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Abstract: In this paper, we built bitopological space on the concept of neutrosophic soft set, we defined the
basic topological concepts of this spaces which are Ns-(bi)"-open set, N3-(bi)-closed set, (bi)-neutrosophic
soft interior, (bi)-neutrosophic soft closure, (bi)-neutrosophic soft boundary, (bi)-neutrosophic soft
exterior and we introduced their properties. In addition, we investigated the relations of these basic
topological concepts with their counterparts in neutrosophic soft topological spaces and we introduced
many examples.
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1. Introduction

The concept of soft set is defined by Molodtsov [1] as follows: Let M be an initial universe set and E be a
set of parameters. Let P(M) denotes the set of all the subsets of M. Consider B# @, B €E. The
collection (B,B) is termed to be the soft set, where [3 is a mapping by [3:B—P(M). Smarandache [2] introduced
neutrosophic set as a generalization of fuzzy set [3] and intuitionistic fuzzy set [4]. P. K. Maji [5] defended
the concept of neutrosophic soft set by combining the concept of neutrosophic set and soft set. This the
concept is defined as follows: let M be an initial universe set and E be a set of parameters. Let P(M) denote
the set of all the neutrosohpic sets of M. Consider B+ @, B SE. The collection (f3,B) is termed to be the soft
neutrosophic set, where (3 is a mapping by :B—»P(M). This concept has been modified (see [6,7]). The
concept of neutrosohpic soft topological space was introduced by T. Bera [8]. Al-Nafee [9] introduced the
concept of neutrosohpic soft topological space depending on a new family of neutrosohpic soft sets (N3(M)).
Our work in this research is presented based on the neutrosohpic soft topological space which was built
from the elements of family Ns(M) ([9]). Other theoretical studies on these concepts were presented by a
number of researchers, for example, Narmada, Georgiou, Taha, Cageman, Al-Nafee, Evanzalin and Salama, (see
[10, 11, 22,13, 14, 15, 16, 17, 18, 19, 20]).

Kelly, [21] introduced the concept of bitopological space. This concept is introduced as an extension of
topological space. This concept has been introduced with interest in fuzzy set, soft set and neutrosophic set
(see [22, 23, 24, 25]). Therefore, we find it important and necessary to build a bitopological spaces on the
concept of neutrosophic soft set. In this paper, bitopological space on the concept of neutrosophic soft set
is built, the basic topological concepts of this spaces which are Ns-(bi)-open set, Ns-(bi)*-closed set, (bi)*-
neutrosophic soft interior, (bi)-neutrosophic soft closure, (bi)-neutrosophic soft boundary, (bi)*-
neutrosophic soft exterior are defined, the relations of these basic topological concepts with their
counterparts in neutrosophic soft topological spaces are investigated and many examples on this concepts
are given.
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2. Preliminary

In this section, we will refer to the basic definitions required in our work.
2.1. Definition [26]

The neutrosohpic set N over M is defined as follows:

N={< m,Hy(m),Gy(m),Jy(m) >) : m € M}.

where, the functions H,G,] : M—] — 0,+1[ and -0 < Hy(m) + Gy(m) + Jy(m) <+3
2.2. Definition [9]

Let Bg and pg € N3(M) such that;
Bs = {(r{< mMes® MG MIppn (M) >+ 1y € M}), r € Ey}.
Ug = {(r,{< mFup@@.Cup M@)o e M}), r € Ey}. Then:
& M ={(r{< m®*® >:m € M}), r € Ey} [ Absolute neutrosohpic soft set ].
< Og ={(r{< m©@®Y >:m e M}), r € Ey} [ Null neutrosohpic soft set ].
& (Bp)C = (r{< m* e M1=Cpgm Mg M) 5 . 1y € M}), r € Ey} [ Complement of B .
@ Bp C g © {(r,{< mP s Mg MGapm M=Gupm MIpp 0 MTup ™) >+ m € M}), r € Ey}.
@ BgUpg={(r{< m e @VHE @) (M),Ggg ) MV Gy (r) (M) J g (r) MAT 1) () >):m € M}, 1 € Ey).

