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Preface

Usually the models of real world problems in almost all disciplines like engi-
neering, medical sciences, mathematics, physics, computer science, manage-
ment sciences, operations research and artificial intelligence are mostly full
of complexities and consist of several types of uncertainties while dealing
them in several occasion. To overcome these difficulties of uncertainties,
many theories have been developed such as rough sets theory, probabil-
ity theory, fuzzy sets theory, theory of vague sets, theory of soft ideals
and the theory of intuitionistic fuzzy sets, theory of neutrosophic sets,
Dezert-Smarandache Theory (DSmT), etc. Zadeh introduced the degree
of membership/truth (t) in 1965 and defined the fuzzy set. Atanassov in-
troduced the degree of nonmembership/falsehood (f) in 1986 and defined
the intuitionistic fuzzy set. Smarandache introduced the degree of inde-
terminacy /neutrality (i) as independent component in 1995 (published in
1998) and defined the neutrosophic set. He has coined the words “neutros-
ophy” and “neutrosophic”. In 2013 he refined the neutrosophic set to n
components: t1,to,...;%1,%2,...;f1, fo, ... .

Zadeh discovered the relationships of probability and fuzzy set theory
which has appropriate approach to deal with uncertainties. Many authors
have applied the fuzzy set theory to generalize the basic theories of Al-
gebra. Mordeson et al. [27] has discovered the grand exploration of fuzzy
semigroups, where theory of fuzzy semigroups is explored along with the ap-
plications of fuzzy semigroups in fuzzy coding, fuzzy finite state mechanics
and fuzzy languages and the use of fuzzification in automata and formal lan-
guage has widely been explored. Moreover the complete l-semigroups have
wide range of applications in the theories of automata, formal languages
and programming. It is worth mentioning that some recent investigations
of I-semigroups are closely connected with algebraic logic and non-classical
logics.

An AG-groupoid is a mid structure between a groupoid and a commuta-
tive semigroup. Mostly it works like a commutative semigroup. For instance
a’b? = b%a?, for all a, b holds in a commutative semigroup, while this equa-
tion also holds for an AG-groupoid with left identity e. Moreover ab = (ba)e
for all elements a and b of the AG-groupoid. Now our aim is to discover
some logical investigations for regular and intra-regular AG-groupoids us-
ing the new generalized concept of fuzzy sets. It is therefore concluded
that this research work will give a new direction for applications of fuzzy
set theory particularly in algebraic logic, non-classical logics, fuzzy coding,
fuzzy finite state mechanics and fuzzy languages.



To overcome these diffculties of uncertainties, many theories have been
developed such as rough sets theory, probability theory, fuzzy sets theory,
theory of vague sets, theory of soft ideals and the theory of intuitionistic
fuzzy sets,

In [29], Murali defined the concept of belongingness of a fuzzy point to
a fuzzy subset under a natural equivalence on a fuzzy subset. The idea of
quasi-coincidence of a fuzzy point with a fuzzy set is defined in [33]. Bhakat
and Das [1, 2] gave the concept of («a, 8)-fuzzy subgroups by using the “be-
longs to” relation € and “quasi-coincident with” relation ¢ between a fuzzy
point and a fuzzy subgroup, and introduced the concept of an (€, € Vq)-
fuzzy subgroups, where o, 5 € {€,q,€ Vg, € Aq} and a #€ Aq. Davvaz
defined (€, € Vq)-fuzzy subnearrings and ideals of a near ring in [4]. Jun
and Song initiated the study of («, 3)-fuzzy interior ideals of a semigroup
in [14]. In [37] regular semigroups are characterized by the properties of
their (€, € Vq)-fuzzy ideals. In [36] semigroups are characterized by the
properties of their (€, € Vg )-fuzzy ideals.

In chapter one we have introduced the concept of (€, € Vg )-fuzzy ideals
in an AG-groupoid. We have discussed several important features of a right
regular AG-groupoid.

In chapter two, we investigate some characterizations of regular and
intra-regular Abel-Grassmann’s groupoids in terms of (€,€ Vgi)-fuzzy
ideals and (€, € Vg )-fuzzy quasi-ideals.

In chapter three we introduce (€., €, Vgs)-fuzzy left ideals in an AG-
groupoid. We characterize intra-regular AG-groupoids using the properties
of (€4, €, Vgs)-fuzzy subsets and (€., €, Vgs)-fuzzy left ideals.

In chapter four we introduce (€., €, Vgs)-fuzzy prime (semiprime) ideals
in AG-groupoids. We characterize intra regular AG-groupoids using the
properties of (€, €, Vgs)-fuzzy semiprime ideals.

In chapter five we introduce generalized fuzzy soft ideals in a non-associative
algebraic structure namely Abel Grassmann groupoid. We discuss some
basic properties concerning these new types of generalized fuzzy ideals
in Abel-Grassmann groupoids. Moreover we characterize a regular Abel
Grassmann groupoid in terms of its classical and (€., €, Vgs)-fuzzy soft
ideals.



1

Generalized Fuzzy Ideals of
AG-groupoids

In this chapter, we have introduced the concept of (€, € Vq)-fuzzy and
(€, € Vqi)-fuzzy ideals in an AG-groupoid. We have discussed several im-
portant features of right regular AG-groupoid by using the (€, € Vqy)-
fuzzy ideals. We proved that the (€, € Vgg)-fuzzy left (right, two-sided),
(€, € Vqi)-fuzzy (generalized) bi-ideals, and (€, € Vg )-fuzzy interior ideals
coincide in a right regular AG-groupoid.

1.1 Introduction

Fuzzy set theory and its applications in several branches of Science are
growing day by day. Since pacific models of real world problems in var-
ious fields such as computer science, artificial intelligence, operation re-
search, management science, control engineering, robotics, expert systems
and many others, may not be constructed because we are mostly and un-
fortunately uncertain in many occasions. For handling such difficulties we
need some natural tools such as probability theory and theory of fuzzy
sets [42] which have already been developed. Associative Algebraic struc-
tures are mostly used for applications of fuzzy sets. Mordeson, Malik and
Kuroki [27] have discovered the vast field of fuzzy semigroups, where the-
oretical exploration of fuzzy semigroups and their applications are used in
fuzzy coding, fuzzy finite-state machines and fuzzy languages. The use of
fuzzification in automata and formal language has widely been explored.
Moreover the complete l-semigroups have wide range of applications in the
theories of automata, formal languages and programming.

The fundamental concept of fuzzy sets was first introduced by Zadeh [42]
in 1965. Given a set X, a fuzzy subset of X is, by definition an arbitrary
mapping f : X — [0,1] where [0,1] is the unit interval. Rosenfeld intro-
duced the definition of a fuzzy subgroup of a group [34]. Kuroki initiated
the theory of fuzzy bi ideals in semigroups [18]. The thought of belonging-
ness of a fuzzy point to a fuzzy subset under a natural equivalence on a
fuzzy subset was defined by Murali [29]. The concept of quasi-coincidence of
a fuzzy point to a fuzzy set was introduce in [33]. Jun and Song introduced
(a, B)-fuzzy interior ideals in semigroups [14].

In [29], Murali defined the concept of belongingness of a fuzzy point to
a fuzzy subset under a natural equivalence on a fuzzy subset. The idea of
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quasi-coincidence of a fuzzy point with a fuzzy set is defined in [33]. Bhakat
and Das [1, 2] gave the concept of (a, §)-fuzzy subgroups by using the “be-
longs to” relation € and “quasi-coincident with” relation ¢ between a fuzzy
point and a fuzzy subgroup, and introduced the concept of an (€, € Vq)-
fuzzy subgroups, where o, 5 € {€,q,€ Vg, € Aq} and o #€ Agq. Davvaz
defined (€, € Vq)-fuzzy subnearrings and ideals of a near ring in [4]. Jun
and Song initiated the study of («, 3)-fuzzy interior ideals of a semigroup
in [14]. In [37] regular semigroups are characterized by the properties of
their (€, € Vq)-fuzzy ideals. In [36] semigroups are characterized by the
properties of their (€, € Vg )-fuzzy ideals.

In this paper, we have introduced the concept of (€, € Vqy)-fuzzy ideals
in a new non-associative algebraic structure, that is, in an AG-groupoid and
developed some new results. We have defined regular and intra-regular AG-
groupoids and characterized them by (€, € Vqy)-fuzzy ideals and (€, € Vg )-
fuzzy quasi-ideals.

An AG-groupoid is a mid structure between a groupoid and a commuta-
tive semigroup. Mostly it works like a commutative semigroup. For instance
a’b? = b%a?, for all a, b holds in a commutative semigroup, while this equa-
tion also holds for an AG-groupoid with left identity e. Moreover ab = (ba)e
for all elements a and b of the AG-groupoid. Now our aim is to discover
some logical investigations for regular and intra-regular AG-groupoids us-
ing the new generalized concept of fuzzy sets. It is therefore concluded
that this research work will give a new direction for applications of fuzzy
set theory particularly in algebraic logic, non-classical logics, fuzzy coding,
fuzzy finite state mechanics and fuzzy languages.

1.2 Abel Grassmann Groupoids

The concept of a left almost semigroup (LA-semigroup) [16] or an AG-
groupoid was first given by M. A. Kazim and M. Naseeruddin in 1972. an
AG-groupoid M is a groupoid having the left invertive law,

(ab)c = (¢b)a, for all a, b, c € M. (1)
In an AG-groupoid M, the following medial law [16] holds,
(ab)(ed) = (ac)(bd), for all a, b, ¢, d € M. (2)

The left identity in an AG-groupoid if exists is unique [28]. In an AG-
groupoid M with left identity the following paramedial law holds [32],

(ab)(ed) = (dc)(ba), for all a,b,c,d € M. (3)

If an AG-groupoid M contains a left identity, then,
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a(be) = b(ac), for all a, b, c € M. (4)

1.3 Preliminaries

Let S be an AG-groupoid. By an AG-subgroupoid of S, we means a non-
empty subset A of S such that A2 C A. A non-empty subset A of an AG-
groupoid S is called a left (right) ideal of S if SA C A (AS C A) and it is
called a two-sided ideal if it is both left and a right ideal of S. A non-empty
subset A of an AG-groupoid S is called quasi-ideal of S if SAN AS C A.
A non-empty subset A of an AG-groupoid S is called a generalized bi-ideal
of S if (AS)A C A and an AG-subgroupoid A of S is called a bi-ideal of
S if (AS)A C A. A non-empty subset A of an AG-groupoid S is called an
interior ideal of S if (SA)S C A.

If S is an AG-groupoid with left identity e then S = S2. It is easy to see
that every one sided ideal of S is quasi-ideal of S. In [31] it is given that
L[a] = aU Sa, I[a] = aU SaUaS and Qla] = a U (aS N Sa) are principal
left ideal, principal two-sided ideal and principal quasi-ideal of S generated
by a. Moreover using (1), left invertive law, paramedial law and medial law
we get the following equations

a(Sa) = S(aa) = Sa?, (Sa)a = (aa)S = a*S and (Sa) (Sa) = (S9) (aa) = Sa*.

To obtain some more useful equations we use medial, paramedial laws
and (1), we get

(Sa)? = (Sa)(Sa) = (55)a® = (aa)(SS) = S((aa)S)
= (89)((aa)S) = (Sa*)SS = (Sa?)S.

Therefore
Sa? = a*S = (Sa?)S. (2)

The following definitions are available in [27].

A fuzzy subset f of an AG-groupoid S is called a fuzzy AG-subgroupoid
of S if f(zy) > f(z) A f(y) for all z, y € S. A fuzzy subset f of an
AG-groupoid S is called a fuzzy left (right) ideal of S if f(zy) > f(v)
(f(zy) = f(z)) for all x, y € S. A fuzzy subset f of an AG-groupoid S
is called a fuzzy two-sided ideal of S if it is both a fuzzy left and a fuzzy
right ideal of S. A fuzzy subset f of an AG-groupoid S is called a fuzzy
quasi-ideal of S'if foCgNCgso f C f. A fuzzy subset f of an AG-groupoid
S is called a fuzzy generalized bi-ideal of S if f((za)y) > f(z) A f(y), for all
z,aand y € S. A fuzzy AG-subgroupoid f of an AG-groupoid S is called a
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fuzzy bi-ideal of S if f((za)y) > f(x)A f(y), for all z, a and y € S. A fuzzy
AG-subgroupoid f of an AG-groupoid S is called a fuzzy interior ideal of
S if f((za)y) > f(a), for all z, a and y € S. Let f be a fuzzy subset of an
AG-groupoid S, then f is called a fuzzy prime if max{f(a), f(b)} > f(ab),
for all a,b € S. f is called a fuzzy semiprime if f(a) > f(a?), for all a € S.

Let f and g be any two fuzzy subsets of an AG-groupoid S, then the
product f o g is defined by,

\/ {f(d) Ag(c)}, if there exist b, c € S, such that a = be.
(f © g) (a) = a=bc

0, otherwise.

The symbols fNg and f U g will means the following fuzzy subsets of S
(fNg)(x) = min{f(z), g(x)} = f(x) Ag(x), for all z in §

and

(fUg)(x) =max{f(z), g(z)} = f(z) Vg(x), for all z in S.

Let f be a fuzzy subset of an AG-groupoid S and t € (0,1]. Then z; € f
means f(x) > t, x:qf means f(z)+¢ > 1, x;a V 8f means ziaf or z8f,
where «, 5 denotes any one of €, ¢, € Vq, € Aq. zza A Bf means z;af and
2B f, riyaf means z,af does not holds. Generalizing the concept of z.qf,
Jun [13, 14] defined z.qy f, where k € [0,1), as f (x)+t+k > 1.z, € Vgr f
if x; € f or ziqif.

Let f and g be any two fuzzy subsets of an AG-groupoid S, then for
k € ]0,1), the product f o g is defined by,

\/ {f(®) Ag(c) A 15E} | if there exist b, c € S, such that a = be.
(f Ok g) (a’) = a=bc

0, otherwise.

The symbols f A g and fV g will means the following fuzzy subsets of an
AG-groupoid S.

(f A g)(x) =min{f(x),g(x)} for all z in S.

(fVg)(x) =max{f(x),g(x)} for all x in S.

Definition 1 A fuzzy subset f of an AG-groupoid S is called fuzzy AG-
subgroupoid of S if for all x,y € S and k € [0,1) such that f(zy) >

min{f(z), f(y), 45" }.

Definition 2 A fuzzy subset f of an AG-groupoid S is called fuzzy left
(right) ideal of S if for all x,y € S and k € [0,1) such that f(xy) >
min{f(y), 5} (f(zy) > min{ f(z), 52 }).

A fuzzy subset f of an AG-groupoid S is called fuzzy ideal if it is fuzzy
left as well as fuzzy right ideal of S.
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Definition 3 A fuzzy subset f of an AG-groupoid S is called fuzzy quasi
ideal of S, if

fla) = min{(f o <)(a),(so f)(a), 155} where < is the fuzzy subset of S
mapping every element of S on 1.

Definition 4 A fuzzy subset f is called a fuzzy generalized bi-ideal of S

if f((za)y) > min{f(x), f(y), %}, for all z, a and y € S. A fuzzy AG-
subgroupoid f of S is called a fuzzy bi-ideal of S if f((xa)y) > min{ f(x), f(y), %},
for all z,a,y € S and k € ]0,1).

Definition 5 An (€, € Vqi)-fuzzy subset f of an AG-groupoid S is called
prime if for all a,b € S and t € (0,1], it satisfies,
(ab); € f implies that a; € Vai.f or by € Vi f.

Theorem 6 An (€, € Vqy)-fuzzy ideal f of an AG-groupoid S is prime if
forall a,b € S, it satisfies,
max {f (a), f (b)} = min{f (ab), +5*}.

Proof. It is straightforward. m

Definition 7 A fuzzy subset f of an AG-groupoid S is called (€, € Vgi)-
fuzzy semiprime if it satisfies,
a? € f this implies that a; € Vai.f for alla € S and t € (0,1].

Theorem 8 An (€, € Vqg)-fuzzy ideal f of an AG-groupoid S is called
semiprime if for any a € S and k € [0,1), if it satisfies,
f(a) = min{f (a%) , 154}

Proof. It is easy. m

Definition 9 For a fuzzy subset F' of an AG-groupoid M and t € (0,1],
the crisp set U(F;t) = {x € M such that F(z) >t} is called a level subset
of F.

Definition 10 A fuzzy subset F' of an AG-groupoid M of the form

Fly) = { Ot € (0,1] ifﬁyy:#xx

is said to be a fuzzy point with support z and value ¢ and is denoted by x;.

Lemma 11 A fuzzy subset F of an AG-groupoid M is a fuzzy interior
ideal of M if and only if U(F';t) (# 0) is an interior ideal of M.

Definition 12 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vq)-fuzzy interior ideal of M if for all t,r € (0,1] and z,a,y € M.

(A1) z¢ € F and y, € I implies that (vy)minge,ry € VaF.

(A2) a; € F implies ((xa)y): € VgF.
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Definition 13 A fuzzy subset F of an AG-groupoid M is called an (€, €
Vq)-fuzzy bi-ideal of M if for all t,r € (0,1] and z,y,z € M.

(B1) xy € F and y, € F implies that (2Y)min{t,r} € VqF.

(B2) @y € F and 2z, € F implies ((vY)2)min{t,ry € VqF'

Theorem 14 For a fuzzy subset F' of an AG-groupoid M. The conditions
(B1) and (B2) of Definition 5, are equivalent to the following,

(B3) (Vx,y € M)F(zy) > min{F(x), F(y),0.5}

(B4) (Va,y,2 € M)F((zy)2) > min] F(z), F(y),0.5}.

Proof. It is similar to proof of theorem 7?7. m

Definition 15 A fuzzy subset F' of an AG-groupoid M is called an (€, € Vq)-
fuzzy (1,2) ideal of M if

(¢) F(zy) > min{F(x), F(y),0.5}, for all z,y € M.

(#9) F((za)(yz)) > min{F(z), F(y), F(z),0.5}, for all x,a,y,z € M.

Example 16 Let M = {1,2,3} be a right regular modular groupoid and
7.7 be any binary operation defined as follows:

F(3)=0.2.

Then we can see easily F (1-3) > F (3) A0.5 that is F is an (€,€ Vq)-
fuzzy left ideal but F is not an (€, € Vq)-fuzzy right ideal.

Definition 17 A fuzzy subset f is called (€,€ Vqi)-fuzzy quasi-ideal of
AG-groupoid S, if

f(z) > {(fOS)(a:) A(So f)x) A 1;k} forallz € S.

Now we are going to develop (€, € Vqy)-fuzzy (1, 2) ideals in AG-groupoids.

Definition 18 Let S be an AG-groupoid, and f be an (€,€ Vqi)-fuzzy
AG-subgroupoid of S. Then f is an (€,€ Vqi)-fuzzy (1,2) ideal of S, if
forallz, a, y, z € S and t, r, s € (0,1], we have z; € f, y. € [ and
zs € f = ((za)(yz))taryns € Vi f-

Theorem 19 Let f be a non-zero («, 8)- fuzzy (1,2) ideal of S. Then the
set fo={x €S| f(z) >0} is (1,2) ideal of S.
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Proof. Let z, y € fo C S, then f(z) > 0 and f(y) > 0. Assume that
f(zy) = 0. If a € {€,€ Vq} then zyyaf and yp af but f(zy) =0 <
f@) A f(y) and f(zy) + min{f(2), f(y)} <0+ 1 =1 S0 (xy)s@)rr)Bf
for every 8 € {€,q, € Vq, € Ag}, a contradiction. Note that x1¢f and y1qf
but (zy)ia1 = (zy)1Bf for every B € {€,q,€ Vq,€ Aq}, a contradiction.
Hence f(xy) > 0, that is zy € fo. Thus fy is an AG-subgroupoid of S.
Let z, y, z € fo and a € S, then f(z) > 0, f(y) > 0 and f(z) > 0.
Assume that f((za)(yz)) =0. If a € {€, € Vq} then xy)af, ysaf and
2maf but f((za)(y=) = 0 < min{f(z), f(y), £(=)} and f((wa)(y2)) +

min{ f(z), f(y), f(2)} <0+ 1= 1. So ((za)(y2)) f(x)rf)rf)Bf for every
B € {€,q,€ Vg,€ N}, a contradiction. Note that z1qf, y1qf and z1qf
but ((za)(yz))iria1 = ((za)(yz))18f for everyS € {€,q,€ Vg, € Aq}, a
contradiction. Hence f((za)(yz)) > 0, that is, (za)(yz) € fo. Consequently,
foisan (1,2) ideal of S. m

Theorem 20 For a fuzzy subset f of an AG-groupoid S, the following are
equivalent,

(1) f is a fuzzy (1,2) ideal of S

(#) f is an (€, €)-fuzzy (1,2) ideal.

Proof. (i) = (ii)

Let z,y € S and ¢,7 € (0,1] be such that x4, y,. € f. Then f(x) > ¢,
and f(y) > r. Now by definition f(xzy) > f(x) A f(y) > ¢t A r, implies
that (zy)iar € f. Now let z, a, y, z € S and ¢,r,s € (0,1] be such that
T, Yr, 2s € f. Then.f(z) >t f(y) > r and f(z) > s. Now by defin-
ition f((za)(yz)) > f(z) A f(y) A f(2) > t Ar A's, which implies that
((za)(y2))min{t,r,s} € f. Therefore f is an (€, €)-fuzzy (1,2) ideal of S.

(ii) = (i)

Let x,y € S. Since x4,y € f and yy(,) € f, since f is an (€, €)-fuzzy
(1,2) ideal, so (zY) fx)rf(y) € f, it follows that f(xy) > f(z) A f(y), and
let z, a, y, z € S. Since x4,y € f, ysy) € fand zp) € f and f is
an (€, €)-fuzzy (1,2) ideal so ((za)(y2)) f)rfnfz) € f, it follows that
f((za)(yz)) = f(x) A f(y) A f(2), so [ is a fuzzy (1,2) ideal of S. ®

1.4 (€, € Vqg)-fuzzy Ideals in AG-groupoids

Theorem 21 Let A be a (1,2) ideal of S and let f be a fuzzy subset of S
such that,

)= {
Then

(1) f is a (g, € Vqi)-fuzzy subsemigroup of S.
(2) f is an (€, € Vqi)-fuzzy subsemigroup of S.

