset in Ngts (Y, ¥ ). Then by Definition [3.1| Ny6Fr(A) = Nydcl(A) N
Nybcl(A®) = Nybel(A®) N Nybel(A) = Nyocl(A°) N (Nybel(A°)¢). Again by Definition [3.1]this is equal to
N OFr(A°). Hence NyOFr(A) = NyOFr(A°). O

Theorem 3.5. Let A be a neutrosophic subset in Nsts (Y, ¥ ). Then
(i) NsFr(A) = Nscl(A) — Ngint(A).
(il) Ns6Fr(A) = Nsocl(A) — Ndint(A).

Proof. (i) Let A be a neutrosophic subset in Nts (Y, ¥ ). By Theorem[2.10](vii), (Nycl(A®))¢ = Nyint(A)
and by Definition[3.1} Ny Fr(A) = Nycl(A) N (Nscl(A€)) = Nycl(A) N (N, int(A°))°. By using A — B =
AN B¢, NyFr(A) = Nycl(A) — Ngint(A). Hence N,Fr(A) = Nscl(A) — Ngint(A).

(i) Let A be a neutrosophic subset in Nts (Y, ¥ ). By Theorem 2.10| (vii), (N dcl(A))° = Nydint(A)
and by Definition .1} N,6Fr(A) = Nyocl(A) N (Nsdcl(A)) = Nyocl(A) N (N0 int(A°))°. By using
A—B=ANDB° N;6Fr(A) = Nsdcl(A) — Nsdint(A). Hence N6 Fr(A) = Ndcl(A) — Nsdint(A). O

Theorem 3.6. A neutrosophic subset A is Ngc (resp. Ngdc) set in Y if and only if N;Fr(A) C A (resp.
N OFr(A) C A).
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Proof. Let A be a N éc set in the Nyts (Y,¥y). Then by Definition NOFr(A) =

N,dcl(A¢) C N,dcl(A). By using Theorem 2.10] (v), Nydcl(A) = A. Hence N,0Fr(A)
NgcinY.

Conversely, Assume that, N0 F'r(A) C A. Then N;dcl(A) — Ngoint(A) C A. Since Nydint(A) C A,

O

Ngdcl(A) N
C A, if Ais

we conclude that N ocl(A) = A and hence A is Ngdc.
The proof of the other is similar.

Theorem 3.7. If A is a N,o (resp. Nsdo) setin Y, then N Fr(A) C A€ (resp. NsoFr(A) C A°).

Proof. Let A be a N,do set in the Nyts (Y, Uy). By Definition 2.8] A¢ is Nydc set in Y. By Theorem 3.6}
N O0Fr(A°) C A° and by Theorem 3.6 we get N6 Fr(A) C A°.
The proof of the other is similar. O

Theorem 3.8. Let A C B and B be any Nc (resp. Nidc) setin Y. Then NyFr(A) C B (resp. NsdFr(A) C
B).

Proof. By Theorem[2.10](ii), A C B, N,dcl(A) C N,dcl(B). By Definition 3.1} N,6Fr(A) = Nydcl(A) N
Ngocl(A°) C Ngocl(B) N Nsdcl(A®) C Nsdcl(B). Then by Proposition ), this is equal to B. Hence
N Fr(A) C B.

The proof of the other is similar. O

Theorem 3.9. Let A be a neutrosophic subset in the Nsts (Y, Uy). Then (NsFr(A))¢ = Ngint(A) U
Ngint(A°) (resp. (Ns0Fr(A))¢ = Ndint(A) U Ngdint(A°)).

Proof. Let A be a neutrosophic subset in the Ngts (Y, W¥y). Then by Definition (Ns6Fr(A))° =
(Ns6cl(A) N Nsdcl(A%))¢ = ((Nsdcl(A))° U (Ngocl(A°))¢. By Theorem (vii), which is equal to
Ngdint(A°) U Ngdint(A). Hence (N0 Fr(A))¢ = Nsdint(A) U Ngdint(A°).

