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Unification of Fusion Theories (UFT)

Florentin Smarandache

Department of Mathematics and Sciences
University of New Mexico
200 College Road
Gallup, NM 87301, USA
smarand@unm.edu

ABSTRACT

Since no fusion theory neither rule fully satisfy all needed applications, the
author proposes a Unification of Fusion Theories and a combination of fusion
rules in solving problems/applications. For each particular application, one
selects the most appropriate model, rule(s), and algorithm of implementation.
We are working in the unification of the fusion theories and rules, which looks
like a cooking recipe, better we'd say like a logical chart for a computer
programmer, but we don't see another method to comprise/unify all things.
The unification scenario presented herein, which is now in an incipient form,
should periodically be updated incorporating new discoveries from the fusion
and engineering research.

Keywords: Distributive lattice, Boolean algebra, Conjunctive rule, Disjunctive
rule, Partial and Total conflicts, Weighted Operator (WO), Proportional
Conflict Redistribution (PCR) rules, Murphy’s average rule, Dempster-Shafer
Theory (DST), Yager's rule, Transferable Belief Model (TBM), Dubois-Prade’s
rule (DP), Dezert-Smarandache Theory (DSmT), static and dynamic fusion

ACM Classification: Artificial Intelligence (1.2.3).

1. INTRODUCTION

Each theory works well for some applications, but not for all.

We extend the power and hyper-power sets from previous theories to a Boolean algebra obtained by the
closure of the frame of discernment under union, intersection, and complement of sets (for non-exclusive
elements one considers as complement the fuzzy or neutrosophic complement). All bbas and rules are
redefined on this Boolean algebra.

A similar generalization has been previoudy used by Guan-Bell (1993) for the Dempster-Shafer rule using
propositions in sequentia logic, herein we reconsider the Boolean algebra for all fusion rules and theories
but using sets instead of propositions, because generally it is harder to work in sequential logic with
summations and inclusions than in the set theory.
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2. FUSION SPACE

Forns3 2let E={&, &, ..., &} be the frame of discernment of the fusion problem/application under
consideration. Then (E, ¢, 1, C), E closed under these three operations: union, intersection, and
complementation of sets respectively, forms a Boolean algebra.  With respect to the partial ordering

relation, the inclusion f, the minimum element is the empty set f , and the maximal element is the total

n
ignorance | = qu :

i=1

Similarly one can define: (E, ¢, 1, \) for sets, E closed with respect to each of these operations: union,
intersection, and difference of sets respectively.

(E, ¢, 1,0) and (E, c, 1, ) generate the same super-power set SF closed under ¢, 1, ¢, and \ because for
any A, B 0 S"onehasCA =1\ A and reciprocally A\B = A1CB.

If one considers propositions, then (E, w, v, 5) forms a Lindenbaum algebra in sequential logic, which is
isomorphic with the above (E, ¢, 1, C) Boolean algebra.

By choosing the frame of discernment E closed under ¢ only one gets DST, Yager's, TBM, DP theories.
Then making E closed under both ¢, 1 one gets DSm theory. While, extending E for closure under c, 1,
and C one also includes the complement of set (or negation of proposition if working in sequential logic); in
the case of non-exclusive elements in the frame of discernment one considers a fuzzy or neutrosophic
complement. Therefore the super-power set (E, ¢, 1, C) includes all the previous fusion theories.

The power set 25, used in DST, Yager's, TBM, DP, which is the set of all subsets of E, is also a Boolean
algebra, closed under ¢, 1, and C, but does not contain intersections of elements from E.

The Dedekind distributive lattice DF, used in DSMT, is closed under ¢, 1, and if negations/complements
arise they are directly introduced in the frame of discernment, say E’, which is then closed under c, 1.
Unlike others, DSMT allows intersections, generalizing the previous theories.

The Unifying Theory contains intersections and complements as well.

Let's consider a frame of discernment E with exclusive or non-exclusive hypotheses, exhaustive or non-
exhaustive, closed or open world (all possible cases).

We need to make the remark that in case when these n 3 2 elementary hypotheses &, &, ..., & are
exhaustive and exclusive one gets the Dempster-Shafer Theory, Yager's, Dubois-Prade Theory, Dezert-
Smarandache Theory, while for the case when the hypotheses are non-exclusive one gets Dezert-
Smarandache Theory, but for non-exhaustivity one gets TBM.

An exhaustive frame of discernment is called close world, and a non-exhaustive frame of discernment is
called open world (meaning that new hypotheses might exist in the frame of discernment that we are not
aware of). E may be finite or infinite.

Let m: S° - [0. 1], 1[j 5, be s [ basic belief assignments,
(when bbas are working with crisp numbers),

or with subunitary subsets, m;: s P([O. 1]), where P([0. 1]) is the set of all subsets of the interval [0,1]
(when dealing with very imprecise information).
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Normally the sum of crisp masses of abba, m(.),is1, i.e. é m(X) =1.
X1 SAT

3. INCOMPLETE AND PARACONSISTENT INFORMATION

For incomplete information the sum of a bba components can be less than 1 (not enough information
known), while in paraconsistent information the sum can exceed 1 (overlapping contradictory information).

The masses can be normalized (i.e. getting the sum of their components =1), or not (sum of components < 1
inincomplete information; or > 1 in paraconsistent information).

For a bba valued on subunitary subsets one can consider, as normalization of m(.),

either g sup{m(X)} =1,

XT SAT

or that there exist crisp numbers x 0 X for each X 0 S° such that é m(x) =1.

X1 SAT
Xl X

Similarly, for a bba m(.) vaued on subunitary subsets dealing with paraconsistent and incomplete
information respectively:

a) for incomplete information, one has é sup{m(X)} <1,
X1 AT

b) while for paraconsistent information one has é sup{m(X)} > 1 and there do not exist crisp numbers
X1 SAT
x 0X for esch X 0SF suchthat & m(X) =1.

X1 SAT
Xl X

4. SPECIFICITY CHAINS

We use the min principle and the precocious/prudent way of computing and transferring the conflicting
mass.

Normally by transferring the conflicting mass and by normalization we diminish the specificity.
If A1B is empty, then the mass is moved to a less specific element A (also to B), but if we have a
pessimistic view on A and B we move the mass m(A1B) to AcB (entropy increases, imprecision increases),
and even more if we are very pessimistic about A and B: we move the conflicting mass to the total
ignorance in a closed world, or to the empty set in an open world.

Specificity Chains:
a) From specific to less and less specific (in a closed world):
(A1B)dA d(AcB)dIl or (A1B)dBd(AcB)dl.

Also from specific to unknown (in an open world):
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AlB® f.

b) And similarly for intersections of more elements: A1B1C, etc.

A1B1CdA1B dA d (AcB) d(AcBcC) d|

or (A1B1C) d(B1C)dB d(AcB) d (AcBcC) dl, etc. in aclosed world.

Or A1B1C ® f inan open world.

¢) Also in a closed world:

A1(BcC) dBcCd (BcC)d(AcBcC)dl or A1(BcC)dA d(AcB)d(AcBcC)dl.
Or A1(BcC) ® f in an open world.

5. STATIC AND DYNAMIC FUSION
According to Wu Li we have the following classification and definitions:
Static fusion means to combine all belief functions simultaneously.

Dynamic fusion means that the belief functions become available one after another sequentialy, and the
current belief function is updated by combining itself with a newly available belief function.

6. SCENARIO OF UNIFICATION OF FUSION THEORIES

Since everything depends on the application/problem to solve, this scenario looks like a logical chart
designed by the programmer in order to write and implement a computer program, or like a cooking recipe.

Here it is the scenario attempting for a unification and reconciliation of the fusion theories and rules:

1) If al sources of information are reliable, then apply the conjunctive rule, which means consensus
between them (or their common part):

2) If some sources are reliable and others are not, but we don’'t know which ones are unreliable, apply the
digunctive rule as a cautious method (and no transfer or normalization is needed).

3) If only one source of information is reliable, but we don’t know which one, then use the exclusive
digunctive rule based on the fact that X; X X, x... XX, means either X, isreliable, or X5, or and so on or X,
but not two or more in the sametime.

4) If amixture of the previous three cases, in any possible way, use the mixed conjunctive-digunctive rule.

As an example, suppose we have four sources of information and we know that: either the first two are
telling the truth or the third, or the fourth is telling the truth.

The mixed formula becomes;

myc(f) =0, and G AOSH\F, one has my.(A) = é mMa( X )mz( X 2)ma( X s)ma(X 4).

X1,X2,X3X4 SAQ

((X1C X 2)E X3)eE X 4=A
5) If we know the sources which are unreliable, we discount them. But if al sources are fully unreliable
(100%), then the fusion result becomes vacuum bba (i.e. m(E) = 1, and the problem is indeterminate. We
need to get new sources which are reliable or at least they are not fully unreliable.

6) If al sources are reliable, or the unreliable sources have been discounted (in the default case), then use
the DSm classic rule (which is commutative, associative, Markovian) on Boolean agebra (E, ¢, 1, C), no
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matter what contradictions (or model) the problem has. | emphasize that the super-power set s generated
by this Boolean algebra contains singletons, unions, intersections, and complements of sets.

7) If the sources are considered from a statistical point of view, use Murphy’s average rule (and no transfer
or normalization is needed).

8) In the case the model is not known (the default case), it is prudent/cautious to use the free model (i.e. all
intersections between the elements of the frame of discernment are non-empty) and DSm classic rule on S,
and later if the model is found out (i.e. the constraints of empty intersections become known), one can
adjust the conflicting mass at any time/moment using the DSm hybrid rule.

9) Now suppose the model becomes known [i.e. we find out about the contradictions (= empty
intersections) or consensus (= hon-empty intersections) of the problem/application]. Then :

9.1) If an intersection A1B is not empty, we keep the mass m(A1B) on A1B, which means
consensus (common part) between the two hypotheses A and B (i.e. both hypotheses A and B
areright) [here one gets DSmT].

9.2) If the intersection A1B =f is empty, meaning contradiction, we do the following :

9.2.1) if one knows that between these two hypotheses A and B one is right and the other is false,
but we don’t know which one, then one transfers the mass m(A1B) to m(AcB), since AcB means at
least one isright [here one gets Yager’s if n=2, or Dubois-Prade, or DSmT];

9.2.2) if one knows that between these two hypotheses A and B one is right and the other is false,
and we know which one is right, say hypothesis A isright and B is false, then one transfers the whole
mass m(A1B) to hypothesis A (nothing is transferred to B);

9.2.3) if we don’t know much about them, but one has an optimistic view on hypotheses A and B,
then one transfers the conflicting mass m(A1B) to A and B (the nearest specific sets in the Specificity
Chains) [using Dempster’s, PCR2-5]

9.2.4) if we don’t know much about them, but one has a pessimistic view on hypotheses A and B,
then one transfers the conflicting mass m(A1B) to AcB (the more pessimistic the further one gets in
the Specificity Chains: (A1B) d A d (AcB) d I); thisis also the default case [using DP’s, DSm hybrid
rule, Yager’s];

if one has a very pessimistic view on hypotheses A and B then one transfers the conflicting mass
m(A1B) to the total ignorance in a closed world [Yager’s, DSmT], or to the empty set in an open world
[TBM];

9.2.5.1) if one considers that no hypothesis between A and B is right, then one transfers the mass
mM(A1B) to other non-empty sets (in the case more hypotheses do exist in the frame of discernment) -
different from A, B, AcB - for the reason that: if A and B are not right then there is a bigger chance
that other hypotheses in the frame of discernment have a higher subjective probability to occur; we do
this transfer in a closed world [DSm hybrid rule]; but, if it is an open world, we can transfer the mass
m(A1B) to the empty set leaving room for new possible hypotheses [here one gets TBM];

9.2.5.2) if one considers that none of the hypotheses A, B is right and no other hypothesis exists in
the frame of discernment (i.e. n = 2 is the size of the frame of discernment), then one considers the
open world and one transfers the mass to the empty set [here DSmT and TBM converge to each other].

Of course, this procedure is extended for any intersections of two or more sets. A1B1C, etc. and even for
mixed sets: Al (BcC), etc.

If it is a dynamic fusion in a real time and associativity and/or Markovian process are needed, use an
algorithm which transforms arule (which is based on the conjunctive rule and the transfer of the conflicting
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mass) into an associative and Markovian rule by storing the previous result of the conjunctive rule and,
depending of the rule, other data. Such rules are called quasi-associative and quasi-Markovian.

Some applications require the necessity of decaying the old sources because their information is
considered to be worn out.

If some bbais not normalized (i.e. the sum of its componentsis < 1 asin incomplete information, or > 1 as
in paraconsistent information) we can easily divide each component by the sum of the components and
normalize it. But also it is possible to fusion incomplete and paraconsistent masses, and then normalize
them after fusion. Or leave them unnormalized since they are incomplete or paraconsistent.

PCRS5 does the most mathematically exact (in the fusion literature) redistribution of the conflicting mass to
the elements involved in the conflict, redistribution which exactly follows the tracks of the conjunctive rule.

7. EXAMPLES

7.1. Bayesian Example:
Let E={A, B, C, D, E} betheframe of discernment.

A B C D E Al1B Al1C A1D AlE B1C B1D
0 = = = Not =
known if
f f f f o
Consen | Contradicti One A is | Don't Unkno
sus on between | right, right, B | know the | wn any
betwee | A and C, | one is exact relation
n A | but wrong, wrong model betwee
and B optimistic but don't n B and
in both of | know D.
them which
one
m; 0.2 0 0.3 0.4 0.1
m; 0.5 0.2 0.1 0 0.2
my, 010 | O 003 |0 0.02 | 0.04 0.17 0.20 0.09 0.06 0.08
0 0 0 0 0 0
Al1B A, C AcB A B1C BcD
We keep
the mass
006 on
B1C till
we find
out more
informatio
n on the
model.
m; 0.04 0.107, 0.20 0.09 0.06 0.08
0.063
Myet 032 {004 |012 | O 0.03 | 0.04 0 0 0 0.06 0
Mjower 010 | O 003 |0 0.02
(closed
world)
Mjower 010 | O 003 |0 0.02
(open world)
Miniddie 010 | O 003 |0 0.02
|_(default)
Mupe | 040 | 0.08 | 0.18 [ 0.23 [ 0.11

Table 1. Bayesian Example using the Unified Fusion Theories rule regarding a mixed redistribution
of partial conflicting masses (Part 1).
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B1E C1D C1E D1E AcB AcC | AcD | AcE | BcC

O = = =

f f f f

The intersection | Pessmis | Very Both D

is not empty, but | tic in | pessimistic in | and E are

neither B1E nor | both C | bothCand E wrong

BCE interest us and D
m;
my
Mms, 0.02 0.04 0.07 0.08

O O O O

B,E CcD AcBcCcD | ABC

cE
m, 0.013, 0.007 | 0.04 0.07 0.027,
0.027,
0.027

Myt 0 0 0 0 0 0 020 | O 0
Miower
| (closed world)
Miower
(open world)
Mpmiddle 0.04 0.17 | 0.20 | 0.09 | 0.06
| (default)
mupper

Table 1. Bayesian Example using the Unified Fusion Theories rule regarding a mixed redistribution of
partial conflicting masses (Part 2).