> % ifee A
0 otherwise.
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Proof. (1) Let z, a, y, z € S and ¢, v, s € (0,1], be such that z:qf, y-qf
and zs;qf. Then z,y,z € A, f(z)+t>1 f(y)+r > 1and f(z)+s > 1.
Since A is an (1 2) ideal of S, we have (za)(yz) € A for a € S. Thus
f(za)(yz)) > 55, If min{t,r, s} < 15 then f(( )(yz)) > min{t,r, s}
and so ((za)(yz))mm{trs} ef. 1t mln{t 7 5} > =3~, then f((xa)(yz)) +
min{t,r, s} +k > 155 + 155 4 k = 1 and so ((ma)(yz))mm{tms} € Vi f.
Hence fis a (g, € \/q)-fuzzy (1,2) ideal of S.

(2) Let z,a,y,2 € S and t, r, s € (0,1] be such that x; € f, y,. €
f, and zg € f. Then f(z) >t > 0 f(y) > r > 0 and f(z) > s >
0. Thus f(x) > 1;2]“ fly) > £ and f(z) > 5%, this implies that
z,y,z € A Sin e Ais an (1,2) 1deal of S, we have (za)(yz) € A. Thus
f(wa)(yz)) > 355, If min{¢,r, s} < 155, then f(( a)(yz)) > min{t,r, s}
and so ((x )(y ))mm{t”} ef. Ifmm{t T, s} > 12F then f(zy)+min{t,r, s}+
k > M + 15k L k=1 and so ((:m)(yz))mm{t,r’s} € Vqrf. Hence f is a
(¢,¢€ \/q) fuzzy (1,2) ideal of S. m

Lemma 22 Let f be a fuzzy subset of AG-groupoid S, then f is an (€, €
Vi) -fuzzy (1,2) ideal of S if and only if

(i) f(zy) > min{f(z), f(y), 5"}, for all z,y € S,

(i) f((za)(yz)) = min{f(z), f(y), f(2), 15~} for all z,a,y,z € S.

Proof. Let f be (€, € Vqi)-fuzzy (1,2) ideal of S, then f(zy) > min{f(z), f(y), 355},
for all z,y € S is automatically satisfied. On contrary suppose that there
exists @,a,y,2 € S such that f((za)(yz)) < min{f(z), f(y), f(2), 5E}.
Choose t € (0,1] such that f((xa)(yz)) <t < min{f(z), f(y), f(2), 5E}
then f((za)(yz))+t+k < w—i— kik=1,s0 ((za)(y2))min{t,t,6} € Var f,
which is contradiction. Hence f((aca)(yz)) > min{f(z), f(y), f(2), 5%}, for
all z,a,y,z € S.

Conversely suppose that () and (i) holds. From (¢) and it is clear that f
is (€, € Vqi)-fuzzy AG-subgroupoid of S. Now let z; € f, y, € f and z; € f
for t,7, s € (0.1], then f(x) >t, fly) >rand f(z) > s. Now f((za)(yz)) >
min{ f(z), f(y), f(z) 55} > min{t,r, s, 355} If minft, r, s} > 155, then
f(@a)(yz)) = 5%, So f((za)(yz)) + minft,r,s} + k > 58 + 158 4 | =
1, which imphes that ((za)(yz))min{t,rs1qrf- If min{t,r, s} < %, then
F((wa) (=) > mingt, , 5}. 50 ((20) (42 hmingtra) € F- THUS ((20)(52)hminge.ry €
V@i f. Therefore f is an (€, € Vqi)-fuzzy (1,2)-ideal of S. m

Proposition 23 Let f be an (€, € Vqi)-fuzzy (1,2) ideal of S, then fi is
fuzzy (1,2) ideal of S.

Proof. Let f be an (€, € Vg )-fuzzy (1,2) ideal of S, then for all z,a,y, z €
S, we have f((za)(yz)) > f(z) A f(y) A f(z) A 5. This implies that

F(za)(y2)) A2 = fz) A f(y) A f(2) A 255 So fi((za)(yz)) = fula) A
fe(W) A fr(z). Thus fi is fuzzy (1,2) ideal of S. m
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Lemma 24 For a fuzzy subset f of an AG-groupoid S, the following con-
ditions are true.

(1) fr is a fuzzy left (right) ideal of S if and only if Soy f < fi (for S <

i)
(i1) fx is a fuzzy AG-subgroupoid of S if and only if f oy f < fi.

Lemma 25 Let A be a non-empty subset of an AG-groupoid S. Then the
following properties holds.

(1) A is an AG-subgroupoid of S if and only if (Ca)y is an (€, € Vqy)-
fuzzy AG-subgroupoid of S.

(79) Ais a left (right, two-sided) ideal of S if and only if C4 is an (€, €
Vg )-fuzzy left (right, two-sided) ideal of S.

Lemma 26 For any non-empty subsets A and B of an AG-groupoid S,
the following conditions are true.

(i) Caor Cp = (CaB)k
(i1) Ca Nt C = (CanB)k

Lemma 27 Let f and g be fuzzy subset of AG-groupoid S. Then the fol-
lowing holds,

(@) (f Neg) = (fie A gi)

(id) (f Ve 9) = (fe V 91)

(111) (f ox 9) = (fx ng)

(iv) fr(x) = fz) A1~

Proof. It is easy. m

Lemma 28 Let A and B be non-empty subsets of a AG-groupoid S, then
the following holds.

(i) (Ca Ak CB) = (CanB)k

(4) (Ca Vi Cp) = (CauB)k

(i) (Caor CB) = (CaB)k-

Definition 29 Let f and g be any two fuzzy subsets of an AG-groupoid S,
then the product f oy g is defined by,

\/ {f c) NSk k} if there exists b, ¢ € S, such that a = bc.
(f Ok g) (a) = a=bc

0, otherwise.

Example 30 Let S = {a,b,c,d, e} be an AG-groupoid with left identity d
with the following multiplication table.



16 1. Generalized Fuzzy Ideals of AG-groupoids

o Q0 o

Q@ Q 2 2 9|
SIS S R~ <N RS
Q0 Qoo
a0 oo,
QOO oo

Note that S is non-commutative as ed # de and also S is non-associative
because (cc)d # c(cd).

Clearly S is right regular because, a = a’d, b = b%c, ¢ = c?c, d = d?d,
e = e2e.

Define a fuzzy subset f of S as follows: f(a) = 1 and f(b) = f(c) =
f(d) = f(e) =0, then clearly f is a (€, € Vgg)-fuzzy two-sided ideal of S.

It is easy to observe that every (€, € Vgi)-fuzzy two sided ideal of an
AG-groupoid S'is a (€, € Vg )-fuzzy AG-subgroupoid of S but the converse
is not true in general which is discussed in the following.

Let us define a fuzzy subset f of S as follows: f(a) = 1, f(b) = 0 and
fle) = f(d) = f(e) = 0.5, then f is a (€, € Vqi)-fuzzy AG-subgroupoid
of S but it is not a (€, € Vgi)-fuzzy two sided ideal of S because f(db) #
£(d) A 155 or f(bd) # F(d) A 5.

Definition 31 An element a of an AG-groupoid S is called a right regular
if there exists x € S such that a = a®x and S is called right reqular if every
element of S is right regular.

An AG-groupoid S considered in Example 30 is right regular because,
a=a%d, b="b%c, c = c?c, d = d%d, e = e®e.

Example 32 Let S = {a,b,c,d, e} be a right reqular AG-groupoid with left
identity c in the following multiplication table.

a b ¢ d e
alb a a a a
bla b b b b
cla b ¢ d e
dla b e ¢ d
ela b d e ¢

Theorem 33 Let S be an AG-groupoid with left identify and let f be any
fuzzy subset of S, then S is right reqular if fr(x) = fr.(z?) holds for all
in S.

Proof. Assume that S is an AG-groupoid with left identify. Clearly 225 is a
subset of S and therefore its characteristic function Cj2g is a fuzzy subset of
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S let z € S. Now by given assumption (Cy2g)(2?) = (Cyp25)x(x) holds for
all z € S. As 2? € 228 therefore (Cy2g)k(2?) = 155 = (Cpag)i(z) = 5
which implies that = € 22S. Thus S is right regular. m

The converse is not true in general. For this, let us consider a right
regular AG-groupoid S in Example 32. Define a fuzzy subset f of S as
follows: f(a) = 0.6, f(b) =0 and f(c) = f(d) = f(e) = 0.9, then it is easy
to see that fi(a) # fr(a?) for a € S.

Lemma 34 A fuzzy subset f of a right reqgular AG-groupoid S is an (€, €
Vi )-fuzzy left ideal of S if and only if it is an (€, € Vqi)-fuzzy right ideal
of S.

Proof. Let S be a right regular AG-groupoid and let a € S, then there
exists » € S such that a = az. Let f be a (€, € Vq)-fuzzy left ideal of S,
then by using (1), we have

flab) = f(((aa)z)b) = f(((xa)a)b)

{f(a)/\g/\;}—f(a)/\lgk.

Y

Similarly we can show that every (€, € Vqy)-fuzzy right ideal of S is an
(€, € Vgi)-fuzzy left ideal of S. m

Example 35 Let us consider an AG-groupoid S = {a,b,c,d, e} with left
identity d in the following Cayley’s table.

a S 0o Q|
T o o 0o Q|®

D QO Q|

D QO S
Q2 2 2 9|
O 0 0o Q|0

Note that S is not right regular because for ¢ € S there does not exists
x € S such that ¢ = c?z.

Definition 36 The symbols f Ax, g and f Vi g will means the following
fuzzy subsets of S

min{f(x), g(x),lgk}, for all x in S.

(f A& g)()

1

(fVeg)(x) = max{f(z), g(m),k}, for all x in S.
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Lemma 37 If f is a (€, € Vqi)-fuzzy interior ideal of a right regular AG-
groupoid S with left identity, then fi(ab) = fr(ba) holds for all a,b in S.

Proof. Let f be a (€,€ Vqi)-fuzzy interior ideal of a right regular AG-
groupoid S with left identity and let a € S, then a = a?z for some z in S.
Then we have
1—k 1-k
fila) = fla) A TS5 = f((aayr) A 1S
1—k 1-k
= f@a)a) N —— = f((za)((aa)z)) A

Y
=
)
>
>
[
=
S

Which implies that fi(a) = fi(a?) for all a in S.
Now we have

1—k oo 1k
f(ab)/\Tzf((ab) )/\T
= J(ab)ab) A = (e A LS
= Fl(eana) A o > poay A L EA LR

1—-k 1—-k

= f(ba) A = f(b((aa)z)) A 5
= Jl(aa)(ba) A 15 = ((ab)(aa) A 1S
= Jelab)) am) A 155 > an) A LY

2
= fr(ab).

Therefore fi(ab) = fr(ba) holds for all a,bin S. m

The converse is not true in general. for this, let us define a fuzzy subset
f of a right regular AG-groupoid S in Example 30 as follows: f(a) = 0,
f(b) =0.2, f(c¢) = 0.6, f(d) = 0.4 and f(e) = 0.6, then it is easy to see that
f(ab) = f(ba) holds for all @ and b in S but f is not a fuzzy interior ideal
of S because f((ab)c) # f(b) A 15E.

fr(ab)

Theorem 38 Let S be an AG-groupoid with left identity and. Let f be any
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(€, € Vai)-fuzzy interior ideal of S, then fr(ab) = fxr(ba) holds for all a,b
i S if S right reqular.

Proof. Assume that S is a right regular AG-groupoid with left identity and
let f be a fuzzy interior ideal of S, then by using Lemma 37, fi(ab) = fi(ba)
holds for all a,bin S. m

The converse is not true in general. For this, let us consider an AG-
groupoid S in Example 35 with left identity d. Let us define a fuzzy subset
f of S as follows: f(a) = f(b) = f(c) = 0.4, f(d) = 0.2 and f(e) = 0.5,
then it is easy to see that f is an (€, € Vqi)-fuzzy interior ideal of S such
that fi(ab) = fr(ba) holds for all @ and b in S but S is not right regular.

Note that S itself is a fuzzy subset such that S(z) =1 for all z € S.

Lemma 39 For any fuzzy subset f of a right reqular AG-groupoid S, S oy,
[ =Tk

Proof. It is simple. =
Note that for any two fuzzy subsets f and g of S, f C ¢g means that
f(z) < g(z) for all z in S.

Lemma 40 In a right reqular AG-groupoid S, for S = fi and Sox f = fx
holds for every (€, € Vqi)-fuzzy two-sided ideal [ of S.

Proof. Let S be a right regular AG-groupoid. Now for every a € S there
exists € S such that a = a?z. Then by using (1), we have a = (aa)z =
(za)a, therefore

(Fox @) = (Fol@A o= \/ {fza)AS@)nys
a=(za)a
> f(m)m(a)A%A% zf(a)/\l/\#
> fla) Aot~ fa).

It is easy to observe from Lemma 39 that S or f = fi holds for every
fuzzy two-sided ideal f of S. m

Lemma 41 In a right reqular AG-groupoid S, So S = 5.
Proof. It is simple. ®

Theorem 42 In a right regular AG-groupoid S with left identity, the fol-
lowing statements are equivalent.

() f is an (€, € Vqy)-fuzzy two-sided ideal of S.
(#7) f is an (€, € Vqi)-fuzzy bi-ideal of S.
Proof. (i) = (i7) is simple.
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(i1) = (7) : Let S be a right regular AG-groupoid with left identity, then
for b € S there exists y € S such that b = b?y and let f be a (€,€ Vqy)-
fuzzy bi-ideal of S, then we have

Flab) = Fla((0b)) = F(0B)ay) = F(((ay)b)b) = F((ay)((GB)))
= F(ay)((D)9)b) = F((alyb))(B))D) = F(((by) (yb)a))b
= F((B)(Bw)a)) = F(((a(bv)) (bu))B) = F((alb) )
> FO NSO = Fe) AT

flab) = f(((aa)z)b) = f(((za)a)b) = f((ba)(za)) = f((az)(ab))
= f(((ab)z)a) = f(((((aa)z)b)z)a) = f(((zd)((aa)z))a)
f(((aa)((zb)z))a) = f(((a(zb))(az))a
= f(a(a(eb)a))a) > (@) A fla) Ao
= fla)A #

Which shows that f is a (€, € Vqi)-fuzzy right ideal of S and therefore
f is a (€, € Vgg)-fuzzy two-sided ideal of S. m

Theorem 43 In a right reqular LA-semigroup S with left identity, the
following statements are equivalent.

(1) f is an (€, € Vgy)-fuzzy (1,2)-ideal of S.

(#7) f is an (€, € Vqi)-fuzzy two-sided ideal of S.
Proof. (i) = (ii) : Assume that f is an (€, € Vg)-fuzzy (1,2)-ideal of a
right regular LA-semigroup S with left identity and let a € S, then there
exists y € S such that a = a?y. Now we have

flea) = fa(aa)y)) = £((aa)(zy) = F((((aa)y)a)(zp)
= F({(a) (@) @y)) = F((0a) () ()
= 1)) aa)) = F(((a)(y))a?)
= F({(((aa)y))(v2))a?) = F((((y9)(a0))())a)
= F(((aa)y®) e))a?) = F((((y2)y?)(aa))a?)
— fl(a((w)sP)a) aa)) = f(a) A fla) A fla) n
= f@A

This shows that f is an (€,€ Vqi)-fuzzy left ideal of S and f is an
(€, € Vg )-fuzzy two-sided ideal of S.
(#4) = (7) is obvious. m
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Lemma 44 In a right reqular AG-groupoid S with left identity, the follow-
ing statements are equivalent.

(i) f is an (€, € Vg )-fuzzy bi-ideal of S.

(i9) f is an (€, € Vg )-fuzzy generalized bi-ideal of S.
Proof. (i) = (i7) is obvious.

(i) = (i) : Let S be a right regular AG-groupoid with left identity
and let a € S, then there exists € S such that a = a%x. Let f be a
(€, € Vgg)-fuzzy generalized bi-ideal of S, then

flab) = f(((aa)z)b) = f(((aa)(ex))b) = f(((ze)(aa))b)
1—k

= J((al(ze)a)b) > [(@) A J) A =

Which shows that f is an (€, € Vqi)-fuzzy bi-ideal of S. m

Lemma 45 Every (€, € Vqg)-fuzzy right ideal of an AG-groupoid S with
left identity becomes an (€, € Vqi)-fuzzy left ideal of S.

Proof. Let S be an AG-groupoid with left identity and let f be an (€, €
Vg )-fuzzy right ideal. Now

F(ab) = f((ea)d) = f((ba)e) > F(B) A 15

Therefore f is an (€, € Vg )-fuzzy left ideal of S. m

The converse is not true in general. For this, let us define a fuzzy subset
f of an AG-groupoid S in Example 35 as follows: f(a) = 0.8, f(b) = 0.5,
f(e) =0, f(d) = 0.3 and f(e) = 0.6, then it is easy to observe that f is an
(€, € Vgg)-fuzzy left ideal of S but it is not an (€, € Vqy)-fuzzy right ideal
of S, because f(bd) # f(b) A L5E.

Theorem 46 In a right reqular AG-groupoid S with left identity, the fol-
lowing statements are equivalent.

() f is an (€, € Vg )-fuzzy interior ideal of S.

(#) f is an (€, € Vq)-fuzzy bi-ideal of S.
Proof. Let S be a right regular AG-groupoid with left identity then for
any a, b, z and y € S there exists a/, b/7 z and y/ € S such that a = aQa/,
b=02b", z = 22z’ and y = y2y .

(1) = (i1) : Let f be a (€, € Vgi)-fuzzy interior ideal of S, then

fza)y) = f((((zz)z)a)y) = F((((z'z)z)a)y) = f(((az)(z'z))y)
= f(((z2)(za))y) = F((((za)z )z)y) > f(z) A %

Again we have

’

f@a)y) = fl@a)((w)y) = f((yy)(@a)y)
F(@aly w)y) = Fl) A
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Which implies that f((za)y) > f(z) A f(y) A 5%, Now

f(ab) = £(((aa)a )b) = £(((a'a)a)b) = f((ba)(a'a)) > f(a) A %
and
F(ab) = F(a((BD)) = F(OB)(ab)) > F(0) A+
Thus f is an (€, € Vg)-fuzzy bi-ideal of S.
(i1) = (4) : Let f be an (€, € Vg )-fuzzy bi-ideal of S, then
f(@a)y) = f((=((aa)a))y) = f(((aa)(wa))y) = f(((az)(aa))y)
= f(y(ad))(az)) = f((a(ya"))(az)) = f(((az)(ya))a)
F(((a'y)(za))a) = f(((a'y)(z((aa)a)))a)
F(((a'y)((aa)(za)))a) = F(((a'y)((a z)(aq)))a)
= f(((a'y)(a((a'z)a))a) = f((a((a'y)((a z)a)))a)
1—-k 1—-k
> f(a)/\f(a)/\T:f(a)/\T-

Which shows that f is an (€, € Vg )-fuzzy interior ideal of S. m

Theorem 47 In a right reqular AG-groupoid S with left identity, the fol-
lowing statements are equivalent.

(¢7) f is an (€, € Vqy)-fuzzy bi-ideal of S.

(7) fis an (€, € Vg)-fuzzy (1,2) ideal of S.
Proof. (i) = (i%) : Let S be a right regular AG-groupoid with left identity
and let z,a,y,z € S, then there exists 2’ € S such that z = 222" Let f be
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an (€, € Vqi)-fuzzy bi-ideal of S, then

Hea)w2) = f((zv)(an) = F(((aa)y)2) = F(laa)y) A F(2) At

> flax) N f) NN ——= AN ——

= flax) A f) A F2) At

2
= Salla) ) A F@) A FE) AT
= J(ax)@@) A F@) A FE) AT
= F(ax')2)a) A ) A FE) A
= Fl((a (@) )) A FO) A A TS
= Fl((as (@@ e D)) A ) A £ A SE
= fl((as)(@ @) A ) A £ A E
= fl((as)al(@ D)) A ) A £ A SE
= flaler (@ e)m))a) A F) A F) AT
> f(@) A fE) AT A S A FE) AT
= F@) A S A FE) A

Which shows that f is an (€, € Vgi)-fuzzy (1,2) ideal of S.

(19) = (4) : Again let S be a right regular AG-groupoid with left iden-
tity, then for any a, b, z and y € S there exists a/, b/, z and y/ € S such
that a = a%a’, b=b%b , = 22z 'and y = 32y . Let f be a (€, € Vg )-fuzzy
(1,2) ideal of S, then

fl@a)yy) = fl(za)((yy)y) = F(yy)(wa)y ) = (¥ (za))(yy) = F(=(y a))(yy))

> f@) A ) AT AT 2 T A S A TS

2
Now
flab) = f(a((bb)b)) = F((Bb)(ab)) = f((b'a)(bb)) = f(b ((aa)a ))(bD)
= S((aa)('a)Oh) = F((a'b)(aa))(bh) > Fla((aV))) (b)) A 1o
= F@ASBA SO A = paypyn 2

2 2



24 1. Generalized Fuzzy Ideals of AG-groupoids

Which shows that f is an (€, € Vg )-fuzzy bi-ideal of S. m

Theorem 48 In a right reqular AG-groupoid S with left identity, the fol-
lowing statements are equivalent.

() f is an (€, € Vqg)-fuzzy (1,2) ideal of S.

