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Abstract. In this paper, we propose a new correlation coefficient between intuitionistic fuzzy sets. We then use this new result
to compute some examples through which we find that it benefits from such an outcome with some well-known results in the
literature. As in statistics with real variables, we refer to variance and covariance between two intuitionistic fuzzy sets. Then,
we determined the formula for calculating the correlation coefficient based on the variance and covariance of the intuitionistic
fuzzy set, the value of this correlation coefficient is in [–1,1]. Then, we develop this direction to build correlation coefficients
between the interval-valued intuitionistic fuzzy sets and apply it in the pattern recognition problem. Finally, we apply this
correlation coefficient in clustering problem with intuitionistic fuzzy information.
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1. Introduction16

In 1986, Atanassov introduced the intuitionistic17

fuzzy set [1], which is a generalization of Zadeh’s18

fuzzy set [19]. An intuitionistic fuzzy set (IFS)19

consider the information both the membership func-20

tion and non-membership function. After that, the21

interval-valued intuitionistic fuzzy set (IVIFS) was22

introduced by Atanassov and Gargov [2]. In which,23

the membership function and non-membership func-24

tion are subintervals of [0, 1]. As opposed to fuzzy25

sets, intuitionistic fuzzy set also have broad applica-26

tions for uncertain data processing such as decision27

making, medical diagnose, agriculture [3, 9–14, 20].28

Along with similar measurements, distance mea-29

surements, correlation measurements of intuitionistic30

fuzzy sets and interval –valued intuitionistic fuzzy set31

∗Corresponding author. Nguyen Xuan Thao, Faculty of Infor-
mation Technology, Vietnam National University of Agriculture,
Ha Noi, Viet Nam. E-mail: nxthao@vnua.edu.vn.

are also studied and widely used in many areas and 32

now it is a hot topic [4–8, 11, 15–17, 21]. 33

The concept of correlation coefficient of intuition- 34

istic fuzzy sets was first studied by Gerstenkorn, and 35

Mańko in 1991 [6]. In this correlation coefficient, 36

the variance and covariance are constructed directly 37

from the scalar product of the values of the mem- 38

bership function and the non-membership function, 39

respectively, of two intuitionistic fuzzy sets. Then, the 40

correlation coefficient between the interval–valued 41

intuitionistic fuzzy set is introduced by the Bustince 42

and Burillo [4] in 1995. Later, many authors have 43

studied and developed correlations in different trends 44

and in other spaces. In the results of the correlation 45

studies, in the 1990 s, we find that the values of the 46

correlation coefficient are in the range [0, 1]. 47

In the 21st century, scholars have developed new 48

methods for building correlation coefficients for 49

fuzzy sets. In the new results, some studies show the 50

value of the correlation coefficient value received in 51
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the interval [–1, 1]. We can include some methods52

as Hung’s method [7], and the method of Liu et al.53

[11]. Hung’s method is based on a statistical view-54

point to calculate the correlation coefficient. In 2016,55

Liu et al. [11] constructed the correlation coefficient56

between intuitionistic fuzzy sets based on the concept57

of the deviation of the intuitionistic fuzzy numbers,58

after that they also extend this approach to the IVIFSs59

case.60

As the correlation coefficient reflect the relation-61

ship between two objects. When the correlation62

coefficient has values ±1, it shows a linear rela-63

tionship. Thus it reflects the “consistency” of the64

two sets. That is the motivation for us to study65

the correlation coefficient. Moreover, the correlation66

coefficients found in the literature still have certain67

limitations, as shown in the examples in this paper.68

However, there are some cases where the cor-69

relation coefficient according to Hung’s method or70

method of (Liu et al) does not cover them. These71

cases can be viewed in the examples presented in72

this article. In those cases, if using our method, there73

are reasonable results. In this paper, we propose a74

new method to determine the correlation coefficient75

between the intuitionistic fuzzy sets, in which the76

value of the correlation coefficient computed accord-77

ing to our method lies in interval [–1, 1]. Then, we78

develop the method to construct the correlation coeffi-79

cient between the interval–valued intuitionistic fuzzy80

sets. Finally, we also provide examples to illustrate81

our approach, and apply it to diagnostic problems in82

medicine and to the problem of pattern recognition.83

The contribution of this article is to provide a new84

method for determining the correlation coefficient85

between intuitionistic fuzzy sets. It has overcome86

the limitations of existing methods. This method is87

quite simple and its applications are quite varied.88

As in sample identification, medicine and clustering89

analysis.90

The rest of this paper is organized as follows. In91

Section 2, we recall the concept of intuitionistic fuzzy92

set, interval – valued intuitionistic fuzzy set, the cor-93

relation coefficients which are computed by using the94

methods of Gerstenkorn and Mansko [6], Hung [7],95

Xu [16] and Liu et al. [11]. In Section 3, we construct96

the new correlation coefficient between the IFSs, in97

this section we also give some examples that com-98

pare the results computed based on our method to99

other methods. In Section 4, we extend our method100

to determine the correlation coefficient between101

the IVIFSs. Finally, we present the conclusion in102

Section 5.103

2. Preliminaries 104

Let X be a universal set. We have 105

Definition 1. [1] An intuitionistic fuzzy set on X is a
defined by form

A = { (x, μA(x), νA(x))| x ∈ X} (1)

in which μA(x) ∈ [0, 1] and νA(x) ∈ [0, 1] are the 106

membership degree and the non-membership of the 107

element x in X to A, respectively, and μA(x) + 108

νA(x) ≤ 1, ∀x ∈ X. 109

Definition 2. [2] An interval – value intuitionistic 110

fuzzy set on X is a defined by form 111

A={(x,
[
μL

A(x), μU
A(x)