BcD BcE

CcD

CcE DcE

AcBcCcDcE

m,

Murt

008 |0

0.04

0.07

Miower
(closed world)

0.85

Miower

(open world)

0.85

Mpiddie
(default)

0.08 | 0.02

0.04

0.07 0.08

mupper

Table 1. Bayesian Example using the Unified Fusion Theories rule regarding a mixed redistribution of
partial conflicting masses (Part 3).

We keep the mass my»(B1C) = 0.06 on B1C (eleventh column in Table 1, part 1) although we don’t know if
the intersection B1C is empty or not (this is considered the default model), since in the case when it is
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empty one considers an open world because my,(f)=0.06 meaning that there might be new possible
hypotheses in the frame of discernment, but if BLC O f one considers a consensus between B and C.

Later, when finding out more information about the relation between B and C, one can transfer the mass
0.06 to BcC, or to the total ignorance |, or split it between the elements B, C, or even keep it on B1C.

mM;x(A1C)=0.17 isredistributed to A and C using the PCR5:
a1/0.2 = ¢1/0.1 = 0.02(0.2+0.1),

whence al = 0.2(0.02/0.3) = 0.013,

c1 =0.1(0.02/0.3) = 0.007.

a2/0.5 = ¢c2/0.3 = 0.15(0.5+0.3),

whence a2 = 0.5(0.15/0.8) = 0.094,

c2 = 0.3(0.15/0.8) = 0.056.

Thus A gains al+a2 = 0.013+0.0.094 = 0.107 and C gains c1+c2 = 0.007+0.056 = 0.063.
m;»(B1E)=0.02 is redistributed to B and E using the PCR5:
b/0.2 = €/0.1 = 0.02/(0.2+0.1),

whence b = 0.2(0.02/0.3) = 0.013,

e=0.1(0.02/0.3) = 0.007.

Thus B gains 0.013 and E gains 0.007.

Then one sums the masses of the conjunctive rule m;, and the redistribution of conflicting masses m;,
(according to the information we have on each intersection, model, and relationship between conflicting
hypotheses) in order to get the mass of the Unification of Fusion Theories rule myg.

myeT, the Unification of Fusion Theories rule, is a combination of many rules and gives the optimal
redistribution of the conflicting mass for each particular problem, following the given modd and
relationships between hypotheses; this extra-information allows the choice of the combination rule to be
used for each intersection. The algorithm is presented above.

Miower, the lower bound believe assignment, the most pessimistic/prudent belief, is obtained by transferring
the whole conflicting mass to the total ignorance (Yager's rule) in a closed world, or to the empty set
(Smets TBM) in an open world herein meaning that other hypotheses might belong to the frame of
discernment.

Mmiqdte, the middle believe assignment, half optimistic and half pessimistic, is obtained by transferring the
partia conflicting masses m;,(X1Y) to the partia ignorance XcY (as in Dubois-Prade theory or more
general asin Dezert-Smarandache theory).

Another way to compute a middle believe assignment would be to average the Mygyer and Mygper.

Mygper, the lower bound believe assignment, the most optimistic (less prudent) belief, is obtained by
transferring the masses of intersections (empty or non-empty) to the elements in the frame of discernment
using the PCR5 rule of combination, i.e. myx(X1Y) is split to the elements X, Y (see Table 2). We use
PCRS5 because it is more exact mathematically (following the backwards the tracks of the conjunctive rule)
than Dempster’ s rule, minC, and PCR1-4.

8
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X Myz(X) A B C D E

A1B 0.040 0.020 0.020

AL1C 0.170 0.107 0.063

A1D 0.200 0.111 0.089

ALE 0.090 0.020 0.020
0.042 0.008

B1C 0.060 0.024 0.036

B1D 0.080 0.027 0.053

B1E 0.020 0.013 0.007

C1D 0.040 0.008 0.032

ClE 0.070 0.036 0.024

0.005 0.005
D1E 0.080 0.053 0.027
Total 0.850 0.300 0.084 0.148 0.227 0.091

Table 2. Redistribution of the intersection masses to the singletons A, B, C, D, E using the PCR5 rule only,
needed to compute the upper bound belief assignment mypper.

7.2. Negation/Complement Example:

Let E ={A, B, C, D} be the frame of discernment. Since (E, c, 1, C) is Boolean algebra, the super-power
set SF includes complements/negations, intersections and unions. Let’s note by C(B) the complement of B.

A B D Cc(B) | A1C BcC=B | A1B Alc(B)=A
{Later in the dynamic
fusion process we find
out that A1C
isempty }
= = D
f f f
Unknown relationship Optimistic  in | Consensus
between A and C both A and B. between A and
c(B), but Ad c(B)
m; 0.2 0.3 0 0.1 0.1 0.3
m, 0.4 0.1 0 0.2 0.2 0.1
Mms, 0.08 009 |0 0.02 | 0.17 0.03 0.14 0.08
0 0 0 0
AcC B AB A
m, 0.17 0.03 0.082,0.058 | 0.08
Myt 0.277 {032 | 0.035 ]0.02 |0 0 0 0
Mjower 0.16 026 | O 002 |0 0
(closed
world)
Mjower 0.16 026 | O 002 |0 0
(open world)
Mmiddie 0.16 0.26 0 0.02 0 0
| (default)
Mupper 029 | 023 |0 0.12 | 0.219 0.129
0 6

Table 3. Negation/Complement Example using the Unified Fusion Theories rule regarding a mixed
redistribution of partial conflicting masses (Part 1).
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A1l (BcC) Bl1c(B) | B1(A10) c(B)I(A1IC) | c(B)L(BcC) = | Bc(A1C)=B
c(B)1C
f f f f f
At least one is | B is right, | No  relationship | Very pessimistic Neither C(B) nor
right between A C(B) is | known between B | onc(B) and BcC areright
and BcC wrong and A1C AlC
(default case)
m;
mp
my, 0.14 0.07 0.07 0.04 0.07
0 0 0 0 0 0
Ac(BcC) B Bc(A1C)=B | AcBcCeD A,D B
m; 0.14 0.07 0.07 0.04 0.035, 0.035
MyrT 0 0 0 0 0 0
Miower
| (closed world)
Miower
(open world)
Mmiddie
| (default)
mupper

Table 3. Negation/Complement Example using the Unified Fusion Theories rule regarding a mixed
redistribution of partial conflicting masses (Part 2).

AcB

AcC

AcD

BcC

BcD

CcD

AcBcC AcBcCcD

m,

Murt

0.170

0.140 0.040

Miower

(closed world)

0.56

Miower

(open world)

0.56

Mpiddie
(default)

0.14

0.17

0.03

0.14 0.11

mupper

Table 3. Negation/Complement Example using the Unified Fusion Theories rule regarding a mixed
redistribution of partial conflicting masses (Part 3).

10
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Model of Negation/Complement Example:

A1B = f, CdB, Adc(B).

A

O

Fig. 1

My(A1B) = 0.14.
x1/0.2 = y1/0.1 = 0.02/0.3, whence x1 = 0.2(0.02/0.3) = 0.013, y1 = 0.1(0.02/0.3) = 0.007;
x2/0.4 = y2/0.3 = 0.12/0.7, whence x2 = 0.4(0.12/0.7) = 0.069, y2 = 0.3(0.12/0.7) = 0.051.
Thus, A gains 0.013+0.069 = 0.082 and B gains 0.007+0.051 = 0.058.

For the upper belief assignment m,ye One considered all resulted intersections from results of the
conjunctive rule as empty and one transferred the partia conflicting masses to the elements involved in the
conflict using PCR5.

All elementsin the frame of discernment were considered non-empty.

7.3. Example with Intersection:
Look at this:

Suppose A={x<0.4}, B={0.3<x<0.6}, C={x>0.8}. The frame of discernment T={A, B, C} represents the
possible cross section of atarget, and there are two sensors giving the following bbas:

m1(A)=0.5, m1(B)=0.2, m1(C)=0.3.
m2(A)=0.4, m2(B)=0.4, m2(C)=0.2.

A B C A1B= AcC BcC
{ .3<x<.4}
m; 5 2 3
m; 4 4 2
m; &M, .20 .08 .06 .28 22 .16
DSMT

11
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We have a DSm hybrid model (one intersection A& B=nonempty ).

This example proves the necessity of allowing intersections of elements in the frame of discernment.
[Shafer’s model doesn’t apply herel]

Dezert-Smarandache Theory of Uncertain and Paradoxist Reasoning (DSmT) is the only theory which
accepts intersections of elements.

7.4. Another Multi-Example of UFT:
Cases:
1. Both sources reliable: use conjunctive rule [default case]:
1.1. A1BOf:
1.1.1. Consensus between A and B; mass 6 A1B;
1.1.2. Neither A1B nor AcB interest us;, mass6 A, B;
1.2. A1B=f:
1.2.1. Contradiction between A and B, but optimistic in both of them; mass6 A, B;
1.2.2. Oneright, one wrong, but don’t know which one; mass 6 AcB;
1.2.3. Unknown any relation between A and B [default case]; mass 6 AcB;
1.2.4. Pessimistic in both A and B; mass 6 AcB;
1.2.5. Very pessmistic in both A and B;
1.2.5.1. Total ignorance e AcB; mass 6 AcBcCcD (total ignorance);
1.2.5.2. Total ignorance = AcB; mass 6 f (open world);
1.2.6. A isright, B iswrong; mass6 A;
1.2.7. Both A and B are wrong; mass 6 C, D;

1.3. Don't know if A1B = or O f (don't know the exact model); mass 6 A1B (keep the mass on
intersection till we find out more info) [default case];

2. One source reliable, other not, but not known which one: use disunctive rule; no normalization needed.

3. Sl reliable, S2 not reliable 20%: discount S2 for 20% and use conjunctive rule.

12
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A B AcB | A1B |f (openworld) | AcBcCcD C D
S1 3
S2 4 4 2
S1& S2 24 42 .06 | .28
S1 or S2 .08 .20 72 0
UFT 1.1.1 24 42 .06 | .28
UFT 1.1.2 (PCR5) .356 584 | .060 0
UFT 1.2.1 .356 584 | .060 0
UFT 1.2.2 24 42 34 0
UFT 1.2.3 24 42 34 0
UFT 1.2.4 24 42 34 0
UFT 1.25.1 24 42 .06 0 0 .28
UFT 1.25.2 24 42 .06 0 .28
80% S2 32 32 .16 .20
UFT 1.2.6 52 42 .06
UFT 1.2.7 24 42 .06 0 A4 A4
UFT 1.3 24 42 .06 | .28
UFT 2 .08 .20 72 0
UFT 3 232 436 | .108 | .224 0
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Abstarct

A study on the inverse problem of a transversely vibrating membrane of
varying material properties has been carried out. Using a finite difference
model the eigenvalue equation for the inverse problem of an anisotropic, non-
homogenous membrane of rectangular, circular and elliptical shape is
formulated. The basic relations for reconstructing the variation of stiffness
and mass of such a membrane from eigenvalues and eigenvectors are
established. Reconstruction with a varying number of eigenvectors for a
membrane of rectangular and elliptical shape is discussed. Also a procedure
which can be used to reconstruct the membranes is proposed and an
example illustrating the procedure given.

1. INTRODUCTION

The inverse problem of a vibrating system involves determining the physical properties of a
system from eigenvector and eigenvalue data. Earlier work on the topic involved formulating and solving
the inverse problem of a simply connected spring mass system but work has aso been carried out in
solving the inverse problems associated with vibrating rods, beams, multiple connected spring mass
systems etc. The inverse problem for vibrating rods and strings has been analysed by Barcilon [1] and
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Gladwell [3] who have also shown how a discrete model of a beam subject to three different end conditions
can be reconstructed. Recently Burak [2] studied the two dimensional model of homogenous membranes.

In the present paper, previous work on vibrating membranes has been extended to the inverse
problem of a vibrating non-homogenous anisotropic membrane of different shapes, using afinite difference
method so that parameters of the membrane can be reconstructed. A finite difference model of the
membrane is first proposed where stiffness is considered to vary from element to element. This finite
difference model is then used to formulate the eigenvalue equation for the inverse problem of a rectangular
membrane, then the eigenvalue equation for the inverse problem of a circular and an elliptical membrane.
A study is then carried out by varying the number of eigenvectors and determining the conditions of
reconstruction with such variation. Finaly a method of membrane reconstruction is proposed and an
example given.

2. FORMULATION OF EIGENVALUE EQUATION

The differential equation for the small transverse vibration of a non-uniform membraneis given by

‘ﬂw(x Y, t)u & Tw(x,y,t)u_ T°w(X,y,t)
SR e o ! v G

where Q and P are the force components per unit length acting along the X-axis and Y -axis respectively.

The space and time components in the above equation may be separated by

(2 W(X,y,t)=u(X,y)sinwt
yielding
fé 1TU(X yu, Tu(x,y)u
© g R T ﬂyep( Ty Uy (xy) =0
where | =w?

The membrane for which the eigenvalue equation is formulated here is considered to be
anisotropic and non-homogenous. Since the membrane is anisotropic the finite difference model of the
membrane is considered to have elements whose stiffness varies in both vertical and horizontal direction.

The stiffnesses for an element ij along horizontal and vertical directions are denoted as KH and KV .

Further the membrane is considered to be non-homogenous the mass of each element in the flnlte
difference mode! of the membrane is considered to be different and for an element ij denoted by m;. The
displacement of an element ij is denoted by Uj;.

