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Abstract. Smarandache [48] introduced the concept of hypersoft set which is a generalization of soft set. This
notion is more adaptable than soft set and more suited to challenges involving decision-making. Consequently,
topology defined on the collection of hypersoft sets will be in great importance. In this paper, we introduce
hypersoft topological spaces which are defined over an initial universe with a fixed set of parameters. The
notions of hypersoft open sets, hypersoft closed sets, hypersoft neighborhood, hypersoft limit point, and hyper-
soft subspace are introduced and their basic properties are investigated. Finally, we introduce the concepts of
hypersoft closure, hypersoft interior, hypersoft exterior, and hypersoft boundary and the relationship between

them are discussed.

Keywords: hypersoft sets; hypersoft topology; hypersoft open sets; hypersoft closed sets; hypersoft neighbor-
hood; hypersoft limit point; hypersoft closure; hypersoft interior; hypersoft exterior; hypersoft boundary.

1. Introduction

In 1999, Molodtsov [30] developed the concept of a soft set to handle difficult problems in
economics, engineering, and the environment, where no mathematical methods could effec-
tively deal with the many types of uncertainty. Maji et al. in [25] developed various operators
for soft set theory and conducted a more detailed theoretical analysis of soft set theory. Vari-
ous operations analogous to union, intersection, complement, difference etc. in set theory have
been discussed in the context of soft sets (see [5,6,10,46]).

It is known that Topology is a branch of mathematics that has numerous applications in the
physical and computer sciences. Topology is the study of qualitative properties of particular
objects, known as topological spaces, that are invariant under specific transformations, known
as continuous mappings. Open sets are commonly used to describe these characteristics. By

replacing open sets with more general ones, the concept of topological space is frequently
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generalized. A classic example of this form of generalization is fuzzy topology, proposed
by Chang [12] and later improved by Lowen [24]. Topological structures on soft sets, in a
similar manner, are more generalized methods that can be used to measure the similarities
and differences between the objects in a universe which are soft sets.

There are two versions of soft topology defined on soft sets, one by Shabir [47] and other by
Cagman et al. [11]. The main difference between these approaches is that the first investigates
a subcollection of all soft sets in an initial universe with a fixed set of parameters, whereas the
second considers a subcollection of all soft subsets of a specific soft set in a universe. Based
on these two definitions on soft topology, some concepts such as soft interior, soft closure, soft
continuity, soft separation axioms etc. were introduced and studied by many authors (see for
example [2—4,7-9,13-23,26-29, 33-37,40,42-45,49-54]).

In 2018, Smarandache [48] expanded the notion of a soft set to a hypersoft set by substituting
the function with a multi-argument function described in the cartesian product with a different
set of parameters. This concept is more adaptable than the soft set and more useful when it
comes to making decisions. Recently, Musa and Asaad ( [31,32]) introduced a new idea of
hypersoft sets called bipolar hypersoft sets and they investigated some of their bipolar hypersoft
topological structures. Researchers have been drawn to hypersoft set structure because it is
better suited to decision-making difficulties than soft set structure. Despite the fact that it
is a new concept, numerous studies have been conducted, and the field of study continues to
grow [1,38,39,41].

Our paper is organized as follows: Section 2 contains some basic definitions related to
hypersoft set which are required in our work. In section 3, we introduce hypersoft topological
spaces which are defined over an initial universe with a fixed set of parameters and investigate
the concepts of hypersoft neighborhood and hypersoft limit points. In section 4, the notions of
hypersoft closure, hypersoft interior, hypersoft exterior, and hypersoft boundary are introduced
associated with some of their properties. Furthermore, the relationships between all of the
preceding concepts are studied, as well as several illustrated examples. The conclusion, on the

other hand, is included in Section 5.

2. Hypersoft Sets

Here we recall some basic terminologies and results regarding hypersoft sets. For more
details, the reader could refer to [39,41].

Throughout the paper, let U be an initial universe, P(U) the power set of U, and
FE1, Es, ..., E, the pairwise of disjoint sets of parameters. Let A;, B; C E; fori=1,2,...,n.

Definition 2.1. [48] A pair (F, A; x Az x ... X A,,) is called a hypersoft set over U, where
FF is a mapping given by [F': A} x Ag X ... X 4,, — P(U).
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Simply, we write the symbol E for F1 X FEs X ... X E,, and for the subsets of ‘E : the symbols
A for Ay x Ay x ... x A, and B for By X By X ... X B,,. Clearly, each element in 4, B and ‘E
is an n-tuple element.

We can represent a hypersoft set (IF, 4) as an ordered pair,

(F,4) = {(a, F(a)) : a € 4).

Definition 2.2. [39] For two hypersoft sets (I, 4) and (G, B) over a common universe U,
we say that (I, 4) is a hypersoft subset of (G, B) if

(1) 4 C B, and

(2) F(a) C G(a) for all a € 4.
We write (F, 4) C (G, B).

(F, A) is said to be a hypersoft superset of (G, B), if (G, B) is a hypersoft subset of (F, 4).
We denote it by (F, 4) D (G, B).

Definition 2.3. [39] Two hypersoft sets (F,4) and (G, B) over a common universe U are
said to be hypersoft equal if (I, 4) is a hypersoft subset of (GG, B) and (@G, B) is a hypersoft
subset of (I, 4).

Definition 2.4. [39] Let 4 = {aj,a2,...,a,} be a set of parameters. The NOT set of 4

denoted by =4 is defined by =4 = {—ay, ~ao, ..., 7a, } where —a; = not «; for i = 1,2, ..., n.

Proposition 2.5. [31] For any subsets 4, B C ‘E.
(1) ~(~4) = .
(2) (AU B) =-4U~B.
(3) ~(ANB)=-4N-B.