% By Mg = {(r{< mTea AT @) Gag0r) MGy ) (MW w MVIugm ™) > € MY), r € Ey}.

Note that: "Ey; is the set of all possible paramerers under consideration with respect to M (BE Ey)".
2.3. Definition [9]

Let T € (N3(M)). The collection T is called a neutrosophic soft topology on M, if the following conditions
are true:

1) Mg, @y belong to T.

2)IfB]-B €T;j €], then Ljg B]-B eTvje].

3)If B, ug € T, then Bg M pg € T.

Then the triplet (M,B,T) is a neutrosophic soft topological space or (Ns-Top for short).

Members of T are called a neutrosohpic soft open sets (N3-T-open for short) and their complements are a

neutrosohpic soft open sets (Ns-T-closed for short).
The neutrosophic soft interior of Bg € N3(M) ((Bg)° for short) is defended as:

(Bp)° = L{(wp): wp is a N3-T-open set, wgE Pg}.
The neutrosophic soft cloture of g € N3(M) ((Bg) for short) is defended as:
(Bg) = M{(wpg): wg is a Na-T-closed set, BgE wg}.

2.4. Example [9]
Let M = {m;, m,, m3}, B € Ey, where B = {r} and B, ug, Yg € N3s(M).

Such that
Bg = {(r, <M1 10> <my001) > < ms00o1 >},
ug ={(r (KM@ 10> <my00 1> <msl 10>},

Yp =1{(r, {< M@ 01>, <m0 01> < msl 10 >})}.
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Then, T2 = {@g, Mg, Bg, up}is a neutrosohpic soft topology on M.

Note that: 1) (Bg Uvyg)’ & (Bs)’ U (v8)"  2) vg & (VYB)"

2.5. Example [9]
Let M = {m;, m;, m3}, B € Ey;, where B = {r} and g, ug, vg, 65 € N3(M).

Such that
Bg = {(r, KM@ 10> <ma00 1> < ms0 01 >})}.
ug = {(r, <mi1@ 10> <ma@0D > < msl 10 >})},
Y = (6, < mut 10>, < ma. 10>, <m0 5},
8g = {(r, < M@0 D> <mo 10> <msl 1.0 >h},
Then, T2 = {@g, Mg, Bg, U, Yg}is a neutrosohpic soft topology on M.

Note that:

1) Be)U () Z(BeM8p). 2) (Bs) Z Bs-
Note:

There are modifications in Example 4.12 and 4.13 in [9]. So we have corrected them as in Example 2.4 and
2.5.
3. Neutrosophic soft bitopological space

In this section, we defined the neutrosophic soft bitopological space or (Ns-Bi-Top for short) on the concept

of neutrosophic soft set and the basic topological concepts of this spaces which are Ns-biopen and Ns-

biclosed.
3.1. Definition

Let (M,B,T1) and (M,B, T2) be two Ns-Top spaces defined on M. Then (M,B,T1T2) is called a neutrosophic