The proof of the other is similar. O
Theorem 3.10. For a neutrosophic subset A in the Nyts (Y, ¥ ), then NoFr(A) C N Fr(A).

Proof. Let A be a neutrosophic subset in the Nyts (Y, ¥ ). Then by Proposition|[2.11} Nsdcl(A) D Ngcl(A)
and Nycl(A®) C Nycl(A°). By Definition[3.1] N6 Fr(A) = Ny6cl(A)NNycl(A¢) C Nycl(A) N N,cl(A°),
this is equal to Ny Fr(A). Hence N6 Fr(A) C NFr(A). O

Theorem 3.11. For a neutrosophic subset A in the Nsts (Y, Uy ), Ngcl(NsFr(A)) C NsFr(A) (resp.
Ngocl(Ns6Fr(A)) C Ns6Fr(A)).

Proof. Let A be the neutrosophic subset in the Nsts (Y, ¥ ). Then by Definition Ngocl(N;6Fr(A)) =
N,8cl(Nsdcl(A) N (Nydcl(A°))) C (Nsdel(Nsdel(A))) N (Nsdcl(Nsdcl(A))). By Theorem [2.10] (vi),
NOcl(Ny§Fr(A)) = Nydcl(A) N (Nydcl(A°)). By Definition 3.1} this is equal to N,6Fr(A).

The proof of the other is similar. O

Theorem 3.12. For a neutrosophic subset A in the Nits (Y, Uy), NoFr(Ngint(A)) C NgFr(A) (resp.
N OFr(Ngdint(A)) C NoFr(A)).

Proof. Let A be the neutrosophic subset in the Nsts (Y, ¥y ). Then

N OFr(Nsdint(A)) =N docl
=N,docl

Nyint(A)) N (Ngoel(Nsdint(A))°)[by Definition[3.1]
Nydint(A)) N (Ngocl(Nsdcl(A°)))[by Theorem 2.9] (vii)]
=N,ocl(Ngdint(A)) N (Nsdcl(A°))[by Theorem 2.10](vi)]
CNdcl(A) N Ndcl(A°) by Theorem 2.9](i)]

=N,6Fr(A)[by Definition [3.1].

—~ o~~~

Hence N6 Fr(Nsdint(A)) C (NgoFr(A)).
The proof of the other is similar. O

Theorem 3.13. For a neutrosophic subset A in the Nsts (Y, Uy ), then N Fr(Nscl(A)) C NyFr(A) (resp.
N,OFr(N,3cl(A)) C N,3Fr(A).
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Proof. Let A be a neutrosophic subset in the Nyts (Y, ¥ ). Then

Ny OFr(Ngocl(A)) =Nsocl(Nsdcl(A)) N (Ngdcl(Nsocl(A)))[by Definition[3.T]
=N,dcl(A) N (Nydcl(Ndint(A°)))[by Theorems 2.10| (vii) and 2.10] (ii) & (vi)]
CN,ocl(A) N Nyocl(A°)[by Theorem 2.9](i)]
=N,0Fr(A)[by Definition [3.1]

Hence N 0Fr(Ngdcl(A)) C NoFr(A).
The proof of the other is similar. O

Theorem 3.14. Let A be a neutrosophic subset in the Nits (Y, ¥ ). Then Nyint(A) C A— N Fr(A) (resp.
Ngdint(A) C A— NOFr(A)).

Proof. Let A be a neutrosophic subset in the Nts (Y, ¥ ). Now by Definition 3.1}
A — NgoFr(A) =AN (Ns0Fr(A))°
=AN[Nocl(A) N Ngocl(A%))°
=A N [Ngdint(A°) U Nsdint(A)]
=[AN Nydint(A%)] U[AN Nsdint(A)]
=[A N Nydint(A°)] U Nydint(A) D Ngdint(A)

Hence Ngdint(A) C A— NyO0Fr(A).
The proof of the other is similar. O

Remark 3.15. In general topology, the following conditions are hold:
(i) NsFr(A)N Ngint(A) = Oy (resp. NsoFr(A) N Ngdint(A) = 0n),
(il) Nyint(A) U NgFr(A) = Ngcl(A) (resp. Nydint(A) U N;6Fr(A) = Nsdcl(A)),
(iii) Ngint(A) U Ngint(A¢) U NgFr(A) = 1 (resp. Ngdint(A) U Ngdint(A¢) U NgOFr(A) = 1n).