Definition 2.6. [39] The complement of a hypersoft set (I', 4) is denoted by (F',4)¢ and is
defined by (I, 4)¢ = (F°, 4) where F°: 4 — P(U) is a mapping given by F(«a) = U\ F(«)
foralla € 4.

Definition 2.7. [41] A hypersoft set (I, 4) over U is said to be a relative null hypersoft set,
denoted by (®, 4), if for all o € 4, F(«a) = ¢.

Definition 2.8. [41] A hypersoft set (F, 4) over U is said to be a relative whole hypersoft
set, denoted by (¥, 4), if for all « € 4, F(a) = U.

Definition 2.9. [41] Difference of two hypersoft sets (F',4) and (@G, B) over a common
universe U, is a hypersoft set (IH, C'), where C = AN B and for alla € C, H(a) = F(a)\G(a).
We write (F, 4) \ (G,B) = (H,C).
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Definition 2.10. [41] Union of two hypersoft sets (F', 4) and ((, B) over a common universe
U, is a hypersoft set (IH,C), where C = AN B and for all « € C, H(a) = F(a) U G(a). We
write (F,4) U (G, B) = (H,O).

Definition 2.11. [39] Intersection of two hypersoft sets (I, 4) and (G, B) over a common
universe U, is a hypersoft set (H, C), where C' = ANB and for alla € C, H(a) = F(a)NG(a).
We write (F,4) N (G, B) = (H, O).

3. Hypersoft Topological Spaces

Let U be an initial universe set and E be the non-empty set of parameters.

Definition 3.1. Let (IF, E) be a hypersoft set over U and u € U. Thenu € (F,E) ifu € F(«)
for all @ € E. Note that for any v € U, u ¢ (F,E), if u ¢ F(«) for some a € E.

Definition 3.2. Let 9 be a non-empty subset of U. Then (T, E) denotes the hypersoft set
over U defined by Y(a) =9 for all a € ‘E.

Definition 3.3. Let (F, E) be a hypersoft set over U and 9 be a non-empty subset of . Then
the sub hypersoft set of (F,E) over 9 denoted by (Foy, E), is defined as Fy (o) = 9 N F()
for each a € E.

In other words (Fy, E) = (Y, E) N (F, E).

Definition 3.4. Let 73 be the collection of hypersoft sets over U, then 73 is said to be a
hypersoft topology on U if

(1) (®,E), (¥, E) belong to Ty,

(

2) the intersection of any two hypersoft sets in 7y belongs to 7y,
(3) the union of any number of hypersoft sets in 7y belongs to Zy.

Then (U, Ty, E) is called a hypersoft topological space over U.

Definition 3.5. Let (U, Ty, E) be a hypersoft space over U, then the members of 7y are
said to be hypersoft open sets in U.

Example 3.6. Let U = {h1,ha}, E1 = {e1,e2}, B2 = {e3}, and E35 = {es}. Let Tyy =
{(®,E), (V,E), (F1,E), (Fa2, E), (F3,E)} where (F1,E), (F2,E), and (Fs,E) are hypersoft

sets over U, defined as follows

(F1, E) = {((e1, €3, e4), {h1}), ((e2, e3, 1), {h2})}-
(F2a Z) = {((61763764)7 {hl})7 ((€2a€37€4)7 ‘U}
(ng, Z:) = {((61763764)’ ﬂ), ((62, 63764)a {hQ})}

Then the collection Ty forms a hypersoft topology on U.
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Definition 3.7. Let (U, Ty, E) be a hypersoft space over U. A hypersoft set (F, E) over U
is said to be a hypersoft closed set in U, if its complement (I, E)¢ belongs to 7.

Proposition 3.8. Let (U, Ty, E) be a hypersoft space over U. Then
(1) (®,E), (V,E) are hypersoft closed set over U,
(2) the union of any two hypersoft closed sets is a hypersoft closed set over U,

(8) the intersection of any number of hypersoft closed sets is a hypersoft closed set over U.
Proof. Follows from the definition of hypersoft topological spaces and De Morgan’s laws.

Definition 3.9. Let U be an initial universe, £ be the set of parameters, and Ty =
{(®,E),(V,E)}. Then T3 is called the hypersoft indiscrete topology on U and (U, Ty, E) is

said to be a hypersoft indiscrete space over U.

Definition 3.10. Let U be an initial universe, £ be the set of parameters, and T be the
collection of all hypersoft sets which can be defined over U. Then Tyis called the hypersoft
discrete topology on U and (U, 7y, E) is said to be a hypersoft discrete space over U.

Definition 3.11. Let (U, Ty,, E) and (U, 7Ty,, E) be two hypersoft topological spaces over
U. If Ty, T Ty,, then Ty, is said to be finer than Ty,. If Ty, T Ty, or Ty, T T3, then
Ty, and Ty, are said to be comparable hypersoft topologies over U.

Proposition 3.12. Let (U, Ty, , E) and (U, Ty, E) be two hypersoft topological spaces on U,
then (U, Ty, 11 T, ,'E) is a hypersoft topological space over U.

Proof.

i. (®,E), (¥, E) belong to Ty, M Tp,.

ii. Let (I, E), (Fy, E) € Ty, 11 Toy,. Then (Fy, E), (Fa, E) € Ty, and (Fy, E), (F2, E)
€ Ty,. Since (F1,E) M (Fa, E) € Ty, and (Fy,E) N (F2,E) € Ty, so (F1,E) I
(F2, E) € Ty, N Tyy,.

iii. Let {(F;,E) | i € I)} be a family of hypersoft sets in Ty, M T3,. Then (F;, E) €
Ty, and (Fy,E) € Ty, for all i € I, so Uy (IF;, E) € Ty, and Uies (Fy,E) € Tpy,.
Therefore, Ujc;(IF;, E) € Tpq, T Tpy,.