soft bitopological space or (Ns-Bi-Top for short).
3.2. Example

Let M = {m;,m,}, B € Ey;, where B = {r} and Bg, ug € N3(M) such that
Bg = {(r, {< M106,0205) > < my05,04,09>})},
g = {(r, [<Mi060200 >, < 3060407 5))).
Then, T1 = {@g, Mg, Bg} is an N3-Top on M and Tz = {@g, Mg, pg} is an N3-Top on M.
Therefore, (M,B,T1T2) is an N3-Bi-Top space.
3.3. Definition
Let (M,B,T1T2) be an Ns3-Bi-Top space. The members of (M,B,T1,T2) are called bineutrosohpic soft open
sets (Ns-biopen for short) and their complements are bineutrosohpic soft closed sets (Ns-biclosed for
short).
3.4. Remark
a) Every neutrosophic soft open (closed) set in (M,B,T1) or (M, B, T2) is an Ns-biopen (Ns-biclosed) set.
b) Every Ns-Bi-Top space (M,B,T1T2) induces two Ns-Top spaces as (M,B,T1) and (M,B,T2).
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c) If (M,B,T1)is an Ns-Top space then (M,B,T1,T1) is an Ns-Bi-Top space.
3.5. Theorem
If (M,B,T1,T2) is an Ns-Bi-Top space, then (M,B,TiNT2) is an Ns-Top space.
Proof
Let (M,B,T1T2) be an Ns-Bi-Top space.
(1) Clearly that @5, Mg € (TiNT2).
(2) Let Bg, ug € (TiNT2), then Bg, ug € Trand Bg, pg € T2. This implies that, g M pg € T1 and Bg M pg €T1.
Therefore, Bg M pug € (T1NT2).
(3) Let B]-B € (TinT2);j € ]J. Then B]-B € Trand B]-B € T2;j € ]. Therefore Uj¢; BjB € Trand Ujg BjB eET2VjeE]
Thus, we have Ujg B]-B € (TinT2). Hence, (M,B,TiNT2) is an Ns-Top space.

3.6. Remark
If we take the operation of union instead of the operation of intersection, then the above theorem is not
generally correct.

3.7. Example

Let M = {m;,m,}, B € Ey, where B = {r} and Bg, ug € N3(M) such that
Bg = {(r, {< M103,05,07) > < my02,04,06) >})},
g = {(r, {< M105,07,08) > < m03,06,08) >},

Then, Ti = {@g, Mg, pg} is an Ns-Top on M and Tz = {@g, Mg, Bg} is an N3-Top on M. Thus, (M,B,T1,T2) is an
Ns-Bi-Top space. But, (M,B,T1UT2) is not an Ns-Top space. Because, g L pug does not belong to (T1UT2).

4. Ns-(bi)"-open set in neutrosophic soft bitopological space

In this section, Ns-(bi)™-open set, Ns-(bi)"-closed set, (bi)*-neutrosophic soft interior, (bi)-neutrosophic soft
closure, (bi)-neutrosophic soft boundary, (bi)-neutrosophic soft exterior are defined based on the idea of
§-open set which was defined in [27].

4.1. Definition

A subset Bg € N3(M) of an Ns3-Bi-Top space (M,B,T 1 T) is called star bineutrosophic soft open (Ns-(bi)™-open,
oT2

———(T1D)
for short ) in (M,B, T, T,) if and only if Bg E (Bg)°T? and their complement is an Ns-(bi)*-closed set. The

set of all Ns-(bi)*-open [Ns-(bi)'-closed] sets in (M,B,T1T2) is denoted by M BD*~NSO[MBD*=NSC] yegpectively.
4.2. Example

Let M = {m,;,m,,m;}, B € Ey, where B = {r} and Bg, ug € N3(M) such that
Be = {(r, (K Mu0 10> <m0 0D > <m0 >)).
ug = {(r, <KM@ 10 > <m>1 10 >< ms00Dh >hH}

Ti = (@, Mg} is an Ns-Top on M and Tz = (@g, Mg, Bg, ug} is an Ns-Top on M. Thus, (M, B,T| T>) is an Nsz-Bi-
Top space.

Note that:

(T1) oT2
BB = {(r, {< mi1.0) > <mp0.01) > <ms00D >})} - (ﬁB)OTZ = {(r, {< mi1.0) > <mo( 10 > < msd 10 >})}

DOI: 10.5281/zenod0.4725946 50



International Journal of Neutrosophic Science (IINS) Vol 14, No. 1, PP. 47-56, 2021

oT2
< By & B

— D oT2
ug = {(r, <M1l L0> <meL 10> <m30 01 >N} E (ug)oT? ={(r, <M1 10> <m>@ 10> < msl 10 >})},

oT2
~ug E (HB)OTZ(Tl)