]
,
[
νL
A(x), νU

A (x)
])∣∣ x∈X

}
in which μ̃A(x) = [

μL
A(x), μU

A(x)
] ⊆ [0, 1] and

ν̃A(x) = [
νL
A(x), νU

A (x)
] ⊆ [0, 1] are the member-

ship degree and the non-membership of the element
x in X to A, respectively, and

μU
A(x) + νU

A (x) ≤ 1, ∀x ∈ X. (2)

Now, we recall some existing correlation coeffi-
cient of intuitionistic fuzzy sets in literature. Given
X = {x1, x2, . . . , xn} is a universal set and

A = { (xi, μA(xi), νA(xi))| xi ∈ X},
B = { (xi, μB(xi), νB(xi))| xi ∈ X} (3)

are two IFSs on X. 112

Definition 3. [11] The average of A is

E(A) = (μA, νA) =
(

1

n

n∑
i=1

μA(xi),
1

n

n∑
i=1

νA(xi)

)
(4)

The correlation coefficients of Gerstenkorn and
Mansko [6].

ρ(A, B) = C(A, B)√
T (A)T (B)

(5)

where

C(A, B) =
n∑

i=1
[μA(xi)μB(xi) + νA(xi)νB(xi)],

T (A) =
n∑

i=1

[
μ2

A(xi) + ν2
A(xi)

]
,

T (B) =
n∑

i=1

[
μ2

B(xi) + ν2
B(xi)

]
.

(6)
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The correlation coefficient of Hung [7]

ρ(A, B) = 1

2
(ρ1 + ρ2) (7)

where

ρ1 =

n∑
i=1

(μA(xi) − μA)(μB(xi) − μB)√
n∑

i=1
(μA(xi) − μA)2

√
n∑

i=1
(μB(xi) − μB)2

,

(8)

ρ2 =

n∑
i=1

(νA(xi) − νA)(νB(xi) − νB)√
n∑

i=1
(νA(xi) − νA)2

√
n∑

i=1
(νB(xi) − νB)2

.

(9)
The correlation coefficient of Xu [16]

ρ(A, B) = 1

2n

n∑
i=1

[
�μmin + �μmax

�μi + �μmax
+ �νmin + �νmax

�νi + �νmax

]
(10)

113

where

�μi = |μA(xi) − μB(xi)| , �νi = |νA(xi) − νB(xi)|
�μmax = max�μi, �νmax = max�νi

�μmin = min �μi, �νmin = min �νi.

(11)
The correlation coefficient of Liu et al. [11]

ρ(A, B) = C(A, B)√
D(A)D(B)

(12)

where

C(A, B) = 1
n−1

n∑
i=1

di(A)di(B),

D(A) = 1
n−1

n∑
i=1

d2
i (A), D(B) = 1

n−1

n∑
i=1

d2
i (B)

(13)
in which

di(A) = (μA(xi) − μA) − (νA(xi) − νA)

di(B) = (μB(xi) − μB) − (νB(xi) − νB)
(14)

for all i = 1, 2, . . . , n.114

3. A new correlation coefficient of the IFSs 115

Let X = {x1, x2, . . . , xn} be a finite set, A and B 116

are two arbitrary IFSs in X. 117

Definition 4. The variance of A can be represented
as

D(A)= 1

n − 1

n∑
i=1

{(μA(xi)−μA)2+(νA(xi) − νA)2}
(1)

Definition 5. The covariance of A and B can be
defined by

COV (A, B) = 1
n−1{(μA(xi) − μA)(μB(xi) − μB)

+(νA(xi) − νA)(νB(xi) − νB)}
(2)

where E(A) = (μ̄A, v̄A) and E(B) = (μ̄B, v̄B). 118

Proposition 1. Let A and B be two arbitrary IFSs in
X. We have

(1) COV (A, B) = COV (B, A)

(2) COV (A, A) = D(A)

(3) |COV (A, B)| ≤ D(A)0.5D(B)0.5

Proof. 119

It is easily to obtain (1), (2). 120

(3). According to the Cauchy – Schwarz inequality,
we have

COV (A, B)2 = 1
(n−1)2 {(μA(xi)−μA)(μB(xi)−μB)

+(νA(xi) − νA)(νB(xi) − νB)}2

≤ 1
n−1

n∑
i=1

{(μA(xi) − μA)2 + (νA(xi) − νA)2}

× 1
n−1

n∑
i=1

{(μB(xi) − μB)2 + (νB(xi) − νB)2}

= D(A)D(B).