Thus T3, T3, defines a hypersoft topology on U and (U, T3, T,,E) is a hypersoft

topological space over U.

Remark 3.13. The union of two hypersoft topologies on U may not be a hypersoft topology
on U.

Example 3.14. Let U = {hl, ho, h3,h4}, FE = {61,62}, Ey = {63}, and F3 = {64}. Let THl
- {(®7 ‘Z)7 (lj[/a f)a (Fh ‘Z)7 <F27 f)v (IF37 f)} and T’Hg - {((I)v Z)v (lIl7 ‘Z:)y (le Z)v (627‘2)7
Sagvan Y. Musa, Baravan A. Asaad, Hypersoft Topological Spaces
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(Gs,‘E)} be two hypersoft topologies defined on U where (Fy, E), (Fa, E), (Fs,E), (G1, E),
(Go, E), and (Gs, E) are hypersoft sets over U, defined as follows

( = {((e1, 3, €4), {h3, ha}), ((e2, 3, €a), {h2, h3})}.
(F2, E) = {((e1, e3,€4), {1, h2, hs}), ((e2, €3, €4), {h1, ha})}.
( = {((e1, 3, €4), {h3}), ((e2, €3, €1), ) }.
and
(G1,E) = {((e1, €3, €a), {3, ha}), ((e2, €3, €a), {1, h3, ha})}.
(G2, E) = {((e1, €3, €4), {h1, ha}), ((e2, €3, €4), {ha, ha})}.
(Gs, E) = {((e1,e3,€4),9), (€2, €3, €a),{ha}}.
Then Ty, U Ty, = {(®, E), (V, E), (F1,E), (Fs, E), (F3, E),(G1,E), (Ge, E), (G, E)}.
If we take
(F1,E) U (G1,E) = (H, E),
then
(H,Z) = {((e1, e3,€a), {h3, ha}), ((e2, e3,ea), W)},
but (H,E) ¢ Ty, U Ty,. Hence, Ty, U Ty, is not a hypersoft topology on .

Definition 3.15. Let (U, T, E) be a hypersoft space over U, (I, E) be a hypersoft set over
U and v € U. Then (F,E) is said to be a hypersoft neighborhood of u if there exists a
hypersoft open set (G, E) such that u € (G, E) C (F, E).

Proposition 3.16. Let (U, 7y, E) be a hypersoft space over U, then
(1) If (F,E) is a hypersoft neighborhood of u € U, then u € (F,E).
(2) Each v € U has a hypersoft neighborhood.
(3) If (F, E) and (G, E) are hypersoft neighborhoods of some u € U, then (F,E) M (G, E)
is also a hypersoft neighborhood of .
(4) If (F,E) is a hypersoft neighborhood of u € U and (F,E) C (G, E), then (G, E) is
also a hypersoft neighborhood of u € U.

Proof.

(1) Follows from Definition 3.15.

(2) For any v € U, u € (U, E) and since (¥, E) € Ty, so u € (U, E) C (¥, E). Thus
(U, E) is a hypersoft neighborhood of w.

(3) Let (F,E) and (G, E) be the hypersoft neighborhoods of u € U, then there exist
(Fy,E) and (Fy, E) € Ty such that w € (F1,E) C (F,E) and u € (Fy, E) C (G, E).
Now u € (F1,E) and u € (IF2,E) implies that u € (Fy, E) M (2, E) and (Fy, E) M
(Fy,E) € Ty. So we have u € (Fy,E) 1 (Fy, E) C (F,E) 1 (G, E). Thus, (F,E)
(G, E) is a hypersoft neighborhood of w.
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(4) Let (IF,E) be a hypersoft neighborhood of v € U and (F',E) C (G, ‘E). By definition,
there exists a hypersoft open set (Fy,E) such that u € (Fy,E) C (F,E) C (G, E).
Thus, u € (F1, E) C (G, E). Hence, (GG, E) is a hypersoft neighborhood of w.

Proposition 3.17. Let (U, Ty, E) be a hypersoft space over U. For any hypersoft open set
(', E) over U, (F,E) is a hypersoft neighborhood of each point of Npex (), that is, of each

of its points.

Proof. Let (F,E) € Ty. For any u € Ngez F(a) , we have u € F(a) for each a € E.
Thus u € (F,E) C (F,E) and so (F, E) is a hypersoft neighborhood of w.

Remark 3.18. The following example shows that the converse of Proposition 3.17 is not true

in general.

Example 3.19. Consider 7y, given in Example 3.14 and let (I, E) be any hypersoft set
defined as follows:

(F,E) = {((e1, €3, €4),{h1, h3, ha}), ((e2, €3, €4),{h2, h3})}.
Then (I, E) is a hypersoft neighborhood of each point of Nyex F(a) , that is, of each of its

points, but it is not a hypersoft open set.

Definition 3.20. Let (U, 7y, E) be a hypersoft space over U and let (F,E) be a hypersoft
set over U. A point u € U is called a hypersoft limit point of (F,E) if (F,E) N (G, E)\ {u})
# (@, E) for every hypersoft open set (G, E) containing u. The set of all hypersoft limit points
of (IF, E) is denoted by (F, E)<.

Proposition 3.21. Let (U, Ty, E) be a hypersoft space over U and let (F1,E), (Fa,E) be
two hypersoft sets over U. Then

(1) (F1,E) C (Fy, E) implies (F1, E)* T (Fa, E)*.

(2) (F1,E) 11 (Fy, E)* T (Fy, E)Y 1 (Fp, E)Y.

(3) (F1,E) U (Fy, E))¢ = (F1, E)* U (Fy, E)?.

Proof.