(79) f is an (€, € Vqy)-fuzzy interior ideal of S.
Proof. (i) = (i¢) : Let S be a right regular AG-groupoid with left identity
and let x,a,y, z € S, then there exists a' € S such that a = a2a’. Let f be
a (€, € Vgg)-fuzzy (1,2) ideal of S, then

f(za)(y2) = f((((aa)a))(y2)) = f(((aa)(za))(y2)) = f((((za )a)a)(y=))

= f((((za))((aa)a))a)(y2)) = f((((aa)((za )a))a)(yz))

= f(((y2)a)((aa)((za )a))) = f((aa)(((y2)a)((za )a)))
F(((aa)(d (za)))(a(y2))) = f(((a(y2))(a (za)))(aq))
F((((aa)a)(y2))(a (za)))(aa)) = f(((((a'a)a)(y2))(a (za)))(aa))

= f((((za)a ) ((y2)((d a)a)))(aa)) = f((((wa")a )((y2)((ae)(aa ))))(aa))
F(((wa)a ) ((y2)(al(ae)a’))))(aa))
F(((za")a ) (al((y2)((ae)a))))(aa))

= f((a(((za')a ) ((y2)((ae)a))))(aa))

> fla) A (@) A (@) = fa) n 5

Which shows that f is an (€, € Vg )-fuzzy interior ideal of S.

(ii) = (1) : Again let S be a right regular AG-groupoid with left identity
and let z,a,y,z € S, then there exists z'and 2z € S such that z = 222
and z = 22z. Now

Now by using (4), we have

o)) = S(a)e(((=2))) = f(Ea)(=2)6))
= FEEa ) = FE) A
Thus we get. ((20)(y2) > () A () A S(2) A 5.
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Let a and b € S then there exists ¢ and b € S such that @ = a2a and
b= b%b . Now

F(ab) = F((0a)a ) = F((ba’)(a0)) = f((a)(aD)) > f(a) A "

and
1-k

flab) = F(a((®h)b) = F((BD)(ab)) = F(b) A ——

Thus f is an (€, € Vqi)-fuzzy (1,2) ideal of S. m

Note that (€, € Vgi)-fuzzy two-sided ideals, (€, € Vqi)-fuzzy bi-ideals,
(€, € Vgr)-fuzzy generalized bi-ideals, (€, € Vqi)-fuzzy (1,2) ideals, (€, €
Vg )-fuzzy interior ideals and (€, € Vgg)-fuzzy quasi-ideals coincide in a
right regular AG-groupoid with left identity.

Lemma 49 Let S be an AG-groupoid with left identity, then the following
conditions are equivalent.

(1) S is right regular.

(ii) fog f = fr for every (€, € Vqi)-fuzzy left (right, two-sided) ideal of
S.
Proof. (i) = (ii) : Let S be an AG-groupoid with left identity and
let (¢) holds. Let a € S, then since S is right regular so by using (1),
a = (aa)x = (za)a. Let f be an (€,€ Vqg)-fuzzy left ideal of S, then
clearly f ox f < fi and also we have

(Foxf)@) =V {fa)Af@)rigt)
a=(za)a
> fa) A fa) A Tyt At = A LY
= fk(a)

Thus f ok f = fi.

(17) = (¢) : Assume that f og f = fi for (€, € Vqi)-fuzzy left ideal of
S.. Since Sa is a left ideal of S, therefore, (Cg, )k is an (€, € Vg )-fuzzy
left ideal of S. Since a € Sa therefore (Cs,)x(a) = 5. Now by using the
given assumption and we get

(Csa)k ok (Csa)k = (Csa)r and (Csa)k ok (Csa)k = (Cisay2),

Thus we have (C(sa)z)k(a) = (Csa)r(a) = 15E, which implies that
a € (Sa)?. Now

a € (Sa)* = (Sa)(Sa) = (aS)(aS) = a*S.

This shows that S is right regular. m
Note that if an AG-groupoid has a left identity then S oS = S.
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Theorem 50 For an AG-groupoid S with left identity, then the following
conditions are equivalent.

(¢) S is right regular.

(1) fr = (So f)og (Sof), where f is any (€, € Vqy)-fuzzy left (right,
two-sided) ideal of S.
Proof. (i) = (i7) : Let S be a right regular AG-groupoid and let f be any
(€, € Vqg)-fuzzy left ideal of S, then clearly So f is also an (€, € Vqy)-fuzzy
left ideal of S. Now

1-k 1-k 1—k

(Sof)ow(So ) (@) = (Sofa)A—5 A== < f@) A5~ = fila)

Now let a € S, since S is right regular therefore there exists = € S such
that @ = a2 and we have

a = (aa)z = (za)a = (za)((aa)x) = (za)((za)a)

Therefore
(Sofor(So@ =\ {(SoNa)n (S0 (aja)n o)
a=(za)((za)a)
1-k
> (Sof)(za)A(Sof)((xa)a) A 5
= S@a@ya ) (S@a)as@ya sk
ra=ra (za)a=(za)a
> S() A fla) A S(a) A fla) A = fa) At
= fila).

Thus we get the required fr = (S o f) ox (S o f).
(#5) = (i) : Let fr, = (S o f) o (S o f) holds for any (€, € Vqy)-fuzzy
left ideal f of S, then by given assumption, we have

fe(a) = ((Sof)Ar(Sof))a) <(foxf)(a)
< (Sox f)a) < fr(a).

Thus S is right regular. m

Lemma 51 In a right reqular LA-semigroup S with left identity, the fol-
lowing statements are equivalent.

(1) fis an (€, € Vi )-fuzzy quasi ideal of S.
(1) (foS)Ak (Sof)=fu

Proof. (i) = (i) is easy.
(#4) = (7) is obvious. m
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Theorem 52 Let S be a right reqular AG-groupoid with left identity, then
the following statements are equivalent.

(i) f is an (€, € Vg, )-fuzzy left ideal of S.

(i1) f is an (€, € Vg )-fuzzy right ideal of S.

(#i1) [ is an (€, € Vqi)-fuzzy two-sided ideal of S.

(tv) f is an (€, € Vg )-fuzzy bi-ideal of S.

(v) fis an (€, € Vqi)-fuzzy generalized bi-ideal of S.

(vi) f is an (€, € Vgg)-fuzzy (1,2) ideal of S.

(vig) f is an (€, € Vqy)-fuzzy interior ideal of S.

(vigi) f is an (€, € Vg )-fuzzy quasi ideal of S.

(iz) for S = frand Sop f = f.
Proof. (i) = (iz) : Let f be an (€, € Vqyi)-fuzzy left ideal of a right
regular AG groupoid S. Let a € S then there exists ¢ € S such that
a = a2d’ . Now

’ ’ ’ ’ ’

a = (aa)a = (a a)a and a = (aa)a = (aa)(ea ) = (a e)(aa).

Therefore
(forS)(a) = (\/) {f(a'a)/\S(a)/\12k}2{f(a/a)/\l/\lzk}
> f)n S = o)
and
/ 1-k k
(Sor f)a) = \/ S(ae) A flaa) N —— 1/\f(aa)/\7
a—(a’e)(aa){ 2 } { 2 }
> f(a)/\%ka(a).

Now we get the required f ox S = fr and S ox f = fi.

(iz) = (viii) is obvious.

(vigi) = (vii) : Let f be an (€,€ Vqi)-fuzzy quasi ideal of a right
regular AG-groupoid S. Now for a € S there exists @ € S such that

a = a%a’ and therefore by using (3) and (4), we have

(za)y = (za)(ey) = (ye)(azx) = a((ye)z)

and
(za)y = (z((aa)a))y = ((aa)(za))y = ((a'z)(aa))y = (a((a z)a))y = (y((a )a))a.

Since f is a fuzzy quasi ideal of S, therefore we have

1-k

fel(za)y) = ((f o S)Ax(S o f))((za)y) = (f o §) ((za)y)A(S o f) ((za)y) A ——.
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Now
(foS)(@ay =\ {f@)AS(e)n)} = fla)
(wa)y=a((ye)x)
and
(Sen(@ayy =\ {Se@) i@} = ).

(za)y=(y((a'x)a))a

Which implies that fi((za)y) > f(a) A 555 = f((za)y) > f(a) A 15E.
Thus f is an (€, € Vgg)-fuzzy interior ideal of S.

(vii) = (vi) is followed by Theorem 48.

(vi) = (v) is followed by Theorem 47.

(v) = (iv) is followed by Lemma 44.

(iv) = (i4i) is followed by Lemma 42.

(#91) = (i1) and (i3) = (i) are an easy consequences of Lemma 34. m

Theorem 53 In a right reqular AG-groupoid S with left identity, the fol-
lowing statements are equivalent.

(i) f is an (€, € Vqi)-fuzzy bi-(generalized bi-) ideal of S.

(i) (for S)or f = fx and foy f = fi.
Proof. (i) = (ii) : Let f be an (€, € Vqyi)-fuzzy bi-ideal of a right regular
AG-groupoid S with left identity and let ¢ € S then there exists z € S
such that a = a%z. Now by using (1), (4) and (3), we have

a = (aa)e = (za)a = (¢((aa)r))a = ((aa)(x))a = ((¢z)(aa))a = (((aa)z)z)a
= (@20)a)r)a = (((a((aa)e))a)e)a = ((((aa)(xz))a)z)a = ((((z2)(aa))a)z)a

— ((az*a)o)r)a
Therefore
(oo =V  {Tasaeon et}
a=(((a(z2a))a)r)a
> (J o )((alaa))a)e) A fla) A L
- V {statana nsw a3 L a @ n 5]
((a(z2a))a)z=((a(z2a))a)x
> fatana niagen > L@ s n i b @t
= fla)A % = fr(a).
Now

a = (aa)z = (za)a = (z((aa)x))a = ((aa)(zx))a = ((z2)(aa))a = (a(z?a))a.
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Therefore
(asan@ =V {Gasianarontst

a=(a(z?a))a

- \/ \V {f(a) A S(z2a) A gk} A f(a)
a=(a(z?a))a \a(z2a)=a(z2a)

-V Vo @A 1}) A fla) A gt
a=(a(z?a))a \a(z2a)=a(z2a)

Y \/ f(a)> Afla) At

a=(a(z2a))a \a(z2a)=a(z2a)

-V {r@nsa i a i

a=(a(z?a))a

<V {faeamya S
a=(a(z?a))a
= fla) At = fula)

Now

o = () = (a)a = (((0a)e))a = (an)(aa))a = ((r2)a)a)a
= (@)((@a)e))a)a = () ((@a)a))a)a = ((2)((ae)(a2))a)a
= ()al(@)a)))a)a = (a((z2)((ae)2))a)a
Therefore
(For @) = Vo st eone a5t
a=((a((zz)((ac)z)))a)a
1-k
> { el @ona A fw 55 ]
> fla) A f(@) A F@) A TS = Fa) A TS E = fula)

Now by using Lemma 24, f oy f = f%.
(14) = (¢) : Let f be a fuzzy subset of a right regular AG-groupoid S,
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then

1-k

f@y)z) = ((forS)or Hllay)) =/ {(fok S axy) A f(2) N ——

(zy)z=(zy)z

V {s@asmaizt b asea it

TYy=xy

v

> @) ALAE) AT = fa) A ) AT

Since f op f = fi therefore by Lemma 24, f is a (€, € Vg )-fuzzy AG-
subgroupoid of S. This shows that f is an (€, € Vgg)-fuzzy bi ideal of S.
m

Theorem 54 In a right regular AG-groupoid S with left identity, the fol-
lowing statements are equivalent.

() f is an (€, € Vg )-fuzzy interior ideal of S.
(1) (Sox f)ox S = fi-
Proof. It is simple. m

Theorem 55 In a right reqular AG-groupoid S with left identity, the fol-
lowing statements are equivalent.

(i) fis an (€, € Vgi)-fuzzy (1,2) ideal of S.

(1) (f o S) ok (f ok f) = fr and fop f = fi.
Proof. (i) = (ii) : Let f be an (€, € Vqy)-fuzzy (1,2) ideal of a right
regular AG-groupoid S with left identity and let @ € S then there exists
x € S such that a = a®z. Now

a = (aa)z = (za)a = (za)((aa)z) = (aa)((za)z) = (a((aa)z))((za)z)
= ((aa)(az))((za)z) = (((za)z)(az))(aa) = (a(((za)z)z))(aq).
Therefore

((F o 8) o (f o F))(a) = VARIR S v G
a=(a(((za)x)x))(aa) 2
> U Sa(ae)) A (f o ey n 155
Now
(o S)al(zae)a) = {(foS)al((@anro) 5}
- Vo {u@nas@anera i3t

a(((za)z)z)=a(((za)z)z)

f(a) A S(((za)z)z) A % L

2
fi(a)

v

2

k

|

|
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and
FonDlaa) = {(foniaan 51} - {\/ Ul }A12’“}
> fla) AT = fule)
Thus we get
((F o S) o (f o ))(a) > fi(a)
Now
o = ()2 = ((a0)z)((aa)2))z = ((aa)(((ea)2)2))z = ((aa)((z2)(aa)))z
= ((00)(#*(a0)))z = (2(2%(aq))) (aa) = (x(a(z%a)))(aa)
(a(w(2*a)))(aa) = (a(z(z*((aa)2))))(aa) = (a(z((aa)s?)))(aa)
Therefore
(f ok $)(a(z((aa)z))A
((for 8)or (f o /) (a) = V o Pam) A=K [
a-(a(m((aa)w‘o‘)))(aa){ ( or f)laa) A 552 }
Now
(F o5 S)ala((aa)a?))) = V { 1@ nStat(aara) 1 15
a(z((aa)z?))=a(z((aa)z?))
—k
- \ Oy
a(r((aa)x3))—a(w((aa)z?’)){ 2 }
and

o nia =V {s@nsniTt =V {5,

aa=aa
Therefore

V {fla) A 5E} A

o alz((aa xg o aa = a(z((aa)z?))=a(z((aa)z?))
(f ox S)(a(z((aa)z))) A (f ok f)(aa) VAT S

aa=aa

a(z((aa)z?®))=a(z((aa)z?))
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Thus from above, we get

((for S) ok (for f))(a) = a(z((aa)z®))=a(z((aa)z?))

1-k
A 2

1-k

@) @) n i3t )

a=(a(z((aa)z?)))(aa)

V

a=(a(e((aa)z?)))(aa)

—
—N

g

> &

M‘T >
=

&

—
~

IN

— =

F(afa((e)s®)faa) A -5 |
a=(a(z((aa)z?)))(aa)

— fa) A # ~ ula).

Thus (f ox S) ok (f o f) = fi-
Now by using (1) and (4), we have

Therefore

(for f)a) = (Fofaynzt

2
=V (@) A f@ A
a=((as?)(aa))a

> {f(((aa®)(aa))) A fla)} A0

> {for g A n g

1-k
A

= f(a) Tsz(a)-

Now by using Lemma 24, f oy f = fx.
(i) = (i) : Let f be a fuzzy subset of a right regular AG-groupoid
S. Now since f oy f = fi therefore by Lemma 24, f is a (€, € Vg )-fuzzy
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AG-subgroupoid of §

f@a)w=) = ((F ok ) ox (f ok £)((za) (y2))
1-k
= ((FoS)o (o M)y Aot
1-k
= ((FoS) o Nllaa)y2)) Ay
—k
=V U A T
(za)(yz)=(za)(yz)
1—-k
= (foS)(@a) A f(yz) A 5
=V U@ AS@) A Fw) At
(za)=(za)
1k
> f(x)/\l/\f(y)/\f(z)/\T
= J@) AT AT AL
Thus we get f((za)(yz)) > f(z) A f(y) A f(2) A L5E and thus f is an
(€, € Vgg)-fuzzy (1,2) ideal of S. m
A subset A of an AG-groupoid S is called semiprime if a®> € A implies
a € A
The subset {a,b} of an AG-groupoid S in Example 30 is semiprime.
A fuzzy subset f of an AG-groupoid S is called a fuzzy semiprime if
f(a) > f(a?) for all @ in S.

Definition 56 A fuzzy subset f is called an (€, € Vqi)-fuzzy semiprime if
forallz € S, t € (0,1] we have the following condition

z} € f = 2 €V f.

Lemma 57 Let f be a fuzzy subset of AG-groupoid S, then f is an (€, €
Var)-fuzzy semiprime if and only if f(x) > min{f(x?), 1§k}, forallxz € S.

Proof. It is similar to the proof of Lemma 22. m

Let us define a fuzzy subset f of an AG-groupoid S in Example 35 as
follows: f(a) = 0.2, f(b) = 0.5, f(c) = 0.6, f(d) =0.1 and f(e) = 0.4, then
f is an (€, € Vgg)-fuzzy semiprime.

Lemma 58 For a right regular AG-groupoid S, the following holds.

(i) Every (€, € Vqi)-fuzzy right ideal of S is an (€, € Vgg)-fuzzy semi-
prime.

(i7) Every (€, € Vqi)-fuzzy left ideal of S is an (€, € Vg )-fuzzy semi-
prime if S has a left identity.
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Proof. (i) : It is simple.

(i3) : Let f be a (€, € Vg )-fuzzy left ideal of a right regular AG-groupoid
S and let a € S then there exists x € S such that a = az. Now by using
(3), we have

1-k

£(@) = f((ao)(ex)) = f((we)a?) = F(a?) A =

Which shows that f is an (€, € Vgg)-fuzzy semiprime. ®

Lemma 59 A right( resp: left and two-sided) ideal R of an AG-groupoid
S is semiprime if and only if (Cr)x are (€, € Vqi)-fuzzy semiprime.

Proof. Let R be any right ideal of an AG-groupoid S, then by Lemma, 25,
(CRr)k is a (€, € Vqyi)-fuzzy right ideal of S. Now let a € S then by given
assumption (Cr)x(a) > (Cr)k(a?). Let a® € R, then (Cg)y(a®) = 5% =
(Cr)k(a) = 5% which implies that a € R. Thus every right ideal of S is
semiprime. The converse is simple.

Similarly every left and two-sided ideal of an AG-groupoid S is semiprime
if and only if their characteristic functions are (€, € Vg )-fuzzy semiprime.
]

Lemma 60 Let S be an AG-groupoid, then every right (left, two-sided)
ideal of S is semiprime if every fuzzy right (left, two-sided) ideal of S is an
(€, € Vqr)-fuzzy semiprime.

Proof. The direct part can be easily followed by Lemma 59. m

The converse is not true in general. For this, let us consider an AG-
groupoid S in Example 35. It is easy to observe that the only left ideals of
S are {a,b, e}, {a,c, e}, {a,b,c,e} and {a, e} which are semiprime. Clearly
the right and two sided ideals of S are {a,b, ¢, e} and {a, e} which are also
semiprime. Now on the other hand, if we define a fuzzy subset f of S as
follows: f(a) = f(b) = f(c) = 0.2, f(d) = 0.1 and f(e) = 0.3, then f is
a fuzzy right (left, two-sided) ideal of S but f is not an (€, € Vg)-fuzzy
semiprime because f(c) % f(c*) A 15E.

Lemma 61 Let S be an AG-groupoid with left identity, then the following
statements are equivalent.

(7) S is right regular.

(79) Every (€, € Vqi)-fuzzy right (left, two-sided) ideal of S is (€, € Vqx)-
fuzzy semiprime.

Proof. (i) = (i7) is followed by Lemma 58.

(i) = (i) : Let S be an AG-groupoid with left identity and let every
fuzzy right (left, two-sided) ideal of S is (€, € Vg )-fuzzy semiprime. Since
a’S is a right and also a left ideal of S, therefore by using Lemma 60,
(Cu2s )i is (€, € Vg )-semiprime. Now clearly a® € a2S, therefore a € a5,
which shows that S is right regular. m
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Theorem 62 For an AG-groupoid S with left identity, the following con-
ditions are equivalent.

(1) Sis right regular.

(i1) Every (€, € Vg )-fuzzy right ideal of S is (€, € Vg )-fuzzy semiprime.

(731) Every (€, € Vqi)-fuzzy left ideal of S is (€, € Vqy)-fuzzy semiprime.
Proof. (i) = (4i1) and (i) = (4) are followed by Lemma 61.

(791) = (1) : Let S be an AG-groupoid and let f be a (€, € Vqyi)-fuzzy
right ideal of S, then by using Lemma 45, f is a (€, € Vqi)-fuzzy left ideal
of S and therefore by given assumption f is a (€, € Vg )-fuzzy semiprime.
|

Theorem 63 For an AG-groupoid S with left identity, the following con-
ditions are equivalent.

(1) S is right regular.

(i) RNL = RL, R is any right ideal and L is any left ideal of S where
R is semiprime.

(#3i) f Ak g = f ok g, where f is any (€, € Vg )-fuzzy right ideal and g is
any (€, € Vqy)-fuzzy left ideal of S where f is a (€, € Vqy)-fuzzy semiprime.
Proof. (i) = (iti) : Let S be a right regular AG-groupoid and let f is
any (€, € Vqi)-fuzzy right ideal and ¢ is any (€, € Vqy)-fuzzy left ideal of
S. Now for a € S there exists z € S such that a = a?x. Now by using (1),
we have

a = (aa)x = (za)a = ((ex)a)a = ((ax)e)a.

Therefore

(f o 9)(@) Vst na@n 55} > @ noa) 15
a=((az)e)a

= (f Ak g)(a).

Which implies that f oy g > f Ar ¢ and obviously f o, g < f Ax g. Thus
forg=fArgand by Lemma 58, f is a (€, € Vqi)-fuzzy semiprime .

(#91) = (4t) : Let R be any right ideal and L be any left ideal of an
AG-groupoid S, then by Lemma 25, (Cg), and (Cr), are (€, € Vgi)-fuzzy
right and (€, € Vqy)-fuzzy left ideals of S respectively. As RL C RN L
is obvious therefore let a € RN L, then a € R and a € L. Now by using
Lemma 26 and given assumption, we have

(Crr)y (@) = (CroxCr)(a) = (Cr Ak Cr)(a)

1-— 1-—
Crla) A Cr(a) A Tk _ Tk

Which implies that @ € RL and therefore RN L = RL. Now by using
Lemma 59, R is semiprime.
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(i1) = (i) : Let S be an AG-groupoid, then clearly Sa is a left ideal of
S such that a € Sa and a2 is a right ideal of S such that a? € a2S. Since
by assumption, a2S is semiprime therefore a € a?S. Now by using (3), (1)
and (4), we have

a € a*SNSa=(a’S)(Sa) = (aS)(Sa*) = ((Sa*)S)a = ((Sa*)(SS))a
= ((SS)(a*S))a = (a*((S9)S))a C (a*S)S = (55)(aa) = a*S.