So that |COV (A, B)| ≤ D(A)0.5D(B)0.5 � 121

Now, we can define the correlation coefficient of 122

the intuitionistic fuzzy sets. It is similar to the cor- 123

relation coefficient of real number variables in the 124

statistic theory. 125

Definition 6. Let A and B be two arbitrary IFSs on X.
The correlation coefficient of A and B can be defined
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by

ρ(A, B) = COV (A, B)√
D(A)D(B)

(3)

Remark 1. Our correlation coefficient estimates the126

value in [−1, 1], while many known correlation127

coefficients take only values in [0, 1]. This is also128

consistent with the correlation coefficient we often129

see in real-world statistics. The correlation coefficient130

evaluates the linear relationship between the values of131

the two fuzzy sets on the elements of the observed set132

X. When two fuzzy sets have a real linear relation-133

ship then the correlation coefficient between them134

are ±1.135

Theorem 1. Given two IFSs A and B, then we have136

(1) ρ(A, B) = ρ(B, A)137

(2) −1 ≤ ρ(A, B) ≤ 1138

(3) If A = kB + b for some k > 0, then ρ(A, B) =139

1. Here, A = kB + b means that μA = kμB +140

b and νA = kνB + b.141

(4) If A = kB + b for some k < 0, then ρ(A, B) =142

−1.143

Proof.144

(1) Straightforward.145

(2) From proposition 1, we have |COV (A, B)| ≤146

D(A)0.5D(B)0.5. It means that −D(A)0.5
147

D(B)0.5 ≤ COV (A, B) ≤ D(A)0.5D(B)0.5
148

Hence, we have149

−1 ≤ ρ(A, B) = COV (A, B)√
D(A)D(B)

≤ 1.

(3) If μA = kμB + b and νA = kνB + b we have150

COV (A, B) = 1
n−1{(μA(xi) − μA)(μB(xi) − μB)

+(νA(xi) − νA)(νB(xi) − νB)}
= 1

n−1{ k × (μB(xi) − μA)(μB(xi) − μB)

+k × (νB(xi) − νB)(νB(xi) − νB)}
= k

n−1{(μB(xi) − μA)(μB(xi) − μB)

+(νB(xi) − νB)(νB(xi) − νB)}
= kD(B).

and

D(A)= 1
n−1

n∑
i=1

{(μA(xi)−μA)2+(νA(xi)−νA)2}

= 1
n−1

n∑
i=1

{ k2 × (μB(xi)−μB)2+k×(νB(xi)−νB)2}

= k2

n−1

n∑
i=1

{(μB(xi) − μB)2 + (νB(xi) − νB)2}

= k2D(B).

If k > 0 then

ρ(A, B) = COV (A,B)√
D(A)D(B)

= kD(B)√
k2D(B)D(B)

= kD(B)
kD(B) = 1.

(4) If k < 0 then 151

ρ(A, B) = COV (A, B)√
D(A)D(B)

= kD(B)

−kD(B)
= −1. �

Now, we consider some examples to compare 152

our proposed correlation coefficient and some other 153

knowledge correlation coefficient. 154

Example 1. In this example, let’s look at Liu’s exam- 155

ple in [11]. Suppose that A and B are two IFSs in 156

X = {x1, x2, x3} where

A = {(x1, 0.1, 0.2), (x2, 0.2, 0.1), (x3, 0.3, 0)} ,

B = {(x1, 0.3, 0), (x2, 0.2, 0.2), (x3, 0.1, 0.4)} .

(1) By our method

E(A) =
(

0.1+0.2+0.3
3 , 0.2+0.1+0

3

)
= (0.2, 0.1)

E(B) =
(

0.3+0.2+0.1
3 , 0+0.2+0.4

3

)
= (0.2, 0.2)

COV (A, B) = −0.035; D(A) = 0.02 and 157

D(B) = 0.075. 158

So that

ρ(A, B) = −0.035√
0.02 × 0.075

= −0.9037.

(2) By the method of Liu et al. in [11]

ρ(A, B) = −1

(3) By the method in Gerstenkorn and Marko [6]

ρ(A, B) = 0.12

(4) By the method in Xu [16]

ρ(A, B) ≈ 0.74
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(5) By the method in Hung [7]

ρ(A, B) = −1.

These results are consistent, because A is the159

set of elements whose value increases, B is a set160

whose values are decreasing. But not exist k /= 0 such161

that B = kA + b, in particular μB = −μA + 0.4 and162

νB = −2νA + 0.4.163

Example 2. Suppose that A and B are two IFSs in
X = {x1, x2, x3} where

A = {(x1, 0.16, 0.18), (x2, 0.16, 0.18), (x3, 0.19, 0.21)}

B =
{

(x1, 0.284, 0.282), (x2, 0.284, 0.282),

(x3, 0.281, 0.279)

}
164

(1) By our method165

E(A) = (0.17, 0.19); E(B) = (0.283, 0.281);166

COV (A, B) = −0.00012; D(A) = 0.00012;167

D(B) = 0.00012 and ρ(A, B) = −1.168

(2) By the method of Liu et al. in [11]169

We cannot determine the correlation coefficient170

according to this method.171

(3) By the method in Hung [7]

ρ(A, B) = −1.

In this example, the results of our method match172

those of the Hung’s method.In this example, the173

results calculated according to our method coincide174

with the results calculated by the Hung’s method,175

both methods yield have correlation coefficient176

ρ(A, B) = −1. This result is reasonable, because two177

intuitionistic fuzzy sets A, B have a linear relation178

B = kA + b with k = −0.1 and b = 0.3. But the179

method of Liu et al. in [11] does not tell us anything180

about this data.181

Example 3. Suppose that A and B are two IFSs in
X = {x1, x2, x3} where

A = {(x1, 0.16, 0.18), (x2, 0.16, 0.18), (x3, 0.19, 0.21)}

B =
{

(x1, 0.432, 0.436), (x2, 0.432, 0.436),

(x3, 0.438, 0.442)

}
182

(1) By our method183

E(A) = (0.17, 0.19); E(B) = (0.434, 0.438);184

COV (A, B) = 0.00024; D(A) = 0.00012;185

D(B) = 0.000048 and ρ(A, B) = 1.186

(2) By the method of Liu et al. in [11]187

We cannot determine the correlation coefficient188

according to this method.189

(3) By the method in Hung [7]

ρ(A, B) = 1.