For the present finite difference model, Eq.3 can be written as
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K:—lj(UHZj - Ui+1j)(Ui+1j - Uij)+Ki|_-|1j(Uij -1j)(Ui-1j - Ui-zj)

- U,
X +Ki\1{+1(Uij+2 - Uij+1)(Uij+1' Uij)+Ki\J{-1(Uij - Uij-l)(Uij-l_ Uij-2)+| Uijmij =0

where i=1,2,3...m and j=1,2,3...n for m rows and n columns of elements. Since the values of the
stiffnesses and displacements are real and massisreal and positive the eigenvalue is expected to be real.

Equation 4 is the finite difference equation of an element of a membrane which can be used to
determine the eigenvalue equation of the membrane.

21 EQUATION FOR A RECTANGULAR MEMBRANE

In the case of arectangular membrane, Eq.4 can be written as

) KU-IMU=0

where we have denoted successively

K= dlagl_AJ Aj+1 Aj+2'”J’

KU u
e u u
A~ B - lj
i d -
€ A u
A = € oKy U u
i — @ e U a
€ @Ki+1]H u
é .G
é U
é& K" U
A _ A i-1j 7
Ki=¢e , 4
éKHl] H
é& KY.u
B _ A ij-17
Ky=¢e , U
&< o
while
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Uﬁm: [vij 1 Uij+1] ,

Uij = (Ui+1j } Uij)(Uij } Ui-lj)’
Uij = (Uij+1' Uij)(Uij - Uij-l)’

and

M =diag|M, M, M.,
with

M":diagl_mij mi+1j mi+zj"'J,

with

LTij:[Uij Ui+1j Ui+2]'"]T

It is to be noted that in order to obtain the eigenvalue equation of a given membrane the above
equation needs to be modified using the condition at its fixed boundary, where the displacement is zero.

2.2 EQUATION FOR A CIRCULAR AND ELLIPTICAL MEMBRANE

For acircular membrane using Eq.4 the eigenvalue equation is given by

(6) [KLD KTD][U LDUTD " - I [M LDI\/ITD][leDleD]T = O

where

KLD:diag[A,- Aija A+2j-2'”J

KU u
e u u
Anl B - lj
i d "
é .. u
A = € Kyl U
i —é e .o w
9 @Ki+1j+1§ l:'
é . u
é U
and
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ULD = [Uij U.i+1j-1 U'sz_z...]T ,

L.J.ij:[u.ij Ui+1j+1 Ui+2j+2"']T
Also,
Kio = diag|A Auijn Avsjer ]

K U u
e U u
A~ B - lj
e g U
e Ve A ~ u
A. = 9 §Ki+1j-1l:| u
) e e B u u’
9 €K|+1] 1H l:'
e . u
e ‘U
and,

U = [UIJ L.j.i+11+1 Ui+2]+z"']T,
U.ii :[Uij U.i+1j-1 Ui+2j.2"']T

where the values of Kif and KijB and Uij are the same as that for a rectangular membrane given in the
earlier section.

Here,
M, =diag|M¢ M¢,., ME, .-,

Mif]::diagl_mij Mi1jn mi+zj+2"'J,

Uy = [Uij Ui+1j-1 Ui+2j-2"']Ty

L]ij :[Uij Uiitju Ui+2j+2'”]T!

MTD:diagl.Mifm Mi@1j+1 Mi@2j+2"'J,

Mi?t:diagl_mij Mi1j-1 mi+zj.2"'J,

Urp :[Uij Uisiju Ui+2]+z"']T,
T — T
Uij - [Uij Ui+1j-1 Ui+2j-2"'] .
The above equation can also be considered as the eigenvalue equation of an dliptical membrane
where each quadrant of the elliptical membrane is considered separately. In order to obtain the eigenvalue

equation of a membrane with fixed boundary the above equation needs to be modified using the zero
displacement boundary condition.
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3. RELATIONS FOR RECONSTRUCTION

The eigenvalue equations developed in the earlier section can now be used to reconstruct the
parameters of the membrane. This procedure of reconstruction involves determining the vertical and
horizontal stiffness and the mass of each element. It is to be noted that forces acting between adjacent
elements in a given direction are the same. Thus stiffness multiplied by displacement between adjacent
elements are same. Such relation between elements combined with the equilibrium equations already
determined alow us to reconstruct the parameters of the membrane. Equation 4 can be used to get the
values of the stiffnesses.

In order to reconstruct a membrane the number of eigenvectors required need to be ascertained. A
study is conducted here by varying the number of known eigenvectors for a rectangular and elliptical
membrane and by comparing the equations available with the number of unknowns. This allows us to
investigate whether for a given number of eivenvectors the membrane can be reconstructed or not. The
minimum number of eigenvectors required for reconstruction without restriction and the number of
eigenvectors required for reconstruction for practical purposes is thus determined.

4. RECTANGULAR MEMBRANE

In order to determine the number of eigenvectors required for a rectangular membrane let us
divide the membrane into m by n elements (Fig.1). It isassumed that at least one eigenvalue and total mass
of the membrane is known. It is required that the value of at least one eigenvalue is known since the
eigenvalues can be determined only as a multiple of their actual values as can be seen from Eq.5. Also the
value of the mass needs to be known since otherwise we can find the mass and and stiffness of elements
only in relation with each other and not their actual values.

Since the number of unknown parameters in an element is three (horizontal and vertical stiffness
and mass) the total number of unknowns for a membrane is therefore 3mn.

411  Case when one eigenvector is known
The number of equations available when one eigenvector is known s
mn +[(m - Dn]+[(n- Dm]+1.
In order to determine the parameters of the membrane, we have
mn +[(m - Yn]+[(n- Pm]+12 3mn
P m+nf£l

Since the value of m or n cannot be less than 1 a rectangular membrane cannot be reconstructed
using one eigenvector.

4.1.2  Case when two eigenvectors are known

The number of equations available when two eigenvectors are known is
2mn +[(m - 1)n]+[(n - 1)m]+1 while the number of unknowns include the second eigenvalue in
addition to the total number of unknown parameters of the membrane.

In order to be able to determine the parameters of the membrane we have,
2mn+[(m- n]+[(n - YJm]+13 3mn+1

i.e, m+nfmn
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Number of equations due Typical element
to tension being same with three unknown
for 1st cal. isn-1. parameters
For m cols. ism(n-1) and an eigenvalue
1 o equation
col. col. /
Ist row
4
2nd row -
n
elements
‘m’ elements -~
Y

Number of equations due
to tension being same for
1st row ism-1.

For nrowsisn(m-1)

Total number of equation due to tension being sameis
m(n-1)+n(m-1)

Figure 1. Determining number of unknowns and equations available for a rectangular membrane.

The above inequdlity is not valid when m=1 and n=1, m=2 and n=1 or m=1 and n=2.

4.1.3. Case when three eigenvectors are known
The number of eguations available when three eigenvector are known is
3mn + [(m - 1)n] + [(n - 1)m] +1 and the number of unknownsis 3mn+2.
In order to determine the parameters of the membrane, we therefore have
amn +[(m- n]+[(n- Ym]+13 3mn+2
ie,m+n+1£2mn
In this case also the above inequdlity is not valid when m=1 and n=1.

It is found that if we increase the number of eigenvectors greater than two the membrane can be
reconstructed except when m=1 and n=1.

Hence for a rectangular membrane reconstruction is possible for a non-homogenous membrane with
two different stiffness in axial directions when the number of known eigenvectors is three or greater while
for practical purposes reconstruction can be done using only two known eigenvectors.

4.2 ELLIPTICAL MEMBRANE

In order to reconstruct an elliptical membrane let us divide the elements with all sides equa (Fig.2).
Again we consider that we know at least one eigenvector and the mass of the membrane for the same
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reasons as earlier given when considering a rectangular membrane. Let us consider that the number of
elements along the mgjor axis be h while the number of elements along the minor axisisb.

No. of egns dueto
tension being same is "
‘number of elementsin col -1’ 1 €lements

< »
< »

Middle column Number of eguations

due to tension between
elements being same
4 isb-1

No. of egns dueto
tension being sameis
‘number of elementsin row-1'.

elements / \

f ] <+— Middlerow

Number of eguations
due to tension between
elements being same
ish-1

v Typical element with three
parameters unknown and

Total number of equations due to tension being same is an eigenvalueequation

2 (p.h.bid)-h-b

Figure 2. Determining the number of knowns and equations available for an elliptical membrane.

The total number of elements for an ellipse can be given approximately as phb/4. Hence the
total number of unknowns can be given approximately as 3phb /4.

4.2.1  Case when one eigenvector is known

The number of eguations available for reconstruction when one eigenvector is known is
approximately given by (phb/4) + (phb/4- h) +(pbh/4- b) +1

P (3phb/4)- h-b+1

In order to determine the parameters of the membrane, we have
1+(3phb/4)- h- b>or @3phb/4)
P h+b<or @

Since h and b cannot be less than 1 the membrane cannot be reconstructed with one eigenvector.
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4.2.2  Case when two eigenvectors are known

When two eigenvectors are known the number of equations available for reconstruction is

approximately phb - h - b +1 and the number of unknowns increase to include the second eigenvalue in
addition to the unknown parameters of the membrane.

In order to reconstruct the membrane, we have
1+phb- h- b>or @3phb/4)+1

(phb/4)- h- b>or @
Clearly, the above inequality is not satisfied if b=1 and h has any value or if b=2 and h=2.

4.2.3  Case when three eigenvectors are known
When three eigenvectors are known the number of equations available for reconstruction is
approximately (5phb/4) - h - b +1 and the number of unknownsis approximately (3phb/4) +2.
In order to reconstruct the membrane, we have approximate relation
1+(5phb/4) - h- b>or @?3phb/4) +2
(phb/2) - h- b+1>0r @
Clearly, the values of b=1 and h=1 or 2 the above inequality is not satisfied.

4.2.4  Case when four eigenvectors are known

When four eigenvectors are known the number of equations available for reconstruction is
approximately (6phb/4) - h- b+1 and the number of unknowns approximately (3phb/4) + 3.

In order to reconstruct the membrane, we have approximate relation
1+(6phb/4)- h- b>or @?3phb/4)+3
(3phb/4)- h- b+2>0r @

The above inequality is satisfied by all values of h and b except for h=1 and b=1.

It is found that in al cases where the number of known eigenfactors is greater than four the
membrane can be reconstructed except when m=1.

Hence for an elipticdl membrane reconstruction cannot be carried out if one eigenvector is
known. If two eigenvectors are known we can determine the properties of a non-homogenous anisotropic
membrane for al cases except when b=1 for any h and when b=2 and h=2 while if three eigenvectors are
known the properties of a non-homogenous member can be determined for all cases except when there are
two elements along the mgjor axis and one element along the minor axis. When four or more eigenvectors
are known the component can be reconstructed for all cases of a non-homogenous membrane.

Studies similar to that of an eliptical membrane has been carried out considering a circular
membrane. Such studies show that reconstruction of a circular membrane cannot be carried out if one
eigenvector is known. If two eigenvectors are known we can determine the properties of a non-
homogenous circular membrane for al cases except when there are two elements along the diameter while
if three or more eigenvectors are known properties of a non-homogenous membrane can be determined for
all cases.
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4.3 SUMMARY OF RESULTS ON NUMBER OF EIGENVECTORS REQUIRED FOR
RECONSTRUCTION

The study conducted by varying the number of eigenvectors and determining the conditions of
reconstruction has been summarised in Table 1 given below. The reconstruction of a square and circular
membrane has not been shown here but has been added to Table 1. Such results can be easily determined
by making proper substitutions to the results of a rectangular or elliptical membrane.

Table 1. Summary of study on reconstruction of a non-homogenous, anisotropic membrane with varying

eigenvectors.

Number of One Two Three Four
Known
Eigenvectors
Square Reconstruction Reconstruction
ot possible possible without
restriction
Rectangle Reconstruction Reconstruction Reconstruction
not possible not possiblewhen | possible without
number of restriction
elements aong
lengthistwo and
along breadth is
one.
Circle Reconstruction Reconstructionis | Reconstruction
not possible not possiblewhen | possible without
there are two restriction.
elements aong
diameter.
Ellipse Reconstruction Reconstructionis | Reconstructionis | Reconstruction
not possible not possible when | not possible when | possible without
minor axis has minor axis has restriction.
only oneelement | one element and
or if both minor major axis has
and major axis two elements.
has two elements.

5. RECONSTRUCTION PROCEDURE

In the earlier section the number of eigenvectors required for reconstruction of a rectangular,
circular and dliptical membrane was discussed. As can be seen from Table 1 for practical purposes
reconstruction, for the shapes considered, can be carried out using two eigenvectors. Here a technique for
reconstruction of a hon-homogenous anisotropic membrane from a single eigenvalue and two eigenvectors
is discussed.
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A membrane is reconstructed here knowing only the eigenvalue corresponding to the first
eigenvector. To start reconstruction a value for the eigenvalue corresponding to the second eigenvector is
assumed. The first element is chosen as a boundary element with two sides fixed. Using the equilibrium
equations of elements and equations obtained by equating tension of adjacent elements the stiffhesses and
masses of al elements can be found out. The equilibrium equation of the last element to be considered is
not used for finding out the stiffnesses and masses. Instead the fact that the summation of the masses of the
elements gives the mass of the membrane is used to determine the stiffness and mass of the elements. The
values of the dtiffness and mass of the last element obtained is then substituted into the equilibrium
equation of the last element considered. The values on the left hand and right hand side of the equation is
then compared. If the values are not same, another value of the second eigenvalue is chosen and the whole
process repeated. Different values are substituted till a value of the second eigenvalue is obtained for
which the stiffnesses and masses of the last element when substituted into the equilibrium equation gives
equal left hand and right values. This value is the required value of the second eigenvalue and the
corresponding stiffnesses and masses of the elements and the correct values of stiffnesses and masses of the
membrane.

6. EXAMPLE

The procedure of determining the parameters of a membrane from displacements and frequencies
discussed can beillustrated by an example. Consider a square membrane 8 units (of length) on each side.
The total mass of the membrane is 15 units (of mass). The displacements of elements the membrane is
given in Fig. 3 for a frequency of 0.8. Fig. 4 gives the displacements of elements of the membrane for a
different frequency. The variation of stiffness of the membrane and the mass of the elements needs to be
determined.