But the neutrosophic topology, we give counter-examples to show that the condition of neutrosophic subset
of the above remark may not be hold in general.

Example 3.16. In Example Let A= (Y, (&5, 6%, 5%), (5%, 52, %), (5%, % 6%)). then

5
(i) NoOFr(4) = (Y. (55, 65 65) (75 5% 55): (¢ 63 6,
Nadint(4) = (Y, (53, 0% 65): (55> 53 53): (G5 5% 5%)

0

Ny0Fr(A) N Ngdint(A) =

= N 0Fr(A) N Ngdint(A

(i) Nsoint(A) = (Y. (53, 55 64) (75> 5% 55): (05 7% 0'6)

N55int(Ac) - < (ﬂa 0% M)v (%a %, gi)a ((;ig, Vf”%a 5’*")%
NsdFr(A) = (Y, ( 050 0. i)

= Nydint(A) U Nsdint(A°) U NOFr(A) # 1n.

Example 3.17. In Example[3.2} Let A

Nt — (1. (o i) (o Gt 02 0 (5 9% 880 (o5 %, ). then
nt m L L m  In YL VUm n
NSFr(A) = (Y, (% 337%)7(E’ 9;37%)7(%7 94n7%)>,

s »\0.87 0.720.6/°\0.5> 0.5> 0.5/°\0.2° 0.3 0.4//°

Ngocl(A) = 1p.
= N,oint(A) U NsdFr(A) # Ngocl(A)

Theorem 3.18. Let A and B be neutrosophic subsets in the Nyts (Y, U ). Then Ny Fr(AUB) C N Fr(A)U
N Fr(B) (resp. Ns0Fr(AU B) C Nyg0Fr(A) U NyoFr(B)).
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Proof. Let A and B be neutrosophic subsets in the Nsts (Y, U ). Then

NyFr(AUB) =N 0cl(AU B) N Ndcl(AU B)¢[by Definition[3.1]
=Ny dcl(AU B) N Ngdcl(A° N B°)
C(Nsdcl(A) U Ngdcl(B) N ((Nsdcl(A))) N (Nsocl(B€)) by Theorem 2.10] (iii) & (ix)]
—[(V,6el(A) U (N,6l(B)) N (NoSel( A%)))] 1 [(NSel(4) U (Nl (B)) 1 (Nyel(B2)))]
—[(V.6el(A) N Nodel(A%)) U (NSl B) 0 (N.6el (A%))] A [(Nadel (A) 1 (N, el (B9)))
U (Nsdcl(B) N (Nsdcl(B€))))]
=[Ns0Fr(A) U (Ngdocl(B)) N (Nsdel(A))] N [(Nsdel(A) N (Ngoel(B€))) U (NsdFr(B))]
[by Definition [3.T]
=(N;0Fr(A) UNFr(B)) N [(Nsdel(B) N (Nsdcl(A%))) U (Nsdel(A) N Nydel(B€)))]
CN6Fr(A)UNy6Fr(B).

Hence, Ny0Fr(AU B) C N,6Fr(A) U N,0Fr(B).
The proof of the other is similar. O

Note 1. The following example shows that
(i) NsFr(ANB) < NyFr(A)U NyFr(B) and NgFr(A) N N,F(B) £ NsFr(AN B).
(il) Ns6Fr(ANB) € Ns6Fr(A)UN6Fr(B) and Ny6Fr(A) N NOF(B) € NoFr(AN B).