In this example, the results of our method match 190

those of the Hung’s method.In this example, the 191

results calculated according to our method also 192

coincide with the results calculated by the Hung’s 193

method, both methods yield have correlation coeffi- 194

cient ρ(A, B) = 1. This result is reasonable, because 195

two intuitionistic fuzzy sets A, B have a linear rela- 196

tion B = kA + b with k = 0.2 and b = 0.4. But the 197

method of Liu et al. in [11] does not tell us anything 198

about this data. 199

Example 4. Suppose that A and B are two IFSs in
X = {x1, x2, x3} where

A = {(x1, 0.1, 0.3), (x2, 0.1, 0.4), (x3, 0.1, 0.5)}

B =
{

(x1, 0.41, 0.43), (x2, 0.41, 0.44),

(x3, 0.41, 0.45)

}

(1) By our method 200

E(A) = (0.1, 0.4); E(B) = (0.41, 0.44); 201

COV (A, B) = 0.002; D(A) = 0.02; 202

D(B) = 0.0002 and ρ(A, B) = 1. 203

(2) By the method of Liu et al. in [11]

ρ(A, B) = 1.

(3) By the method in Hung [7] 204

We cannot determine the correlation coefficient 205

according to this method. 206

In this example, the results of our method match 207

those of Liu et al. [11]. In this example, the results 208

calculated according to our method also coincide 209

with the results calculated by using the method of 210

Liu et al. both methods yield a correlation coeffi- 211

cient ρ(A, B) = 1. This result is reasonable, because 212

two intuitionistic fuzzy sets A, B have a linear rela- 213

tion B = kA + b with k = 0.1 and b = 0.4. But the 214

method of Hung in [7] does not tell us anything about 215

this data. 216

Example 5. Suppose that A and B are two IFSs in
X = {x1, x2, x3} where

A = {(x1, 0.4, 0.2), (x2, 0.4, 0.2), (x3, 0.1, 0.2)}

B =
{

(x1, 0.36, 0.38), (x2, 0.36, 0.38),

(x3, 0.39, 0.38)

}

(1) By our method 217

E(A) = (0.3, 0.2); E(B) = (0.37, 0.38); 218

219
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COV (A, B) = −0.006; D(A) = 0.06;220

D(B) = 0.0006 and ρ(A, B) = −1.221

(2) By the method of Liu et al. in [11]

ρ(A, B) = −1.

(3) By the method in Hung [7]222

We cannot determine the correlation coefficient223

according to this method.224

In this example, the results of our method match225

those of Liu et al. In this example, the results cal-226

culated according to our method also coincide with227

the results calculated by using the method of Liu228

et al, both methods yield the correlation coefficient229

ρ(A, B) = −1. This result is reasonable, because two230

intuitionistic fuzzy sets A, B have a linear relation231

B = kA + b with k = −0.1 and b = 0.4. But the232

method of Hung in [7] does not tell us anything about233

this data.234

Example 6. In this example, we use our method to235

the medical diagnosis, and data we used are quoted in236

Szmidt and Kacprzyk [15]. Usage of diagnostic meth-237

ods D = {Viral fever (V), Malaria (M), Typhoid (T),238

Stomach problem (S), Chest problem} for patients239

with given values of symptoms S = {temperature,240

headache, stomach pain, cough, chest pain}. In this241

case, the intuitionistic fuzzy set is useful to han-242

dle them. Here, for each dk ∈ D(k = 1, 2, . . . , 5) is243

expressed in form that is an intuitionistic fuzzy set on244

the universal set S = {s1, s2, s3, s4, s5}, see Table 1.245

The information of symptoms characteristic for the246

considered patients is given in Table 2. In which,247

for each patient pi(i = 1, 2, 3, 4) is an intuitionistic248

fuzzy set in the universal set S = {s1, s2, s3, s4, s5}.249

To select the appropriate diagnostic method we250

calculate the correlation of each patient with the251

diagnostic methods. For each patient, the appropriate252

diagnostic method will have the highest correlation253

coefficient.254

The correlation coefficients of a diagnosis dk ∈
D(k = 1, 2, . . . , 5) for each patient pi(i = 1, 2, 3, 4)
is

ρ(pi, dk) = COV (pi, dk)√
D(pi)D(dk)

.