C D

2.2 Units 3 Units

8 Units
A
Figure 3. Displacement of elements A, B| 5 Units 4 Units equency of 0.8.
A B
C D

3.9 Units -5.5 Units

8 Units

Figure 4. Displacement of elements A, B, C and D of membrane for unknown frequency.
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Let the stiffnesses of the elements A, B, C, D are denoted by Kax, Kay,Kbx, Kby, Kcx, Key, Kdx, Kdy
as shown in Fig.5. The masses of elements A, B, C and D are denoted as Ma, Mb, Mc and Md.

A B kbx
X

Ua
frao | T

Y direction
D
C L Kcy LKdy
_> Ud . B
Uc Kdx X direction
Kex
Figure 5 Variation of stiffness

Using the displacements given when frequency is 0.8 the increase in length of elements in both x
and y directions can be determined. The values are obtained as:

Xa=Increase in length of element A in x direction= 3.447, Xb=Increase in length of element B in X
direction= 2.534, Xb/Xa=0.735.

Xd=Increase in length of element D in x direction= 1.645, Xc=Increase in length of element C in x
direction= 1.013, Xc/Xd=0.616.

Yb=Increase in length of element B in y direction= 2.534, Yd=Increase in length of element D in y
direction=1.667, Y d/Y b= 0.658.

Yc=Increase in length of element C in y direction= 1.415, Ya=Increase in length of element A iny
direction= 3.827, Yc/Ya= 0.37.

Using the increase in lengths during displacement in the x and y directions the ratio of stiffnesses
of the elements can be determined since tension along x any y directions of the membrane remains same.
Thusthe ratio of stiffnesses Kax/Kbx=0.735, Kdx/Kcx=0.616, Kby/Kdy=0.658 and Kay/Kcy=0.37.

Using the displacements of elements of the membrane when | =0.8 the equations of equilibrium of
the elements can be given as:

Equilibrium equation of A

(14) 4 Kbx + 6.16 Kcy + 4 Ma=0
Equilibrium eguation of B

(14) 5 Kax + 3Kdy + 3.2 Mb=0
Equilibrium equation of C

(14 3 Kby + 1.76 Kex + 2.4 Md=0
Equilibrium equation of D
(14) 14 Kay + 2.4 Kdx+1.76 Mc=0

Substituting values of ratio of stiffnesses the above equations change to
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(14) 5.44 Kax + 6.16 Kcy + 4 Ma=0
(14) 5Kax + 3 Kdy + 3.2 Mb=0

(14) 4Kby + 1.76 Kcx + 2.4 Md=0
(14) 5.18 Kcy + 2.4 Kdx + 1.76 Mc=0

Using Egs. 11 to 14 the stiffnesses can be determined in terms of masses as

Kby=4.41 Ma+ 3.61 Mb + 249 Md —2.17 Mc
Kecy=2.69 Ma—158 Mb+ 2 Md-1.75Mc

Kax=-3.78 Ma+ 1.79 Mb -2.27 Md + 1.98 Mc
Kdx=-5.8 Ma+ 5.05 Mb - 4.32 Md + 3.04 Mc.

The displacements of the membrane for an unknown frequency can aso be used to obtain a
different set of equilibrium equations for the elements. The equations obtained are:

Equilibrium equation of A

(15) 138.84 Kbx + 23.79 Kcy + 101 Ma=0
Equilibrium eguation of B

(16) 178 Kax + 12.65 Kdy + 7.8 1 Mb=0
Equilibrium equation of C

(17) 17.94 Kby + 36.66 Kcx +5.51 Md=0
Equilibrium equation of D

(18) 61 Kay +51.7 Kdx + 3.91 Mc=0
Substituting ratios of stiffness obtained the equations change to
(19) 188.87 Kax + 23.79 Kcy + 101 Ma=0
(20) 178 Kax + 19.23 Kdy + 7.8 Mb=0
(21) 17.94Kby + 59.55 Kex + 551 Md=0
(22) 22.55 Kcy + 51.7 Kdx + 3.91 Mc=0

It isto be noted that another relation can be obtained by summing up the masses.
Thus Eg.23 isgiven as:
(23) Ma+Mb+Mc+Md=15.

Different values of | can be substituted and the values Ma, Mb, Mc and Md determined. These
values are then substituted in Eq.22 and the L.H.S. and R.H.S. are determined. When the value of | =4.665
is subgtituted, using Egs. 19, 20, 21 & 23 the values of masses are obtained as Ma=0.249, Mb=1.524,
Mc=6.6, Md=6.628. These values when substituted in Eq.22 gives equal L.H.S. and R.H.S. values. The
corresponding values of stiffnesses are obtained as Kby=2.324, Kcy=0.014, Kax=0.167, Kdx=2.312,
Kbx=0.227, Kdy=3.532, Kcx=3.756, Kay=0.005. These values of masses and stiffnesses obtained are the
required parameters of the membrane.
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7. CONCLUSIONS

The paper presents a method of formulating and solving the inverse problem of an anisotropic,
non-homogenous, fixed membrane of a rectangular, circular and éliptical shape. A finite difference model
of an anisotropic, hon-homogenous membrane is developed. The eigenvalue equations for the inverse
problem of a rectangular, circular and elliptical membrane is formulated using the finite difference model
developed. A study is carried out by varying the known number of eigenvectors and determining the
conditions of reconstruction for a non-homogenous anisotropic rectangular and eliptical membrane. Also
atechnique of the reconstruction procedure and an example illustrating the processis given.
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Abstract

In this paper, we apply the Chebyshev approximation to solve a
differential-algebraic equation. First we calculate power series of the
given differential-algebraic equations(DAES) system then transform it
into Chebyshev series form, which give an arbitrary order for solving
differential-algebraic equation numerically.

Keywords: Differential- Algebraic Equation, Power Series, Chebyshev
Approximation

1. INTRODUCTION

Differential-algebraic equations(DAES) arises from many mathematical models as eg., simulation of
electric circuits, chemical reactions subject to invariants, modelling chemical engineering systems. The
numerical and anlytical treatment of differential-algebraic equations(DAES) has been the subject of
intensive research activity for years [1], [5], [6]. The application of ordinary differential equation(ODE)
methods to these systems presents numerical difficulties. Resently, several numerical methods were applied
with some success to DAEs. Among them are the backward differentiation formulas (BDF) [4], [9],
multistep methods [5], one-leg methods [10], implicit Runge-Kutta methods [12], [14], Rosenbrock
methodg[13], [15], extrapolation methods[4] and Padé approximation method[18],[19], [20]. The well
known codes for DAEs are LSODI [8], DASSL [11], LYMEX [3] , RADAU5 [7] and DAEIS[16].

Differential- Algebraic Equation(DAES) are special implicit differential equations of the form
F(x,y(x),y&x)) =0 (1)

! Corresponding author
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with singular Fy¢ ,Where F and Y are of the same dimension. Here an in the following we denote partial

derivatives by subscripts, so that F,, = TF /1y <. Equation (1) is also called a fully implicit DAE system.

We are here especialy interested in semi-explicit systems, differential-equations with algebraic constraints
of the form

y&x) = £(x, y(x), 2(x))
0=9(x,y(x),z(x))

where Y represents the differential variables and Z the algebraic variables [17]. The numerical methods

devised for DAES take into account the structure of the underlying DAE. we will calculate power series of
the given differential-algebraic equations(DAES) system then transform it into Chebyshev series form,
which give an arbitrary order for solving differential-algebrai c equation numerically.

2. THE METHOD
A differential-algebraic equation has the form
F(x,y,y9=0 )

with initial values

Y(%) = Yo, V&%) =Yy, ()

where F and Yy is a vector function for which we assumed sufficient differentiability, and the initial
values to be consistent, i.e.

F (Yo, Y& %) =0.
The solutions of (2) can be assumed that

Y=Yotyxtext, -,

where € is a vector function which is the same size as Y, and yg. Subgtitute (4) into (2) and neglect
higher order term, we have the linear equation of € in the form

Ae=B (5)

where A and B are constant matrixes. Solving equation (5), the coefficients of X2 in (4) can be
determined. Repeating above procedure for higher order terms, we can get the arbitrary order power series
of the solutions for (2). The power series given by above procedure can be transformed into Chebyshev
series and we have numerical solution of differential-algebraic equation in (2)[18,19,20].

3. CHEBYSHEV APPROXIMATION

¥
Suppose that we are given a Power series é C. X', representing afunction f (X), so that
i=0

¥
f(x)=a cx'.

i=0
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This expansion is the fundamental starting point of any analysis using Chebyshev approximants.
Throughout this work we reserve the notation ¢, = 0,1,2,--- for the given set of coefficients, and f (X)
is the associated function.

The Chebyshev polynomial of degree N isdenoted T (X), and isgiven by the explicit formula

T.(x) =cos(n arccosx) (6)

The Chebyshev polynomials are orthogonal in the interval [- 1,1] over a weight (1- X*) ™", In

particular,

i0 it
5 70 g th 2 i=ji0
01 1- x* lp i = J =0
! @)
The polynomia T, (X) has n zerosintheinterval [- 1], and they arelocated a the points
16
Pk 2
X=CoS¢c——==+ k=12,...,n (8)
¢ " =
e 1]
In this sameinterval there are N +1 extrema(maximaand minima), located at
x:cosw—kg k=0,1...,n 9)

ng
At dl of the maxima T_(X) =1, while at all of the minima T_(X) =- 1; it is precisely this property that
makes the Chebyshev polynomials so useful in polynomial approximation of functions.

The Chebyshev polynomials satisfy discrete orthogonality relation as well as the continuous one (7): If
X, (k=1,...,m) arethe m zerosof T_(X) givenby (8), andif i, j <m, then

. ].0 it
AT )T, (x)=tm/2 i=jt0
k=1 1 R

i m i=jJ=0

(10)

It is not too difficult to combine equations (6), (8) and (10) to prove the following theorem:

Theorem 3.1 If f(X) is an abitrary function in the interval [-11], and if N coefficients
C J=0,...,N - 1, aredefined by
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23
Cj __a f(Xk)Tj(Xk)
N =
e 160
2y & % Fik- 0 D
=—a féCOS(; _ucos —T
N k=1 e g N _U g =
g e a e 5]

then the approximation formula
et u 1
f()»aa T (X)g- ECO
€x=0 u (12)

isexact for X equal to all of the N zerosof Ty, (X).

For afixed N , equation (12) is a polynomial in X which approximates the function f (X) in the interval
[- 1,1]. Suppose N issolargethat (12) isvirtually a perfect approximation of f (X).

4. TEST PROBLEM

In this section, we consider the following differential-algebraic equation as a test problem.

él -Xuevﬂ‘u €l -(1+x)uév,u_¢€ 0 u a0
© offl o 1 8,8 &indd

and initial values

evl(O)u élu é&vfi0)u_¢é 1
8,08 i &solf &1
The exact solution is
év, (X)U_ éexp(- X) + xsinxu
§,000 & snx

Using the method for differential-algebraic equations(DAES) [18,19,20], the power series solutions of (14)
can be obtained as

v (x) =1- x+1.5x* - 0.1666667x> - 0.125x* - 0.0083333x° +0.0013888x° - 0.0001984x’
- 0.0000128x® - 0.2755731.10%x°
V,(x) = x- 0.1666667x° +0.0083x" - 0.0001984x" +0.2755731.10 *x°.
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The Power series V, (X) can be transformed into following Chebyshev series,

¥, =1.7061157T,(x) - 1.1303182T, (x) +0.69198133T, (x)
- 0.44336842" 10 'T,(x) - 0.13840061" 10 'T,(x) - 0.54292224" 10°°T,(x)
+0.29296875" 10T, (x) - 0.31970796" 10°°T,(x) - 0.13563368" 10 °T,(X)
- 0.10764578" 10 'T,(X)

The Power series V,,(X) can be transformed into following Chebyshev series,

v, (x) = 0.88010118T,(x) + 0.039126700T,(x) + 0.0004995194 7T, (X)
- 0.30033172" 10°°T,(x) +0.10764578" 10" "T,(x)
Substitute T;(x) i =0,...,9 and stepsize h into V,(x) and V,(X) . We obtain numerical solution of
(14).

We show Table 1 and Table 2 for the solution of (14) by above numerical method. The numerical values on
Table 1 and Table 2 are coinciding with the exact solutions of (14).

Table 1. Numerical solution of V, (X) in (14).

X Exact v,(X) V,(x) = Approx. Vy(x) |v;(x) - ,(X)|

0.0 0.0000000 0.0000000 0.0000000
0.1 0.91482076 0.91482070 0.6 107
0.2 0.85846462 0.85846456 0.6 107
0.3 0.82947428 0.82947423 0.5 107
04 0.82608739 0.82608732 07 1077
0.5 0.84624343 0.84624335 0.8 107
0.6 0.88759712 0.88759704 0.8 107
0.7 0.94753768 0.94753750 0.18 10°©
0.8 1.0232138 1.0232134 04° 10°°
09 1.1115639 1.1115628 011 105
1.0 1.2093504 1.2093473 0.31" 10°°
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Table 2. Numerical solution of V., (X) in (14).

X Exact v,(x)  Vy(x) =Approx. v,(x)  |v,(x)- %,(X)|
0.0 0.0000000  0.00000000 0.000000
0.1 0099833417  0.099833416 0.1" 10°®
02 019866933  0.19866934 0.1" 10°7
03 029552021  0.29552021 0.000000
04 038941834  0.38941833 0.1 107
05 047942554  0.47942555 0.1 107
0.6 056464247  0.56464248 0.1 107
07 064421769  0.64421768 0.1 107
0.8 071735609  0.71735609 0.000000
09 078332691  0.78332692 0.1 107
10 084147098  0.84147101 0.3 10°7

The graph of V,(X), V,(X) and their Chebyshev approximant are smultaneously shown in Fig. 1 and
Fig. 2. As can be seen from the graphics, the accuracy of the approximation by using Chebyshev series

which agree with given exact solution of the equation systems.

W ix)

Fig. 1. Graph of V,(X) and its Chebyshev approximation.
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v, ()
Anprox.w, (x)

Fig. 2. Graph of V,(X) and its Chebyshev approximation.