Theorem 3.19. For any neutrosophic subsets A and B in the Nits (Y, ¥ ), NsFr(AN B) C (NFr(A) N
(Nscl(B))) U (NsFr(B) N Nscl(A)) (resp. Ng0Fr(AN B) C (Ns6Fr(A) N (Nsdcl(B))) U (NgFr(B)N
N;écl(A))).

Proof. Let A and B be neutrosophic subsets in the Nts (Y, ¥y ). Then

Ns0Fr(AN B) =Nsdcl(AN B) N (Nyocl(AN B)°)[by Definition[3.1]
=N;0cl(AN B) N (Nsdcl(A° U BY))
C(N.del(A) N Nooel(B)) N (Nadel(A€) U N,bcl(B¢))[by Theorem [Z.10|(iii) & (ix)]
=[(Nsdcl(A) N Ngocl(B)) N Nsocl(A9) U [(Nsdel(A) N Ndcl(B)) N Nsdel(B)]
=(Ng0Fr(A) N Nydcl(B)) U (NsdFr(B) N Ngdcl(A))[by Definition 3.1].

Hence N0 Fr(AN B) C ((Ns0Fr(A) N (Ngocl(B))) U (NgoFr(B) N (Nsdcl(A)))).

The proof of the other is similar. O

Corollary 3.20. For any neutrosophic subsets A and B in the Nsts (Y, Uy ), N Fr(AN B) C NgFr(A) U
NyFr(B) (resp. Ng0Fr(AN B) C Ny§dFr(A)U NsdFr(B)).

Proof. Let A and B be neutrosophic subsets in the Nsts (Y, U ). Then
NyFr(AN B) =N 0cl(AN B) N (Nsocl(AN B)°)[by Definition[3.1]
=N dcl(AN B) N (Nsdcl(A° U B°)
C(Nsdcl(A) N Nydcl(B)) N (Nsdcl(A°) U Nsoel(B€))[by Theorem [2.10] (iii) & (ix)]
=(Nyocl(A) N Ngocl(B)) N (Ngoel(A°) U (Nsdel(A) N Nsdel(B)) N (Nsdel(BC)))
=(Ny0Fr(A) N Nsdcl(B)) U (Nsocl(A) N N6 Fr(B))[by Definition[3.1]
CNyFr(A) U (NsOFr(B).

Hence N;6Fr(AN B) C N;60Fr(A) U N;6Fr(B).
The proof of the other is similar. O

Theorem 3.21. For any neutrosophic subset A in the Ngts (Y, ¥ y),

() (a) N,Fr(N,Fr(A)) C N,Fr(A),
(b) NoFr(NgFr(NsFr(A))) C NyEFr(NgoFr(A)).

(i) (a) Ny6Fr(Ny6Fr(A)) C NJSFr(A),
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(b) NsdFr(NgoFr(NsdFr(A))) C NsdFr(NgoFr(A)).
Proof. (ii) (a) Let A be a neutrosophic subset in the Ngts (Y, ¥y ). Then

N.Fr(N,0Fr(A)) =N,dcl(N,SFr(A)) N N,dcl(N,6Fr(A)°)[by Definition[3.1]
=Nsdcl(Ngocl(A) N (Nsdcl(A)) N (Ngdel(Nsoel(A)) N (Nsdel(A9))))
[by Definition [3.1]
C(Ns0cl(Nsdel(A)) N (Ngdel (Nsoel(A))) N (Ngdel(Nsdint(A€))) U (Nsdint(A)))
[by Theorem 2.10] (vi) & (ix)]
=(Nsdcl(A) N (Ngocl(A)) N (Nsdel(Nsdint(A) U Nydint(A))))
[by Theorem 2.10| (vi)]
CN6cl(A) N Ngocl(A)
=N,6Fr(A)[by Definition [3.1].
Therefore N,0Fr(Ny0Fr(A)) C NydFr(A).