The computed results of correlation coefficients255

are listed in Table 3. From the results, we see256

that Al should use diagnostic method correspond-257

ing to Malaria, Bob uses Stomach problem, Joe uses258

Typhoid and Ted uses Malaria. We also cite the259

results listed in [11]. These results together with the260

results calculated according to our method are listed261

in Table 4. All six methods point to Bob in accordance 262

with our S diagnosis. Our method and the other four 263

methods indicate that Joe should use T diagnostics. 264

Patient Al should use V, and Ted use diagnosis V. 265

4. The correlation coefficient of the IVIFSs 266

In this section, we extend our method to the IVIFSs. 267

Let X = {x1, x2, . . . , xn} be a universal set. Given
an IVIFSs

Ã={(xi,
[
μL

Ã
(xi), μ

U
Ã

(xi)
]
,
[
νL
Ã

(xi), ν
U
Ã

(xi)
])∣∣ xi ∈X

}
Definition 7. The average of A is

E(A) =

⎛⎜⎜⎜⎝
[

1
n

n∑
i=1

μL
Ã

(xi), 1
n

n∑
i=1

μU
Ã

(xi)

]
,[

1
n

n∑
i=1

νL
Ã

(xi), 1
n

n∑
i=1

νU
Ã

(xi)

]
⎞⎟⎟⎟⎠ (4)

We denote μÃ(xi) = μL

Ã
(xi)+μU

Ã
(xi)

2 , νÃ(xi) =
νL

Ã
(xi)+νU

Ã
(xi)

2 ,

μ̄Ã = 1

2

(
1

n

n∑
i=1

μL
Ã

(xi) + 1

n

n∑
i=1

μU
Ã

(xi)

)
(5)

and

ν̄Ã = 1

2

(
1

n

n∑
i=1

νL
Ã

(xi) + 1

n

n∑
i=1

νU
Ã

(xi)

)
. (6)

We can determine variance, covariance and corre- 268

lation coefficient between IVIFSs. 269

Definition 8. Let Ā be a IFS on X. The variance of
Ã can be represented as

D(Ã)= 1

n − 1

n∑
i=1

{(μÃ(xi)−μÃ)2+(νÃ(xi)−νÃ)2}
(7)

Definition 9. Let Ã and B̃ be two IVIFSs on X

Ã =
{(

xi,
[
μL

Ã
(xi), μU

Ã
(xi)
]
,
[
νL

Ã
(xi), νU

Ã
(xi)
])∣∣ xi ∈ X

}
B̃ =

{(
xi,
[
μL

B̃
(xi), μU

B̃
(xi)
]
,
[
νL
B̃

(xi), νU

B̃
(xi)
])∣∣ xi ∈ X

}
270

The covariance of Ã and B̃ can be defined by

COV (Ã, B̃) = 1
n−1{(μÃ(xi) − μÃ)(μB̃(xi) − μB̃)

+(νÃ(xi) − νÃ)(νB̃(xi) − νB̃)}
(8)
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Table 1
Symptoms characteristic for the considered diagnoses

Viral fever Malaria Typhoid Stomach problem Chest problems

Temperature (0.4,0) (0.7,0) (0.3,0.3) (0.1,0.7) (0.1,0.8)
Headache (0.3,0.5) (0.2,0.6) (0.6,0.1) (0.2,0.4) (0,0.8)
Stomach pain (0.1,0.7) (0,0.9) (0.2,0.7) (0.8,0) (0.2,0.8)
Cough (0.4,0.3) (0.7,0) (0.2,0.6) (0.2,0.7) (0.2,0.8)
Chest pain (0.1,0.7) (0.1,0.8) (0.1,0.9) (0.2,0.7) (0.8,0.1)

Table 2
Symptoms characteristic for the considered patients

Temperature Headache Stomach pain Cough Chest pain

Al (0.8,0.1) (0.6,0.1) (0.2,0.8) (0.6,0.1) (0.1,0.6)
Bob (0,0.8) (0.4,0.4) (0.6,0.1) (0.1,0.7) (0.1,0.8)
Joe (0.8,0.1) (0.8,0.1) (0,0.6) (0.2,0.7) (0,0.5)
Ted (0.6,0.1) (0.5,0.4) (0.3,0.4) (0.7,0.2) (0.3,0.4)

Table 3
Correlation coefficients of symptoms for each patient to the possible diagnose sets

Viral fever Malaria Typhoid Stomach problem Chest problems

Al 0.8101 0.8192 0.6611 –09228 –0.5794
Bob –0.5206 –0.653 0.1494 0.9230 –0.3717
Joe 0.4852 –0.3001 0.7352 –0.3720 –0.4740
Ted 0.8753 0.9072 0.2588 –0.5766 –0.4804

Table 4
The most possible diagnosis for each patient under different methods

Our method Method in Ref. [11] Method in Ref. [6] Method in Ref. [16] Method in Ref. [7] Method in Ref. [15]

Al M V M M V V
Bob S S S S S S
Joe T T T V T T
Ted M M V V V M

Proof similar to proposition, we have some prop-271

erties of the covariance of two interval – valued272

intuitionistic fuzzy sets Ã and B̃ as follows.273

Proposition 2. Let Ã and B̃ be two arbitrary IVIFSs
on X. We have

(1) COV (Ã, B̃) = COV (B̃, Ã)

(2) COV (Ã, Ã) = D(Ã)

(3)
∣∣COV (Ã, B̃)

∣∣ ≤ D(Ã)0.5D(B̃)0.5

Proof. Similarity to proof of Proposition 1. �274

Now, we can define the correlation coefficient of275

the interval - valued intuitionistic fuzzy sets (IVIFSs).276

It is similar to the correlation coefficient of real num-277

ber variables in statistic.278

Definition 10. Let Ã and B̃ be two arbitrary IVIFSs
on X. The correlation coefficient of Ã and B̃ can be

defined by

ρ(Ã, B̃) = COV (Ã, B̃)√
D(Ã)D(B̃)