Which shows that S is right regular. m



2

Generalized Fuzzy Ideals of
Abel Grassmann Groupoids

In this chapter, we investigate some characterizations of regular and intra-
regular Abel-Grassmann’s groupoids in terms of (€,€ Vqi)-fuzzy ideals
and (€, € Vg)-fuzzy quasi-ideals.

An element a of an AG-groupoid S is called regular if there exist x € §
such that a = (az)a and S is called regular, if every element of S is regular.
An element a of an AG-groupoid S is called intra-regular if there exist
z,y € S such that a = (za?)y and S is called intra-regular, if every
element of S is intra-regular.

The following definitions for AG-groupoids are same as for semigroups
in [36].

Definition 64 (1) A fuzzy subset § of an AG-groupoid S is called an (€
, € Vaqi)-fuzzy AG-subgroupoid of S if for all z,y € S and t,r € (0,1], it
satisfies,

Ty €0, yr €0 implies that (my)min{t,r} € Vqid.

(2) A fuzzy subset § of S is called an (€, € Vqi)-fuzzy left (right) ideal
of S if for all x,y € S and t,r € (0,1], it satisfies,

xy € 6 implies (yx), € Vqpd (zy € 0 implies (xy), € Vaio).

(8) A fuzzy AG-subgroupoid [ of an AG-groupoid S is called an (€, €
Vqi)-fuzzy interior ideal of S if for all x,y,z € S and t,r € (0,1] the
following condition holds.

yr € f implies ((xy)z), € Vi f.

(4) A fuzzy subset f of an AG-groupoid S is called an (€,€ Vqi)-fuzzy
quasi-ideal of S if for all x € S it satisfies, f(x) > min(f o Cs(z),Cs o
f(z), %), where Cg is the fuzzy subset of S mapping every element of S
on 1.

(5) A fuzzy subset f of an AG-groupoid S is called an (€, € Vqi)-fuzzy
generalized bi-ideal of S if x; € f and z. € S implies ((xy) z)min{t7r} €
Vg f, for all z,y,z € S and t,r € (0,1].

(6) A fuzzy subset f of an AG-groupoid S is called an (€,€ Vqi)-fuzzy
bi-ideal of S if for all x,y,z € S and t,r € (0,1] the following conditions
hold

(1) If x¢ € f and y, € S implies (my)min{m} €V f,

(1) If x4 € f and z, € f implies ((zy) z)min{t’r} € Vaqrf.

Theorem 65 [36] (1) Let 6 be a fuzzy subset of S. Then § is an (€, € Vqy)-
fuzzy AG-subgroupoid of S if 6(zy) > min{é (z),8(y), 52}
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(2) A fuzzy subset § of an AG-groupoid S is called an (€,€ Vqi)-fuzzy
left (right) ideal of S if

§(zy) = min{d(y), 15} (8(zy) = min{d(x), 5*}).

(3) A fuzzy subset f of an AG-groupoid S is an (€, € Vqy)-fuzzy interior
ideal of S if and only if it satisfies the following conditions.

(i) f(zy) > min{f (), f (y), 55} for allz,y € S and k € [0,1).

(i) f((zy)2) > min{f (y), 55 for all z,y,2 € S and k € [0,1).

(4) Let f be a fuzzy subset of S. Then f is an (€, € Vqi)-fuzzy bi-ideal

1-k

of S if and only if
(@) f(wy) > min{f (z), f(y), 5~} for all z,y € S and k € [0,1),
(i1) f((zy)z) = min{ f(z), f (2), 255} for all z,y,z € S and k € [0,1).

Here we begin with examples of an AG-groupoid.

Example 66 Let us consider an AG-groupoid S = {1,2, 3} in the following
multiplication table.

Note that S has no left identity. Define a fuzzy subset F : S — [0,1] as
follows:

0.9 forx =1
F(z)=< 0.5 forz=2
0.6 forx =3

Then clearly F is an (€, € Vqi)-fuzzy ideal of S.

Example 67 Let us consider an AG-groupoid S = {1,2, 3} in the following
multiplication table.

Obuviously 3 is the left identity in S. Define a fuzzy subset G : S — [0, 1]
as follows:

0.8 forz =1
G(z) =< 0.6 forz=2
0.5 forxz =3

Then clearly G is an (€, € Vqyi)-fuzzy bi-ideal of S.
Lemma 68 Intersection of two ideals of an AG-groupoid is an ideal.

Proof. It is easy. m
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Lemma 69 Let S be an AG-groupoid. If a = a(az), for some x in S. Then
a = a?y, for somey in S.

Proof. Using medial law, we get a = a(az) = [a(az)](az) = (aa)((ax)z) =
a*y, where y = (ax)x. =

Lemma 70 Let S be an AG-groupoid with left identity. If a = a’z, for
some x in S. Then a = (ay)a, for some y in S.

Proof. Using medial law, left invertive law, (1), paramedial law and medial
law, we get
0= a%x = (aa)a = ((a%)(a%2))e = ((a%a?)(v2))w = (v2%)(a%a?)
= a*((z2?)a’)) = ((z2*)a*)a)a = ((a 2)(m2) a = ((z%z)(aa))a
[@*{(z*z)a}]a = [{a(z’z

= (ay)a, where y = {a(z?z)

~—
——

Lemma 71 Let S be an AG-groupoid with left identity. Then the following
holds.

(i) (aS)a? = (aS)a, (aS)((aS)a) = (aS)a, S((aS)a)= (aS)a.
(ii) (Sa)(aS) =a(aS), (aS)(Sa)=(aS)a., [a(aS)]S = (aS)a.

(i) [(%L)S](Sa) = (aS)(Sa), (Sa)S = (aS), S(Sa) = Sa, Sa® =

Proof. Straightforward. m

Lemma 72 Any (€, € Vqi)-fuzzy left ideal of an intra reqular AG-groupoid
is an (€, € Vqi)-fuzzy quasi-ideal.

Proof. We get

S oy f(a)

V {5(p)Af(Q)/\1;k}

a=pq

{S«y-m))Af(a)Al;’“}

)

fk (a) .

Y
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Also
Sorfl@) =\ S@)Af (@) Ay
a=pq
=\ 1Af(q)A¥
a=pq
1-k 1—-k&
BARAC K i
<f(pq)/\%k
:fk(a).

Thus S o f(a) = fr(a) < f(a).

f(a) > Sox f(a) A for S(a)
=Sof(a)/\%/\f05(a)/\¥

1-k

= min{S o f(a), f o S(a), T}

Lemma 73 Any (€, € Vqi)-fuzzy right ideal of an intra reqular AG-groupoid
is an (€, € Vqi)-fuzzy quasi-ideal.

Proof. We see that

roas@=\ {rmrs@at5]

a=pq

> {f (a) NS ([(x - yayr)a]) A 12}

:{f(a)/\l/\lgk}
= fi (a).
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Also

FonS@ =\ fwAS@nt

1-k&
= \/ f(P)/\l/\T

a=pq

a=pq

1
< al{)qf(ﬂ]) A 5

= fr(a).
Thus f oy, S(a) = fi(a) < f(a).

fla) = Sop f(a) A f o S(a)
:SOf(a)/\¥/\fOS(a)/\#

1-k

= mln{s o f(a)af o S(a)7 T}

2.1 Some Characterizations of AG-groupoids by
(€, € Vq)-fuzzy Ideals

Theorem 74 For an AG-groupoid with left identity, the following are equiv-
alent.

(1) S is intra-regular

(#) I[a] N J[a] C I[a]J]a], for all a in S.

(4i1) INJ C 1J, for any left ideal I and quasi-ideal J of S.

(iv) fALg < forg, for any (€, € Vqi)-fuzzy left ideal f and (€, € Vgi)-
fuzzy quasi-ideal g of S.

Proof. (i) = (iv)
Let f and g be (€, € Vg)-fuzzy left and quasi-ideals of an intra-regular
AG-groupoid S with left identity. For each a in S there exists =,y in S such
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that a = (za?)y. Then we get

Gag@=V {rmrswnzt]

a=pq

> f (sa) Agla) A 1"

{760 n 5 e}

= fk (sa) Ng(a)
= Soy f(sa) Ag(a)
1-k%

:\/S(S)Af(a)/\g(a)AT
= f Ak g(a).

Therefore forg > f Arg.
Let I and J be left and quasi-ideals of an AG-groupoid S with left
identity and let a € I N J. Then we get

Thus INJ C 1J.

(#41) = (1) It is obvious.

(i) = (1)

Since a U Sa is a principal left and a U SaNaS is a principal quasi-ideal
of an AG-groupoid S with left identity containing a. Using by (i7), medial
law, left invertive law and paramedial law, we get

(aUSa)N]aU(SanaS)] C (aUSa)laU (Sanas))
C(aUSa)n(aUSa)
=a*Ua(Sa) U (Sa)a U (Sa)(Sa)
=a*U Sa* Uad’S U Sa?
=a’USa?
= Sa* = Sa*- S

Hence S is intra-regular. m
Similarly we can prove the following theorem.

Theorem 75 For an AG-groupoid with left identity, the following are equiv-
alent.
(1) S is intra-regular
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(1) Ila) N J[a] C I[a]J[a], for all a in S.

(t5i) INJ C 1J, for any quasi-ideal I and left-ideal J of S.

(1) fARg < forg, for any (€, € Vai)-fuzzy quasi-ideal f and (€, € Vgy)-
fuzzy left ideal g of S.

Theorem 76 For an AG-groupoid with left identity e, the following are
equivalent.

(1) S is intra-regular,

(1) Qla] N Lla] € Qla]Llal, for all a in S.

(#i1) AN B C BA, for any quasi-ideal A and left ideal B of S.

(w) fALg < gokf, where f is any (€, € Vqi)-fuzzy-quasi-ideal and g is
n (€, € Vqi)-fuzzy left ideal.

Proof. (i) = (iv)

Let f and g be (€, € Vqi)-fuzzy quasi and left ideals of an intra-regular
AG-groupoid S with left identity. Since S is intra-regular so for each a in
S there exists z,y in S such that a = za? - . The we get

(g%f)(a)=a§/pq{g(p)Af(q)AI;k}
> gsa) A f (@) A Tt
= (S o g (s0) A f (a)
=\ S@rg@AF@n
sa=cd
zS(s)Ay(aW(a)A%)
= g@)Af @Aty
1-k
:f(a)/\g(a)/\T:f/\kg(a).

Thus goy f > f Ak g
(iv) = (4ii) Let A and B be quasi and left ideals of S and a € AN B,
then we get

(Cap)y (@) = (Caor CB) (a) > (Cp Ak Ca) (a)
1-k
= (Cpna)y (a) = —
Therefore AN B C BA.
(#i1) = (47) is obvious
(11) = (i)
Since a U Sa is a principal left and a U Sa N aS is a principal quasi-ideal
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of an AG-groupoid S with left identity containing a. Using by (ii), we get

(aUSa)N]aU (Sanas)] ClaU(SanaS)](aU Sa)
C(aUSa)N(aUSa)
=a*Ua(Sa) U (Sa)aU (Sa)(Sa)
=a*USa® Ud’S U Sa?
=a*USa®
=Sa* = Sa*- S

Hence S is intra regular. m
Similarly we can prove the following theorem.

Theorem 77 For an AG-groupoid with left identity e, the following are
equivalent.

(1) S is intra-regular,
(i1) Qla] N L[a] C Q[a]L[a], for all a in S.
(#i1) AN B C BA, for any left ideal A and quasi-ideal B of S.

() fALg < gog f, where f is any (€, € Vqi)-fuzzy left ideal and g is
an (€, € Vqi)-fuzzy quasi-ideal.

Lemma 78 If I is an ideal of an intra-reqular AG-groupoid S with left
identity, then I = I?.

Proof. It is easy. m

Theorem 79 Let S be an AG-groupoid with left identity. Then the follow-
ing are equivalent

(1) S is intra-regular.

(#) Lla]N" BN Q[a] C La]B - Q[a], for all a in S and B is any subset of
S.

(tii) ANBNC C AB - C, for any left ideal A, subset B and every
quasi-ideal C of S.

() fALgAeh < (forg)orh, for any (€,€ Var)-fuzzy left ideal f,
(€, € Vag)-fuzzy subset g and (€, € Vqy)-fuzzy quasi-ideal h of S.

Proof. (i) = (iv)
Let f, g and h be (€, € Vg )-fuzzy left ideal, fuzzy subset and (€, € Vg )-
fuzzy quasi-ideal of an intra-regular AG-groupoid S with left identity. Then
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we get

(Teogan@=\ {fosmnn@nt3*}

> {foratua -0y An@) 1 25
1—-k

\V Fle)ng(d) Ah(a) A ——

ua?-a=cd

> f(ua?) A % Ag(a) AR (a) A %

= fr(ua®) A g(a) Ah(a) A %
= S oy f(ua®) A gla) Ah(a) A %
= \/ S0 A£G Agla) Ala) A

> 1A f(a®) A gla) Ah(a) A 25"

= f(@) Agla) Ah (@) ALY
= f(a) A g(a) Ay h(a).
Thus f Ax g Ak h < (f ok g) o h.
(iv) = (i) We get

(Cap.c)y (@) = (Caor Cp) o Cc (a) = (Ca A Cp N Cc) (a)
1-k

= (CanBno)y, (@) 2 —

Therefore ANBNC C AB-C.
(#41) = (i7) is obvious.
(i1) = (4)

(aUSa)NSanaU(Sanas)) a U Sa)}SallaU (Sanal)]

a U Sa)}Salla U Sa]

Hence S is intra-regular. m
Similarly we can prove the following theorems.

Theorem 80 Let S be an AG-groupoid with left identity. Then the follow-
g are equivalent
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(1) S is intra-regular.

(i) Lla] N Qla] N B C L{a]Qlal] - B, for all a in S and B is any subset of
S.

(#7it) ANBNC C AB - C, for any left ideal A, subset C and every
quasi-ideal B of S.

() fALgAeh < (forg)orh, for any (€,€ Va)-fuzzy left ideal f,
(€, € Vqi)-fuzzy subset f and (€, € Vqi)-fuzzy quasi-ideal g of S.

Theorem 81 Let S be an AG-groupoid with left identity. Then the follow-
g are equivalent

(1) S is intra-regular.

(#3) Qla] N Lla] N A C Qla]L[a] - A, for all a in S and for any subset A
of S.

(#i1) QNLNACQL- A, for any quasi-ideal Q, subset A and every left
ideal L of S.

(1) fALg A h < (fogg)orh, for any (€,€ Vqi)-fuzzy left ideal g,
(€, € Vqi)-fuzzy subset h and (€, € Vqi)-fuzzy quasi-ideal f of S.

Theorem 82 For an AG-groupoid S with left identity, the following con-
ditions are equivalent.

(1) S is intra-regular.

(i) (f Ae g) Ak b < (f o g) ok hy for any (€, € Vay)-fuzzy quasi-ideal f
and for any (€, € Vqi)-fuzzy left ideal g and (€, € Vqi)-fuzzy subset h of S.

Proof. (i) = (i1) It is same as (i) = (4i7) of theorem 82.

(i1) = (i)

Let f and g be an (€, € Vg )-fuzzy quasi, left ideals and (€, € Vg )-fuzzy
subset of an AG-groupoid S with left identity. Then

((F M 9) e S)(a) = ( A )a) A S(a) A 2"
1-k 1-k

:f(a)/\g(a)/\T/\T

= f(a) ngla) A5 = £ A gla)

Therefore ((f Ak g) Ak S) = f Ak g. Also
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(forg)orS=(Sokg)or f. Now

Sorgla)=\/ S(p)Agla) A

a=pq

1—-k

2
1—-k

1-k

Zf(a)/\TSf(a)~

Thus S o, g < g. Now using (ii), we get

(f Ak g)(a) = ((f Ak g) A S)(a) < ((f ok g) ok S)(a)
= ((Sorg) ok f)(a) < g ok f(a).

Therefore by theorem 76, S is intra-regular. m
Similarly we can prove the following theorems.

Theorem 83 For an AG-groupoid S with left identity, the following con-
ditions are equivalent.

(1) S is intra-regular.

(i) (f ANk g) A h < (forg)oxh, for any (€, € Vai)-fuzzy left ideal f and
for any (€, € Vqi)-fuzzy quasi-ideal g and (€, € Vqi)-fuzzy subset h of S.

Theorem 84 For an AG-groupoid S with left identity, the following con-
ditions are equivalent.

(7) S is intra-regular.

(i3) (f Ak g) A h < (f o g) ok h, for any (€, € Vqi)-fuzzy subset f and
for any (€, € Vqi)-fuzzy left ideal g and (€, € Vqi)-fuzzy quasi-ideal h of
S.

Theorem 85 For an AG-groupoid S with left identity, the following con-
ditions are equivalent.

(1) S is intra-regular.

(1) (f Ak g) A h < (forg)oxh, for any (€, € Vai)-fuzzy left ideal f and
for any (€, € Vqy)-fuzzy subset ideal g and (€, € Vqi)-fuzzy quasi-ideal h
of S.

2.2 Medial and Para-medial Laws in Fuzzy
AG-groupoids

Lemma 86 Let S be an AG-groupoid with left identity. Then the following
holds.
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(1) (forg) ok (hory) = (forh)ox(gor).

(ii) (forg) ok (horvy) = (yorg) ok (hog f).

(iii) fox (gorh) =gok (forh).

Proof. (i) Using medial law we have,

(f ok g) ok (hor ) (a)

<\/ f(O)Ag(p)A12’“> -
\/ m=op ALk
a=m | \/h<q>w<rwgk>

n=qr

\/ (f(O)/\g(p)Ah(q)/w(T)/\lgk>

a=mn=(op)(qr)

V (f(o)Ah(q)Ag(p)/w(r)A2)

a=mmn=(oq)(pr)

(\/ f(O)Ah(Q)/\lgk) -
\/ m' =og ALk
a=m’n’ /\( \V g(p)/\v(r)/\lg’“)

’
n' =pr

V {(f ok 9) (m/> A (hok ) (“) A I;k}

o
a=m n

(f ok g) ok (hor ) (a).
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(#4) Using paramedial law we get,

(forg)on (hory)(a) =\ (forg)(m)A(hoxv)(n)A

<\/f(0)Ag(p)A12’“> L
\/ m=op ALTR
azmn | A vh<q>m<rw;€>

n=qr

= \/ (f(O)/\g(p)Ah(q)/\v(T)/\lgk>

a=mn=(op)(qr)

- V (W(T)Ag(p)Ah(q)Af(o)A)

a=mn=(rp)(qo)

\V @) Agp) A 5E
\/ m/:’rp /\1—]{)
- ! ’ 2
S A( V h(q)Af(o)Ala’“)

!
n' =qo

V {(7%9) (m> A (hok f) (”/)}/\¥

i
a=m n

= (yorg)ok (hok f)(a).
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(#3i) Using (1) we get,

(ForGorm) (@) =\ fm)A(gorh)(m)n =E

=mn 2
1-k 1—-k
= G_Vm(fW”(nl/opg(O““p“ 5 ))A 5
=V U@ @) A S

a=mn=m/(op)

-V (s@rumanenatFt)

a=mn=o(mp)

=V Se()er | Vo smanma St RSt

i ’
a=m n n =mp

= \/, / (g (m,) o (fox h) (n,)) =gok (forh).

2.3 Certain Characterizations of Regular
AG-groupoids

Theorem 87 Let S be an AG-groupoid with left identity. Then the follow-
g are equivalent.

(i) S is regular.
(ii) For left ideals Ly, Lo and ideal I of S, Ly NI N Ly C (Ly1) Lo.
(iii) Lla]NI]a]NL[a] C (L[a]lla])L][a],

for some a € S.
Proof. (i) = (i)

Assume that Lp, Lo are left ideal and I is an ideal of a regular AG-
groupoid S. Let a € Ly NI N Ly. This implies that a € Ly, a € I and
a € Ly. Now since S is regular so for a € S, there exist z € S, such that
a = (ax) a. Therefore using left invertive law we get

a = [{(az) a}z]a = [(za)(ax)]a € [(SL1) (IS)]Ly C (L11) Lo.

Hence Ll ﬁIﬂLg - (Lll) LQ.
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(i7) = (4i1) is obvious.

(iii) = (i)

Since a U Sa U aS and a U Sa are principle ideal and left ideal of S
generated by a respectively. Thus by (ii4) and paramedial law, we have

(aUSa)N(aUSaUaS)N (aU Sa) ((aU Sa)(aU SaUal)) (aU Sa)
((aU Sa)S) (aU Sa)
{aSU(Sa) S} (aUSa) = (aS) (aU Sa)

(aS)a U (Sa) (Sa) = (aS) a.

N 1N

Hence S is regular. =

Theorem 88 Let S be an AG-groupoid with left identity. Then the follow-
ing are equivalent.

(i) S is regular

(ii) For (€, € Vqyi)-fuzzy left ideals f, h and (€, € Vqi)-fuzzy ideal g of
S, (f Ak g) Ak h < (f or g) o h.

(iiii) For (€, € Vqi)-fuzzy quasi-ideals f, h and (€, € Vg )-fuzzy ideal g of
S, (f Neg) A h < (f ok g) o b

Proof. (i) = (i77) Assume that f, g are (€, € Vg )-fuzzy quasi-ideals and g¢
is an (€, € Vi )-fuzzy ideal of a regular AG-groupoid S, respectively. Now
since S is regular so for a € S, there exist € S, such that a = (az) a.
Therefore using left invertive law and (1), we get

a = [{(az) a}zla = [(za)(az))a = [a{(za)(z)}]a.