(1) Let u € (Fy, E)¢ so that u is a hypersoft limit point of (Fy, E). Then, by definition
(F1,E) 11 ((G,E) \ {u}) # (®,E) for every hypersoft open set (G, E) containing u.
But (Fy, E) C (Fy, E), it follows that (Fs, E) 1 ((G,E) \ {u}) # (®,E). Thus, u €
(Fy, E)?. Therefore, (Fy, E)? C (Fy, E)?.

(2) Since (Fy, E) 1 (Fy, E) C (Fy,E) and (Fy, E) 1 (Fa, E) T (Fs, E). It follows from (1)
that, ((F1, E) 1 (Fa, £))¢ C (F1, €)Y and ((Fy, E) N (Fa, E))¢ C (F2, E)?. Hence,
(F1,E) 01 (Fy, E))4 C (Fy, E)? 71 (Fq, E)“.
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(3) Since (Fy,E) C (Fy,E) U (Fy, E) and (Fy, E) C (Fy, E) U (F2, E). By (1) we have
(F1,E)¢ C ((Fy, E) U (Fy, E))* and (Fy, E)Y C ((F1, E) O (Fy, E))*. So, (Fy, E)* [
(Fy, E)* C ((Fy, E) U (Fa, E))Y. Now, let u € (Fy,E) 0 (Fy, E))?. Then, ((Fy,E)
U (F2,E)) 1 (G, E) \ {u}) # (®,E) for every hypersoft open set (G, E) containing
u. Therefore, (Fy,E) 1M (G, E)\ {u}) # (®,E) or (Fa, E) N ((G,E)\ {u}) # (®, E).
Thus, v € (F1,E)? or u € (Fy, E)¢ and then u € (F1, E)¢ 0 (Fy, ). Therefore,
(F1, E) U (F2, E))4 C (F1, E)? U (F2, E)?. Now, we have ((IF1, E) U (Fs, E))* =
(F1,E)* O (F2, E)*.

Remark 3.22. The following example shows that the equality in Proposition 3.21 (2) does

not hold in general.

Example 3.23. Let us consider the hypersoft topological space (U, Ty, , E) in Example 3.14
and let (F,E) and (G, E) are hypersoft sets defined as follows:

(Fa Z) = {((61, €3, 64), ¢)’ ((627 €3, 64)’ {h4})}
(G7 ‘Z) = {((617 €3, 64)7 {hQ})a ((62> €3, 64)7 {h3}

Then (F, E)¢ 1 (G, E)* = {h1}. But, (F,E) 1 (G, E) = (®,E) and (F,E) {1 (G, E))¢ =
(@, E)* = ¢. Hence, ((F1,E) 1 (Fp, E))* # (F1, E)? 1 (Fy, E)?.
Definition 3.24. Let (U, Ty, E) be a hypersoft space over U and 9 be a non-empty subset
of U. Then

T, = {(Fy, ) | (F,E) € T}
is said to be the relative hypersoft topology on 9 and (9, Tyy, E) is called a hypersoft subspace
of (u, T’Ha Z)

It is easy to verify that T3, is a hypersoft topology on .

Example 3.25. Any hypersoft subspace of a hypersoft indiscrete topological space is a hy-

persoft indiscrete topological space.

Example 3.26. Any hypersoft subspace of a hypersoft discrete topological space is a hypersoft

discrete topological space.

Proposition 3.27. Let (7, THD” E) be a hypersoft subspace of a hypersoft topological space
(U, Ty, E) and (Fy,E) be a hypersoft open set in Y. If (Y, E) € Ty then (Foy, E) € Ty.

Proof. Let (F.y,E) be a hypersoft open set in 9, then there exists a hypersoft open set
(F,E) in U such that (Fy, E) = (Y, E) M (F, E). Now, if (T, E) € Ty then (T, E) 11 (F, E)
€ Ty. Hence, (Fy,E) € Ty.
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Proposition 3.28. Let (9, Ty, E) and (2, Ty, ‘E) be two hypersoft subspaces of (U, Ty, E)
and let 9 T Z. Then (%, Ty, E) is a hypersoft subspace of (2, Ty, E).

Proof. Let (Fy,E) be a hypersoft open set in 9", then there exists a hypersoft open
set (F,E) in U such that (Fy,E) = (T,E) M (F,E), or equivalently, for each o € E,
Fy(a) = 9 NF(c). Since C Zthen & = 9 11 Z. Now, Fy(a) =Y NF(a) = (91 2)
NF(a) =90 (Z N F(a)) = 9 N EFz(a) so we have Fy(a) = 9 N Fz(a), or equivalently,
(Fy,E) = (Y, E) 1 (Fz, E) where (Fz, E) is a hypersoft open set in Z. Hence, (7, Ty, E)
is a hypersoft subspace of (2, Ty, E).

4. Hypersoft Closure, Hypersoft Interior, Hypersoft Exterior, and Hypersoft
Boundary

Definition 4.1. Let (U, Ty, E) be a hypersoft space and (F, E) be a hypersoft set over U.
The intersection of all hypersoft closed supersets of (I, E) is called the hypersoft closure of
(IF,’E) and is denoted by (I, E).

In other words, (F,E) = 1 {(G, E) | (G, E)° € Ty, (G,E) 2 (F,E)}.

Proposition 4.2. Let (U, Ty, E) be a hypersoft space and (IF,E) be a hypersoft set over U.
Then

(1) (F,E) is the smallest hypersoft closed set containing (F,E).
(2) (F,E) is a hypersoft closed set if and only if (F,E) = (F,E).