5. CONCLUSION

A Chebyshev approximation method has proposed for solving differential-algebraic equationsin this
study. This method is very simple an effective for most of differential-algebraic equations.
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ABSTRACT

Analysis for the propagation of waves in homogenous heat
conducting infinite monoclinic stress and flux free thermoelastic plate
of finite thickness is developed. Frequency equations in closed form
and isolate the mathematical conditions for symmetric (extensional)
and antisymmetric (flexural) thermoelastic wave mode propagation in
completely separate terms are derived. Higher symmetry material, such
as orthotropic, transversely isotropic, cubic and isotropic is contained
implicitly in the analysis. It is shown that the motion for SH modes
decouple which is not effected by thermal variations from the rest of
motion if propagation occurs along an in-plane axis of symmetry.
Finally the Numerical solution of the frequency equations for zinc plate
is carried out, and the dispersion curves for the first six modes are
presented. The three motions namely, longitudinal, transverse and
thermal of the medium are found dispersive and coupled with each
other due to the thermal and anisotropic effects. The dispersion curves
are get modified due to the thermal and anisotropic effects and is also
influenced by the thermal relaxation time. Relevant results of previous
investigations are deduced as special cases.

Keywords: Anisotropic, thermoelasticity, dispersion, frequency
equation, thermal relaxation times

1. INTRODUCTION

Future advanced aerospace composite materials will be required to respond well to combined
thermal and mechanical loading. These materials will be used for the next generation of aerospace
structures, such as the proposed high-speed civil transport. Numerous technological situations at moderate
and high temperatures such as distribution of temperature around propagating cracks, and temperature
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distribution in solid materials due to laser pulse train of a very short duration and many others physica
experiments at low temperatures show the necessity of taking into account the wave structure of the heat
transport.

Theory to include the effect of temperature change, known as the theory of thermoelasticity, has
been well established Nowacki (1962,1975), Chadwick (1960). Classical theory of dynamic
thermoelasticity that takes into account the coupling effects between temperature and strain fields involves
the infinite thermal wave speed i.e. implies an immediate response to a temperature gradient and leads to a
parabolic differential equation for the evolution of the temperature. In contrast, when relaxation effects are
taken into account in the congtitutive eguation describing the heat flux, one has a hyperbolic equation,
which implies a finite speed for heat transport. Hyperbolic heat transport has been receiving increasing
attention both for theoretical motivations (analysis of thermal waves and second sound in dielectric solids,
finite speed of heat transport, etc.) and for the analysis of some practical problems involving a fast supply
of thermal energy (for instance, by a laser pulse or a chemical explosion, etc.). The literature dedicated to
hyperbolic thermoelastic models is quite large and its detailed review can be found in Chandrasekharaiah
(1986,1998).

Lord and Shulman (1967), and Green and Lindsay (1972) extended the coupled theory of
thermoelasticity by introducing the thermal relaxation time in the constitutive eguations. These new
theories, which eliminate the paradox of infinite velocity of heat propagation, are called generalized
theories of thermoelasticity. This generalized thermoelasticity theories admits finite speed for the
propagation of thermoelastic disturbances has received much attention in recent years. The LS model
introduces a single time constant to dictate the relaxation of thermal propagation, as well as the rate of
change of strain rate and the rate of change of heat generation. In the GL theory, on the other hand, the
thermal and thermo-mechanical relaxations are governed by two different time constants.

Chadwick and Seet (1970), and Chadwick (1979) investigated the thermoelastic wave propagation
in transversely isotropic and homogeneous anisotropic heat conducting elastic materials, respectively.
Waves types occurring in bounded anisotropic media are very complicated, and in thermoelagticity, the
problem becomes even more complicated, because in thermoelasticity, solutions to both the heat
conduction and thermoelasticity problems for anisotropic is required. These solutions are also to satisfy the
thermal and mechanical boundary and interface conditions. Here, we mention that several authors Puri
(1973; 1975), Agarwal (1978; 1979), Tao and Prevost (1984), Massalas and Kalpakidis (1987b) and Verma
and Hasebe (1999) have considered the propagation of generalized thermoelastic waves in plates of
isotropic media. Massalas and Kalpakidis (1987a) used the generalized theory of Lord and Shulman to
study the characteristics of wave motion in a thin plate under plane stress state with mixed boundary
conditions.

Banerjee and Pao (1974) extended this theory to anisotropic heat conducting elastic materials.
Dhaliwal and Sherief (1980) treated the problem in more systematic manner. They derived governing field
equations of generalized thermoelastic media and proved that these equations have a unique solution
Hawwa and Nayfeh (1995) studied the propagation of harmonic waves in alaminated composite consisting
of an arbitrary number of layered anisotropic plates. Verma (2001), Verma and Hasebe (2002) studied the
propagation of generalized thermoelastic vibrations in infinite plates in the context of generaized
thermoelasticity. Verma and Hasebe (2004) considered the propagation of plane harmonic thermoelastic
waves in an infinite homogeneous orthotropic plate of finite thickness in the generaized theory of
thermoel asticity with two thermal relaxation timesis studied.

In this article, problem of plane harmonic thermoelastic waves in an infinite homogeneous
monoclinic plate of finite thickness in the generalized theory of thermoelasticity with two thermal
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relaxation times is studied. Frequency equations in closed form and isolate the mathematical conditions for
symmetric and antisymmetric thermoelastic wave mode propagation in completely separate terms is
derived. Results of higher symmetry material, such as orthotropic, transversely isotropic, cubic and
isotropic are contained implicitly in the analysis. Specia cases of the frequency equations are aso
discussed. Numerical solution of the frequency equations for zinc plate is carried out, and the dispersion
curves are presented. The three motions namely, longitudinal, transverse and thermal of the medium are
found dispersive and coupled with each other due to the therma and anisotropic effects. The dispersion
curves are get modified due to the thermal and anisotropic effects and is aso influenced by the thermal
relaxation time. Relevant results of previous investigations are deduced as special cases.

2. FORMULATION

Consider an infinite monoclinic thermally conducting elastic plate at uniform temperature T, in the
undisturbed state, having thickness 2d, whose normal is aligned with the xz-axis of a reference Cartesian
coordinate system O (X1, X2, X3). The mid plane of the plate is chosen to coincide with the x;-x, plane. Let
the faces of the plate be the planesx; = = d.

The basic field equations of generalized thermoelasticity in the absence of body forces and heat
sources of the plate (Tao and Prevost (1984)) are given by

S =ru

2.1)

ij,]J |

K,T, - rC T+t T)=Tb.u,_

L

2.2)
where
Sij = Cijui €u - bij (T +t1T) ,
(2.3)
by =Cjdn, iik1=123
(2.4)

I is the density, t is the time, Y is the displacement in theX; direction, K; are the thermal

conductivities, Ce and t, are respectively the specific heat at constant strain, and thermal relaxation time,

S and €; are the stress and strain tensor respectively; bij are thermal moduli;a ;; is the thermal

expansion tensor; T is temperature; and the fourth order tensor of the elasticity Cijkl satisfies the (Green)
symmetry conditions:

Cija =Cuij = Cijx =Cjiu - and @ =a;, by =bj
(2.5)
The parameter t ; and t jare the thermal-mechanical relaxation time and the thermal relaxation time

of the GL theory and satisfy the inequality t, 3 t ; 3 0. Comma notation is used for spatial derivatives
and superposed dot represents differentiation with respect to time.
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Strain-displacement relation
e; =(u,; +u,;;)/2. (2.6)

When specidlizing the eguations (2.1)-(2.5) for monoclinic media in generalized thermoelasticity, the
governing equations are

CpUpgy +Coslyzs + (C13 + CSS)U3,13 +CieUpgy T Cpslp s - bl(T +t 1T),1 =ra,

2.7

CieUzas  Caglygs +(Cas +Cys)Uzss +Collppy +Chlpzg - D (T +1,T), =10, ,
(2.8)

(C13 +C55)u1,13 +C55u3,11 +C33u33 + (C36 +C45)u2,13 - b3(T +1 1T),3 =r l.'1.3

(29) KlT,ll + KZT,ZZ + K3T,33 - T Ce(0+t OT) :TO(blul,l + b6u2,2 + b3u3,3) .
(2.10)

3. ANALYSIS

Having identified the plane of incidence to be the X, - X;plane, then the solution for displacements
and temperature for an angle of incidence q, is proposed:

(u;, T)=U,;,U,)explix(sng x, +ax, - ct)], i=J-1,j=123,
(3.1)

where X is the wave number, ¢ is the phase velocity (= w / X), w is the circular frequency, a is still an
unknown parameters, U j and U, are the constants related to the amplitudes of displacement uy, uy, Us

and temperature T. Although solutions (3.1) are explicitly independent of x,, an implicit dependence is
contained in the transformation and the transverse displacement component u, is non-vanishing in equation
(3.1). Substituting (3.1) in equations (2.7)-(2.10) leads to the coupled equations, the choice of solutions
leads to four coupled equations

M,,@Uu,=0 m, n=1234 (3.2)
where
F,=sin’q-z% F, =c,sn’q,F, =c,sinq,F, =sing,F, =c,sn’q-z?
F,=c,snga, F,, =b,sinq, F,, =c,sin’q-z2, F,, = b .,a,
_ * 2 - — _ * 2 o _ * 2=
Fu=et w,z"sing, F_=et gb6wlz snq, Fg=et w,z°ba,
(3.3)

. *
F,, =sn®q-tw,z?,
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(3.4)

and

— 2 — 2 — —
Mll - Fll +C2a ’ M12 - I:12 +C5a ’ M13 - F13a ’ M14 - F14

— 2 — —
M22 - I:22 +C6a ' M23 - F23a ’ M24 - F24

— 2 —
M, =F;+ca M, =F,a

My,=F, M_=F

— — WA 2
w=F, My=Fa, M,=F,+Ka?

c c c c c
=2 ¢ =0 o=l o t6 oo Cs o fu
Ciy Ciy Ciy Cyy Ciy Ciy
_C13+C55 Cy TCps — &B _ﬁ K_&
¢, = c A 6" p o3 = '
11 11 1 1 1
Tb? * Cc clr i
e, =W, == 7= =t =t

“rC.cy
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(3.5)

The system of relations (3.2) has anon-trivial solution if the determinant of the coefficients of Uy, U,, Us,
and U, vanishes, which yields an algebraic equation relating a to c. We obtain an eighth-degree polynomial
equation in a, which can be written as

(3.6)

where

(3.7)

Coaf‘+Cla6+C2a“+C3a2 +C, =0.

Co = (Czce - CSZ)Cl(_ IZ)
Cl = AEl(' R) + (Czce - C:)C1F44 + (Cs2 - Czce)F34 F43] )

Cz = AEl(_ K) +A52F44 +(C105F24 - C1C6F14 - CsF23F34 +C6 F13F34)F41

+ (C1C5F14 - GG, F24 + C, F23 F34 -G F13 F34) F42 + (Cz F23 F24 + 2C5 F12 F34 -G Fzz F34

+C6 F13F14 - G FuF34 - CsF14F23 - CsF13F24) F43

G, :{ (Ags(- R) + A, Ry +[(FuRs - FoF)Fy, (R, - FiFy +GFRy)F,

+(F2§ - C1F22 - CeFxs)F14]F41 +[(F11F23 - F12F13)F34 +(F1§ - ClF]_’L - CzFxs)F24

+(C1F12 - F13F23 +CSF33)F14]F42 +[(F1§ - F11F22)F34 +(F]_’LF23 - F12F13)F24

+ (Fzz F13 - F12F23)F14] FAa}

C4 = AE3F44 - F33(F14F22 - F12F24)F41 + F33(F12F14 - F11F24)F42!

—_ 2 2 2
AEl - (C1C6 F11 -Cs F13 + Cs F13 Fzs -Cg F33 -C, Fzs - 2C1C5 I:12 + Cs le Fzs + C,Cq Fss) ,
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A, =(Fy Fzzs - Fli Fy +CsFy s +C F Fyp -y Flg +2F,F Fy, +2¢.F,Fy +C,F,Fy)
A, = (FuF, - Flg)F33’ D, = (Czce - C:)Cl’

Eight different solutions are generated form the expression (3.6) for a asa,,  =1,2...8, having the
properties)

a,=48a,;, a,=8a;z,a,=485,83=- ;.
The displacements, temperature component ratios , = E/ R % and
U L (a L, (a L(a
S /canbeexprmdas V=(q,W=2(q)S (q)

: R s g

(3.9)

N—

where

L (a,) =My (a,) My (8, )My (8, )+ M2 (2, )Mo (2, ) + M, (2, )My, (8, )M (a,,)

- My (aq)MM(aQ)MZS (aq)' Mll(aq)M24 (aq)MSS (aq)' My (aq)M13 (aq)MM(aq)
Lo (2q) = Mis (30 )Maa () + My (@, ) Maa (3 ) Maa (3, ) + Mas () M (2, ) M2 2,

) MlZ(aq)MM(aQ)MZS(aq)' MlZ(aq)MlS(aq)M24(aq)' Mll(aq)MZZ(aQ)MZZ(aq)
L (3,) = i (3, )M (3 ) + M (3, ) Mz () + M2 (2 )M 2,
o - 2My, (2, )My (g )My (ay ) - My (8, )M, (8, )Ma (a,)
L(a,)=MZ(a,)My(a,) + My (a, )My (8, )Ms (2, ) + My (8, ) Mo (2, )Ma, (ay,)

) M12(aq)M23(aq)M34(aq)' MlS(aq)MZS(aQ)MM(aq)' M14(aq)M22(aq)M23(aq)

Combining expressions (3.10), with the stress-strain relations and using superposition, the formal solutions
for the displacement and stress components can be written as

~

éul U, u3 T l;'_ g él Vq Wq Sq u iX (x +aqx-ct)
&, s, s, T.97d¢ p p p Wee
@533 13 23 3 [ q=1 @~1q 2q 3q 49 U

(3.12)

1 - . . . * S 1
%00 and introducing a change of variable S g = A, for

Suppressing the common factor € i

subsequent analyses in the expression (3.11) yields to
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8 )
[u, u, u, T]:égl V, W, S e
g=1

(3.12)
* * N g - ixa g
& 3 S13 S T,xsg: qa:-1 Squ D2q D3q D4q B‘Je "
(3.13)
qu = (C7 - Cz)smq + (Cs B Cs)Vq Sinq tca qu + C1-11Ct g bqu (ix)-l!
D,, =¢,(@, +W,sinq) +ca Vv, ,
Dy, =¢s@, *W,sinq) +caV,,
(3.14)

D4q :anq

Incorporating (3.8) - (3.15) and inspecting the resulting relations, we conclude that monoclinic symmetry
implies the further restrictions.