(9)

Theorem 2. Given two IVIFSs Ã and B̃, then we have 279

(1) ρ(Ã, B̃) = ρ(B̃, Ã) 280

(2) −1 ≤ ρ(Ã, B̃) ≤ 1. 281

(3) If Ã = kB̃ + b for some k > 0, then ρ(Ã, B̃) = 282

1. Here, Ã = kB̃ + b means that μÃ = kμB̃ + 283

b and νÃ = kνB̃ + b. 284

(4) If Ã = kB̃ + b for some k < 0, then ρ(Ã, B̃) = 285

−1. 286

Proof. 287

(1), (2) is easy to verify. 288

(3). If Ã = kB̃ + b means that μL
Ã

= kμL
B̃

+ b,

μU
Ã

= kμU
B̃

+ b and νL
Ã

= kνL
B̃

+ b, νU
Ã

= kνU
B̃

+ b.
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We have

μÃ(xi) = μL

Ã
(xi)+μU

Ã
(xi)

2 = kμL
B̃

(xi)+b+kμU

B̃
(xi)+b

2

= k(μL
B̃

(xi)+μU

B̃
(xi))+2b

2 = kμB̃(xi) + b,

(10)

νÃ(xi) = νL

Ã
(xi)+νU

Ã
(xi)

2 = kνL
B̃

(xi)+b+kνU

B̃
(xi)+b

2

= k(νL
B̃

(xi)+νU

B̃
(xi))+2b

2 = kνB̃(xi) + b.

So that

μ̄Ã = 1
2

(
1
n

n∑
i=1

μL
Ã

(xi) + 1
n

n∑
i=1

μU
Ã

(xi)

)
= kμ̄B̃ + b,

ν̄Ã = 1
2

(
1
n

n∑
i=1

νL
Ã

(xi) + 1
n

n∑
i=1

νU
Ã

(xi)

)
= kν̄B̃ + b.

Hence, we have

COV (Ã, B̃) = 1
n−1{(μÃ(xi) − μÃ)(μB̃(xi) − μB̃)

+(νÃ(xi) − νÃ)(νB̃(xi) − νB̃)}
= 1

n−1{(k(μB̃(xi) − μB̃)(μB̃(xi) − μB̃)

+k(νB̃(xi) − νB̃)(νB̃(xi) − νB̃)}
= k

n−1{((μB̃(xi) − μB̃)(μB̃(xi) − μB̃)

+(νB̃(xi) − νB̃)(νB̃(xi) − νB̃)}
= kD(B̃).

and

D(Ã)= 1
n−1

n∑
i=1

{(μÃ(xi) − μÃ)2 + (νÃ(xi) − νÃ)2}

= 1
n

n∑
i=1

[k2(μB̃(xi) − μB̃)2 + k2(νB̃(xi) − νB̃)2]

= k2D(B̃)

If k > 0 then

ρ(Ã, B̃) = COV (Ã, B̃)√
D(Ã)D(B̃)

= 1.

(4) If k < 0 then

ρ(Ã, B̃) = COV (Ã,B̃)√
D(Ã)D(B̃)

= kD(B̃)√
k2D(B̃)D(B̃)

= kD(B̃)
−kD(B̃)