Yg = {(r, (<M1 10 > <mo©01)>< ms 10 >})},

(T1) oT2
{(r, [<mit10 > <m2001>< msd 10 >})} C (YB)oTz = {(1‘, <M1 > <m0 > < msdL0) >})}

oT2
~yg E (YB)OTZ(TD

0 = {(r, <m0 > <mo® 10 ><mstL0) >})}

(T1 oT2
{(r, <m0 > <mo1. 1.0 >< M3 10 >})} £ (8g)°T2 ={(r, M@0 > <m0.0D > <ms001 >}

T2
8B _¢_ (SB)OTZ(TDO

eg = {(r, Lm0 0D > <ma 10 >< msl 1.0 >}

1)0T2
r, {<mi©@01)> <mp®L0><ms100 > ¢_ € oT2 ={(r, I<mi1©001) > <mpy001) > < ms3©@ 01 >H1,
7 7 ) B s ’

__(r1)°T2
- eg & (gp)°T2

9p = {(r, (K MO0 > <my0.01) >< mat 1,0 >})}.

—(Tl)OTZ
{(r, {< mi@ 01D > <mp001) > < msl 10 >})} v (BB)OTZ = {(r, {< mi@0DH> <mp001 > <ms001) >})}

(T1) oT2

- 95 & (9p)°T
In general in any N3-Bi-Top space, @, My are clearly N3-(bi)-open sets.
Hence:
MBD*=NSO = (G, M, Bg, up, Ya}-
MBD=NSC — (f(p f<m 001> <m0 >< mst 1.0 >})),
{(r, < mM10.0D > <m2001D >< msl. 10 >})},

{(r, (<MD > <ma 1,0 >< m300 1 >},

B,
Mg 1.
4.3. Remark

Let Bg and pg be an Ns-(bi)™-open sets, then Bg M pp is not necessary an Ns-(bi)-open set.
4.4. Example

Let M = {m;, m,, m3, my, ms}, B € Ey, where B ={r} and Bg, pg, Yp €, 9, ap € N3(M).
Such that

Bg = {(r, KM@ 10> <m00D> <ms00D> < ms00D >}

ug = {(r, {Kmi0 0D > <ma001 > <m30 01 > < ma 1.0 >},

vg = {(r, (K M@ 10 > <mp0.01) > <m0 1 > < ma 1.0 >H},

eg = {(r, (KLmi@ 0D > <mp® 10> <msl 10> <ma@0D>H}
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9p = {(1’, {<mi@ 10> <m0 > <mst 10> < my001) >})}
ag ={(r, Km0 > <my 10> <msl 10> <mal10>})}

Ti = {@g, Mg, Bg, g, Yp} is an Ns-Top on M and Tz = (@5, Mg, Bg, s, Yg, €, 9B, g} is an Ns-Top on M. Thus,
(M,B,T.T») is an Ns-Bi-Top space. Then

eg and {(r, <KM@ 10> <m2001 > <ms® 10> <ma0 01 >})} are an Ns-(bi)-open sets, but the intersection of
them {(r, {< MO0 1 > <m2001 >, <m3® 1.0 > <m40 01 >})} is not an Ns-(bi)-open set.

4.5. Theorem

Let (M,B,T1,T») be an Ns-Bi-Top space, then every neutrosophic soft open set in (M,B,T2) is an Ns-(bi)-open
set in (M,B,Tl,Tz).

Proof

Let Bg be a neutrosophic soft open set in (M,B,T2). Then (Bg)°"* = Bg. Since Bg = @Tl,

Bg E Wn, (Bp)°T? = WHOTZ . Thererfor Bg = Wﬂom and thus Bg is an Ns-(bi)"-open set in
(M,B, T, T»).