(b) Again, NyOFr(Ns0Fr(NgoFr(A))) € NsdFr(Ns0Fr(A)).
The proof of the other is similar. O

4 Neutrosophic 6 border and neutrosophic ¢ exterior

In this section, we introduce the neutrosophic ¢ border, neutrosophic § exterior using neutrosophic § open sets
and their properties are discussed in N,ts’s.

Definition 4.1. Let A be a neutrosophic subset of Nsts (Y, V). Then the set NyBr(A) = AN Ngint(A)
(resp. NsdBr(A) = ANNdint(A)) is called the neutrosophic (resp. §) border of A (briefly, NsBr(A) (resp.
N;s6Br(A)))

Example 4.2. In Example[3.2} Let A = (Y, (&%, 6%, 6%), (55, 5%, 5%), (5%, 5%, ¢ )), then
(i) Nsint(A) = (Y, (5. 0% 64): (G5 0% 03): (05> 0% 0%6)):
AN Nyint(A) =Y, (§5, 55 6%) (55 5% 0%)> (55 0% o%))
= NoBr(4) = Y. (53, 55, 04) (75, 55 5%): (35 5% 06))
(i) Nudint(4) = (Y. (53, 5% 64)- (55 63> 63): (¢ 6% 6%))
AN Ngdint(A) = (Y, ((%,63,6‘2)’(%,%,%),(ﬁ75ﬂ,5¢)>
= NS(;BT.(A) - <Ya (%7 /67§7 gﬁ)? (%7 %a 57%)7 (Llsa %7 %»
Theorem 4.3. If a subset A of Y is Ngc (resp. Nsdc), then NyBr(A) = N Fr(A) (resp. NgdBr(A) =

N OFr(A)).

Proof. Let A be a Nyoc subset of Y. Then by Theorem (vii), Nsdcl(A) = A. Now, N;6Fr(A) =
Ngocl(A) — Nyoint(A) = A — Nydint(A) = NsdBr(A).
The proof of the other is similar. O

Theorem 4.4. For a neutrosophic subset A of Y, A = Nyint(A) U NyBr(A) (resp. A = N dint(A) U
N6Br(A)).

Proof. Letx(q ) € A. If 24,5, € Ndint(A), then the result is obvious. If z(, g ) & Nsdint(A), then
by the definition of N,6Br(A),x(a,5,y) € Ns0Br(A). Hence 245, € Nsdint(A) U NsdBr(A) and so
A C Nybint(A) U NsdBr(A). On the other hand, since Nydint(A) C A and N0Br(A) C A, we have
Ngdint(A) U NsdBr(A) C A.

The proof of the other is similar. O

Theorem 4.5. For a neutrosophic subset A of Y, Nyint(A)NNsBr(A) = Oy (resp. Nsdint(A)NN;6Br(A)
=0n).
Proof. Suppose Nydint(A) N N;0Br(A) # On. Let x(q 5,) € Nydint(A) N NsdBr(A). Then x4 5, €
Ngoint(A) and 24,84 € N0Br(A). Since N,0Br(A) = A — Ngdint(A), then 2,5,y € A. But
T(a,8,y) € Ns0int(A), z(q,,y) € A. There is a contradiction. Hence N,dint(A) N N6 Br(A) = Oy .

The proof of the other is similar. O
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Theorem 4.6. For a neutrosophic subset A of Y, A is a No (resp. N;do) set if and only if N;Br(A) = Oy
(resp. N6 Br(A) = 0p).
Proof. Necessity: Suppose A is N do. Then by Theorem 2.9) (v), Nydint(A) = A. Now, N,6Br(A) =
A — Ngdint(A) = A— A =0y.

Sufficiency: Suppose N0 Br(A) = 0. This implies, A — Nsdint(A) = On. Therefore A = N;dint(A)
and hence A is Ndo.