Proof.
(1) Follows from Definition 4.1.
(2) Let (F,E) be a hypersoft closed set. So, (F', E) itself is the smallest hypersoft closed
set over U containing (IF, E) and hence (F,E) = (F,E). Conversely, suppose that
(F,E) = (F,E). By (1.) (F,E) is a hypersoft closed, so (IF,E) is also a hypersoft

closed set over U

Proposition 4.3. Let (U, Ty, E) be a hypersoft space over U and let (Fy,E), (F,E) be two
hypersoft sets over U. Then

(1) (@, E) = (&, ) and (T, E) = (T, E).

implies (Fl, E) C (Fy, E).
= (F1,E) U (F2, E).
C (F1, E) 71 (B>, E).

£)
(I, )'—'(le, £))
(F1, E)A(F2, E))

(6) (F1,E) = (F1, E).
Sagvan Y. Musa, Baravan A. Asaad, Hypersoft Topological Spaces




Neutrosophic Sets and Systems, Vol. 49, 2022 406

Proof.

(1) Since (@, E) and (¥, E) are hypersoft closed sets, then by Proposition 4.2 (2), we have
(®,E) = (®,E) and (¥, E) = (U, E).

(2) By Proposition 4.2 (1), (Fy, E) is the smallest hypersoft closed set containing (Fy, E)
and so (F1,E) C W

(3) By (2.), (F2, E) C (Fs, E). Since (Fy,E) C (Fy, E), we have (Fy, E) C (Fa, E). But
m is a hypersoft closed set. Thus, W is a hypersoft closed set containing
(F1,E). Since (I}, E) is the smallest hypersoft closed set over U containing (Fy, ‘E),
so we have (F1, E) C (IF», E).

(4) Since (Fy,E) C (Fy,E) U (Fy,E) and (Fy, E) C (F1,E) U (Fs,E). By (3.), we
have (Fy,E) C ((Fy, E)U(F2,E)) and (Fy, E) C ((Fy, E)U(Fy, E)). Hence, (F1, E)
0 (Fy, E) T ((F1, E)J(Fy, E)). Now, since (Fy, E) and (Fs, E) are hypersoft closed
sets, (F1, E) 0 (Fa, E) is also hypersoft closed. Also, (1, E) C (Fy,E) and (Fy, E) C
(Fy, E) implies that (1, E) U (Fy, E) C (Fy, E) 0 (F2, E). Thus, (Fy,E) 0 (Fa, E)
is a hypersoft closed containing (I, E) U (Fy,E). Since ((Fi,E)U(F2,E)) is the
smallest hypersoft closed set containing (I, E) U (I, E) we have ((IF1, E)U(Fs, E))
C (Fy, E) U (F2, E). Hence, ((F1, E)I(Fy,E)) = (F1, E) O (Fa, E).

(5) Since (Fy,E) M (F2,E) C (F,E) and (F,E) ﬁ (F2,E) T (Fy,E), then
(F1,E)(Fy,E)) © (F1,E) and ((Fy,E)(Fy,E)) T (F2,E).  Therefore,
((Fy, E)A(Fy, E)) C (Fy, E) 71 (Fy, E).

(6) Since (IFy, E) is a hypersoft closed set, therefore by Proposition 4.2 (2), we have (IFy, E)
= (F1,E).

Remark 4.4. The following example shows that the equality does not hold in Proposition 4.3
().

Example 4.5. Let us consider the hypersoft topological space (U, T3, E) in Example 3.14
and let (I, E), (G, E) in Example 3.23. Then

= (F1,E)¢ and (G, E) = (F3,E)¢ and (F,E) N (G,E) = (Fy,E)°. Now, (F,E) I
= (®,F) and ((F,E)(G,E)) = (®,E) = (®,E). Hence, (F, E)(G, E)) # (F,E)

Definition 4.6. Let (U, 7y, E) be a hypersoft space over U , (I, E) be a hypersoft set over
U and v € U. Then u is said to be a hypersoft interior point of (F,E) if there exists a
hypersoft open set (@, E) such that u € (G, E) C (F, E).

Definition 4.7. Let (U, Ty, E) be a hypersoft space over U. Then hypersoft interior of hy-
persoft set (IF, E) over U is denoted by (IF,E)? and is defined as the union of all hypersoft
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open set contained in (F, E).

In other words, (F,E)° =0 {(G,E) | (G, E) € Ty, (G, E) C (F,E)}.

Proposition 4.8. Let (U, Ty, E) be a hypersoft space and let (F,E) be a hypersoft set over
U. Then

(1) (F,E)° is the largest hypersoft open set contained in (I, E).

(2) (F,E) is a hypersoft open set if and only if (F,E) = (F,E)°.

Proof.

(1) Follows from Definition 4.7.

(2) Let (IF,’E) be a hypersoft open set. Then (IF',E) is surely identical with the largest
hypersoft open subset of (F,E). But by (1.), (F,E)? is the largest hypersoft open
subset of (F, E). Hence, (F',E) = (F',E)°. Conversely, let (F,E) = (F,E)°. By (1.),
(IF,E)° is a hypersoft open set and therefore (I, E) is also hypersoft open set.

Proposition 4.9. Let (U, Ty, E) be a hypersoft space over U and let (Fy,E), (Fa,E) be two
hypersoft sets over U. Then

(1) (8, E)° = (&, E) and (¥, E)° = (T, E).

(2) (F1,E)° C (Fy, E).

(3) (F1,E) T (Fy, E) implies (Fy1, E)° T (Fa, E)°.
(4) (F1, E)° 0 (F2, E)° = ((F1, E) 0 (F2, E))°.
(5) (F1,E)° U (F2, E)° C ((F1, E) U (Fs, E))°.
(6) (F1,E)°)° = (F1,E)°.

Proof.

(1) Since (®,E) and (¥, ‘E) are hypersoft open sets, then by Proposition 4.8 (2), we have
(®,E)° = (®,E) and (¥, E)° = (U, E).

(2) Let w € (F1,E)° then w is a hypersoft interior point of (F4,E). This implies that
(Fy,E) is a hypersoft neighborhood of u. Then u € (Fy,E). Hence, (F;,E)° C
(F1, E).