4.6. Remark

The converse of above remark is not true in general. In Example 3.4 note that, {(r, {< M1 10>, <m2©01D >,
<ms( 10> <m400 1D >})}is an Ns-(bi)*-open set in (M,B, T T2), but not a neutrosophic soft open set in (M, B, T2).
4.7. Definition

If (M,B,T1,T2) is an Ns-(Bi)*-Top space and g € N3(M), then the largest Ns-(bi)*-open set contained in Bp is
called (bi)-neutrosophic soft interior of Bg, ((Bg)°®Y* for short ). i.e.,

(Be)°®Y* = L{(wp): wg is a N3-(bi)*-open set, wgE B}
4.8. Theorem

Let (M,B, T, T2) be an Ns-(Bi)"-Top space and g € N3(M). Then Bg is an Ns-(bi)-open set if and only if fg =
(BB)O(bi)*-

Proof

Let Bg be an Ns-(bi)-open set. Then By is itself an Ns-(bi)*-open set which contains Bg. Therefore, Bg is the
largest Ns-(bi)"-open set contained in Bg and Bg = (B5)°®V*. Conversely, suppose that Bg = (Bg)°®D*,then
Bg is the largest Ns-(bi)™-open set contained in . Thus, Bg is an Ns-(bi)-open set.

4.9. Theorem
Let BB, UB € NS(M)

a) (Bp)°®V"cBg.

b) ((BB)O(bi)*)O(bi)* — (BB)O(bi)*,

0) (BB)O(bi)*E(HB)O(bi)*; whenever Bg C yg.
d) (Bs M ip)"®D" = (Bp)"D"1(up) V.

e) (BgU uB)O(bi)*g(BB)O(bi)*U(HB)O(bi)*.

B (Mp) ) =F.

Proof
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(@), (f), (g), (c) (Straightforward).

(b) Let ug = (Bg)°®D*. Then pg = (ug)°®D*(from Theorem 4.8). Thus((Bg)°D*)0bh* = (B5)0bD=,

(d) Since, (Bp M up)°®V*=(Bp)°®Y* and (B M up) P E(up)°®Y*. Then, (Bg M pup)°®Y* £ (Bp)°V M
(1p)°®V"...(1.

Since, (Bg)°®V* =g and ()P g, then (Bg)°PV*M(up)°®Y* & Bg M pg. But (Bg)°®V*M (g)°®Y* is a N-
(bi)-open subset of Bg M pg. Therefore, from the detention, we have that (Bg N pg)°®Y*3(BE)°®Y* N
(1p)°®V"...2.

Hence, (Bg M ) °®* = (B)°®D N (1p) .

(e) Since,Bg £ (Bp Upg) andpg E (Bg U pp), therefore (Bg U pp)°®D* 2 (B5)°®Dand (Bg L pp)°®D* 2
(1)°®Y". So, (Bp L 1p) V"2 (Bp) PV L1 (1p) PP,

4.10. Example

Let us consider Bg, p, Yg € N3(M) in Example 2.4. Such that, T2 = {@g, Mg, Bp, up}is an Ns-Top on M and
Ti = {@g, Mp, Bg } is an Ns-Top on M. Thus, (M,B,T1,T2) is an Ns-Bi-Top space.

Note that: 1) (Bg U vs)"®"" & (Ba)"® U(ys)° ™. 2) vp & (va)°®D".
4.11. Definition
If (M,B,T1,T2) is an Ns-(Bi)*-Top space and Bg € N3(M), then the intersection of all Ns-(bi)"-closed sets

—(bi)*
containing g is called a (bi)*-neutrosophic soft cloture of (g, ((BB)( ) for short). i.e.,
—(bi)*
(BB)( v M{(wg): wg is an Ns-(bi)"-closed set, fgE wg}.

4.12. Theorem
Let BB' Ug € N3(M)

—(bi)*
a) BgE(MPr) -
(bi)* .
——(bi)*

—Cri
b) (Be) ) =@Br) -

—_(bi)r —(bi)+
c) (Bs) E(mp) ;wheneverBg E pg.
(bi) (bi) (bi)
d) BsMwug) E=(Bs) n(us) -
(bi)* (bi)* (bi)*
e) (Bs lﬁb};-B) =(Bs) U(us) -
1)*

f) (Mg) :1\7[&
(bi)*

g @s) =0
Proof Straightforward.