52 2. Generalized Fuzzy Ideals of Abel Grassmann Groupoids

Thus
1-k

((forg)oxh)a) =\ (forg)p) Ahla) A 5

a=pq

S, ({ V f(u)Ag(v)Alg’“}AMq)Al;’“)

a=pq p=uv

=V (Uwngnan@at3E)

a=(uv)q

- Vo (s anaa )

a=(a((za)z))a=(uv)q

{(7(a) A g ((wa) 2)} A hfa) A 1"

{f(a) A (g(a) A I;k) } A h(a) A %

= @rg@A T an@a S

2
= ((f Ak g) Ak h)(a).

Thus (f/\k g) A h < (f Okg) oy h.

(i44) = (1) is obvious.

(14) = (i) Assume that Li, Lo left ideals and I is an ideal of S. Then
(CL)k, (Cr)i and (CL,)y are (€, € Vqi)-fuzzy left ideal, (€, € Vg )-fuzzy
ideal and (€, € Vg )-fuzzy left ideal of S respectively. Therefore we have,

%

v

(Crininr,)k = (Cr, A C1) A Cry, < (CLy 0k Cr1) ok Cry = (C(n,1y12) k-
Thus Ly NI N Ly C (L1I) Ly. Hence S is regular. m

Theorem 89 Let S be an AG-groupoid with left identity. Then the follow-
ing are equivalent.

(i) S is regular.
(ii) For ideal I and quasi-ideal Q of S, INQ C IQ.
(iii) I'a]N@Qla] € Ifa]Q[a],

for some a € S.
Proof. (i) = (i) Assume that I and @ are ideal and quasi-ideal of a
regular AG-groupoid S respectively. Let a € I N Q. This implies that a € [
and a € . Since S is regular so for a € S there exist z € S such that
a=(ar)a e (I1S)Q CIQ. Thus INQ C IQ.

(#7) = (4i1) is obvious.

(i) = (4)
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Since I'[a] = aU SaUaS and Q[a] = aU (SaNaS) are principle ideal
and principle quasi-ideal of S generated by a respectively. Thus by (ii), (1),
Left invertive law, paramedial law we have,

(aUSaUaS)N (aU (Sanas)) (aUSaUaS)(aU(Sanal))
(aUSaUaS)(aU Sa)

aa Ua (Sa) U (Sa)aU(Sa) (Sa)
U(aS)aU (aS) (Sa)

= a’Uad’SUd’SuUa’SU(aS)aU (aS)a
= a*U(aS)aUad’s.

-
-

If a = a?, then a = a?a. If a = a®x, for some x in S, then S is regular. m

Theorem 90 Let S be an AG-groupoid with left identity. Then the follow-
g are equivalent.

(i) S is regular.

(ii) For (€, € Vqi)-fuzzy ideal f, and (€, € Vgi)-fuzzy quasi-ideal g of S,
fAkg< forg.

Proof. (i) = (ii) Assume that f and g are (€,€ Vgi)-fuzzy ideal and
(€, € Vgg)-fuzzy quasi-ideal of a regular AG-groupoid S respectively. Now
since S is regular so for a € S there exist x € S such that a = (ax) a. Thus,

Foeg)@ = VIiwrs@rsi= V  forg@ns
a=pq a=pg=(ax)a
> f(a:v)Ag(a)/\# > (f(a)/\1;k> /\g(a)/\%
(f A g)(a).
Hence (f Ak 9) < (f ok 9)-

(i1) = (i)

Assume that I and @ are ideal and quasi-ideal of S respectively. Then
(Cr)k, and (Cq)k are (€,€ Vqi)-fuzzy ideal and (€, € Vgy)-fuzzy quasi-
ideal of S. Therefore we have, (Cing)r = (Cr Ak Cg) < (Cr o Cg) =
(CrQ)k- Therefore INQ C IQ. Hence S is regular. m

Theorem 91 Let S be an AG-groupoid with left identity. Then the follow-
ing are equivalent.

(i) S is regular.
(ii) For bi-ideals By, By and ideal I of S, By NI N By C (B11) Bo.
(i) Bla]NIfa]NBla] C (Bla]Ia]) Bla],
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for some a € S.
Proof. (i) = (it)

Assume that By, Bs are bi-ideal and [ is an ideal of regular AG-groupoid
S.Let a € ByNINB;. This implies that a € By, a € I and a € By. Now since
S is regular so for a € S, there exist € S, such that a = (azx) a. Therefore
a = (a((za)z))a € (B1((SI)S))By C (B1I)By. Thus BynNInN By C
(B1I) Bs.

(#3) = (#it) is obvious.

Since B la] = aUa?U(aS)a and I [a] = aUSaUaS are principle bi-ideal
and principle ideal of S generated by a respectively. Thus by (i), (1), and
left invertive law, medial law and paramedial law, we have

(aUa®*U(aS)a)N(aUSaUaS)N (aUa® U (aS)a)
{[(aUa®U(aS)a)][(aUSaUas)]} (aUa®U (aS)a)
{l(aUa®U(aS)a)][(aUSaUaS)]}S

[a? Ua (Sa)Ua(aS)Ua?aUa? (Sa)Ua® (aS) U
((aS)a)a U ((aS) a) (Sa) U ((aS) a) (a$)]S

[a* Ua?S Ua(aS) U (Sa)(aS)]S C [a* Ua®SUa(as))S
a*SU (a®S) SU(a(aS)) S =a’SUa’SU(aS)a

= a’SuU(aS)a

N 1N

2

Therefore a = a®u or a = (ax)a, for some u and = in S. Hence S is regular.

Theorem 92 Let S be an AG-groupoid with left identity. Then the follow-
mg are equivalent.

(i) S is regular.

(ii) For (€, € Vg )-fuzzy bi-ideals f, h and (€, € Vqy)-fuzzy ideal g of S,
(f Ak g) Nk b < (f ok g) o h.

(iii) For (&, € Vqi)-fuzzy generalized bi-ideals f, h and (€, € Vqy)-fuzzy
ideal g of S, (f Ak g) Nk h < (f ok g) o h.

Proof. (i) = (i)

Assume that f, g and h are (€, € Vq)-fuzzy generalized bi-ideal, (€, €
V@ )-fuzzy ideal and (€, € Vg )-fuzzy generalized bi-ideal of a regular AG-
groupoid S respectively. Now since S is regular so for a € S, there exist
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z € S, such that a = (azx) a. Therefore a = (a ((za) z)) a € Thus,

(Forporm)@) = \ (forg)) Ah(g) A =2

2
a=pq

-V ({ V f(u)Ag(v)Alf}Amq)AlQ’“)

a=pq p=uv

=V (U@asenane a3t

a=(uv)q

- Vo (s anantt)

a=(a((za)z))a=(uv)q
(/@) A g (za) )} A ) A

{f(a) A (g(a) A 1;k>} A h(a) A #

= F@rg@A T AR A"

2
= ((fAeg)Arh)(a).

Therefore (f Ak g) A h < (f o g) ok h.

(#91) = (i7) is obvious.

(i1) — (i)

Assume that B, Bs are bi-ideals and [ is an ideal of S respectively.
Then (Cp, )k, (Cr)r and (Cp, )i are (€, € Vqy)-fuzzy bi-ideal, (€, € Vg )-
fuzzy ideal and (€, € Vqi)-fuzzy bi-ideal of S respectively. Therefore we
have, (CB,n1nB. )k = (OB, AtC1)AkCB, < (CB,okCr)oxCB, = (C(B,1)B, k-
Therefore By NI N By C (B1I) By. Hence S is regular. m

v

Y

Theorem 93 Let S be an AG-groupoid with left identity. Then the follow-
mg are equivalent.

(i) S is regular.
(ii) For ideals I, I and quasi-ideal Q of S, 1 NIL,NQ C (I112) Q.
(iii) I'laJNI[a]N@Qa] € (I[a]]l]a]) @ ld],

for some a € S.
Proof. (i) = (it)

Assume that Iy, I are ideals and @ is quasi-ideal of a regular AG-
groupoid S, respectively. Let a € I; NIoNQ. This implies that a € I}, a € I}
and a € . Now since S is regular so for a € S, there exist z € S, such
that a = (az) a. Therefore a = (a ((za)x))a € (I1 ((SI2) S)) Q C (I112) Q.
Thus Il N 12 N Q g (Illg) Q
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(i7) = (4i1) is obvious.

(i51) = (i)

Since I [a] = aUSaUaS and Q [a] = aU(Sa N aS) are principle ideal and
principle quasi-ideal of S generated by a respectively. Thus by left invertive
law and medial law we have,

(aUSaUaS)N(aUSaUaS)N(aU(SanaS)) C (aUSaUaS)(aUSaUas)
(aU(Sanal))

((aUSauas)S) (aUas)
{aSU(Sa) SU (aS) S} (aU aS)
{aSUaSUSa}(aUal)

(aSU Sa) ((aUal))

= (aS)aU (aS) (aS)U (Sa)aU(Sa) (aS)
= (aS)aUd’SUal(al).

1N

Hence S is regular. m

Theorem 94 Let S be an AG-groupoid with left identity. Then the follow-
mg are equivalent.

(i) S is regular.

(ii) For (€, € Vqi)-fuzzy ideals f, g and (€, € Vqy)-fuzzy quasi-ideal h of
S, (f Mo g) A h < (f ok g) ok b

Proof. (i) = (i)

Assume that f, g are (€,€ Vqi)-fuzzy ideals and h is an (€,€ Vgg)-
fuzzy quasi-ideal of a regular AG-groupoid S, respectively. Now since S is
regular so for a € S, there exist x € S, such that a = (az) a. Therefore
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a = (a((xza)z)) a. Thus,

(Forporm)@) = \ (forg)) Ah(g) A =E

2
a=pq

AN
-V ({f<u>Ag<v>}Ah<q>A1;’“)

a=(uv)q

- Vo (s anantSt)
a=(a((za)z))a=(uv)q
1-k

{f(a) A g ((wa) )} AD(a) A ——

{f(a) A (g(a) A 1;k>} A h(a) A #

= F@rg@A T AR A

= ((f A g) Aeh)(a).

Therefore (f Ai g) Ak h < (f ok g) ok h.

(ii) — (i)

Assume that I;, Is are ideals and @ is a quasi-ideal of S respectively.
Then (Cr, )k, (C,)i and (Cq)y are (€, € Vi )-fuzzy ideal, (€, € Vgy)-fuzzy
ideal and (€, € Vqi)-fuzzy quasi-ideal of S respectively. Therefore we have,

v

Y

(Chnnne)k = (Cr, Ax Cr,) A Cq < (Cry 0k Cr,) ok Cq = (C1,1)Q) k-
Thus [; NI N Q C (I113) Q. Hence S is regular. m

Theorem 95 Let S be an AG-groupoid with left identity. Then the follow-
g are equivalent.

(i) S is regular.

)
(ii) I'la]NJa] = I[a]J[a] for some a in S.
)

)

(iii) Forideals I, Jof S, INJ=1J (INJ=JI).
(iv) For bi-ideal B of S, B = (BS)B

Proof. (i) = (iv)

Assume that B is a bi-ideal of a regular AG-groupoid S. Clearly (BS) B C
B. Let b € B. Since S is regular so for b € S there exist z € S such that
b= (bx)be (BS)B. Thus B=(BS)B

(iv) = (iid)
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Assume that I and J are ideals of regular AG-groupoid S. Now,
(In)yS)yInH)C S InS)y=SUInJ)=8SINnSJCInNnJ
and
INJ=(InNnJ)S)(InJ)C(IS)JC1J.
Moreover IJ C SJ C J, also IJ C IS C I. Therefore IJ C I N J. Thus
InJ=1J.
(#9i) = (it) is obvious.
(1) = (i)
Since I [a] = aU Sa U aS is a principle ideal of S generated by a. Thus
by (i3), (1), left invertive law and paramedial law, we have,
(aUSaUaS)N(aUSaUaS) = (aUSaUal)(aUSaUas)
= a’*Ua(Sa)Ua(aS)U(Sa)a
U(Sa) (Sa) U (Sa) (aS) U (aS)a
U (aS) (Sa) U (a$) (aS)
= a*Ua(aS)U(aS)aUa’S.

Hence S is regular. m

Theorem 96 Let S be an AG-groupoid with left identity. Then the follow-
g are equivalent.

(i) S is regular.
(ii) For (€, € Vqi)-fuzzy ideals f,g of S, (f Ak g) < (f ok g)-
(iii) For (€, € Vqi)-fuzzy right ideals f,g of S, (f Ak g) < (f or g).

Proof. (i) = (i)

Assume that f and g are (€, € Vgg)-fuzzy right ideals of a regular AG-
groupoid S. Now since S is regular so for a € S there exist € S such that
a = (ax) a. Thus,

Fon)@ = Vimrg@rs= \  f@)rs@n5"
a=pq a=pg=(az)a
> flanng@ngt > (F@A ) Asln gt

= F@As@A I = (F A ().

2
Hence (f Ak g) < (f ok 9).
(#i1) = (it) is obvious.
(i1) = (i)
Assume that I and J are ideals S. Then (Cr)g, and (Cy)j, are (€, € Vqx)-
fuzzy ideals of S. Therefore we have, (Crny)r = (Cr A Cy) < (Crop Cy) =
(Crs)k. Thus I'NJ C IJ. Hence S is regular. m
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Theorem 97 Let S be an AG-groupoid with left identity. Then the follow-
mg are equivalent.

(i) S is regular.

(ii) For (€, € Vqi)-fuzzy ideals f,g of S, (f A g) < (g ok f).

(iii) For (€, € Vqi)-fuzzy right ideals f,g of S, (f Ak g) < (g o f).
Proof. It is easy. m

Theorem 98 Let S be an AG-groupoid with left identity. Then the follow-
ing are equivalent.

(i) S is regular.
(ii) For (€, € Vgi)-fuzzy ideals f,g and h of S, f A gArh < (forg)ox h.

(iii) For (€,€ Vgg)-fuzzy right ideals f,g and h of S, f A g Ak h <
(f ok g) ok h.

Proof. (i) = (i)
Assume that f, g and h are (€, € Vqy)-fuzzy right ideals of a regular AG-
groupoid S. Now since S is regular so for a € S there exist x € S such that

using paramedial law and medial law we have, a = (az) a = (az) ((az) a) =
(a(az)) (za). Thus,

(Forg)on @) =\ (f ox 9)(p) Ahlg) A =E

2
a=pq

S, ({ V f(u)Ag(v)Alg’“}AMq)Al;’“)

a=pq \ \p=uv

=V (Uwngnan@at3E)

a=(uv)q

-V (s anwatt)

a=(a(axz))(za)=(uv)q

k

{£(a) A g ()} A h(za) A 2

{f(a) A (g(a) A I;k) } A h(a) A %

= F@Ag@A T AR A

2
= ((f Ak g) Ak h)(a).

Therefore (f A g) Ak h < (f ok g) ok h.

%

v
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(#41) = (1) is obvious.

(i2) = (i)

Assume that f, g and h are (€, € Vqi)-fuzzy ideals of S. Now by using
left invertive law, we have, (f A g) < (f Ak g) A S < (forg)or S =
(Sopg)or f<gog f. Thus (f A g) < goi f. Hence S is regular. m



3

Generalized Fuzzy Left Ideals
in AG-groupoids

In this chapter, we introduce (€., €, Vgs)-fuzzy right ideals in an AG-
groupoid. We characterize intra-regular AG-groupoids using the properties
of (€, €, Vgs)-fuzzy subsets and (€., €, Vgs)-fuzzy left ideals.

3.1 (€., €y Vgs)-fuzzy Ideals of AG-groupoids

Let v,d € [0,1] be such that v < §. For any B C A, let X,‘iB be a fuzzy
subset of X such that X,iB(l‘) > ¢ forall z € B and st/B(x) <~ otherwise.
Clearly, X,‘iB is the characteristic function of B if y =0 and 6 = 1.

For a fuzzy point x, and a fuzzy subset f of X, we say that

(1) . €4 fif f(z) >71> 7.

(2) zrqsf if f(z) +r > 26.

(3) zr €4 Vgsf if z, €4 f or z,q5f.

Now we introduce a new relation on F(X), denoted by “C Vg, as
follows:

For any f,g € F(X), by f C Vq(y,5)9 we mean that z, €, f implies
z, €4 Vgsg for all z € X and r € (v, 1]. Moreover f and g are said to be
(7, 6)-equal, denoted by f =(,5) g, if f C Vq(y.5)9 and g C Vq(y5)f-

The above definitions can be found in [41].

Lemma 99 [{1] Let f and g be fuzzy subsets of F(X). Then f C Vq(y,s9
if and only if max{g(x),v} > min{f(x), o} for all x € X.

Lemma 100 /41] Let f, g andh € F(X). If f C Vq(y,5)9 and g C Vg s)h,
then f C Vq(y.s5)h.

The relation “=(, 5)” is equivalence relation on F(X), see [41]. Moreover,

f =(y,) g if and only if max{min{f(x),0},v} = max{min{g(x),d},~} for
all x € X.

Lemma 101 Let A, B be any non-empty subsets of an AG -groupoid S
with a left identity. Then we have

(1) A C B if and only zfX - \/q(w;)XijB, where v € (v,1] and
7,6 € [0,1].

(2) X 'yA NX0p =(1.9) Xg(AﬂB)’

(3) X340 X085 =(v.0) X(ap):



62 3. Generalized Fuzzy Left Ideals in AG-groupoids

3.2 Some Basic Results

Lemma 102 If S is an AG-groupoid with a left identity then (ab)? =
a’b? = b%a? for all a and b in S.

Proof. It follows by medial and paramedial laws. ®

Definition 103 A fuzzy subset f of an AG-groupoid S is called an (€., €,
Vgqs)-fuzzy AG-subgroupoid of S if for all x,y € S and t,s € (v,1], such
that x1 € f, ys €, f we have (TY)min{t,s} €4 Va5 f-

Theorem 104 Let f be a fuzzy subset of an AG groupoid S. Then f is
an (€, € Vgs)-fuzzy AG subgroupoid of S if and only if max{f(zy),v} >
min{f(z), f(y),0}, where v, € [0,1].

Proof. Let f be a fuzzy subset of an AG-groupoid S which is (€., €, Vgs)-
fuzzy subgroupoid of S. Assume that there exists 2,y € S and t € (v, 1],
such that

max{f(zy),7} < t < min{f(x), /(y),5}.

, 0
Then max{f(zy),v} < t, this implies that f(zy) < t < =y, which fur-
ther implies that (2Y)min{t,s} €y V¢sf and min{ f(z), f(y),d} > t, therefore
min{ f(x), f(y)} > t this implies that f(z) >t > v, f(y) >t > =, im-
plies that x; €, f, ys €, f but (2Y)min{t,s} €y V¢s[ a contradiction to the
definition. Hence

max{f(zy),v} > min{f(z), f(y),d} for all z,y € S.

Conversely, assume that there exist z,y € S and t,s € (,1] such that
Ty €4 f, ys €y f by definition we write f(z) >t >, f(y) > s > 7, then
max{ f(zy),d} > min{f(z), f(y),d} this implies that f(xy) > min{t,s,d}.
Here arises two cases,

Case(a): If {t,s} < ¢ then f(xy) > min{¢,s} > v this implies that
(xy)min{t,s} €y f

Case(b): If {t,s} > d then f(zy)+ min{¢,s} > 26 this implies that
(xy)min{t,s}QtSf'

From both cases we write (y)minft,s} €4 Vgsf for all 2, in S. m

Definition 105 A fuzzy subset f of an AG-groupoid S with a left identity
is called an (€., €, Vqs)-fuzzy left (respt-right) ideal of S if for all x,y € S
and t,s € (v,1] such that y, €, f we have (xy); €4 Vgsf (resp x¢ €+ f
implies that (zy) € Vasf).

Theorem 106 A fuzzy subset f of an AG-groupoid S with left identity is
called (€., €, Vqs)-fuzzy left (respt right) ideal of S. if and only if

max{f(zy),v} = min{f(y), 0} (respt max{f(zy),v} > min{f(z),d}).
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Proof. Let f be an (€,,€, Vgs)-fuzzy left ideal of S. Let there exists
z,y € S and ¢ € (v, 1] such that

max{f(zy),7} <t <min{f(y),d}.

Then max{f(zy),v} < t < v this implies that (zy).€,f which further
implies that (zy):€, Vgsf. As min{f(y),0} > t > ~ which implies that
f(y) >t > ~, this implies that y; €, f. But (zy):€, Vgsf a contradiction
to the definition. Thus

max{ f(zy),v} > min{f(y),d}.

Conversely, assume that there exist z,y € S and t,s € (v, 1] such that
Ys €y f but (zy)i€y Vasf, then f(y) = t > v, f(zy) < min{f(y),d}
and f(xy) +t < 24. It follows that f(xy) < § and so max{f(zy),v} <
min{f(y),0} which is a contradiction. Hence y, €, f this implies that
(zy)min{t,s} €y \/%f (respt Ty €y f lmphes (xy)min{t,s} S \/%f) for all
z,yin S. m

Definition 107 A fuzzy subset f of an AG-groupoid S is called (€., €,
Vqs)-fuzzy bi-ideal of S if for all x,y and z € S and t,s € (v,1], the
following conditions hold.

(1) if x¢ €4 f and ys €, f implies that (TY)minfe,s} €4 VG [

(2) if 2t €4 f and zs € [ implies that ((2Y)2)min{t,s} €y Va5 /-

Theorem 108 A fuzzy subset f of an AG-groupoid S with left identity is
called (€., €, Vqs)-fuzzy bi-ideal of S if and only if

(1) max{ f(zy), v} = min{f(z), f(y), 0}.

(IT) max{f((xy)z),~} = min{f(z), f(z),0}.