The proof of the other is similar. O

Corollary 4.7. For a Nsts, N;Br(Oy) = Oy and NyBr(ly) = Oy (resp. Ns0Br(Oy) = Oxn and
NS§BT(1N) = ON)

Proof. Since Oy and 1y are Ngdo, by Theorem N 6Br(0On) = 0x and Ng0Br(1y) = Oy.
The proof of the other is similar. O

Theorem 4.8. For a neutrosophic subset A of Y, Ny Br(Ngint(A)) = Oy (resp. NsdBr(Ngdint(A)) = On).
Proof. By the definition of Ny0 border, N6 Br(Ngdint(A)) = Ngdint(A) — Nsdint(Nsdint(A)). By The-

orem [2.9)(vi), N dint(Nydint(A)) = Nybint(A) and hence N6 Br(N,dint(A)) = Oy.
The proof of the other is similar. O

Theorem 4.9. For a neutrosophic subset A of Y, Ngint(NsBr(A)) = O (resp. Nsdint(N;0Br(A)) = Op).
Proof. Let x(45~) € Ngdint(Ns0Br(A)). Since N,0Br(A) C A, by Theorem(i), Ngdint(NgoBr(
A)) € Nyoint(A). Hence x(4,5,) € Nsdint(A). Since N,dint(Ns0Br(A)) € NsdBr(A),zp,4) €

N,0Br(A). Therefore 24 g,4) € Nsdint(A) N NydBr(A), 2(a,8,4) = ON-
The proof of the other is similar. O

Theorem 4.10. For a neutrosophic subset A of Y, N, Br(N;Br(A)) = NsBr(A) (resp. NsdBr(N;0Br(A))
= N,0Br(A)).
Proof. By the definition of Nd border, N;0 Br(Ny0Br(A)) = NsdBr(A) — Nydint(Ns0Br(A)). By The-
orem 4.9 Ndint(N;6Br(A)) = Oy and hence Ny6Br(N,6Br(A)) = N6Br(A).

The proof of the other is similar. O

Theorem 4.11. For a subset A of a space Y, the following statements are equivalent
(1) Ais N,o (resp. Nsdo).
(ii) A = Ngint(A) (resp. A = Ngdint(A)).
(iii) NsBr(A) = Oy (resp. N6 Br(A) = Oy).
Proof. (i) — (ii) Obvious from Theorem [2.9]
(ii) — (iii). Suppose that A = Ngdint(A). Then by Definition, N;dBr(A) = N dint(A) — Nydint(A) =
ON.(iii) — (i). Let N;0Br(A) = Oy. Then by Definition A — Nydint(A) = On and hence A =

Ngdint(A).
The proof of the other is similar. O

Theorem 4.12. Let A be a neutrosophic subset of Y. Then, N;Br(A) = AN N,cl(A°) (resp. N;dBr(A) =
AN Ngocl(A°)).

Proof. Since NydBr(A) = A — Nidint(A) and by Theorem [2.10, Ny6Br(A) = A — (Nsocl(A%))¢ =
AN (Ngdel (A%)¢) = AN Nyocl(A°).

The proof of the other is similar. O
Theorem 4.13. For a neutrosophic subset A of Y, N;Br(A) C N Fr(A) (resp. Ns6Br(A) C N;6Fr(A)).
Proof. Since A C Ny dcl(A), A — Ngoint(A) C Nydcl(A) — Nydint(A). That implies, N;dBr(A) C
N 6Fr(A).

The proof of the other is similar. O

Definition 4.14. Let A be a neutrosophic subset of a Nsts (Y, ¥ y). The neutrosophic (resp. §) interior of A°
is called the neutrosophic (resp. 0) exterior of A and it is denoted by NyExt(A) (resp. Ng6Ext(A)). That is,
NyEzt(A) = Ngint(A€) (resp. NydExt(A) = Nsdint(A°)).
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4 .
(i) Nyint(A) = (Y, (L5, b ) (OL ow ou) (M u tu))
— N,Ext(A) = ( :