4.13. Remark
In above theorem, it is not necessary the converse of (a) and (d) be true.

4.14. Example
Let us take, Bg, kg, Y, O € N3(M) in Example 2.5.

T2 = {@g, Mg, Bg, Up, Y5} is an Ns-Top on M and T1 = (@g, Mg} is an Ns-Top on M. Thus, (M,B, T T>) is an Ns-
Bi-Top space.

Note that:
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1) (Bg U yp)?®D* Z (Bg) @D 1 (y)°®D* 2) yp & (yg)°PD*.
4.15. Theorem
Let (M,B,T1T2) be an No-(Bi)- TOP space and Bg € N3(M).
i ———(bi)#*
3 (@9 = (™) .
————(bi)* .

b) (Bg)° = ((BB)O(bl)*) ‘

Proof

(a) We know that, (BB) Mg : (wp)© is a Ns-(bi)"-open set, B = wg}. So, we have that,
C ¢ 0(bi)*

(@) = Ll(ws)C: (wp)C is an Na-(bi)- open set, (05)°E(Bs)¢ } = ((Be)9)®Y". Thus, ((B,)")

(w")-

(b) If we take, (Bg)C instead of B in (a), we get that,

—_(bi)r\C ) _ b .
(@9™) = (B = (85))°®D".S0, Be)® . = ((Be)"®D")".

4.16. Theorem
If (M T1T2) is an Ns-(Bi)-Top space and Bg € N3(M), then g is an Ns-(bi)-closed set if and only if g

Let Bg be an Ns-(bi)-closed set, then Bg is itself an Ns-(bi)-closed set which contains 5. Therefore, By is
b
the intersection of all Ns-(bi)*-closed sets containing B and Bg = (BB)( v

Conversely, suppose that g = (BB) then Bp is the intersection of all Ns-(bi)"-closed sets containing fg.
Thus, Bg is an Ns-(bi)™-closed set.
4.17. Definition

If (M, T1T2) is an Ns-(Bi)*-Top space and g € N3(M), then the (bi)-neutrosophic soft exterior of 8g, (bi)"-

ext(Bg) for short) is defined as, (bi)-ext(Bg) = ((Bg)¢)°®PD*,
4.18. Definition

If (M, B, T1,T2) is an Ns-(Bi)*-Top space and g € N3(M), then the (bi)*-neutrosophic soft boundary of B, ((bi)"-
br(Bg) for short) is defined as, (bi)-br(Bg) = m(bi)* n (@(bi)*
4.19. Theorem
Assume that (M,B,T1,T2) is an N3-(Bi)*-Top space and g € N3(M).
o (bi)-br ((Bs)°) = (bi)-ext(Bs) U (Bs)*™"".
o o) = (bi)-br (Be) U ()™
e (bi)-br (Bs) M (Bs)°®"=Bp
e (bi)-br (Bp)°®V"C (biy-br (Bp).
Proof Straightforward.
4.20. Theorem
Assume that (M,B,T1,T2) is an Ns-(Bi)*-Top space and g € N3(M).
o By € MBD*-NSO if and only if (bi)-br (Bg) M Bg = Dg.

o By € MBV*=NSC if and only if (bi)*-br (Bg) E Bg.
Proof Straightforward.
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Conclusion

In this research, bitopological-space on the concept of neutrosophic soft set is built", the basic topological
concepts of this spaces which are N3-(bi)*-open set, N3-(bi)*-closed set, (bi)*-neutrosophic soft interior,
(bi)*-neutrosophic soft closure, (bi)*-neutrosophic soft boundary, (bi)*-neutrosophic soft exterior are
defined and many examples on this concepts are given.
"This paper is just a beginning of a new structure and we have studied a few ideas only", "it will be
necessary to carry out more theoretical research to establish a general framework for the practical
application".

"we hope that the findings in this paper will help researchers enhance and promote the further study on

"o

neutrosophic soft bitopological-space”.
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