9=1,23,.. 8. (3.15)

Wi =-Wj, Dyji == Dyjs Dyjuy == Dyjy Dyjug =- Dy
(3.16)
Vj+1: Vj’ D1]+1 = Dlja Sj+1 = S,, J = 1357 (317

4. DISPERSION RELATION

Equations (3.12) and (3.13) can relate the displacement, temperature, stress and the temperature
gradientat X, =-d and X; = d inthe matrix equation form.

éuu ¢ 1 i 1 i 1 i 1 i UéC(U+U)t‘J

e u ] ] .

gl g v, VoV, v,V iV VY, ﬂgs U;-U,) g

gus 1OGIWT, WTE IWT, WIS W, WIS W, W, Tcmec LU, +U4)u

e . . . .

eTu_eS iS85 0SS iS S S 088U, - U,

gs 333 é D11 iD11 D13 iD13 D15 iDlS D17 D17 ugc (U +U6)u
L . . . u

i§13l;| é|D21T1 D21T1¢ |D23T3 D23T3¢ 'Dsts D25T5¢ ID27T7 D27T7¢Jess (U -U )u
* u A . . -

(;% 23] gDBITl D31T1¢ 'D33T3 D33T3¢ 'D35T5 D35T5¢ IDs.7T7 D37T (ISJeC (U +Us)u

gr,st 6D41T1 D41T1¢ iD43T3 D43T3¢ iD45T5 D45T5¢ iD47T7 D47T7%@S7 (U -U )U

~
:h
=
~

where TO¢=T* =cot(xa,x;) and S, =sin(xa, x,), C, =cos(xa, x,)

(4.2)

It is obtained by speciaizing (3.12) and (3.13) on these two locations and employing algebraic
reductions and manipulations consisting of following steps. Firstly, we use various trigonometric identities
and the relations (3.16) and (3.17) to recast (3.12) and (3.13) into its equivalent matrix form. Secondly, we
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speciaize the equivalent (4.1) to the top and bottom surface of the plate, namely, X; = - d and X3 = din

(4.1). For the bottom surface similar relations will result with the single exception that the radica i in the

matrix of equation is replaced by —i as it explicitly appears. Thirdly, we invoke the appropriate boundary
conditions on the plate surfaces, namely

8'13=S'23=S'33=T,x3=0 at X; =-d and X, =d
(4.3)

finally yield the eight equations relating the propagation amplitude U 1,Up..Ug, whose determinant of

coefficients after lengthy algebraic manipulations and reductions leads to the two uncoupled characteristic
equations.

k+1

& (K
&'’

k=1,357 @

»1 .
: D, G, tan* (g, ) =0 (4.4)

e ] enly enid

Corresponding to symmetric and antisymmetric modes respectively with

D23 D25 D27 D21 D25 D27 D21 D23 D27
Gp = |D33 D35 Dg37| G3 =|D31 D35 D37l G5 = |D31 D33 Daz7
D43 D45 D47, D41 Dass D47, D41 D43 D47,
D21 D23 D2s
G7 = |D31 D33 Dsg xd _wd
D41 D43 Dss 9= 57

(4.5)

5. HIGHER SYMMETRY MATERIALS

The results obtained in the previous section, for monoclinic material in generalized thermoelaticity
with two thermal relaxation times are also valid for higher symmetry classes such as orthotropic,
transversely isotropic, cubic and isotropic. Monoclinic materials have no axis of symmetry in the plane of
the layers. Knowing that higher symmetry materials are different from the monoclinic materialsin that case
each possesses two orthogonal principal axes in the plane of the layers. For higher symmetry cases, the
matrix equation corresponding to (4.1) can be obtained as special cases as far as the propagation direction
of the waves is off the axes of symmetry. When waves propagates along an axis of symmetry, the field
equations are no longer coupled, and the motion can be modeled by more than one matrix equation of the
typeto (4.1).

5.1 Propagation off axes of symmetry

If X,and X, are chosen to coincide with the in-plane principal axes for orthotropic symmetry, then,
propagation is for off-principal axes and further appropriate restrictions on the number of non-zero
thermoel astic constants of the monaoclinic case are

Cig =Cy =Cy =C,. =0 anda,, =0. (5.1)
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For materials possessing transverse isotropy, whose X; axis is normal to the plane of isotropy, the additional
conditions imposed by symmetry, namely

Ca33 =Cyp, Ci3 =Cpp, Cs5 =Cggy Cpp = Cpg =2C,,

K, =K, K;, a;=a,,a5,b;, =b, =(cy; +Cp)a; +Cas, by =200, +Cxa s
(5.2) and for cubic symmetry

Ci1 =Cp =Cg, €13 =Cpp =Cp3,Cyy =Cs5 =Cog

K,=K,=K;,a,=a,=a;=a,,b,=b,=b;=b=(c, +¢,)a,.
(5.3)
Finally, for the isotropic case
Cy =Cyp =Cx =l +2m C;3 =C, =Cp =1 ,C,y =C; =Cx =M
K,=K,=K;,a,=a,=a;=a,,b,=b,=b, =3 +2mha,
(5.4)

On particularize the relations (3.2) - (3.6) to the orthotropic case and simplification of the
thermoel astic constants has implications for the analysis commencing at (3.5). Of greatest importance isthe

factthat M,,M ,, and M ,, in (3.5) vanish. This means that SH wave motion decouple from the rest of
the motion. As a consequence, (3.6), to reducesto

a®+ AR’ + Al + A¢=0, (5.5)
and
c,+ca’-z°=0, (5.6)
where
Ag¢=[(P(-K)+D,F,, - c,F,F,.]/D,
A$=[Q(- K) +PF,, + (FF,, - ¢,F,,)F, +(F,F, - F,F,)F,]/D,
A¢$=(RF, - F,F.F,)/D,
P =(c,CsF,, - CoFj5 +CFF,, - ¢2F, - C,F2 - 2c,c.F, +C.F,, F)y +C,CFy),
Q =(F,F2- F3F,, +c,F,Fy, +C,F,F,, - ¢,F2+2F,F.F, +2c.F,F, +c,F,F,),
R=(F,F,, - F2)F,,

D=-K(c,Cq - €5)c;- D, =(C,C6 - €2)cy
5.7)

Notice that roots of (5.6) correspond to the SH motion, gives a purely transverse wave, which is not
affected by the temperature. This wave propagates without dispersion or damping. Relation (5.5)
corresponds to the sagittal plane waves. As for the sagittal plane motion we notice that for each

a,, (g=12....6) proceeding asin the previous section (4.4) and (4,5) reduceto
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o Ky _ u

a &1 > DyGtan"(r,)y=0 (5.8)
k=135 & a
sin(2ga,) =0 (5.9

with g as defined in ( 4.5) and

_edg Dgu . D DU, DG DR

Ge= 8 , =8 , =8 (5.10
© &g Dgy © &Df D&y © g Dgy
D¢ =ix(Cy, +Coa W9 - b,S¢
D¢ =ix[Cy(@, +WII
Dg =ixa,S¢
Wq¢: M11M34 B M13M14 ,Sq¢: M11M43 B M13M41 ,q=12..6 (5.11)
M14M33 - M13M34 M14M43 - M13M44

6. SPECIAL CASES

6.1 Classical Case:

Ife; =0, then thermal and elastic fields decoupled from each other and equation (3.6) becomes

characteristic equation in the uncoupled thermoelasticity. In this case from (3.7) and (3.8) for monoclinic
meaterial, we have

F,=F,=F;5;=0, (6.1)
and (3.6) reducesto
M,@°+Aa*+A,a’+A,)=0. (for monoclinic material) (6.2)
and M, =M, =0
(cca’ +(c,Fy - ¢,F, - F2)a?+F,F,;)M, (@) = 0 (for orthotropic material) (6.3)

where
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* —
M, =1-tw,z*+Ka’ =0, (6.4)

and a®+Pa*+Pa’*+P, =0, cca*+(c,F,-cF,- Fi)a’+F,F,=0 ae a secular
equation corresponds to the purely elastic monoclinic and orthotropic materials, which are obtained and
discussed by Abubakar (1962), Nayfeh and Chementi (1991).

Equation (6.2) and (6.4) provide us
¥ 2, i7a2
1-tw,z°+Ka“ =0, (6.5)
which corresponds to the thermal wave. Clearly it is influenced by the thermal relaxation time ty in the
Green —Lindsay theory.
6.2 Coupled Thermoelasticity

This case corresponds to no thermal relaxation time, i.e. t ; =t; =0 and hence t =t = %v

In case, proceeding on the same lines, we again arrived at frequency equations of the form that is again
in agreement with the corresponding result obtained by Chadwick (1960), Lockett (1985) and Verma
(2001).

If t,=t,1 0, equations (4.4) and (5.8) become the frequency equations in the LS theory of
generalized thermoelasticity of previous work Verma (1997).

7. NUMERICAL DISCUSSION

Numerical illustrations of the analytical characteristic equations are presented in the form of dispersion
curves. Dispersion and Damping curves are plotted by taking g (wave number) rea and letting W be

complex, then the phase velocity is defined as ¢ = Re(W)/g and the imaginary part of W is measure the
damping of the waves. One can also let ¢ be real and let g be complex. In this case the wave c

correspondingto Re(g ) , and Im (g ) is ameasure of the attenuation of the wave. Characteristic equation
(5.8) are solved by considering crystal of zinc (Chadwick 1960) with the following properties

c, =1.628" 10N m?, ¢, =0.362" 10*N m?, c, =0.508" 10" N m?

Cy =0.627° 10"N m?, ¢,, =0.385" 10N m?, r =7.14" 10° kgm®

b, =5.75" 10°N m® deg*, b, =5.07" 10°N m? deg*, C, =3.9” 10> Jkgm™ deg,
K, =1.24" 10°W m™ deg®, K, =1.24" 10°W m™* deg*, T, = 296K, e, =0.0221.

_ Tybs
" rc,c,

Dispersion and damping curves in the forms of variations g wave number (dimensionless) versus W

(e, ) t,=2.10""s and taking different values of t, keeping in mind t,3t,3 0.
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t
frequency (dimensionless) are constructed at different values of times relaxation time ratios (—1) =2, 5,
0

10and g =p / 2 for the first six modes of representative orthotropic plate in Figs. 1-8 for generalized

theory of thermoelasticity with two thermal relaxation times and Figs. 9-10 for classical theory of
thermoelasticity (no relaxation time). The following non-dimension for the frequency and wave number has
been used throughout in this section.

Wzﬁ,g = le .

\/Cll/r 2

The dispersive character of quasi-longitudinal, quasi-transverse and quasi-therma modes can be seen in
Figs. 9-10, and dissipation (damping) in Figs. 9-10 when ty and t; are set equal to zero are. Three waves
namely, quasi-longitudinal (QL), quasi-transverse (QT) and quasi-thermal (T-mode) of the medium are
found coupled with each other due to the thermal and anisotropic effects. The wave-like behavior of the
quasi-therma modes is characterized in the thermoelasticity theory with two thermal relaxation times. The
dissipation is high for small wave number higher modes and much higher for lower modes than lower and
dips down to local minima at certain values of wave number. Higher modes appear in both cases with g

increases. Lower modes (symmetric and antisymmetric) are found more influenced by the therma
relaxation times at low vaues of wave number. The effect of thermal relaxation times is observed to be
small asthe inclusion of thermal relaxation times increases the amount of dissipation.

The antisymmetric (flexural) and symmetric (extensional) modes have certain features in common
with their equivalents. The two families of curves are uncoupled as the lower order antisymmetric and
symmetric modes approach the Rayleigh velocity for large wave number, and. higher order plate modes
asymptote to shear velocity for large wave number. The most striking features between the anisotropic and
isotropic is the oscillatory manner in which they approach their asymptotic limits.

8. CONCLUSIONS

In the present work an attempt has been made to study the problem of thermoelastic wave propagation
in plates of monaoclinic materials in the context of generalized thermoelasticity with two thermal relaxation
times. For the most general case, we have provided an exact forma solution for the displacements,
temperature and thermal stresses in an infinite plate of finite thickness. We have solved exactly for the
dispersion Egs. (4.8) of thermoelastic waves on a stress and flux free boundary. We have obtained
dispersion Egs. (4.4) of thermoelastic stress and flux free waves, employing algebraic reductions to express
the results in the compact form. Exploiting the monoclinic solution as a starting point we have shown how
to construct dispersion Es. (5.8) for the plates having orthotropic, transversely isotropic, and cubic
symmetry, whereby free waves may propagate in any arbitrary in-plane direction. The horizontally
polarized SH wave (5.9) gets decoupled from the rest of motion and propagates without dispersion or
damping, and is not affected by thermal variations on the same plate if propagation occurs along an in-
plane axis of symmetry. The other three waves namely, quasi-longitudinal (QL), quasi-transverse (QT) and
quasi-therma (T-mode) of the medium are found coupled with each other due to the therma and
anisotropic effects. The phase velocity of the waves get modified due to the thermal and anisotropic effects
and is aso influenced by the thermal relaxation times.
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Dispersion Curves ( Antisymmetric Modes)
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Fig.1. Dispersion of antisymmetric modes of zinc plate in Generalized
thermoelagticity whent , =2.10's andt, =4.10"s
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Dispersion Curves (Symmetric Modes)
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Fig.2. Disperson of symmetric modes of zinc plate in Generalized
thermoelasticity whent , =2.10's andt, =4.10"s
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Dispersion Curves ( Antisymmetric Modes)

1.2
0.9

0.6]

Freguency (Non-dimensional)

0.3]

|
0 0.67 1.33 2 2.67 3.33 4
Wave number (Non-dimensional)

1

Fig.3. Dispersion of antisymmetric modes of zinc plate in Generalized
thermoelagticity whent ;, =2.10's and t, =1010"s
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Dispersion Curves (Symmetric Modes)
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Fig.4. Dispersion of symmetric modes of zinc plate in Generalized thermoel asticity
whent,=210"s andt, =1010"s
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s Dispersion Curves
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Fig.5. Dispersion of antisymmetric modes of zinc plate in Generaized
thermoelagticity whent ; =2.10's and t, =2.10°°s
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Dispersion Curves (Symmetric Modes)
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Fig.6. Dispersion of symmetric modes of zinc plate in Generalized thermoel asticity
whent,=210"s andt, =2.10°s

56



K. L. Verma

Dispersion Curves ( Antisymmetric Modes)
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Fig.7. Dispersion of antisymmetric modes of zinc plate in Classicd
thermoelasticity whent ; =0 and t, =0

57



International Journal of Applied Mathematics & Statistics (IJAMS), December 2004

4 Dispersion Curves (Symmetric Modes
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Fig.8. Dispersion of symmetric modes of zinc plate in Classica
thermoelasticity whent ; =0 and t, =0
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Damping Curves (Antisymmetric Modes)
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Fig.9. Damping of antisymmetric modes of zinc plate in Generalized
thermoelagticity whent , =2.10's andt, =4.10"s
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thermoelagticity whent , =2.10's andt, =4.10"s
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ABSTRACT

The problem of estimation of ordered scale parameters in two
Weibull populations is considered while shape parameters are
assumed to be known and unequal. The Pitman estimator for scale
parameters with different priors and loss functions are obtained and
comparison is given between restricted and unrestricted estimators
with respect to risks and biases by simulation.