Proof. (1) < (I) is the same as theorem 104.
(2) = (II) Assume that =,y € S and ¢, s € (7, 1] such that

max{f((2y)2),7} < t < min{f(2), (=), }.

Then max{f((xy)z),y} < t which implies that f((xy)z) < t this im-
plies that ((xy)z):€,f which further implies that ((zy)z):€, Vgsf. Also
min{ f(x), f(2),0} >t > ~, this implies that f(x) >t > v, f(z) >t >~
implies that z; €, f, z, €4 f. But ((zy)z).€, Vgsf, a contradiction. Hence

max{f((zy)2),7} > min{f(2), (), 5}.

(IT) = (2) Assume that z,y in S and t,s € (v, 1], such that z; €,
. 2 € £ DUE (@) min(1.0) & VoS then f(z) > ¢ > 7, f(2) > 5 > 7.
f((zy)z) < min{f(x), f(y),0} and f((zy)z) + min{t,s} < 2§. It follows
that f((zy)z) < d and so max{f((zy)z),v} < min{f(z), f(y),d} a contra-
diction. Hence z; €, f, zs € f implies that ((y)2)mings,s} €4 Vgsf for all
z,yin S. m
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Example 109 Consider an AG-groupoid S = {1,2,3} in the following
multiplication table.

Define a fuzzy subset f on S as follows:

0.41 ifz = 1,
fla) =14 044 ifx =2,
0.42 if z = 3.

Then, we have

o fisan (€01,€0.1 Vqo.11)-fuzzy left ideal,
o f is not an (€, € Vqo.11)-fuzzy left ideal,
e f is not a fuzzy left ideal.

Example 110 Let S = {1,2,3} and the binary operation o be defined on
S as follows:

Then clearly (S,0) is an AG-groupoid. Defined a fuzzy subset f on S as
follows:

0.44 if & = 1,
flx)=< 06 ifz=2,
0.7 if = = 3.

Then, we have
o fisan (€04, €0.4 Vqo.a5)-fuzzy left ideal of S.
e f isnot an (€04, €0.4 Vqo.45)-fuzzy right ideal of S.

Example 111 Let S = {1,2,3}, then binary operation - defined on S as
follows:

Clearly (S,-) is an AG-groupoid. Let us defined a fuzzy subset f on S as
follows:

0.6 ifx=1
flz)=< 04 ifz=2
0.3 ifz =3

Clearly f is an (€, €y Vqs)-fuzzy left ideal of S.
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Lemma 112 Let f be a fuzzy subset of an AG-groupoid S. Then f is an
(€, €y Vq5)-fuzzy bi-ideal of S if and only if max{f(a),y} > min{((f o
S) o f)(a),d}.

Proof. Assume that f is an (€., €, Vgs)-fuzzy bi-ideal of an AG-groupoid
S. If a € S, then there exist ¢, d,p and ¢ in S such that a = pg and p = cd.
Since f is an (€5, €, Vgs)-fuzzy bi-ideal of S, we have max{f((cd)q),v} >
min{ f(c), f(¢q),d}. Therefore,

min{((f o 5) o f)(a),d} —mm{ V A(fo8) (q)},5}
mm{\/{\/{f }Af()}5}
a=pq p=cd
—min{ {{f(C)AlAf(Q)}ﬁ}}
a=(cd)q
—min{ {£(c) ()}75}
a=(cd)q
=\ {min{f(). f(q).6}}
a=(cd)q
\/ {max{f((cd)q),7}}
a=(cd)q

— max{(a),7}.

Hence, max{f(a),v} > min{((f o S) o f)(a), d}.
Conversely, assume that max{f(a),y} > min{((f 0 S) o f)(a),d}. Let a
in S, there exist ¢,d and ¢ in S such that @ = (¢d)g. Then we have

max{f((cd)q),v} = max{f(a),v}
> min{((f o S) o f)(a), 0}

- mm{ \/ {(f 0 5)(b) A f(c),é}}

a=bc

> min{{(f o $)(ed) A £(0)},6)
:mm{\/{f 0} A £, 6}

cd=st

> min{min(f(c), f(q),d}
= min{(f(c), f(q), 0}

Hence max{f((ed)q),v} > min{f(c), f(q),6}. m
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Lemma 113 Every (€, €, Vgs)-fuzzy left ideal of an AG-groupoid S is
an (€, €y Vgs)-fuzzy bi-ideal of S.

Proof. Let f be an (€4, €, Vgs)-fuzzy left ideal of an AG-groupoid S. For
any a in S, there exist p, ¢ and for p there exists s, ¢ in S, such that a = pq
and p = st. Then

min{((f o S) o f)(a),6} = min{ \/ {(f o S)(p) A f()},5}

= min{j{ \_/St{f(s) AS(8)} A f(9)}, 6}
= min{ {Z)Zf(s) A f()}, 8}

= min{ _\(/t)q[min{ﬂs), F(@)}],6}

- \(/t) 7min(Emin{f(S), 6}, min{f(g),0}]

< \/ min{max{f(qt)s, v}, max{f(st)q,v}}
a=(st)g=(qt)s

= min{max{ f(a), v}, max{f(a),v}}

= max{f(a)v PY}

Hence max{f(a),v} > min{((foS)of)(a),0}. Hence fisan (€, €y Vgs)-
fuzzy bi-ideal of S. m

Lemma 114 Let f and g be (€,,€, Vqs)-fuzzy left ideals of an AG-
groupoid S with left identity. Then (f o g) is an (€4, €4 Vgs)-fuzzy left
ideal of S.

Proof. Let f be any (€,,€, Vgs)-fuzzy AG-subgroupoid and g be an
(€4, €y Vags)-fuzzy left ideal of an AG-groupoid S with left identity. So for
any y in S there exists @ and b in S such that y = ab. Therefore

xy = z(ab) = a(xb).
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then

min{f o g(y),d}

min{ \/ {f(a) Ag(b)},a}

y=ab

V' {min{min{f(a), 6}, min{g(b),5}}}

y=ab

V  {minf{max{f(a),7}, max{g(zb),7}}}

zy=a(xzb)

V  {max{min{f(a), g(zb)},7}}

zy=a(xb)

V {max{min{f(a),g(c)},7}}

TYy=ac

= max{(f o g)(zy),7}.

IA

IN

Lemma 115 If L is a left ideal of an AG-groupoid S if and only if Xf/L
is (€~, €~ Vgs)-fuzzy left ideal of S.

Proof. (i) Let z,y € L which implies that 2y € L. Then by definition we
get XgL(a:y) >4, XgL(x) > ¢ and XsL(y) > ¢ but 6 > . Thus

max{X; (vy),7} = XJp(vy) and min{XJ, (y),6} = 4.
Hence max{XfiL(xy),'y} > min{ijL(y), 8}

(i4) Let € L and y ¢ L, which implies that zy ¢ L. Then by definition
XjS/L(x) >0, XjL(y) <~ and XgL(a:y) < ~. Therefore

max{ X9 (zy),7} = 7 and max{XJ, (y),0} = XJ, (y).
Hence maX{XjL(xy),y} > min{Xj;L(y), 0}.
(7i1) Let « ¢ L,y € L which implies that xy € L. Then by definition, we
get Xf;L(xy) >0, ijL(y) > ¢ and X,‘;L(w) < . Thus
maX{XﬁiL(xy),v} = XgL(xy) and min{XgL(y)ﬁ} =J.
Hence max{XffL(xy), v} > min{X,‘iL (y),0}.

(iv) Let =,y ¢ L which implies that zy ¢ L. Then by definition we get
such that XgL(xy) <7, XgL(y) <7 and XfS/L(:E) < 7. Thus

max{XJ, (zy),7} = 7 and min{XJ,(y),0} = X5, (y).

Hence maX{XffL(xy), v} > min{X;SL(y% o}
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Converse, let sl € SL, where [ € L and s € S. Now by hypothesis
max{ X%, ((s1),7} > min{X?, (I),6}. Since | € L, therefore X9, () > ¢
which implies that min{XfiL (1),0} = 4. Thus

max{XgL(sl),"y} > 0.

This clearly implies that max Xj;L(sl) > 0. Therefore sl € L. Hence L is a
left ideal of S. m
Similarly we can prove the following lemma.

Lemma 116 If B is a bi-ideal of an AG-groupoid S if and only if ngB 18
(€4, €4 Vas)-fuzzy bi-ideal ideal of S.

3.3 (€4, €y Vgs)-fuzzy Ideals of Intra Regular
AG-groupoids

An element a of an AG-groupoid S is called intra-regular if there exist
x,y € S such that a = (za?)y and S is called intra-regular, if every
element of S is intra-regular.

Theorem 117 Let S be an AG- groupoid with left identity then the fol-
lowing conditions are equivalent.

(1) S is intra regular.

(i4) Lla] N L{a] C LlalLla], for all a in .

(4i1) L1 N Ly C L1 Lo, for all left ideals Ly, Lo of S.

(w) fNg CVqu.sfog, forall (€4, €y Vas)-fuzzy left ideals f and g of

Proof. (i) = (iv) Since S is intra regular therefore for any a in S there
exist z,y in S such that a = (za?)y. Then

a = (za®)y = (xa®)(11y2) = (y211)(@’x) = a®[(y2y1 )]
= [a(y2y1)](az) = (za)[(y2y1)al.

Let for any a in S there exist p and ¢ in S such that a = pq, then

{ \ {f ) Agla)} 7}}

za)), 9((y2y1)a)}, v}
a), v} max{g(a),v}}
a), 0}, min{g(a),d}}
a),d}.

max{(f o g)(a),7}

max{min{ f

min{max{ f

Y

min {min{ f

= min{f(a),g

/'\/-\/-\/\

Thus fNg C Vg5 fog
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(iv) = (4i) If B is a bi- ideal of S. Then by (i), we get

4 ) ) )
X9 1nns =) X910, N X0, S Va0 X1, 0 X001, =(.6) Va0 Xor, L,

Hence L1 N Lg g L1L2.
(#91) = (it) It is obvious.

(id) = (9)

(aUSa)N(aUSa) C (aUSa)(aUSa)

a®> Ua(Sa) U (Sa)a U (Sa)(Sa)
a® U S(aa) U (aa)S U (SS)(aa)
a® U Sa* Ua*S U Sa?

= a*USd?

2

Thus a = a® or a € Sa®. Hence S is intra regular. m

Corollary 118 Let S be an AG- groupoid with left identity then the fol-
lowing conditions are equivalent.
(1) S is intra regular.

(#4) Ll[a] C L[a]L[a], for all a in S.
(#i1) L C L2 for all left ideals L of S.
(

w) f C Vg 7,5)f f, for all (€4, €y Vas)-fuzzy left ideals f of S.

Theorem 119 Let S be an AG- groupoid with left identity then the fol-
lowing conditions are equivalent.

(1) S is intra regular.

(i) Lla] N L]a] N Lla] € (Lla]Lla])L[a], for all a in S.
(i) ANBNC C (AB)C, for all left ideals A, B and C of S.
(iv) fNgNh C Va5 (fog)oh, forall (€, €, Vqs)-fuzzy left ideals f,
g and h of S, .

Proof. (i) = (iv) For every a in S, we have a = (za?)y, this by (1) and left
invertive law implies that @ = (y(za))a. Now using (1), medial, paramedial
laws, we get

y(za) = ylz{(za?)
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Let for any a in S there exist p and ¢ in S such that a = pg. Then

max{(f o g) o h(a),v}

max[ \/ {{(f © 9)(p) A (@)}, 7}}]

a=pq

= max{min{(f o g)(y(za)),h(a)},v}}
= maX{min \V {f(T)Ag(S)’h(a)}ﬁ}}

y(za)=rs

min {max{{f(ya), g(z%a)}, h(a)}, 7}

— min{max{f(sa),7}, max{g(s?a), v}, max{h(e), 7}}
min{min{ f(a),d}, min{g(a), s}, min{h(a),d}}
min{(f NgNh)(a),d}.

%

v

Thus fNgNh C Vqe,s(fog)oh.
(#9i) = (it) If A, B and C are left ideals of S. Then by (iii), we get

XSanBne)y = (6 X5an8 N X5c € Va(,6)(X54 0 Xp) 0 Xic
) ) )
= (40) V40 X548 © X0 =(7,9) Va(+.6)X5aB)c

Hence we get ANBNC C (AB)C.
(#91) = (it) It is obvious.

(id) = (9)

(aUSa)N (aUSa)N (aUSa)
C [(aUSa)(aUSa)](aU Sa)
= [a*USa®|(aU Sa) C (Sa?)S.

N

Hence S is intra regular. m

Theorem 120 Let S be an AG- groupoid with left identity then the fol-
lowing conditions are equivalent.

(1) S is intra regular.

(1) Lla] N Lla] € (Lla]L[a])L]a},for all a in S.

(#5it) AN B C (AB)A, for all left ideals A and B of S.

(iv) fNg C Va5 (fog)of, forall (€, €y Vas)-fuzzy left ideals f and
g of S.
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Proof. (i) = (iv) Let for any a in S there exist p and ¢ in S such that
a = pq. Then

max{(fog)o f(a),y} = max[\/ {{(fo9)p) A f(@)}.7}}]

a=pq

> max[{{(f o g)((y*a)(z*a)) A f(a)},7}}]

= max{min{ \/ () Ag(s), @)}
(y2a)(z2a)=rs
max {min{f(y*a), g(?a), f(a)},7}}
min{max{f(y*a), v}, max{g(z*a), v}, max{f(a),7}}
min{min{f(a), 0}, min{g(a), 6}, min{f(a),d}}
— min{(f NgN f)a).oh
Thus fNg C Vg5 (fog)of.
(tv) = (i4i) It is obvious.
(vi) = (i1) If A, B are any left ideals of S. Then by (ii7), we get

v

0 0 1) 0 ) 1) 0

X’y(AﬁB) = Xv(AﬂBﬂA) =(v,9) X’yAﬁB N XvA c Vq("/»é) (X’yA o X’yB) © XvA
= (0 Va0 X348 © X34 =(2.0) V(.0 X aB)a-

Hencewe get AN B C (AB)A.

(#i) = (i1) It is obvious.

(#9) = (7) It is same as (i7) = (¢) of theorem 119. m
Definition 121 A fuzzy subset f of an AG-groupoid S is called an (€
. € Vgs)-fuzzy semiprime ideal if x7 €. f implies that x; €, Vqs for all
ze S andt e (v,1].

Example 122 Consider an AG-groupoid S = {1,2,3,4,5} with the fol-
lowing multiplication table

.11 2 3 4 5
114 5 1 2 3
213 4 5 1 2
312 3 4 5 1
411 2 3 4 5
515 1 2 3 4

Clearly (S, .) is intra-reqular because 1 = (3.12).2, 2 = (1.22).5, 3 =
(5.32).2, 4 = (2.42).1, 5 = (3.52).1. Define a fuzzy subset f on S as given:
0.7if z=1,
0.6 if =2,
Fz)={ 068 if =3,
0.63 if o =4,
0.52 if = =5.
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Then it is easy to see that f is an (€¢.4, 0.4 Vqo.5)-fuzzy semiprime ideal

of S.

Theorem 123 A fuzzy subset [ of an AG-groupoid S is an (€, €4 Vgs)-
fuzzy semiprime ideal if and only if max{f(x),~v} > min{f(z?),d}.

Proof. Let f be an (€4, €, Vgs)-fuzzy semiprime ideal of S. Let there
exists z,y € S and t € (v, 1] such that max{f(z),~v} <t < min{f(2?),6}.
Then max{f(z),v} < t implies that x;€,f implies that z,€, Vgs5f. As
min{ f(z?),d} >t > ~ this implies that f(z?) >t > v implies that 27 €., f.
But z;€, Vgs f, a contradiction to the definition of semiprime ideals. Thus
max{ f(2),7} > min{/(2%), 5},

Conversely, assume that there exist z,y in S and ¢ € (v, 1] such that
x} €4 f but z:€, Vgsf, then f(z?) > ¢ > v, f(z) < min{f(2?),§} and
f(z)+t < 26. It follows that f(z) < § and so max{f(x),v} < min{f(z?),d}
which is a contradiction to the definition of semiprime ideals. Hence 27 €., f
implies that (z%); €, Vgsf for all z,y in S. =

Theorem 124 For a non empty subset I of an AG-groupoid S with left
identity, the following conditions are equivalent.

(¢) T is semiprime.

(44) ng is an (€, € Vas)-fuzzy semiprime.

Proof. (i) = (i1) Let I be semiprime of an AG-groupoid S. Let a be
any element of S such that a € I, then I is an ideal so a? € I. Hence
Xgl(a),Xgl(ag) > 0 which implies that max{Xgl(a),v} > min{Xgl(aQ),é}.

Now let a ¢ I, since I is semiprime, thus a®> ¢ I. This implies that
Xgl(a) < ~and ng(aQ) < ~y. Therefore maX{XgI(a),'y} > min{XiI(aQ), d}.
Hence, we have max{X,‘iI(a),'y} > min{X,‘El(az), 0} foralla € S.

(73) = (i) Let Xfﬂ is fuzzy semiprime. Let a? € I, for some a in S, this im-
plies that ijl (a®) > 6. Now since Xﬁjl is an (€, €4 Vgs)-fuzzy semiprime.
Thus maX{XjI(a),’y} > min{XgI(aQ),(S}. Therefore maX{ijI(a),’y} > 9.
But 6 > ~, so Xffl(a) > 9. Thus a € I. Hence [ is semiprime. m

Theorem 125 Let S be an AG-groupoid with left identity then the follow-
ing conditions are equivalent.

(1) S is intra-regular.

(ii) For every ideal of S is semiprime.

(ii1) For every left ideal of S is semiprime.

(iv) For every (€, €~ Vqs)-fuzzy left ideal of S is fuzzy semiprime.

Proof. (i) = (iv) Let f be an (&, €, Vgs)-fuzzy left ideal of an intra
regular AG-groupoid S. Now since S is intra-regular so for each a € S there
exists z,y in S such that a = (za?)y. Now using medial law, paramedial
law and left invertive law, we get

a = (va®)y = [(ex)(aa)ly = [(aa)(ze)ly = [y(ze)]a®.
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Thus

max{f(a),7} = max{f([y(ze)la’),7}
> min{f(a?),d}.

(iv) = (4i) and (i3i) = (i7) are obvious.
(ii) = (i) Assume that every ideal is semiprime and since Sa? is an ideal
containing a?. Thus

a € Sa*® = (59)a® = (a®S)S = (Sa?)S.

Hence S is an intra-regular AG-groupoid. m
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4

Generalized Fuzzy Prime and
Semiprime Ideals of Abel
Grassmann Groupoids

In this chapter we introduce (€, €, Vgs)-fuzzy prime (semiprime) ideals
in AG-groupoids. We characterize intra regular AG-groupoids using the
properties of (€., €, Vg¢s)-fuzzy semiprime ideals.

Lemma 126 If A is an ideal of an AG-groupoid S if and only if XfiA is
(€4, €4 Vas)-fuzzy ideal of S.

Proof. (i) Let z,y € A which implies that zy € A. Then by definition we
get XgA(xy) >4, XgA(m) > 6 and XffA(y) > ¢ but 6 > . Thus

max{X?,(zy),7} = XJ,(zy) and
min{ X3, (), XJ4(y),0} = min{XJ,(x), X],(y)} = 4.

Hence max{XfiA(xy),'y} > min{ijA(ac), ijA(y)7 5}
(73) Let © ¢ A and y € A, which implies that zy ¢ A. Then by definition
st/A(x) <7, XjR(y) > ¢ and XjR(xy) < ~. Therefore

max{X?,(zy),y} = ~and
min{XﬁA(x)»XiA(yM} = XSA(I')'
Hence maX{XgA(xy),v} > min{XgA(x), X‘W"TA(y)7 5}
(7i1) Let © € A,y ¢ A which implies that zy ¢ A. Then by definition, we
get XgA(zy) <7, XgA(y) <~ and X;;A(x) > 6. Thus
max{X?,(zy),y} = ~and
min{XiA(x),XiA(y)yé} = XiA(y)
Hence max(X,(x9), 7} > min{X? ,(2), X2 (1) 3}
(iv) Let x,y ¢ A which implies that zy ¢ A. Then by definition we get
such that X,‘iA(xy) <7, X,‘iA(y) <~ and XﬁjA(x) < ~. Thus
max{Xf?A(wy),v} = ~and
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Hence max{X? ,(y), 7} > min{X3 ,(z), X% ,(y), 6}.

Converse, let (zy) € AS where x € A and y € S, and (zy) € SA where
y € Aand z € S. Now by hypothesis max{Xf/A(asy), v} > min{X;sB(a:)7 XgB(y), 0}.
Since x € A, therefore XfiA (x) > 0, and y € A therefore X,‘;A (y) > ¢ which
implies that min{XgA(aJ), X;SA (y),0} = 4. Thus

max{X9 4 (zy),7} > 6.

This clearly implies that XﬁYS 4(xy) > 0. Therefore zy € A. Hence A is an
ideal of S. m

Example 127 Let S = {1,2,3}, and the binary operation “” be defined
on S as follows.

Then (S,-) is an AG-groupoid. Define a fuzzy subset f : S — [0,1] as
follows.

0.31 forxz =1
flx)=< 0.32 forz =2
0.30 forxz =3

Then clearly

o [ is an (€92, €02 Vqo.3)-fuzzy ideal of S,

o fisnotan (€, € Vqo.3)-fuzzy ideal of S, because f(1-2) < f(2)/\1*2ﬁ,
o f is not a fuzzy ideal of S, because f(1-2) < f(2).

Definition 128 A fuzzy subset f of an AG-groupoid S is called an (&,
, €4 Va5)-fuzzy bi-ideal of S if for all x,y and z € S and t,s € (v,1], the
following conditions holds.