(3) Let u € (F1,E)°. Then u is a hypersoft interior point of (F4,E) and so (Fy,E) is a
hypersoft neighborhood of u. Since (F1,E) E (Fa,E), (F2,E) is also is a hypersoft
neighborhood of u. This implies that u € (Fy, E)°. Thus, (F1, E)° C (Fa, E)°.

(4) Since (Fy, E) 7 (Fa, E) T (F1,E) and (Fy, E) 11 (Fo, E) C (Fa, E), we have by (3.),
((Fy,E) A (F2, E))° C (Fy,E)° and ((Fy, E) M (F2, E))° C (F2,E)°. This implies
that ((Fy, E) 0 (Fy, E))° C (Fy, E)° 11 (Fy, E)°. Again let u € (Fy, E)° {1 (Fy, E)°.
Then u € (F1, E)° and u € (F2, E)°. Hence u is a hypersoft interior point of each of the
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hypersoft sets (Fy,E) and (Fa,E). It follows that ([,
neighborhoods of u so that their intersection (Fy, E) M
neighborhood of u. Hence, u € ((Fy,E) N (Fs, E))°.
((F1,E) 11 (IF3, E))°. Therefore, (IF1, E)° 1 (Fy, E)°

(5) By (3.), (F1,E) C (F1,E) U (F2, E) implies (Fy, E)°
(Fy, E) C (Fy, E) U (Fy, E) implies (Fy, E)° C ((Fy, E) U
U (Fy, E)° € ((F1, E) U (Fs, E))°,

(-ZF2>

E) and (Fq, E
(F, E) is also is a hypersoft
Thus, (F1,E)°
= ((Fy,E) M
C ((F,E) U

are hypersoft
) y

[ (Fq,E)° C
(F2, E))’
(F2,E))° and

E))°. Hence, (Fy,E)°

(6) By Proposition 4.8 (1), (I, E)° is the hypersoft open set. Hence by (2.) of the same

proposition ((Fy,E)%)° = (F1,E)°.

Remark 4.10. The following example shows that the equality does not hold in Proposition 4.9

(5)-

Example 4.11. Let us consider the hypersoft topological space (U, Ty, ,
and let (I, E) and (@, E) are hypersoft sets defined as follows:

(va f) = {((61, €3, 64)’ {hlv hs, h4})7 ((627 €3, 64)7 {h27 h3})}

(G, E) = {((e1,e3,e4), U), ((e1, €3, €4), {h1, ha})}.

Then (F,E)° = (Fy,E) and (G, E)° = (Fs, E) and (F,E)° 0 (G, )
(F,E) U (G,E) = (‘1’ £) and ((F,E) U (G, E))’ = (¥, E)’ = (¥, E)
(G, E))° # (F,E)° U (G, E)".

Proposition 4.12. Let (U, Ty,
set over U. Then (F,E)° C (F,E) C

(F,E).
Proof. Follows from Proposition 4.3 (2) and Proposition 4.9 (2).

Proposition 4.13. Let (U, Ty,
two hypersoft sets over U. Then

(1) (F,E))° =
(2) (F, E)°)° =

( (1, E))°.
(
(3) (F1,E) =
(F1, E)° =
(

((F1, E)°).
(((F1,E)%)°)
((F1, E)° ))
E) \ (F2,E))° C (F1,E)° \ (F2, E)°.

C

C

(4) (Fy,E
(5) (Fh

° = (Fs,E).
. Hence, ((F,E) U

E) in Example 3.14

Now,

E) be a hypersoft space over U and let (F,E) be a hypersoft

E) be a hypersoft space over U and let (F1,E), (F2,E) be

Proof. From the definitions of hypersoft closure and hypersoft interior, we have
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(1) (F1,E) = N {(G,E) | (G, E)° € Ty, (G, E) 2 (F1, E)}.
(F1, E))° = N {(G,E) | (G,E)° € Ty, (G,E) 2 (F1, E)}]".
(P, E))° = D{GE) | (G E) € Ty, (GLE) E (P, )} = ((F1, £)°)°
(2) (F1,E)°=U{(G.E) | (G,E) € Ty, (G, E) C (Fhf)}-
(F1,E)%) = [ {(G.E) | (G,E) € T, (G, E) C (Fl,f)}] -
(F1. E)°) =0 {(G,E) | (G,E) € Ty, (F1,E)° C (G, E)} = (B, E)°).
(3) Obtained from (1.) by taking the hypersoft complement.
(4) Obtained from (2.) by taking the hypersoft complement.
(5) (F1,E) \ (F2, E))° = (F1, ) O (F2, £))° = (F1, E)° O (F2, £))° = (F1, £)° 1
(F2, B))¢ = (P, E)°\ (B2, E) £ (F1, E)°\ (I, E)°.

Definition 4.14. Let (U, 7y, E) be a hypersoft space over U and let (F,E) be a hypersoft
set over U. A point u € U is said to be a hypersoft exterior point of (F', E) if and only if it
is a hypersoft interior point of (]F E)¢, that is, if and only if there exists a hypersoft open set
(G, E) such that u € (G,E) C (F,E)°. The set of all hypersoft exterior points of (F, E) is
called the hypersoft exterior of (F',E) and is denoted by (F, E)°.

Thus (F,E)® = ((F, E)°)°. It follows that ((F,E)°)¢ = (((F,E)°)°)° = (F,E)°.

We also have (F,E) 1 (F,E)* = (®,E), that is, no point of (F,E) can be a hypersoft

exterior point of (F, E).