0 0 . .
(ii) Nséint(AC) = <Y7(#’Mm H,n 7(71 Uf L)’(L an 7")>

270.370.4/7\0.57 0.570.5/1\0.8°
= NooBxt(A) = (Y, (55 65 64): (55 5% 05) (050 6% 06))-
Theorem 4.16. For a neutrosophic subset A of Y, NyExt(A) = (Nscl(A))¢ (resp. NsdExt(A) = (Ngé
A(A))°).
Proof. We know that, 1y — Ndcl(A) = Nydint(A°), then Ny0Ext(A) = Nydint(A°) = (Nsdcl(A))°.
The proof of the other is similar. O

Theorem 4.17. For a neutrosophic subset A of Y, NyExt(NsExt(A)) = Ngint(Ngcl(A)) DO Ngint(A)
(resp. NsoExt(NsoExt(A)) = Ngdint(Nsocl(A)) D Ngdint(A)).

Proof. Now, NyOExt(Ny0Ext(A)) = NdExt(Ngdint(A¢)) = Ngdint((Nsdint(A€))€) = Ndint(Ng
dcl(A)) D Ngoint(A).
The proof of the other is similar. O

Theorem 4.18. For a neutrosophic subset A of Y, If A C B, then NsExt(B) C N Ext(A) (resp. Ngo
Ext(B) C N,0Ext(A)).

Proof. Suppose A C B. Now, N dExt(B) = Nsdint(B°) C Nsdint(A°) = N;0Ext(A).
The proof of the other is similar. O

Theorem 4.19. For a neutrosophic subset A of Y, NyExt(1y) = Oy and N;Exzt(0n) = 1y (resp. Ngo
Ext(lN) = ON and NséEl‘t(ON) = lN).

Proof. Now, N;6Ezt(ly) = Ngdint((1x)¢) = Nsdint(On) and NydExt(0ny) = Ngdint((0n)¢) =
Ngdint(1y). Since On and 1y are Ngdo sets, then Nydint(On) = Oy and Nydint(1y) = 1y. Hence
NséExt(ON) = ]-N and NS(SEl't(].N) = ON.

The proof of the other is similar. O

Theorem 4.20. For a neutrosophic subset A of Y, NyFExt(A) = NyExt((NsExt(A))¢) (resp. NsdExt(A)
= N 0Ext((Ns;6Ext(A)))).

Proof. Now, N;dExt((NsdExt(A))¢) = NydExt((Ngdint(A°))¢) = Ngdint((((Nsdint(A))¢))¢) = Ngo
int(Ngdint(A®)) = Nsdint(A°) = N;0Ext(A).
The proof of the other is similar. O

Theorem 4.21. For a sub sets A and B of Y, the followings are valid.
(i) NsEzt(AU B) C NyEzt(A) N NyExt(B) (resp. NsdExt(AU B) C Ny;6Ext(A) N NyoExt(B)).
(ii) NyExzt(AN B) D NyExt(A) U NExt(B) (resp. NsdExt(AN B) D N,0Ext(A) U NyoExt(B)).

Proof. (i) NsdExt(AU B) = Ngoint((A U B)°) = Ngdint((A°) N (B°)) C Nsdcl(A°) N Ngocl(B) =
N oExt(A) N NsdExt(B).

(ii) Ns0Exzt(A N B) = Ngdint((A N B)¢) = Ngdint((A°) U (B€)) D Nsdcl(A°) U Ngdcl(B¢) =
Ny 0Ext(A) U NydExt(B).

The proof of the other is similar. O

5 Conclusions

So far, we have studied some new operators called neutrosophic ¢ frontier respective border and exterior
with the help of neutrosophic d-open sets in neutrosophic topological space. Also, we discussed the important
properties of them and the relations between them. This can be extended to some weaker forms of neutrosophic
open sets, in future.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

DOI: https://doi.org/10.54216/JNFS.010202 69



Journal of Neutrosophic and Fuzzy Systems (JNFS) Vol. 1, No. 2, PP. 61-70, 2021

References

[1] R.K. Al-Hamido, “A New Approach Of Neutrosophic Topological space”, International Journal of Neu-
trosophic Science, Vol 7, pp 55-61, 2020.