Key words : Scale Parameter ; Estimation; Order Restriction; Pitman Estimator.

1. INTRODUCTION

The distribution has been named after the Swedish scientist, Weibull, who proposed it for the first
time in 1939 in connection with his studies on strength of material. Weibull (1951) showed that the
distribution is also useful in describing the ‘wear-out’ or fatigue failures. Kao (1959) used it as a model for
ball bearing failures. Mann (1968) gives a variety of situations in which the distribution is used for other

type of failure data.

Let Xy, Xipreon X

in?

i=1,2 be independent random sample from the Weibull population P i

P j hasthe density function as defined in Johnson and Kotz (1970)

ai

IIO
I-1-O

_a, & x0
f(x,a;,b,)=— —z , for x3 0, b,,a;, >0, (11
b g ﬂ g bi

where & ; 's are shape parameter and b j 'sarescae parameter.
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We are interested in estimation of scale parameter bland b ,of two populations when it is
assumed a priori thatb, £b,. This type of problem arises in reliability engineering application for
example, computer software usually contains errors called ‘bugs. A common technique of debugging isto

turn the program until a bug appears and then correcting the fault and continuing the execution. If errors are
corrected in stages without introducing new errors, the reliability of the program increases at each stage. If

bugs are removed in two stages and bi denotes the reliability at the i"™ stage, i= 1, 2 then we
haveb, £b,.

2. PITMAN ESTIMATOR

The Pitman estimators for simultaneous estimation of ordered location parameters for normal
populations has been considered by Kumar and Sharma (1988, 1993). In this section we will obtain the
analogue of Pitman estimators for scale parameters, which are generalized Bayes estimators.

Consider the estimation of b, and b,, with no ordering on b and b, and the parameters

a,and a, are known, then
i )/ ai qn + ) Ay &i G(n + )
&g 97 b’ / dE 0}/ =b }/ Jfor 1 =12

E XL Xiz =Db
gfz- ' fz. ' 5 Gn;)

Let Q,={(b,,b,):b,,b,>0and Q, ={(b,,b,):b, £b,}, in this section we will
obtain the generalized Bayes estimators for scale parameters (bl, b2 ), with respect to squared error loss

function: L,(d,b) =(d - b)? and scale invariant squared error loss function: L, (d, b) =(d /b - 1%,

and prior distributions

" T 1 " ~
gl(bl’bz) =1 (bl’bz)l Ql’ gz(bl’bz) = b.b ; (bl’bz)l Ql’ gs(bbbz):l;
1Mo
R 1 “
" (b, by)l Qyand g4(b1’b2):—? ) (bl’bz)l Q,
b,b,

The joint probability density function of x given b,, b, from (1.1) is

x

0 X; "
f(x/b,,b,)= qg_)lb %F expg b,

The biases and risks used for comparison are:

Absolute bias: B, (d,b) = E(d - b), Standardized bias: B,(d,b) =E(d /b - 1),
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Risk functions: R,(d,b) =E(d - b)’andR,(d,b) =E(d /b - 1)

(A) Pitman Estimator with No Ordering
Here, the parameter space of interest is Q, i.e, no ordering on b, and bz, with respect to the loss

function L, , the Pitman estimators for b, and b, with prior g, are
O a,; O1/a2
G, - 2 1)ga1x : Gn, Z)Eglxz, -
i= Z
d,(x) = and d, (x) =
nl B %1 G(nz - %2)
with prior g,
1/a, O,llaz
RPN, A o fo R
d (x)— - and d,,(x) = -
B &n,) “ &n,)
Now consider the loss function L., , then Generalized Bayes estimators for b, and b, with prior g, are
1/a1 Ala,
G(nl)gja'lxlj T G(nz)g,a X21
dgl(x)_ andd (X)_
32
G(n,+ 12 ) G(n, + y )
with prior ¢,
1/a, O,llaz
a(n, +}/ )ga XlJ = G(n2+% )ga X, s
a1 &j=1 — ei=l g
and d, (x) =

Gin, + 2 )
2

d,(x)= G(nl"'Al)

Now we will calculate the risks and biases of Pitman estimators obtained so far
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Theorem 2.1.

(i) Forestimators d,, and d,,

%)}G(m%) G(n; - %)G(m A

e
i 9 ul
g G(n, {G(n, - y )}? y )an) g

12

(i) For estimators d,, and d.,

b~ bzg{e(n y)}e(n+/) y)e(n+y)u

' g {&n)}’ {&n)}* E’

(iii) For estimators d4, and dg,
G(n,)G(n, + / )

{Gn, y)}

(iv) For estimators d,, and d,,

R,(d,.b;) =1- . +}/ i
Gn, % )G(n)

R,(d3,b;) =

Proof:

(i) Ry(dy,b,)=E(dy;(x)-b, ) =E(d,(x))*+b;- 2b,E(dy (x))

/)} WV /) "
y)} e ) e 2 e an- 1) =ax,

/)}G(n+%) /)G(n+y)u

e{e(n y)} an,) y> G(n,) g

(i) R, (dy,b,)=E(d,(x)-b,)* =E(d, (x))* +b* - 2b,E(d, (x))

%)} 8 %0 P a2 20 %) o)

{Gn)}’ o G(n,)
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. g{ - Roran, %) y)e(n+y)u
& {an)y an,) lan)f ‘J
e o
&l (x) o - 2 1. £ y
(iii) R (d3| b) Eg 1@ _b_IZE(dsi(X)) +1 bi E(dsi( ))
_1_{@n B2 (s 2_Gn) (s
_b (aXIJ +1- bG(n+}/)E )/J/

{G(n+y)}
_Gn)em +/)

~ {Gn, +y)}

(9 Ru(dab)=EE 2 () 49 —b—E(ou.( X)) +1- b—E(ou.(x»
ﬂ i

:i{e(ni +%i)} E(é. Xijai )%i +1- — 2 o +}/ ) Xii )/J/

b,? {&(n, +%i)}2 b, G(n, +% )

i {Gn, +%i)}2

Gin, + 2, )G(n)

Theorem 2.2.

(i) Forestimators d,;and d,, B,(d;,b,) =b,

(ii) For estimators d,,and d,,, B,(d,,b,) =b,& ' P

(iii) For estimators 04, and d,, B,(d,,b,)=0,1=12

{Gn, + y )}?
(iv) For estimators d,and d,,, B,(d,,b,) =
G(n,)G(n, + / )
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Proof:

(i) B(dy,b;)= E(dli - bi) =|EC - b,
| | g G(ni - a )

i eG(n-%)G(my)

'e _ t’J
G(n }/) Gn;) g

%a. X” )/J/G(ni' )

(i) B,(dy,b;) :|E(d2i - bi)| g an) &

.. x Q a; %. O
al, .0 _|_C1 (a X ) qn;) *
iii d,,b)= i-1z:E(;— -1-
( ) BZ( 3i |) Egbl @‘ gbl ni + ai) B

_ Gn,) b, G(n; + ai) |
b.G(n, +%i) &) I

(iv) B,(d,,b;) =

. af(ax” G(n. + )
S Zy‘: g bG(n+%)%

(B) Pitman Estimator with Ordering

Now, consider the parameter space of interest to be Q. , i.e., ordering (b, £b,) isassumed on

parameters.

Let theloss function be L, . The generalized Bayes estimators for b, with prior g, are
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@ f (X / ble)g(bla bZ)dbldbg

dy (x) =% i=12
(]Df (x /b,b,)g(b,,b,)db,db,
Q

hence
l/ag (t/Z )62/61
1

¥
dll(X) = ‘8 d (t/Z )az/al
Q0

et P gy e gy it

@/

et ward ely” %2'1dudt

and
) Zuazé‘@(ﬂz e Far g ey P gy it
dlZ(X) - ¥ 7,(t/z, )azlal . }/ }/ 1
00 e tt" /A gruy™ a2 gy dt
with prior ¢,
(}_o‘j)if(x/blbz)g(bl,bz)dbldb2
d2|( )_Qz“ i:LZ
f(x /b,b,)g(b,,b,)db,db,
Q;
2" G e e e
hence d,, (x) = ¥ LWL
@Q ttnl-le-uunz-ldu dt

Z,(t1z, P2/

¥
ZgllaZQQ e tnll -u n2 1/a,- 1dudt

¥ Zltzpe'a

QQ tnll -u n2 1dudt

andd,,(x) =

Now consider the loss function L,

The Generalized Bayes estimators for b; with prior g,

B 10 /b,b,)g(b,, b, )db,db,

d, (x) =-% 1 =12
@F f(x /b,b,)g(b,,b,)db,db,
Q, i

hence
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la.
vay & SV o ipnirguy ™ Jar gy gy

Z,(t/z, P2/t

et Tartguy ™ far gy

\¥ \22(':/21)‘32/6‘1 - 1 R -
2,00 e " o Ty iy dit
and d32 (X) = ¥ ‘zz(t/zl)az/al -ttnr/lé1-1 U n2+%2-1d dt
Q Q e eu u
with prior g,

S f(x /b,b,)g(by, b,)db,db,
d, (x)=-2 1‘ =12

@, = F(</b.b,)g (b, b,)dbdb,
Q2 I

7 va, ¥ iz P2

e-ttn1+1/al-le- uunz-ldu dt

1
d41 (X ) = la
5@22(”21)62 1e.ttn1+2/a1-1e-uunz'1du dt

7 Va, ¥ Zo(tiz,per

1 . + -1
et e uy ™ 7ae gy it

and d42 (X) - ¥ ‘Zz(tlzl)az/al

ett"rleruy™ e gy
00 thrig-y e du dt

All these estimators are involving incomplete gamma integrals hence can not be given in closed
form, but these can be obtained by numerical integrations for given samples.

Therisks and biases for these estimatorsd.

i ] =12,i =1,2,3/4 can be defined as follows:

al -b
R.(d,,b,)=E(d, -b, } and Rk(djk,bk):Eé 'g KT fori=12=1234k=12
k

Q- .|.o;N

Bi(djk’bk) :‘E(djk _bk)‘ and Bi(djk’bk) =

E?%%‘ fori =1,2; ) =1234k =12,

k

Since estimators can be obtained only by numerical integration. So the risks and biases can be
simulated only. Thus the comparison of these estimators is done only through simulation.
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3. COMPARISON OF PITMAN ESTIMATORS

In this section a comparison is done between Pitman estimators, obtained in section 3 and in
section 4 with respect to biasesand risks.  In case of Pitman estimators with ordering, the estimators
were not obtainable in close form as they have incomplete gamma functions. So first these estimators were
obtained by numerical integration. Then these numerically obtained estimators are compared with Pitman
estimators with no ordering.

For the parameter sets a,= 3.0, a,= 35, b,= 10, b, = 15; the samples of different sizes are
generated, these are replicated 50 times each and then again complete set is repeated 3 times. The sample
sizes taken are as = 5, n= 10, m;= 10, ny= 15, m;= n,=15. The risk R; and bias B; are simulated for d i
and dji for 1, ] =1,2. These results are given in table 3.1 and 3.2, which clearly show that Pitman
estimators with ordering are better than Pitman estimators with no ordering. Further the risk R, and bias B,
are smulated for dji and dji i1 =12, ] =34, and tabulated in Tables 3.3 and 3.4, which aso clearly

shows the same results that Pitman estimators with ordering improves over pitman estimators with no
ordering.

The same exercise is further repeated new sets of parameters @ 1= 5.0, & =55, b,=30, b,=

32and @7=30, &,=35 b1=50, b,=52, the biases and risks for al estimators are tabulated in
Tables 3.5t0 3.12.
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TABLE 3.1.
COMPARISON OF B; AND R;FOR dii(X) WITH dii(x)

bi b, a1 a2 m m B1(d11) B1(d11) B1(d12) B1(d12)

10 12 30 35 5 10 0.686233 0.078609 1.072306 0.080351
0.703567 0.086024 1.089167 0.103908
0.684418 0.08286 1.06855 0.076724

10 12 3.0 35 10 15 1160178 0.074397 0.664209 0.115959
1.124014 0.079258 0.663111 0.148108
1.084296 0.077646 0.594237 0.118536

10 12 3.0 35 15 15 1414431 0.060328 1.377604 0.054353
1420226 0.051073 1.350952 0.072925
142971 0.056697 1.377365 0.067411

b1 b, ai az m nm Ri(d11) R1(d11) R1(d12) Ri(d12)

10 12 30 35 5 10 0533232 0.010312 1.178706 0.009536
0.559314 0.010706 1.244093 0.016024
0.550936 0.010455 1.173263 0.008757

10 12 30 35 5 10 1288904 0.011088 0.466951 0.023249
1251385 0.007441 0.456391 0.017149
1197772 0.012348 0.444404 0.020456

10 12 30 35 5 10 2233822 0.006027 1.954132 0.006013
2.050657 0.004212 1.872917 0.008805
2.080766 0.007318 1.912709 0.005667
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TABLE 3.2.
COMPARISON OF B; AND R;FOR dai(X) WITH dhi(x)

b1

b2

ai adz N hp

B1(d21)

B1(dz)

Bi(d»)  Bi(dy)

10 12 30 35 5 10 0578442 0.083158 0.947522
0.583073 0.091098 0.94929
0.585961 0.081412 0.946143

1.0

1.0

12 30 35 10 15

12 30 35 15 15

0.763542
0.763998
0.768412

0.823062
0.829006
0.827165

0.077334
0.078617
0.078613

0.065356
0.075667
0.064701

0.075319
0.097583
0.097566

0.73584
0.73557
0.751771

0.129383
0.135995
0.108461

1.01518 0.058933
1.013602 0.070985
1.016456 0.049949

b1

b2 ai az N np

Ra(d21)