(1) if 2t €4 f and ys €, f implies that (TY)minge,s} €4 VG5 [

(2) if 2t €4 f and zs € [ implies that ((2Y)2)min{t,s} €y Vs /-
Theorem 129 A fuzzy subset f of an AG-groupoid S is (€, € Vas)-fuzzy
bi-ideal of S if and only if

(1) max{ f(zy),v} = min{f (), f(y), 5}

(1) maxc{ f(y)2), 7} > min{ f(x), f(2), 8}.

Proof. (1) & (I) is the same as theorem 104.
(2) = (II). Assume that z,y € S and t,s € (v, 1] such that

max{ f((2y)2),7} < t < min{f(z), (=), }.

Then max{f((zy)z),7} < t which implies that f((zy)z) < ¢t < ~ this
implies that ((xy)z)+€,f which further implies that ((zy)z):€5 Vgsf. Also
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min{ f(z), f(z),8} >t > =, this implies that f(z) >t > v, f(z) >t >«
implies that z; €4 f, z € f but ((zy)z):€5 Vas f, a contradiction. Hence

max{f((zy)z),7} = min{f(z), f(2), 0}.

(II) = (2) Assume that z,y,z in S and ¢,s € (v,1], such that z; €,
f, zs €y f by definition we can write f(z) > t > v, f(z) > s > 7,
then max{f((zy)z),d} > min{f(z), f(y),0} this implies that f((zy)z) >
min{¢, s,d}. We consider two cases here,

Case(i): If {t,s} < 0 then f((xy)z) > min{¢,s} > v this implies that

((xy)z)min{t,s} S f

Case(id): If {t,s} > § then f((zy)z) + {¢,s} > 20 this implies that
((xy)z)min{t,s}q5f'

From both cases we write ((2y)2)minft,s} €y V@sf for all z,y,2in S. m

Lemma 130 A subset B of an AG-groupoid S is a bi-ideal if and only if
XjS/B is an (€, €y Vqs)-fuzzy bi-ideal of S.

Proof. (i) Let B be a bi-ideal and assume that =,y € B then for any a in S
we have (za)y € B, thus X,‘jB((xa)y) > 4. Now since z,y € B so XjB(x) >
d, XgB(y) > ¢ which clearly implies that min{XgB(z),ijB(y)} > 6. Thus

max{X)5((za)y),7} = X]p((wa)y) and
mln{XgB ($), X—?B (y)v 5} = 0.
Hence max{XgB((xa)y),v} > min{XjB(J:), XjB(y), 0}
(73) Let « € B,y ¢ B, then (za)y ¢ B, for all ¢ in S. This implies that
XﬁjB((xa)y) <7, X,‘EB(x) > § and X,‘EB(y) < 7. Therefore
max{X]p((za)y),7} = 7 and
min{Xf?B(w%XiB(y)ﬁ} = X'()S:B(y)'

Hence max{X5((za)y),v} > min{X](x), XJ5(y),0}.
(7i) Let © ¢ B,y € B implies that (za)y ¢ B, for all @ in S. This implies
that X2 ((za)y) < 7, X2p(z) <7, X2 p(y) = 6 then

max{ X5 ((za)y),v} = 7, and
min{X,‘gB(x), ijB(Z/)a 6} X33 ()

Therefore
max{X)p((za)y),7} > min{X)p(x), X]5(y), 5}
(iv) Let x,y ¢ B which implies that (za)y ¢ B, for all a in S. This
implies that min{XgB(x),XgB(y)} <7, XjS/B((xa)y) < ~. Thus
max{X]p((za)y),7} =7 and
min{XiB(w)»Xig(y), 6 = min{Xﬁg(ﬂf),X;SB(y)} <7

77
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Hence max{Xf/B((ma)y),v} > min{XfiB(ac), XﬁjB(y), 5}
If (za)y € B, then min{XﬁjB(x),XjB(y)} >0, XgB((ma)y) > 0. Thus

max{X9p((za)y),v} = X5((za)y) and
min{XgB (LC), XgB (y)v 6} =90.

Hence max{XgB((xa)y),v} > min{XjB(J:), XgB(y), 0}

Converse, let (b1s)be € (BS)B, where by,by € B and s € S. Now
by hypothesis max{ijB((bls)bg),'y} > min{X,‘?B(bl),ijB(bg),é}. Since
bi,bs € B, therefore XjB(bl) > § and XjS/B(bg) > § which implies that
min{XﬁjB(bl),XfiB(bg),é} = ¢. Thus

maX{XgB((bls)bg)7 v} > 0.

This clearly implies that XjB((bls)bg) > §. Therefore (bys)bs € B. Hence
B is a bi-ideal of S. ®

Definition 131 A fuzzy AG-subgroupoid f of an AG-groupoid S is called
an (€, €y Vgs)-fuzzy interior ideal of S if for allx,y,z € S and t,r € (7v,1]
the following conditions holds.

(I) z¢ €4 f, ys €4 f implies that (Iy)min{t,s} €, Vgsf.

(IT) y¢ €+ f implies ((xy)z), €4 Vasf-

Lemma 132 A fuzzy subset f of S is an (€, €, Vgs)-fuzzy interior ideal
of an AG-groupoid S if and only if it satisfies the following conditions.
(IIT) max{f (zy),v} > min{f (x), f (y),6} for all z,y € S and ~,§ €
[0, 1].
(IV) max{f (xyz),v} > min{f (y),d} for all z,y,z € S and 7,5 €
[0,1].

Proof. (I) = (III) Let f be an (€4, €y Vgs)-fuzzy interior ideal of S. Let
(I) holds. Let us consider on contrary. If there exists x,y € S and ¢t € (v, 1]
such that

max{ f(zy),7} <t < min{f(z), f(y),d}.
Then max{ f(zy),v} <t <~ this implies that (zy):€, f again implies that
(xy)e€4 Vasf. As min{ f(x), f(y),0} >t > ~ this implies that f(z) >t >~
and f(y) >t >~ implies that z; €, f and y; €, f.
But (zy):€, Vgsf a contradiction .Thus

max{ f(zy),7} = min{f(z), f(y), 0}.

(II1I) = (I) Assume that z,y, in S and t,s € (v,1] such that =, €,
fand ys €y f. Then f(z) >t >, fly) > t > v, max{f(zy),7} >
min{ f(z), f(y),d} > min{t, s,d}. We consider two cases here,

Case(1): If {¢,s} < ¢ then max{f(xy),v} > min{¢, s} > v this implies
that (my)min{t,s} €y f
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Case(2): If {t,s} > ¢ then f(zy) + min{¢, s} > 20 this implies that
(xy)min{t,s}%f'

Hence z; € f, ys €4 f implies that (2y)minfs,s} €4 VG5 [

(IT) = (IV) Let f be an (€, €4 Vgs)-fuzzy interior ideal of S. Let (I1)
holds. Let us consider on contrary. If there exists z,y € S and ¢t € (v, 1]
such that

max{f((zy)z),7} <t < min{f(y),d}.

Then max{f((zy)z),v} < t < v this implies that ((zy)z):€,f further
implies that ((zy)z):€, Vgsf. As min{f(y),6} > ¢t > ~ this implies that
f(y) >t > ~ implies that y, €, f. But (zyz),€, Vgsf a contradiction
according to definition. Thus (I'V) is valid

max{f((xzy)z),v} > min{f(y), o}

(IV) = (II) Assume that z,y,z in S and ¢, s € (v, 1] such that y;, €, f.
Then f(y) >t > ~, by (IV) we write max{f((zy)z),y} > min{f(y),d} >
min{t,d}. We consider two cases here,

Case(i): If t < 6 then f((zy)z) >t > v this implies that ((zy)z): €, f.

Case(i3): If ¢ > 0 then f((vy)z) +t > 26 this implies that ((zy)z)gsf-

From both cases ((zy)z): €, Vgsf. Hence f be an (€., €, Vgs)-fuzzy
interior ideal of S. m

Lemma 133 If I is a interior ideal of an AG-groupoid S if and only if
ijl be an (€., €~ Vas) fuzzy interior ideal of S.

Proof. (i) Let z,a,y € I which implies that (xa)y € I. Then by definition
we get ijl((wa)y) > ¢ and Xjfl(a) > 6, but 6 > . Thus

max{X,((za)y),7} = X3,((za)y) and
min{Xﬁ?I(a),(S} = 4.
Hence max{ Xgl((:ca)y)gy} > 1rnin{X$I(a)7 5}

(15) Let ¢ I,y ¢ I and a € I, which implies that (za)y € I. Then by
definition Xfﬂ((xa)y) > ¢ and Xﬁil(a) > §. Therefore

max{X)((za)y),7} = X((za)y), and
min{XjI(a),é} = J.

Hence max{Xgl((xa)y), v} > min{XjI(a), 5}
(73i) Let x € I,y € T and a ¢ I which implies that (za)y ¢ I. Then by
definition, we get Xgl((a:a)y) <7, Xf/I(a) < ~. Thus

max{X;((za)y),7} = ~and
min{XﬁiI(a),(S} = Xgl(a).

79



80 4. Generalized Fuzzy Prime and Semiprime Ideals of Abel Grassmann Groupoids

Hence max{Xf/I((xa)y),w} > min{Xf/I(a),é}.
(iv) Let x,a, y ¢ I which implies that (za)y ¢ I. Then by definition we
get such that Xg,((xa)y) <, Xj/sl(a) < ~. Thus

max{X?;((za)y),7} = v and
min{XjI(a),(S} = X;s[(a).
Hence maX{XjS/I((xa)y),'y} > min{XjS/I(a),(S}.
Conversely, let (za)y € (SI)S, where a € I and z,y € S. Now by

hypothesis max{ijI((xa)y),’y} > min{X,‘iI(a),é}. Since a € I, therefore
Xgl(a) > § which implies that min{Xﬁ?I(a), 0} =4. Thus

max{X9;((za)y),7} > 4.

This clearly implies that Xfil((ﬂca)y) > §. Therefore (za)y € I. Hence I is
an interior ideal of S. m

Example 134 Consider an AG-groupoid S = {1,2,3} in the following
multiplication table.

Define a fuzzy subset f on S as follows:

041 if z = 1,
fl)={ 044 ifx =2,
0.42 if z = 3.

Then, we have
o fisan (€01,€0.1 Vao.11)-fuzzy quasi-ideal,

e f is not an (€, € Vqo.11)-fuzzy quasi-ideal.

4.1 (€., €, Vg;)-fuzzy Prime Ideals of
AG-groupoids

Definition 135 An (€4, € Vgs)-fuzzy subset f of an AG-groupoid S is
said to be prime if for all a,b in S and t € (v, 1]. It satisfies,
(1)(ab)s € f implies that (a); €4 Vgsf or (b): €4 Vgsf.

Theorem 136 An (€., €, Vgs)-fuzzy prime ideal f of an AG-groupoid S
if for all a,b in S, and t € (v, 1].1t satisfies
(2) max{f(a), f(b),7} > min{f(ab),d}.
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Proof. Let f be an (€,,€, Vgs)-fuzzy prime ideal of an AG-groupoid
S. If there exists a,b in S and t € (v, 1], such that max{f(a), f(b),7} <
t < min{f(ab),d} then min{f(ab),d} > ¢ implies that f(ab) >t > ~ and
min{ f(a), f(b),7} < t this implies that f(a) < t < yor f(b) <t < v
again implies that (a):€,f or (b):€,f ie. (ab): €, f but (a)€4 Vgsf or
(b):€~ Vgsf, which is a contradiction. Hence (2) is valid.

Conversely, assume that (2) is holds. Let (ab); €, f. Then f(ab) >t >~
and by (2) we have max{f(a), f(b),7} > min{f(ab),d} > min{¢,d}. We
consider two cases here,

Case(a): If t < 4, then f(a) > ¢ > v or f(b) > ¢ > ~ this implies that
(a)e € f or (b): €4 f.

Case(b): If t > 4, then f(a) +t > 2§ or f(b) +t > 2 this implies that
(a)igsf or (b)iqsf. Hence f is prime. m

Theorem 137 Let I be an non empty subset of an AG-groupoid S with
left identity. Then

(1) I is a prime ideal.

(i4) X‘Sﬂ is an (€, €y Vqs)-fuzzy prime ideal of S.

Proof. (i) = (ii). Let I be a prime ideal of an AG-groupoid S. Let (ab) € T
then X‘fﬂ(ab) > 0, this implies that so ab € I and [ is prime, so a € I or
b € I, by definition we can get Xisﬂ(a) >4 or X‘fﬂ (b) > 4, therefore

min{xi[(ab),(S} = ¢ and
max{x;(a), x3,(0),7} = max{x};(a),x3:(b)} > 4.

which implies that max{?(‘fﬂ (.a)7 X‘fﬂ (b),v} > min{xfﬂ(ab), d}. Hence Xi[ is
an (€, €, Vgs)-fuzzy prime ideal of S.

(79) = (7). Assume that ngﬂ is a prime (€., €, Vgs)-fuzzy ideal of S, then
I is prime. Let (ab) € I by definition we can write Xfﬂ(ab) > ¢, therefore,by
given condition we have max{xij(a),xij(b),'y} > min{xil(ab),é} = 9.
this implies that Xi[ (a) >4 or xil(b) > § this implies that a € T or b € I.
Hence [ is prime. m

Example 138 Let S = {1,2,3}, and the binary operation “” be defined
on S as follows.

Then (S,-) is an intra-regular AG-groupoid with left identity 1. Define a
fuzzy subset f S — [0,1] as follows.
0.34 forz =1
fl@)=14 0.36 forx =2
0.35 forz =3
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Then clearly

o fis an (€02, 0.2 Vqo.22)-fuzzy prime ideal,
e f is not an (€, € Vqo.22)-fuzzy prime ideal,
e f is not fuzzy prime ideal.

Theorem 139 An (€,,€, Vgs)-fuzzy subset f of an AG-groupoid S is
prime if and only if U(f,t) is prime in AG-groupoid S, for all 0 < t < é.

Proof. Let us consider an (€, € Vgs)-fuzzy subset f of an AG-groupoid S
is prime and 0 < t < 4. Let (ab) € U(f,t) this implies that f(ab) >t > 7.
Then by theorem 136 max{f(a), f(b),7} > min{f(ab),d} > min{¢,d} = ¢,
so f(a) >t > v or f(b) > t > v, which implies that a €, U(f,t) or
b e, U(f,t). Therefore U(f,t) is prime in AG-groupoid S, for all 0 <t < 4.

Conversely, assume that U(f,t) is prime in AG-groupoid S, for all 0 <
t < 6. Let (ab); €4 f implies that ab €, U(f,t), and U(f,t) is prime, so
a €, U(f,t) or b e, U(f,t), that is a; €, f or by €, f. Thus a; €, Vasf
or by €y Vgsf. Therefore f must be an (€., €, Vgs)-fuzzy prime in AG-
groupoid S. =

Definition 140 A fuzzy subset f of an AG-groupoid S is said to be (€
. €~ Vqs)-fuzzy semiprime for all s,t € (v,1] and a € S. it satisfies

(1) a? €, f implies that a; €, Vgsf.

Theorem 141 A fuzzy subset f of an AG-groupoid S is an (€, €~ Vgs)-
fuzzy semiprime if and only if it satisfies

(2) max{f(a),v} > min{f(a?),6} for all a € S.
Proof. (1) = (2) Let f be a fuzzy subset of an AG-groupoid S which is
(€4, €4 Vgs5)-fuzzy semiprime of S. Assume that there exists ¢ € S and ¢
€ (v, 1], such that

max{f(a),7} <t < min{f(a?),d}.

Then max{f(a),y} < t this implies that f(a) < ¢ < =, implies that ,
f(a) +t < 2t < 2§ this implies that a;€, Vg5 f and min{f(a®),d} > ¢ this
implies that f(a?) >t > v, further implies that a? €, f but a,€, Vgsf a
contradiction to the definition. Hence (2) is valid,

max{f(a),7} > min{f(a?),d}, for all a € S.

(2) = (1). Assume that there exist a € S and ¢ € (v,1] such that a} €, f,
then f(a?) >t >+, thus by (2), we have max{f(a),v} > min{f(a?),6} >
min{t,d}. We consider two cases here,

Case(): if t <6, then f(a) >t >+, this implies that a; €, f.

Case(ii) : if t > 0§, then f(a) +t > 20, that is a;gsf. From (i) and (i7)
we write a; €, Vgs f. Hence f is semiprime for alla € S. m
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Theorem 142 For a non empty subset I of an AG-groupoid S with left
identity the following conditions are equivalent.

(1) I is semiprime.

(i) Xfﬂ is an (€, €y Vgs)-fuzzy semiprime.

Proof. (i) = (it) Let I is semiprime of an AG-groupoid S.
Case(a): Let a be any element of S such that a? € I. Then [ is semiprime,
so a € I. Hence Xil(cﬁ) > 6 and Xfﬂ(a) > 4. Therefore

max{xfﬂ(a),’y} = xil(a) and
min{xil(cﬁ),&} = 9.

which implies that max{xgl(a), v} > min{xil(aQ), 0}.
Case(b): Let a ¢ I, since I is semiprime therefore a? ¢ I. This implies
that x9,(a) <~ and x;(a*) <, such that

max{x};(a),7} = 7 and
min{x3,(a®), 8} = x3s(a).
Therefore max{xfsﬂ(a), v} > min{xfsﬂ(az), d}. Hence in both cases
max{xfsﬂ(a,),'y} > min{xi](aQ), 8} forallainS.

(73) = (7) Let stﬂ be an (€., €, Vgs)-fuzzy semiprime. Let a® € I for

some a in S. Then X‘sﬂ(az) > . Therefore max{xgl(a),'y} > min{xfﬂ(aQ), d} =

0 this implies that stﬂ(a) > 0 again this implies that a € I. Hence [ is
semiprime. m

Example 143 Let S = {1,2,3}, and the binary operation “” be defined
on S as follows.

Then (S,-) is an AG-groupoid. Define a fuzzy subset f : S — [0,1] as
follows.

0.41 forxz =1
f(z) =< 0.39 forz=2
0.42 forxz =3

Then clearly
o fis (€0.1,€0.1 Vqo.2)-fuzzy semiprime,
e f is not (€, € Vqo.a)-fuzzy semiprime,

o f is not fuzzy semiprime.
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4.2 (€., €4 Vq;)-Fuzzy Semiprime Ideals of
Intra-regular AG-groupoids

Lemma 144 If f is a (€4, €4 Vgs)-fuzzy ideal of an intra-reqular AG-
groupoid S, then f is an (€4, €, Vgs)-fuzzy semiprime in S.

Proof. Let S be a intra regular AG-groupoid. Then for any a € S there
exists some z,y € S such that a = (za?)y. Now

max{f(a),7} = max{f(za®)y,7} = min{f(a*),0}.

Hence f is a (€, €y Vgs5)-fuzzy semiprime in S. ®

Theorem 145 Let S be an AG- groupoid then the following conditions are
equivalent.

(1) S is intra regular.

(ii) For every ideal A of S, A C A% and A is semiprime.

(iii) For every (€, €~ Vqs) fuzzy ideal f of S, f C Vqy.5)f o f, and f
18 fuzzy semiprime.

Proof. (i) = (iii). Let f be an (€4, €y Vgs)-fuzzy ideal of an intra regular
AG-groupoid S with left identity. Now since S is intra regular therefore for
any a in S there exist z,y in S such that a = (ra?)y. Now using paramedial
law, medial law and left invertive law, we get

a = (za®)y = (¢(aa))y = (a(za))y = (y(za))a.

Let for any a in S there exist p and ¢ in S such that a = pq, then

max{(f o f)(a),y} = max{ V {F@) A f(q)}m}}
> max{min{f(y(za)), f(a)},7}
> max{min{f(y(za)), f(a)}, 7}
= min{max{f(y(za)),v}, max{f(a),v}}
> min {min{f(a),0}, min{f(a),0}}

— min{f(a), ).

Thus f Q \/Q(,Y,(;)f @) f

Now we show that f is a fuzzy semiprime ideal of intra-regular AG-
groupoid S, Since S is intra-regular therefore for any a in S there exist x,y
in S such that a = (za?)y. Then

max{f(a),7} max{f((za®)y),7}

min{ f(a?),5}.

Y



4. Generalized Fuzzy Prime and Semiprime Ideals of Abel Grassmann Groupoids
(#44) = (i1). Suppose A be any ideal of S. Then by (iii), we get

) ) § ) ) 1 S
X54 = X54n4a = Xy4 N X354 € VG(v,6)X54 © X7 =(v.6) X5a2-

Hence we get A C A%. Now we show that A is semiprime. Let A is an
ideal then (XiA) be an (€., €, Vgs)-fuzzy ideal of S. Let a® € A, then
since XiA be any (€., €, Vgs)-fuzzy ideal of an AG-groupoid S, hence by
(iii),max{ng(a),v} > min{ng(aQ), 0} = 6 this implies that XgA(a) > 0.
Thus a € A. This implies that A is semiprime.

(i1) = (i). Assume that every ideal is semiprime of S. Since Sa? is a
ideal of an AG-groupoid S generated by a?. Therefore

a € (Sa?) C (S9)a® C (a®9)S = ((aa)(SS))S = ((S9)(aa))S = (Sa?)S.
Hence S is intra regular. m

Lemma 146 Every (€, €, Vqs)-fuzzy ideal of an AG-groupoid S, is (€
, €4 Vqs)-fuzzy interior ideal of S.

Proof. Let S be an AG-groupoid then for any a,z,y € S and f is an
(€4, €4 V@s)-fuzzy ideal. Now

max{f((za)y), v} max{ f(za), 7}

min{ f(a),0}.

Hence f is a (€, €, Vgs)-fuzzy interior ideal of S. m

2
2

Theorem 147 For an AG-groupoid S with left identity the following are
equivalent.
(7) S is intra regular.
(i1) Fvery two sided ideal is semiprime.
(i13) Every (€, €y Vqs)-fuzzy two sided ideal f of S is fuzzy semiprime.
(iv) Bvery (€, € Vqs)-fuzzy interior ideal f of S is fuzzy semiprime.
(v) Every (€~,€~ Vqs)-fuzzy generalized interior ideal f of S is semi-
prime.