Example 4.15. Let (U, Ty, E) be the same as in Example 3.6. Let (F, E) be a hypersoft set

defined as follows:

(va Zj) = {((61’ €3, 64)’ {hQ})7 ((627 €3, 64)7 {hl})}

Then (F,E)* = {((e1,e3,€4),{h1}), ((e2, €3, €a), {h2})}.
Remark 4.16. Since (I, E)® is the hypersoft interior of (I, ‘E)¢, it follows that (I, E)® is the

hypersoft open and is the largest hypersoft open set contained in (I, E)°.

Proposition 4.17. Let (U, Ty, ‘E) be a hypersoft space and let (IF,E) be a hypersoft set over
U. Then
(F,E)* = U{(G,E) | (G, E) € Ty, (G, E) C (F,E)}.

Proof. From the definitions of hypersoft interior and hypersoft exterior, we have

(F.E)°)° =U0{(G,E) | (G, E) € Ty, (G, E) T (F, E)} = (F, E)".

Proposition 4.18. Let (U, Ty, E) be a hypersoft space over U and let (F1,E), (Fs,E) be
two hypersoft sets over U. Then

Sagvan Y. Musa, Baravan A. Asaad, Hypersoft Topological Spaces



Neutrosophic Sets and Systems, Vol. 49, 2022 410

(1) (¥, E) = (®,E) and (®,E)* = (¥, E).

(2) (F1, E)° C (Fi1, E)°.

(3) (F1,E)* = ((F1, E)°)°)".

(4) (F1, E) C (F2, E) implies (Fs, E)* C (F1, E)*.

(5) (F1,E)° € ((IF1, E)*)".

(6) (F1, E) U (F2, E))* = (F1,E)* 1 (Fa, E)*.

(7) (F1, E) N (Fa,E))* 3 (F1, E)* U (Fp, E)°.
Proof.

(1) (¥, E)* = (L, E))° = (2, E) = (2, E).
(®,E) = (2, E))” = (¥, E)° = (¥, E).

(2) By definition, (F4,E)¢ = ((Fl, E)€)? and by Proposition 4.9 (2), we have ((F4,E)¢)°
C (I, E)¢. Hence, (F1,E)¢ C (F,, E)".

(3) (((F1, E)*)%)* = ((F1, E))°)) = (((F1, E)9))))° = ((Fr, E)°))° = ((F1, E)°)°
= (Fy,E)".

(4) (F1,E) C (Fy, E) then (Fy, E)¢ C (1, E)°. Implies that ((Fa, E)°)° C ((Fy, E)°)°.

So, (IFy,E)¢ C (Fy, E)".
(5) By (2.), we have (I}, E)¢ C (F;, E)°. Then (4.) gives ((F1,E)%)¢ C ((F1, E)%)¢. But
(Fy,E)° = ((Fy, E)°)¢. Hence (Fy1,E)° C ((Fy, E)°)".
(6) ((Fh E) U (Fa, E))* = ((Fl,f) 0 (F2, E))%)° = ((F1, E)° 11 (F2, E)°)° = ((F1, E)°)°
N ((Fa, E)°)° = (F1,E) 1 (F2, E)*.
(7) ((Fl, E) N (Fy, E))* = ((Fl,z) M1 (Fa, E))°)° = (F1, E)° U (F2, E))° 3 ((Fy, E)°)°
0 ((F2, E))° = (F1, E)° U (F, E)“.

Definition 4.19. Let (U, 7y, E) be a hypersoft space over U, then hypersoft boundary of

hypersoft set (F,%E) over U is denoted by (IF,E)? and is defined as (F,E)? = (F,E)
(F,E)e.

Example 4.20. Let (U, T3, E) and (F, E) be the same as in Example 4.15, then (F, E)? =
(F,E).

Remark 4.21. From Definition 4.19 it follows that the hypersoft sets (F,E) and (F, E)¢

have the same hypersoft boundary.

Proposition 4.22. Let (U, Ty, ‘E) be a hypersoft space and let (IF,E) be a hypersoft set over
U. Then

(1) (F,E)" C (F, ).

(2) (P, 5) = (F, %) \ (F, ).

(3) (F,E)")° = (F,£)° U (F, E)".
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(4) (F,E)° = (F )\ (F, E)".

(5) (F,E)°)* € (F,E)".

(6) (F,E))" € (F,E)".

Proof.

(1) By deﬁnition, (F,E) = (F,E) 0 ((F, z)c) Hence, (]F, z)ﬁ C (F, E).
(F,E) 1 ((F,E)) = (F,E

(3) ((IF E)b)e = [(F, E) 1 ((F, E)°)]° = ((F, Z)) 0 ((F,E) =( F,E)9)° U (F,E)
(F,E) U (F,E)°

(4) (F,E)\ (F,E)" = (F,E) [ (F, E)")* = (F, E) 11 (F,£)° 0 (F, E)*) = (F, ) 1
(F,E)°) U (F,E) N (F,E)) = (F,E)° U (®,E) = (F,E)°.

(5) (F,E)°)f = (F,E)° 1 ((F, E)°)° = (F, Z)"ﬂ (F,E) C(F,E) N (F,E) = (F, E)°.

6) (F, )" = (F,E) 1 (F,E)° C (F,E) N (F,E) = (F,E)".

Proposition 4.23. Let (U, Ty, E) be a hypersoft space over U and let (F1,E), (F2,E) be
two hypersoft sets over U. Then

(1) (F1, E) U (F2, £))* T (Fy, E)° O (Fy, E)°.

(2) ((Fl, ) 11 (F, £))° € (F1,E)° O (F2, E)”.