R1(d)

R1(d22) Ri(d)

1.0

1.0

1.0

12 30 35 5 10

12 30 35 5 10

12 30 35 5 10

0.338489
0.333619
0.340277

0.594473
0.583652
0.584485

0.677696
0.681388
0.683097

0.011206
0.010931
0.011731

0.012939
0.009228
0.011712

0.005962
0.004635
0.005712

0.898154
0.894964
0.898977

0.008465
0.014559
0.007737

0.556707
0.545965
0.546303

0.017196
0.025863
0.029669

1.030738
1.036708
1.031992

0.005577
0.003871
0.007036
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TABLE 3.3
COMPARISON OF B, AND R,FOR dsi(X) WITH dsi(x)
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b1

b2

a> N

B2(ds1)

B2(dh1)

B2(ds2)

Ba(ds2)

1.0

1.0

1.0

1.2

1.2

1.2

3.0

3.0

3.0

35 5 10

35 10 15

35 15 15

0.686233
0.703567
0.684418

1.147594
1.115354
1.093719

1.47713
1.445315
1.414431

0.08967
0.086056
0.091607

0.085392
0.078299
0.08794

0.065946
0.058163
0.063346

0.893588
0.907639
0.890458

0.525997
0.579485
0.524648

1.156239
1.121878
1.148003

0.061391
0.082643
0.055323

0.081072
0.109586
0.083038

0.047776
0.041259
0.042685

b1

b2

ai

a> N1

Ro(ds1)

Ro(d1)

Ro(ds2)

Ro(d32)

1.0

1.0

1.0

12

12

12

3.0

3.0

3.0

35 5 10

35 5 10

35 5 10

0.457144
0.492683
0.501973

1.392901
1.384804
1.293032

2.058945
2.086975
2.080766

0.023253
0.012312
0.015391

0.007629
0.011152
0.009441

0.006192
0.005936
0.007796

0.832293
0.951865
0.957209

0.337858
0.306408
0.392868

1.31844
1.345531
1.32827

0.006715
0.008291
0.008645

0.009691
0.009378
0.018211

0.003116
0.004697
0.003595
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TABLE 3.4
COMPARISON OF B, AND R;FOR dai(X) WITH dsi(x)

b1

b2

aj

a N Ny

B2(da1)

B2(da)

B2(ds2)

B2(ds2)

1.0

1.0

1.0

12

1.2

1.2

3.0

3.0

3.0

35 5 10

35 5 10

35 5 10

0.686233
0.703567
0.684418

1.160178
1.147594
1.084296

1.419685
1.43077
1.423693

0.099578
0.092394
0.099749

0.074827
0.086379
0.084619

0.067786
0.060551
0.072705

0.893588
0.907639
0.890458

0.553507
0.525997
0.495197

1.141343
1.149229
1.144334

0.059042
0.081467
0.053164

0.072176
0.074638
0.083229

0.03899
0.053782
0.049606

b1

b2

aj

a>» N1

Ro(ds1)

Ro(d1)

Ro(ds2)

Ro(d32)

1.0

1.0

1.0

12

12

12

3.0

3.0

3.0

35 5 10

35 5 10

35 5 10

0.457144
0.492683
0.501973

1.392901
1.327465
1.235547

2.233822
2.130339
2.058945

0.02699
0.014814
0.018139

0.007737
0.012537
0.012637

0.006228
0.005201
0.006521

0.832293
0.951865
0.957209

0.337858
0.358638
0.291717

1.357036
1.276243
1.31844

0.006466
0.007182
0.007637

0.008153
0.016369
0.011523

0.003472
0.002627
0.003078
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COMPARISON OF B; AND R; For dii(x) WITH dii(x)
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b1

b2

aj

a

n

N

B1(d21)

B1(dz)

B1(d2)

B1(dx)

30 32 50 55 5 10

3.0

3.0

3.2

3.2

5.0

5.0

5.5

5.5

1.166734
1.099196
1.124713

1.790592
1.766139
1.778721

2.206989
2.118959
2.158177

0.135811
0.141889
0.150918

0.120026
0.116587
0.129413

0.077369
0.086711
0.088082

1.600153
1.542128
1.561941

1.037294
0.948943
1.085825

1.948732
2.028905
1.961759

0.152464
0.110877
0.136577

0.228295
0.203699
0.241275

0.100929
0.110251
0.095009

b1

b2

ai

a

n no

Ro(ds1)

Ro(d1)

Ro(ds2)

Ro(d32)

3.0

3.0

3.0

3.2

3.2

3.2

5.0

5.0

5.0

5.5

5.5

5.5

1.506784
1.305913
1.486678

3.275788
3.052725
3.247642

4.91638
4.574408
4.706124

0.037656
0.033827
0.043114

0.023231
0.032905
0.02655

0.010831
0.014936
0.013004

7.530213
8.021944
7.708415

1.204266
1.144245
1.29623

0.042547
0.041258
0.056197

0.080667
0.061988
0.086552

11.854381 0.015163
11.699264 0.010934

12.07526

0.015641
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TABLE 3.6
COMPARISON OF By AND R;For dzi(x) WITH dyi(X)

bi b, a1 a2 m m B1(d21) Ba(dbn) Bi(d») B1(dx)

30 32 50 55 5 10 1958317 0.145384 2.66665 0.145992
198383 0.156819 2.656129 0.163514
1.960215 0.157974 2.657402 0.165973

30 32 50 55 5 10 2476136 0.146988 2.144109 0.185217
2477003 0.129688 2.137088 0.202355
2460031 0.129021 2.128544 0.220564

30 32 50 55 5 10 2628072 0.078195 2.832233 0.100522
2.633816 0.101706 2.833113 0.091905
2.631319 0.116816 2.829565 0.124713

b1 by a; a m M Ry(dxn) Ro(ds1) Ro(d3p) Ro(ds2)

30 32 50 55 5 10 3.844099 0.037761 7.112075 0.032808
3.908676 0.034522 7.146093 0.016668
3.885021 0.040057 7.134618 0.025512

30 32 50 55 5 10 6.090461 0.023066 4.590513 0.070884
6.103944 0.022545 4.686374 0.057278
6.146476 0.035702 4.716953 0.045029

30 32 50 55 5 10 6.969557 0.027495 7.982009 0.026397
6.940046 0.011694 7.989375 0.016731
6.925348 0.012402 8.016562 0.015027
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TABLE 3.7
COMPARISON OF B, AND R; For dz(x) WITH dsi(x)

bi b, a1 a2 m m B1(d21) Ba(db) Bi(d») B1(dx)

30 32 50 55 5 10 0.388911 0.051291 0.500048 0.044774
0.366399 0.054368 0.481915 0.032926
0.374904 0.056067 0.488107 0.040955

30 32 50 55 5 10 0596864 0.040406 0.324155 0.063178
0.585852 0.041541 0.306628 0.053811
0.571591 0.049888 0.319864 0.054442

30 32 50 55 5 10 0.735663 0.026344 0.608979 0.031047
0.708859 0.034578 0.605132 0.028417
0.720512 0.039627 0.620653 0.038622

bi by a; a m M  Ry(dxn) Ro(ds1) Ro(d3p) Ro(ds2)

30 32 50 55 5 10 0.14922 0.004958 0.256077 0.003297
0.136408 0.007266 0.280275 0.003994
0.139238 0.004497 0.288825 0.003986

30 32 50 55 5 10 0.358897 0.003363 0.109242 0.004686
0.345626 0.004699 0.097324 0.005017
0.351685 0.002818 0.106264 0.004989

30 32 50 55 5 10 052808 0.002249 0.393404 0.002519
0.503087 0.001355 0.406487 0.001565
0.522903 0.001425 0.381296 0.001425
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TABLE 3.8
COMPARISON OF B, AND R;FOR dai(X) WITH dsi(x)

b1 b, a1 a2 m m B1(d21) Ba(db) Bi(d») B1(dx)

30 32 50 55 5 10 0.388911 0.055278 0.500048 0.043337
0.366399 0.058868 0.481915 0.031833
0.374904 0.059519 0.488107 0.039811

30 32 50 55 5 10 0596864 0.040964 0.324155 0.059215
0.588713 0.039411 0.296545 0.053584
0.592907 0.043709 0.33932 0.060298

30 32 50 55 5 10 0.726477 0.025123 0.636493 0.033112
0.703308 0.037862 0.636404 0.029914
0.735121 0.030852 0.629026 0.031443

b1 by a; az m M Ry(dxn) Ro(ds1) Ro(d3p) Ro(ds2)

30 32 50 55 5 10 0.139093 0.006451 0.259326 0.002627
0.145101 0.004909 0.276858 0.002327
0.165186 0.005709 0.266651 0.004003

30 32 50 55 5 10 0.327505 0.004329 0.095774 0.003656
0.355094 0.003651 0.100237 0.004009
0.358897 0.00343 0.109242 0.004071

30 32 50 55 5 10 0546264 0.001209 0.37745 0.001568
0.508268 0.001797 0.371351 0.001192
0.503087 0.001434 0.406487 0.001492

78



Tanuja Srivastava

TABLE 3.9
COMPARISON OF B; AND R; FOR di(x) WITH dyi(X)

bi b, ai a2 m m B1(d21) Ba(db) Bi(d») B1(dx)

50 52 30 35 5 10 3493439 0.46442 4.745423 0.454504
3418675 0.486516 4.722131 0.449132
3.555076 0.395493 4.854006 0.439837

50 52 30 35 5 10 5262426 0.411677 2.857423 0.664787
5.702573 0.330078 2.763005 0.661044
5.833188 0.306555 2.750705 0.682506

50 52 30 35 5 10 7.351353 0.303015 5.924184 0.339269
7.160379 0.304172 6.099613 0.376927
7.233281 0.285471 5.852633 0.313212

b1 by a; a m M Ry(dxn) Ro(ds1) Ro(d3p) Ro(ds2)

50 52 30 35 5 10 9.692334 0.477942 22.726185 0.217402
12.602381 0.283611 22.850366 0.322938
13.427834 0.218591 22.228505 0.247083

50 52 30 35 5 10 30912553 0.181657 8.549652 0.597858
35.256227 0.19058 9.105396 0.690992
34.832473 0.14414 8909375 0.694121

50 52 30 35 5 10 49.129449 0.201393 35.043077 0.150874
52.493443 0.110723 37.931927 0.196431
53.487376 0.118946 35.098891 0.155638
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TABLE 3.10
COMPARISON OF B; AND R; FOR di(x) WITH dyi(X)

b1

b2

aj

a

n n

B1(d21)

B1(dz)

Bi(d») B1(dx)

50 52 30 35 5 10

5.0

5.0

5.2

5.2

3.0

3.0

35

35

2.895331
2.863628
2.872306

3.85973
3.810825
3.808803

4.148695
4121115
4.117058

0.533485
0.437333
0.430204

0.437529
0.337566
0.405243

0.365314
0.311322
0.285787

4.097541 0.418634
4.082888 0.388101
4.108771 0.379425

3.185644 0.594407
3.210283 0.567736
3.232141 0.547225

4.410108 0.306694
4.412278 0.272859
4411012 0.302254

b1

b2

ai

a

n no

Ra(d21)

Ru(dk)

Ri(d») Ri(dk)

5.0

5.0

5.0

5.2

5.2

5.2

3.0

3.0

3.0

35

35

35

9.276051
8.742676
8.319034

14.910891
14.430525
14.421944

17.21813
16.990181
16.954862

0.578024
0.411237
0.279012

0.278819
0.196937
0.15374

0.218683
0.157999
0.124648

16.825807 0.187443
16.904664 0.171908
16.892792 0.211646

10.223327 0.524307
10.328086 0.544112
10.402959 0.554303

19.452729 0.139388
19.471148 0.123098
19.461079 0.158379
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TABLE 3.11
COMPARISON OF B, AND R; FOR d3i(x) WITH dsi(X)

b1 by ai a m n  By(dn) Bo(dz1) B2(d3p) B2(d32)

50 52 30 35 5 10 0581954 0.136044 0.902357 0.064055
0.646694 0.110042 0.885651 0.066959
0.670553 0.114733 0.875932 0.065534

50 52 30 35 5 10 1.052485 0.090489 0.549504 0.106299
1.140515 0.068921 0.531347 0.100708
1.144154 0.082894 0.516017 0.097644

50 52 30 35 5 10 1383655 0.075585 1.126633 0.057479
1.460878 0.063746 1.120791 0.051708
1472238 0.058102 1.124199 0.056989

bi b, a1 a2 m m Ro(d31) Ro(ds1) Ro(d32) Ro(ds2)

50 52 30 35 5 10 0.387693 0.026129 0.840465 0.006497
0.56016  0.018845 0.859371 0.009102
0.504095 0.015384 0.845058 0.009912

50 52 30 35 5 10 115105 0.011879 0.346333 0.016774
1.340227 0.007789 0.324672 0.015308
1.363536 0.009606 0.302757 0.014694

50 52 30 35 5 10 1965178 0.009245 1.295972 0.004927
2.185844 0.006647 1.277588 0.004348
2.204314 0.005206 1.293212 0.005603
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TABLE 3.12
COMPARISON OF B, AND R; FOR di(x) WITH dzi(X)

by b a; az m m B2(da1) B2(da1) B2(ds2) B2(ds2)

50 52 30 35 5 10 0.670553 0.125641 0.875932 0.063026
0.687924 0.118256 0.874324 0.073597
0.664505 0.130564 0.892039 0.076311

50 52 30 35 5 10 1.052485 0.097052 0.549504 0.096344
1.140515 0.073093 0.531347 0.090007
1.144154 0.085918 0.516017 0.085349

50 52 30 35 5 10 1.383655 0.079571 1.126633 0.055203
1470271 0.065317 1.139266 0.056245
1432076 0.068927 1.173003 0.063666

by b a1 az m m R2(da1) Ra(daz) R2(ds2) R2(ds2)

50 52 30 35 5 10 0.387693 0.030649 0.840465 0.005842
0.525821 0.020157 0.804772 0.008927
0.507804 0.022441 0.832469 0.008489

50 52 30 35 5 10 1.236502 0.010235 0.316185 0.012554
1410249 0.008823 0.336738 0.013994
1.393299 0.007119 0.329489 0.014584

50 52 30 35 5 10 1965178 0.010028 1.295972 0.004644
2.185844 0.007167 1.277588 0.003987
2.204314 0.00567 1.293212 0.005223
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