= −1. �

Now, we apply the new correlation coefficient of289

intuitionistic fuzzy sets in a pattern recognition prob-290

lem as follows.291

Given m pattern {A1, A2, . . . , Am} in the form of 292

the interval valued intuitionistic fuzzy sets on the 293

universal set X. 294

There is a new sample A ∈ IVIFS(X). 295

Question: What pattern does B belong to? 296

To answer this question, we consider the correla- 297

tion coefficient of intuitionistic fuzzy sets ρ(Ai, A) of 298

sample A to each pattern Ai for all i = 1, 2, . . . , m. 299

If ρ(Ai, A) > ρ(Ak, A) then we put A belongs to the 300

class of pattern Ai for i, k = 1, 2, . . . , m. 301

Example 7. We consider a pattern recognition prob- 302

lem about the classification of minerals; the data 303

was quoted from Liu et al. [11]. There are three 304

classes of given minerals, which are expressed by 305

the IVIFSs Ã1, Ã2, Ã3 in the feature space X = 306

{x1, x2, x3, x4, x5, x6}. Now, if there is a new min- 307

eral Ã along with its known attribute values. Our aim 308

is to determine which class that Ã belongs to. The 309

descriptive data information is given in Table 5. 310

From the result in Table 6, we can comment that 311

the correlation coefficients between Ãi(i = 1, 2, 3) 312

and Ã as follow ρ(Ã3, A) > ρ(Ã2, A) > ρ(Ã1, A), 313

so that we can put Ãbelongs to class Ã3. We also com- 314

pare the result of our method to the results obtained 315

by other methods in Refs. [4, 7, 11, 16, 19], the result 316

using our method is identical with the results using 317

methods in Refs. [ 4, 7, 11, 16, 19]. 318

5. Application of correlation coefficient in 319

clustering intuitionistic sets 320

In this section, we use the correlation coefficient in 321

clustering intuitionistic fuzzy sets. This ideal is based 322

on Xu et al. [18]. 323

Definition 11. [18] Let R = [
Rij
]
m×m

and S = 324[
Sij
]
m×m

be two matrices which 0 ≤ Rij, Sij ≤ 1 for 325

all i, j = 1, 2, . . . , m. The composition of two matri- 326

ces R and S denoted T = R ◦ S = [
Tij
]
m×m

, which is 327

defined by Tij = maxk=1,2,...,m

{
min

{
Rik, Skj

}}
for 328

all i, j = 1, 2, . . . , m. 329

The clustering algorithm based on the correlation 330

coefficient of intuitionistic fuzzy sets as follows. 331

Algorithm 332

Input: Let A = {A1, A2, . . . , Am} be a set of intu- 333

itionistic fuzzy set on X = {x1, x2, . . . , xn}. 334

Output: Clustering for A. 335

Step 1. We construct a correlation matrix 336

C = [
cij

]
m×m

where cij = ∣∣ρ(Ai, Aj)
∣∣ , i, j = 1, 2, 337

. . . , m. 338
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Table 5
Data information of minerals

Ã1 Ã2 Ã3 Ã4

x1 ([0.72,0.74],[0.1,0.12]) ([0.42,0.45],[0.38,0.40]) ([0.30,0.32],[0.45,0.47]) ([0.60,0.63],[0.30,0.35])
x2 ([0.00,0.05],[0.80,0.82]) ([0.65,0.67],[0.28,0.30]) ([0.90,1.00],[0.00,0.00]) ([0.50,0.53],[0.34,0.36])
x3 ([0.18,0.20],[0.62,0.63]) ([0.00,1.00],[0.00,0.00]) ([0.18,0.20],[0.70,0.73]) ([0.20,0.21],[0.68,0.70])
x4 ([0.49,0.50],[0.35,0.37]) ([0.70,0.90],[0.00,0.10]) ([0.15,0.16],[0.75,0.78]) ([0.20,0.22],[0.75,0.77])
x5 ([0.01,0.02],[0.60,0.63]) ([0.80,1.00],[0.00,0.00]) ([0.00,0.05],[0.88,0.90]) ([0.05,0.07],[0.87,0.90])
x6 ([0.72,0.74],[0.12,0.13]) ([0.90,1.00],[0.00,0.00]) ([0.65,0.68],[0.25,0.30]) ([0.65,0.70],[0.25,0.30])

Table 6
Correlation coefficients of Ã and Ãi (i = 1, 2, 3) under different methods

Our method Method in Ref. [11] Method in Ref. [4] Method in Ref. [16] Method in Ref. [7] Method in Ref. [19]

ρ(Ã1, A) 0.562 0.53 0.86 0.78 0.52 0.85
ρ(Ã2, A) –0.308 –0.52 0.52 0.77 –0.53 0.51
ρ(Ã3, A) 0.817 0.81 0.94 0.84 0.81 0.94

Step 2. Compute C2k+1 = C2k ◦ C2k
, k = 0, 1, 2, . . ..

We construct the sequence

C → C2 → C4 → . . . → C2k → . . .

until C2k+1 = C2k
.339

Step 3. For a confidence level λ ∈ [0, 1], we construct340

a λ− cutting matrix Cλ of matrix C2k
. If the j-th col-341

umn of Cλ is equal to the i-th column, then we put342

Aj, Ai in the same class.343

Illustrative example344

Example 8. We assume that {A1, A2, A3, A4} is a set
of intuitionistic fuzzy set on {x1, x2, x3} as follow:

A1 = {(x1, 0.4, 0.2), (x2, 0.1, 0.2), (x3, 0.1, 0.2)}
A2 = {(x1, 0.5, 0.3), (x2, 0.1, 0.1), (x3, 0.3, 0.3)} ,

A3 = {(x1, 0.1, 0.5), (x2, 0.1, 0.1), (x3, 0.3, 0.3)} ,

A4 = {(x1, 0.1, 0.5), (x2, 0.1, 0.3), (x3, 0.3, 0.1)} .

Step 1. Using Equation (3) and cij = ∣∣ρ(Ai, Aj)
∣∣ , for

all i, j = 1, 2, . . . , m we have the correlation matrix
C:

C =

⎡⎢⎢⎢⎢⎣
1 0.75 0.25 0.25

0.75 1 0.375 0

0.25 0.375 1 0.625

0.25 0 0.625 1

⎤⎥⎥⎥⎥⎦

Step 2. Construction equivalence matrix:

C2 = C ◦ C =

⎡⎢⎢⎢⎢⎣
1 0.75 0.375 0.25

0.75 1 0.375 0.375

0.375 0.375 1 0.625

0.25 0.375 0.625 1

⎤⎥⎥⎥⎥⎦

C4 = C2 ◦ C2 =

⎡⎢⎢⎢⎢⎣
1 0.75 0.375 0.375

0.75 1 0.375 0.375

0.375 0.375 1 0.625

0.375 0.375 0.625 1

⎤⎥⎥⎥⎥⎦
and

C8 = C4 ◦ C4 =

⎡⎢⎢⎢⎢⎣
1 0.75 0.375 0.375

0.75 1 0.375 0.375

0.375 0.375 1 0.625

0.375 0.375 0.625 1

⎤⎥⎥⎥⎥⎦
Here, we see that C8 = C4. So that C4 is equivalent 345

matrix. 346

Step 3. Based on λ−cutting matrix Cλ of 347

matrix C4 we get all possible classifications of 348

{A1, A2, A3, A4}: 349

+ If 0 ≤ λ ≤ 0.375, then we have one cluster:

{A1, A2, A3, A4} .