Proof.
(1) ((Fy, B)O(F, E))? = [(Fl,E)D(F%E)]N[((Fl,E) O(F, E))e] = [(F1,E) U (1F2,£
)T(Fy, E)<] C [(F1, E) U (Fa, E)] 11 [(F1, E)° N (Fa, E)] = [(F1, E) I
((F1, E)° 11 (2, E)°)] D[(meEY(( )Cﬂ( )) :[( ,E) 1 (Fy ))
(F2, )] U [((F2, E) A (Fa, E)°) 1 (Fl, E)| C [(Fl,f)ﬁ M (Fy, E)] U {(Fz, )5 1
(Fy,E)°] C (Fy,E)? U (IF,, E)®.
(2) ((F1, E)I(Fy, E))? = [(F1, E)O(Fs, E)A[((Fy, E)(Fa, E))<] T [(F1, E) N (Fa, )] 1
[(Fy, E)°U(F2, E)° [(Fl,f) A (Fp, B)] 11 [(Fy, E)° U (F2, E)] = [(F1, ) 7 (F2, E)

~—
—

R

, : ) (F2, E) 11 (F2, E)] = [(F1, E) T (F1, E)) A (Fo, £)] O
(F1,E) N ((F2, ) 11 (F2, E)°)] = [(F1, )’ 71 (B2, E)] O [(F1,E) 71 (F2, E)] C
5

Proposition 4.24. Let (IF,E) be a hypersoft set of hypersoft space over U. Then the following
hold.

(1) (F,E)° 0 (F,E)’ = (F,E).

(2) (F,E)° U (F,E)* 0 (F, )" = (¥, E).

Proof.
(1) (F,E)° 0 (F,E)" = (F,E)° U[(F,E) 0 (F,E)] = [(F,£)° 0 (F,E)] 1 [(F,E)° U
(F7‘£)c] - (F, Z:) m [(F7 E)° 0 (<F7 ‘Z)O)C] - (F, ‘E) M (qle:) = (F, Z:)
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(2) By Proposition 4.22 (3), (F, E)° U (F,E)¢ = ((F,E)?)¢, then (F,€)° U (F,E)* U
(F,2)" = ((F,£)")° 0 (F.E)") = (L, E) .

Proposition 4.25. Let (U, Ty, ‘E) be a hypersoft space and let (IF,E) be a hypersoft set over
U. Then

(1) (F,E) is a hypersoft open set if and only if (F,E) 11 (F,E)’ = (&, E).
(2) (F,E) is a hypersoft closed set if and only if (F,E)® C (F,E).

Proof.
(1) Let (F,E) be a hypersoft open set. By Proposition 4.22 (3), (F,E)° C ((F,E)%)°.
But (F, E)° = (F, E) since (IF, E) is a hypersoft open set. Hence, (F, E) C ((F, E)?)c.

This implies that (F, ) {1 (F, )’ = (®,E).

Conversely, let (F, E) 11 (F, E)? = (®, E). Then (F,E) 1 [(F,E) {1 (F,E)] = (®, E)
or (F,E) N (F,E) = (®,E) or (F, E)° C (F, E)¢, which implies (IF, E)¢ is a hypersoft
closed set and hence (IF', E) is a hypersoft open set.

(2) Let (IF,‘E) be a hypersoft closed set. By Proposition 4.22 (1), (F,E)? C (F, E). Since
(F,E) is a hypersoft closed set, then (F,E) = (F,E). This implies that (F,E)? C
(F,E). Conversely, let (F,E)? C (F,E). Then (F,E)? 1 (F,E)¢ = (&, E). Since
(F,E)? = ((F,E)b), then we have (F, E)?)¢ 1 (F, E)° = (®, E). By (1), (F,E) is
a hypersoft open set and hence (I, E) is a hypersoft closed set.

Proposition 4.26. let (IF,E) be a hypersoft set of a hypersoft space over U. Then (F,E)*
= (@, E) if and only if (F,E) is a hypersoft open set and a hypersoft closed set.

Proof. Suppose that (F,E)? = (®,E) then (F,E) {1 (F, E)¢ = (0, E) implies (F, E)
((F, E)9))® = (F,E)°. Since (F,E)° C (F,E) then (F,E) C (F,E) and hence (F,E) =
(IF,E). This implies that (F,%E) is a hypersoft closed set. Again, (F,%E)? = (®,E) then

1M

(F,E) 1 (F,E) = (®,E) or (F,E) N ((IF,E)°)¢ = (®,E) then (F,E) C (F,E)°. This
implies that (F,E)° = (F,E). Hence (F, E) is a hypersoft open set.

Conversely, suppose that (IF,E) is a hypersoft open set and a hypersoft closed set. Then
(F,E)! = (F,E) 11 (F,E) = (F,E) O (F,E)°)° = (F,E) N (F,E)° = (9, G, E).

Proposition 4.27. Let (U, Ty, ‘E) be a hypersoft space and let (IF,E) be a hypersoft set over
U. Then

(1) (F,E)° 0 (F,E)’ = (9, E).

(2) (F,E)* A (F,E)’ = (2, E).

Proof.
(1) (F,E)° 0 (F,E) = (F,£)° [ [(F,E) N (F,E)] = [(F,E)° 1 (F,E)| [ (F,E)° =

(F,E)° N (F,E) = (F,E)° N (F,E)) = (9, E).
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(2) (F,E)11(F,E)" = (F,£))° N [(F.£) 11 (F,£)| = (F, £))° 71 [(F, E) 1 (F, £)°]

= [(F, ) A (F, E)] O (F, E)] = (2, E) 11 (F, E)° = (2, E).

5. Conclusions

In this paper, we have introduced the concept of hypersoft topological spaces which are de-
fined over an initial universe with a fixed set of parameters. Some concepts such as hypersoft
closure, hypersoft interior, hypersoft boundary, etc. which are based on our definition were in-
troduced and studied and some relationships between them were discussed. For future trends,
we can define the most important fundamental topological properties such as connectedness
and compactness. Also, we can define hypersoft separation axioms by using ordinary point as

well as hypersoft point.
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