[2] I. Arokiarani, R. Dhavaseelan, S. Jafari, and M. Parimala, “On some new notions and functions in neu-
trosophic topological space”, Neutrosophic Sets and Systems, Vol 16, pp 16-19, 2017.

[3] K. Atanassov, “Intuitionistic fuzzy sets”, Fuzzy Sets and Syst., Vol 20, pp 87-96, 1986.
[4] C.L. Chang, “Fuzzy topological space”, J. Math. Anal. Appl., Vol 24, pp 182-190, 1968.

[5] D. Coker, “An introduction to intuitionistic fuzzy topological spaces”, Fuzzy sets and syst., Vol 88, pp
81-89, 1997.

[6] P. Iswarya, and K. Bageerathi, “A Study on Neutrosophic Frontier and Neutrosophic Semi-frontier in
Neutrosophic Topological Spaces”, Neutrosophic Sets and Systems, Vol 16, pp 6-15, 2017.

[7] S. Krishna Prabha, Said Broumi, and Selgcuk Topal, “A Novel Routing Network Algorithm via Netro-
sophic Fuzzy Set Approach”, International Journal of Neutrosophic Science, Vol 13, pp 9-22, 2021.

[8] M. Parimala, M. Karthika, and F. Smarandache, “A Review of Fuzzy Soft Topological Spaces, Intuition-
istic Fuzzy Soft Topological Spaces and Neutrosophic Soft Topological Spaces”, International Journal of
Neutrosophic Science, Vol 10, pp 96-104, 2020.

[9] A.A. Salama, and F. Smarandache, “Neutrosophic crisp set theory”, Educational Publisher, Columbus,
Ohio, USA, 2015.

[10] A.A. Salama, and S.A. Alblowi, “Neutrosophic set and neutrosophic topological spaces”, IOSR Journal
of Mathematics, Vol 3, pp 31-35, 2012.

[11] A.A. Salama, F. Smarandache, and S.A. Alblowi, “Characteristic function of neutrosophic set”, Neutro-
sophic Sets and Systems, Vol 3, pp 14-17, 2014.

[12] A.A. Salama, F. Smarandache, and V. Kromov, “Neutrosophic closed set and neutrosophic continuous
functions”, Neutrosophic Sets and Systems, Vol 4, pp 4-8, 2014. °

[13] A.A. Salama, H. ElIGhawalby, and A.M. Nasr, “Star Neutrosophic Fuzzy Topological Space”, Interna-
tional Journal of Neutrosophic Science, Vol 0, pp 77-82, 2019.

[14] F. Smarandache, “A Unifying field in logics: neutrosophic logic. neutrosophy, Ngs, neutrosophic proba-
bility”, American Research Press, Rehoboth, NM, 1999.

[15] F. Smarandache, “Neutrosophy and neutrosophic logic”, First International Conference on Neutrosophy,
Neutrosophic Logic, Set, Probability, and Statistics, University of New Mexico, Gallup, NM 87301,
USA, 2002.

[16] S. Saha, “Fuzzy §-continuous maps”, J. Math. Anal. Appl., Vol 126, pp 130-142, 1987.

[17] A. Vadivel, M. Seenivasan, and C. John Sundar, “An Introduction to J-open sets in a Neutrosophic Topo-
logical Spaces”, Journal of Physics: Conference Series, 1724, 012011, 2021.

[18] A. Vadivel and C. John Sundar, “Neutrosophic §-Open Maps and Neutrosophic §-Closed Maps”, Inter-
national Journal of Neutrosophic Science (IINS), Vol 13 (2), pp 66-74, 2021.

[19] L.A. Zadeh, “Fuzzy sets”, Inform. Control, Vol 8, pp 338-353, 1965.

DOI: https://doi.org/10.54216/JNFS.010202 70



	1 Introduction
	2 Preliminaries
	3  Neutrosophic   frontier
	4 Neutrosophic   border and neutrosophic   exterior
	5 Conclusions