+ If 0.375 < λ ≤ 0.625, then we have two clusters: 350

{A1, A2} and {A3, A4} 351

+If 0.625 < λ ≤ 0.75, then we have three clusters: 352

{A1, A2} , {A3} and {A4}. 353

+If 0.75 < λ ≤ 1, then we have three clusters: 354

{A1} , {A2} , {A3} and {A4}. 355
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6. Conclusion356

From a statistical standpoint, the domain of the357

correlation coefficient is [–1,1]. Not only does our358

research indicate that, but many other studies point359

out. This value domain is more significant than cor-360

relation coefficients for only [0,1], because, besides361

pointing out the linear relationship between two sets362

of data in a space of observation objects, the corre-363

lation coefficient also indicates the variability of the364

two sets of data. Two datasets may have the same365

tendency, or tend to decrease (in case of positive cor-366

relation). It is also possible that the first data set is367

incremented, the second data set is reduced; in con-368

trast, the first data set is reduced, the second data set369

is incremented (in the case of a negative correlation).370

The correlation coefficient of two intuitionistic fuzzy371

sets should also reflect this. In addition, because of372

the characteristics of intuitionistic fuzzy sets, there373

are two functions: a membership function, a non-374

membership function of an intuitionistic fuzzy set375

by the feature (elements) of the sample space. Thus,376

the correlation between intuitionistic fuzzy sets has377

its own characteristics. As many of the authors have378

previously studied, we consider the correlation coef-379

ficients of intuitionistic fuzzy sets based on both380

membership functions and non-member functions.381

Our method can effectively solve some cases where a382

previous method was difficult. This is demonstrated383

by the examples we present in this article. In this384

article, we also apply the methods we propose in385

determining the appropriate diagnostic methods in386

medicine, and in the problem of pattern recognition,387

clustering problems.388
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[6] T. Gerstenkorn and J. Mańko, Correlation of intuitionistic 403

fuzzy sets, Fuzzy Sets and Systems 44(1) (1991), 39–43. 404

[7] W.L. Hung, Using statistical viewpoint in developing cor- 405

relation of intuitionistic fuzzy sets, International Journal 406

of Uncertainty, Fuzziness and Knowledge-Based Systems 407

9(04) (2001), 509–516. 408

[8] W.L. Hung and J.W. Wu, Correlation of intuitionistic 409

fuzzy sets by centroid method, Information Sciences 144(1) 410

(2002), 219–225. 411

[9] C.M. Hwang, M.S. Yang, W.L. Hung and M.G. Lee, A 412

similarity measure of intuitionistic fuzzy sets based on the 413

Sugeno integral with its application to pattern recognition, 414

Information Sciences 189 (2012), 93–109. 415

[10] J. Li and W. Zeng, A new dissimilarity measure between 416

intuitionistic fuzzy sets and its application in multiple 417

attribute decision making, Journal of Intelligent & Fuzzy 418

Systems 29(4) (2015), 1311–1320. 419

[11] B. Liu, Y. Shen, L. Mu, X. Chen and L. Chen, A new cor- 420

relation measure of the intuitionistic fuzzy sets, Journal of 421

Intelligent & Fuzzy Systems 30(2) (2016), 1019–1028. 422

[12] H.B. Mitchell, A correlation coefficient for intuitionistic 423

fuzzy sets, International Journal of Intelligent Systems 424

19(5) (2004), 483–490. 425

[13] H. Shidpour, A. Bernard and M. Shahrokhi, A group 426

decision-making method based on intuitionistic fuzzy set 427

in the three dimensional concurrent engineering environ- 428

ment: A multi-o bjective programming approach, Procedia 429

CIRP 7 (2013), 533. 430

[14] E. Szmidt and J. Kacprzyk, Intuitionistic fuzzy sets in group 431

decision making, Notes on IFS 2(1) (1996), 11–14. 432

[15] E. Szmidt and J. Kacprzyk, A similarity measure for intu- 433

itionistic fuzzy sets and its application in supporting medical 434

diagnostic reasoning, Lecture Notes in Artificial Intelligent 435

(2007), 109–121. 436

[16] Z. Xu, On correlation measures of intuitionistic fuzzy sets, 437

Lecture Notes in Computer Science 4224 (2006), 16–24. 438

[17] Z. Xu, Choquet integrals of weighted intuitionistic fuzzy 439

information, Information Sciences 180(5) (2010), 726–736. 440

[18] Z. Xu, J. Chen and J. Wu, Clustering algorithm for intu- 441

itionistic fuzzy sets, Information Sciences 178(19) (2008), 442

3775–3790. 443

[19] L.A. Zadeh, Fuzzy sets, Information and Control 8(3) 444

(1965), 338–353. 445

[20] W. Zeng and J. Wang, Correlation coefficient of interval- 446

valued intuitionistic fuzzy sets, International Conference 447

on Fuzzy Systems and Knowledge Discovery (FSKD), 2011, 448

pp. 98–102. 449

[21] X. Zhou, R. Zhao, F. Yu and H. Tian, Intuitionistic fuzzy 450

entropy clustering algorithm for infrared image segmenta- 451

tion, Journal of Intelligent & Fuzzy Systems 30(3) (2016), 452

1831–1840. 453