Proof. (i) = (v) Let S be an intra-regular and f be an (€., €, Vgs)-fuzzy
generalized interior ideal of an AG-groupoid S. Then for all a € S there
exists o,y in S such that a = (za?)y. We have

max{ f(a),v} max{ f((za®)y),v}
min{ f(a*), 6}

Y

(v) = (v is obvious.

(iv) = (44i) it is obvious by lemma 146.

(7i1) = (it). Let A be a two sided ideal of an AG-groupoid S, then (X‘;A)
is an (€, €4 Vgs)-fuzzy two sided ideal of S. Let a? € A, then since Xé,A is
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an (€, € Vgs)-fuzzy two sided ideal therefore XfSyA (a?) > 4, thus by (#i4)
max{x’4(a),7} > min{x’ ,(a?),6} = & this implies that x° 4(a) > 6. Thus
a € A. Hence A is semiprime.

(i) = (). Assume that every two sided ideal is semiprime and since Sa?
is a two sided ideal contain a?. Thus

€ (Sa?) C (8S)a® C (a®S)S = ((aa)(SS))S = ((S9)(aa))S = (Sa?)S.
Hence S is an intra-regular. m

Theorem 148 Let S be an AG-groupoid with left identity, then the fol-
lowing conditions equivalent

(7) S is intra-regular.

(i1) Fvery ideal of S is semiprime.

(t3i) Every bi-ideal of S is semiprime.

(iv) Bvery (€, € Vqs)-fuzzy bi-ideal f of S is semiprime.

(v) Bvery (€, €y Vas)-fuzzy generalized bi-ideal f of S is semiprime.

Proof. (i) = (v). Let S be an intra-regular and f be an (€,,€, Vgs)-
generalized bi-ideal of S. Then for all a € S there exists x,y in S such that
a = (xza?)y.

a))y = (a(za))y = (y(za))a

(a
))}a = {w( (wa®)y))ta = {z((za®)y*))}
ta = {a?(a®y*)}a = {a*(2*y*) }a = {a(2®y?)}a’

a = (za®)y

Q

y)(a? 2)]’az’:{(sztu/)(m( Nia* = {(y*2*)(y(wa®))}a?
((y1y2)(za®) }a? = {(y*2*) ((a®y2) (1)) }a® = {(y2?)((a*2)(y211)) }a®
(((yoy1)z)(aa)) }a? = {(y*2*)(a*(z(y2y1))) }a* = {(aa)(z((z?y*)) (y231)) }a®
{a®{(2(2*y®) (y291))}}a® = (a®t)a®, where ¢ = (2(27y*) (y211))-

we have

max{ f(a), 7} = max{ f(a?t)a?, 7} > max{min{f(a?), f(a?)},5} = min{f(a?), 6}.

Therefore max{ f(a),v} > min{f(a?),d}.

(v) = (iv) is obvious.

(tv) = (4i7). Let B is a bi-ideal of S, then X(E/B is an (€5, €, Vgs)-fuzzy
bi-ideal of an AG-groupoid S. let a?> € B then since styB is an (€5, €,
Vs )-fuzzy bi-ideal therefore XiB(aQ) > 0, thus by (iv), max{xiB(a),v} >
min{foYB(a2),(5} = 0 this implies that XgB(a) > 4. Thus a € B. Hence B
is semiprime.

(#9i) = (it) is obvious.

(i1) = (i) Assume that every ideal of S is semiprime and since Sa? is an
ideal containing a. Thus

€ (Sa®) C (8S)a* C (a*S)S = ((aa)(SS))S = ((S5)(aa))S = (Sa?)S.

Hence S is an intra-regular. m
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Theorem 149 Let S be an AG-groupoid with left identity, then the fol-
lowing conditions equivalent

(1) S is intra-regular.

(ii) Every ideal of S is semiprime.

(#i1) Every quasi-ideal of S is semiprime.

(tv) Bvery (€~, €y Vgs)-fuzzy quasi-ideal f of S is semiprime.

Proof. (i) = (iv). Let S be an intra-regular AG-groupoid with left identity
and f be an (€, €, Vgs)-fuzzy quasi ideal of S. Then for all a € S there
exists z,y in S such that a = (xa?)y. Now using left invertive law and
medial law, then

a = (za®)(y1y2) = (ya1)(a’z) = a®((y2y1)x) = a’t, where t = (yays)z.

we have

max{f(a),7} = max{f(a’t),7} > min{f(a?),o}.

Therefore max{f(a),v} > min{f(a?),d}.

(iv) = (i4). let @ be an quasi ideal of S, then Xi@ is an (€, € Vgs)-
fuzzy quasi ideal of an AG-groupoid S. let a®> € @ then since styQ is
an (€, €, Vgs)-fuzzy quasi ideal as then X‘sVQ(a2) > ¢ therefore by (iv),
max{xiQ(a),'y} > min{xiQ(az), d} = 0 this implies that Xf,Q (a) > 4. Thus
a € ). Hence @ is semiprime.

(#9i) = (it) is obvious.

(i1) = (i) Assume that every ideal of S is semiprime and since Sa? is an
ideal containing a?. Thus

a € (Sa*) C (Sa)(Sa) = (SS)(aa) = (a*S)S = (Sa*)S.

Hence S is an intra-regular. m
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5]

Fuzzy Soft Abel Grassmann
Groupoids

In this chapter we introduce generalized fuzzy soft ideals in a non-associative
algebraic structure namely Abel Grassmann groupoid. We discuss some
basic properties concerning these new types of generalized fuzzy ideals
in Abel-Grassmann groupoids. Moreover we characterize a regular Abel
Grassmann groupoid in terms of its classical and (€., €, Vgs)-fuzzy soft
ideals.

5.1 (€&, €y Vgs)-fuzzy Soft Ideals of AG-groupoids

Let U be an initial universe set and E the set of all possible parameters
under consideration with respect to U. Then

A pair (F, A) is called a fuzzy soft set over U, where A C F and F is
a mapping given by F : A — F(U), where F(U) is the set of all fuzzy
subsets of U. In general, for every ¢ € A, F(¢) is a fuzzy set of U and it is
called fuzzy value set of parameter ¢ [26].

The extended intersection of two fuzzy soft sets (F, A) and (G, B) over
U is a fuzzy soft set denoted by (H,C), where C = AU B and defined as

F(e) ife e A— B,
H()=4¢ Gle) ifee B— A,
Fe)NnG(e) ifee ANB.

for all e € C. This is denoted by (H,C) = (F, A)N (G, B).

A new relation is defined on F(S) denoted as ” C Vq( )" ,as follows.

For any f,g € F(S), by f C Vq(y,5)9, we mean that z, €, f implies
x, €, Vgsg for all x € S and r € (v,1].

The following definition is available in [35].

Let (F, A) and (G, B) be two fuzzy soft sets over U. We say that (F, A)
is a fuzzy soft subset of (G, B) and write (F, A) C (G, B) if

(i) AC B;

(73) For any € € A, F(e) C G(e).

(F,A) and (G, B) are said to be fuzzy soft equal and write (F, A) =
(G, B) if (F,A) C (G, B) and (G, B) C (F, A).

Let V C U. A fuzzy soft set (I, A) over V is said to be a relative whole
(v; §)-fuzzy soft set (with respect to universe set V' and parameter set A),
denoted by X(V; A), if F(e) = X$ for all € € A.
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The product of two fuzzy soft sets (F, A) and (G, B) over an AG-groupoid
S is a fuzzy soft set over S, denoted by (F o G,C), where C = AU B and

F(e) ifee A— B,
(FoG)(s)—{ G(e) ifee B— A,
F(e)oG(e) ifee ANB.

for all € € C. This is denoted by (F o G,C) = (F, A) ® (G, B).
A fuzzy soft set (F, A) over an AG-groupoid S is called

o Fuzzy soft left (right) ideal over S if ¥ (S, A) © (F, A) C (F, A)({F, A)
© (S, E)  (F, 4).

e Fuzzy soft bi-ideal over S if (F, A) ® (F, A) C (F,A) and [(F,A) ©®
Y (S, A)] © (F,A) C (F,A).

e Fuzzy soft quasi-ideal over S if [(F, A® X(S, A)|N[X(S, A) © (F, A)] C
(F,A).

(F,A) is an (v, 0)-fuzzy soft subset of (G, B) and write (F,A) C(ys)
(G, B) if (i) A C B, and (ii) For any € € A, F(e) C Vg, ; G(e).
A fuzzy soft set (F, A) over an AG-groupoid S is called

e An (€4, €, Vq 5)-fuzzy soft left ideal over S if X(S, A) © (F, A) C(4.5)
(F, A).

o An (€, €4 Vq 5)-fuzzy soft bi-ideal over S if (i) (F, A) © (F, A) C(4.5)
<F7 A>7 and (”) [<F7 A> © E(Sv A)] © <F7 A> C(’y,&) <Fa A>

e An (€., €, Vq 5)-fuzzy soft quasi-ideal over S if [(F, A®X(S, A)]N[Z(S, A)®
<F, A>] C('y,é) <Fa A>

Example 150 Let S = {1,2,3} and the binary operation ” -7 defines on
S as follows:

Then (S,-) is an AG-groupoid. Let A = {0.35,0.4} and define a fuzzy
soft set (F, A) over S as follows:

f 2eifze{1,2},
F(e)(z) = { % otherwise.

Then (F, A) is an (€03, €0.3 Vqo.4)- fuzzy soft left ideal of S.
Again let E = {0.7,0.8} and define a fuzzy soft set (G, E) over S as
follows:

| eifxe{1,2},
G(e)(z) = { % otherwise.

Then (F, E) is an (€g.2, 0.2 Vqo.4)- fuzzy soft bi-ideal of S.
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5.2 (€., €4 Vgs)-fuzzy Soft Ideals in Regular
AG-groupoids

Theorem 151 For an AG-groupoid S, with left identity, the following are
equivalent.

(7) S is regular.

(i3) For bi-ideal B, ideal I and left ideal L of S, BN L C (BS) L

(#ii) (F, B)N(G,L) Cy,5) ((F,B) © %(S, E)) © (G, L), for any (€4, €,
Vqs)-fuzzy soft bi-ideal (F, A) and (€, €~ Vqs)-fuzzy soft left ideal (H, B)
of S.

(iv) (F, B)N(G, L) C(+,8) ((F, B)o(S, E)®(G, L)), for any (€4y €4 VGs)-
fuzzy generalized soft bi-ideal (F, A) and (€, €y Vqs)-fuzzy generalized soft
left ideal (H, B) of S.

Proof. (i) = (iv)

Let (F, B) and (G, L) be any (€, €, Vgs)-fuzzy generalized soft bi-ideal
and (€., €, Vgs)-fuzzy generalized soft left ideal over S, respectively. Let
a be any element of S, (F, B)Y"\(G, L) = (K, BUL).For any e € BUL. We
consider the following cases,

Case 1: ¢ € B— L. Then Kl(E) F(e) N G(e) and Ks(e) = (F o G)(e),
so we have Ki(g) C Vq(y,5K2(e)

Case2: e € L — B. Then Ki(e) = H(e) and K;(e) = H(e) = Ka(e)

Case 3: ¢ € BN L. Then K;(e) = F(e) NG(e) and Ka(e) = F(g) o G(e).
Now we show that F(e) N G(e) C Vq(y,5)(F(c) o G(g)). Now since S is
regular AG-groupoid, so for a € S there exist x € S such that using left
invertive law and also using law a(bc) = b(ac), we have,

a = (ax)a = [{(az) a}z]a € (BS)L.
Thus we have,

max {((F(e) o XJg) 0 G(c))(a), 7}
= max{ \ (F(e) o X25)(p) /\G(g)(q)m}

> max{(F(e) o XJ5)[{(az)a}(x)] A G(¢))(a), 7}

= max{ \/  (F(e)(w)AXs(v) AG(e)(a)}, 7}
{(az)a}(z)=uv

max {F(e){(a:c)a} A ijs(:z:) AG(g)(a), ’y}

max {F(e){(azx)a} N1 A G(e)(a),~}

min {max{F(e){(az)a}, v}, max{G(e)(a), v}}

min{min{(F(¢)(a),}, min{G(e)(a),d}}

min {(F(e) A G(¢))(a),d}

min {(F(g) N G(e))(a),d}

v
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Thus min {(F () N G(g))(a),} < max {((F(g) o X,‘ES) o G(g))(a),7} . This
implies that F'(e) N G(g) C Vq(y,5) (F(e) o /’\,’35) o G(e).

Therefore in any case, we have K (¢) C Vq(4,5)K2(c). Hence

<F, B>ﬁ<G,L> C(v,6) (<F, B> O] <S, E)) O] <G, L>.

(iv) = (4i%) is obvious.

(iii) => (i)

Assume that B and L are bi-ideal and left ideal of S, respectively, then
Y(B,E) and X(L,E) are (€,,€, Vgs)-fuzzy soft bi-ideal, (€5, €, Vgs)-
fuzzy soft ideal and (€., €, Vgs)-fuzzy soft left ideal over S,respectively.
Now we have assume that (iv) holds, then we have

X(B,E)NS(L,E) C(y.6) (B(B,E)©X(S,E)) ©X(L, E).
So,

5 5 5
Xy(BnL) = (vo)XyB M X5L
5 5 5
Va(v.6)(X58 © X55) © X5L

N

5
(v,8)X~(BS)L"

Thus BN L C (BS)L.

(i4) = (i)

Bla] = aUa?U(aS) a, and L [a] = aU Sa are principle bi-ideal and prin-
ciple left ideal of S generated by a respectively. Thus by (i) left invertive
law,medial law, paramedial law and using law a(bc) = b(ac), we have,

(Sa)n(Sa) < [Sa)S](Sa) = [S(aS)](Sa)
= (aS)(Sa) C (a5)a.

Hence S is regular. m

Theorem 152 For an AG-groupoid S, with left identity, the following are
equivalent.

(2) S is regular.

(#9) For an ideal I and left ideal L of S, INL C (IS) L.

(#ii) (F, )G, L) C(y,5) ((F,1)OX(S, E)&(G, L)), for any (€, €y Vgs)-
fuzzy soft ideal (F, A) and (€, €, Vqs)-fuzzy soft left ideal (H, B) of S.

(iv) <F’ I>ﬁ<G7L> C(v,9) (<Fa I> © <Sv E>) © <G7L>v for any (6"/’ €y \/Q6)'
fuzzy generalized soft ideal (F, A) and (€, €~ Vqs5)-fuzzy generalized soft
left ideal (H,B) of S.

Proof. (i) = (iv)

Let (F,I) and (G, L) be any (€,,€+ Vgs)-fuzzy generalized soft ideal
and (€., €, Vgs)-fuzzy generalized soft left ideal over S, respectively. Let
a be any element of S, (F,I)"\(G, Ly = (Ky,I U L).For any ¢ € I U L. We
consider the following cases,
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Case 1: e € I — L. Then Kl(a) F(e) N G(e) and Ky(e) = (F o G)(e),
so we have Ki(g) C Vg5 K2(e)

Case2:e€ L —1. Then Kl( )= H(e) and K1(e) = H(e) = Ka(e)

Case 3: e e INL. Then K;(e) = F(e) NG(e) and Ksy(e) = F(e) o G(e).
Now we show that F(e) N G(e) C Vq(y,5(F(c) o G(g)). Now since S is
regular AG-groupoid, so for a € S there exist « € S such that using medial
law, we have,

a = (ax)a = (azx){(az) a} = {a(az)}(xa) € (IS)L.

Thus we have,

max { ((F(e) o XJ5) 0 G(e))(a), 7}

= max{ \/ (F(e)o ng)(p) A G(E)(q)77}

> max{(F(e) o ¥)g){a(az)} A G(e))(za), 7}
= max{ \/ (F(e)(u) A X5(v) A G(e)(wa)},~}
{a(az)}=uv
max { F(¢)(a) A X2g(az) A G(e)(za), v}
max {F(g)(a) N1 AG(e)(xa),v}
min {max{F(g)(a),v}, max{G(e)(xa),v}}
min{min{(F(¢)(a),d}, min{G(e)(za),d}}
= min{(F(¢) AG(e))(a), 0}
= min{(F(¢) NG(e))(a),d}
Thus min {(F () N G(e))(a), 6} < max {((F onS)oG( (a),v} . This
implies that F'(e) N G(g) C Vq(y,5) (F(e) o X,‘YSS) G(e).
Therefore in any case, we have Ki(e) C Vq(y,5K2(c). Hence
<F, I>ﬁ<G, L> C(v,6) (<F, I) ® Z<S, E)) © <G, L>.
(iv) = (411) is obvious.
Assume that I and L are ideal and left ideal of S, respectively, then
Y(I,E) and X(L, E) are (€, €, Vgs)-fuzzy soft ideal, (€., €y Vgs)-fuzzy
soft ideal and (€., €, Vgs)-fuzzy soft left ideal over S,respectively. Now we

have assume that (iv) holds, then we have

S(I,E)NS(L, E) Cy,) (B(1,E) ©X(S, E)) © %(L, E).

v

So,
5 5 5
Xy(inL)y =  (n6)Xy1 N X5L
s 5 5
= vq('%f;) (X'y[ o X"/S) 0 X'yL

5
(7,8) X~y (I1S)L

N
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Thus INL C (IS)L.
Proof. (ii) = (i)

Ifa] = aSUSa, and L [a] = a U Sa are principle .ideal and principle left
ideal of S generated by a respectively. Thus left invertive law, paramedial
law and using law a(bc) = b(ac), we have,

{(@S)u(Sa)}n(Sa) < [{(aS)U (Sa)}S]|(Sa)
= [{(a89)S} U{(Sa)S}|(Sa)
= [{5(5a)} U{(Sa)S}|(Sa)
= [SaU{(5a)S}]|(Sa)
= [(Sa)(Sa)] U{(Sa)S}(Sa)
C (Sa®)SU(aS)a.

Hence S is regular. m

Theorem 153 For an AG-groupoid S, with left identity, the following are
equivalent.

(1) S is regular.

(i1) For bi-ideal B of S, B C B2S.

(7’“) <Fv B> C(v,6) ((Fa B> ®<Fa B>)®E<Sv E>7 for any (G’Yv €y \/Q(S)'fuzzy
soft bi-ideal (F, A) of S.

(Z'U) <F7 B> C(’y,é) (<F7 B> © <F7 B>) ®E<Sv E>7 fO’/‘ any (G«/, Cy V(]&)'fuzzy
generalized soft bi-ideal (F, A) of S.

Proof. (i) = (iv)

Let (F, B) be any (€., €, Vgs)-fuzzy generalized soft bi-ideal. Let a be
any element of S, Now since S is regular AG-groupoid, so for a € S there
exist x € S such that using left invertive law, medial law, paramedial law
and also using law a(bc) = b(ac), we have,

a = (az)a= (ax){(az)a}{a(az)}(za
(ax)}a] = z[{(za)(ae)}d]
(ae)}](ze) = [a{((ae)a)z}](ze) = {(ze)z}[a{(ae)a}]

)
ze)x)a }] [{(ae){((ze)
{

ale = [{(at)(ea)}ale = [{(at)a}ale € B*S, where t = {(ze)x}.
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Thus we have,

max {((F(e) o F(e)) o (X25))(a), 7}
= max{ \/ (F(e)o F(e))(p) A (X:/SS)(Q)»’Y}

> max{(F(c) o F(e)){((at)a)a} A (XJ5)(e). 7}
= max{ \/  {F(e)(w)AF(e)(w) A Xys(e)} 7}
{((at)a)a}=uv
max {F(e){(at)a} A F(e)(a) A X25(e), v}
max {F(e){(at)a} A F(e)(a) A 1,7}
min {max{F(¢){(at)a}, v}, max{F(e)(a),7}}
minmin{F(g)(a),}, min{F(e)(a),d}}
= min{(F(e)(a), 0}
= min{(F(e)(a), 0}
Thus min {(F(¢)(a), 6} < max {((F(g) o F(e
plies that F(e) C Va5 ((F(e) 0 F(e)) 0 XJg).
Therefore in any case, we have Ki(g) C \/q 5)K2(e). Hence

Vv

) o (X24))(a),7} . This im-

(F,B) Cy,0) ((F, B) © (F, B)) ®Z<S E).

(iv) = (i14) is obvious.

(id) = (i)

Assume that B is bi-ideal of S, then X(B, E) is (€4, €y Vgs)-fuzzy soft
bi-ideal, (€+,€+ Vgs)-fuzzy soft ideal over S,respectively. Now we have
assume that (iv) holds, then we have

Y(B,E) C(y,5) (X(B,E) ®X(B,E)) © %(S, E).

So,
5 5 5
XaB = (1.H)XyB2 N Xys
C Ve 0dsoXis) o X)s
_ s
=  (7,9)XyB2sS"
Thus B C B?S.
(@) = (4)

Bla] = aUa?U(aS)a, and L [a] = aU Sa are principle bi-ideal and prin-
ciple left ideal of S generated by a respectively. Thus by (ii), left invertive
law, paramedial law and using law a(bc) = b(ac), we have,

Sa € [(5a)(5a)]S = [S(Sa)](Sa)
= (89)[a(Sa)] = S[a(Sa)] C (al) a.

Hence S is regular. m
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Theorem 154 For an AG-groupoid S, with left identity, the following are
equivalent.

(1) S is regular.

(#i) For bi-ideal B, ideal I and left ideal L of S, LN B C (LS) B

(“7’) <Fa L>ﬁ<G’B> C('y,5) (<F7 L> © E<Sv E>) © <G>B>a for any (G’ya €y
Vgs)-fuzzy soft left ideal (F, A) and (€, € Vqs)-fuzzy soft bi-ideal (H, B)
of S.

() (F,L)N(G,B) C(y,5) ((F,L)O(S, E))©(G, B), for any (€, €~ Vgs)-
fuzzy generalized soft left ideal (F,A) and (€5, €, Vqs)-fuzzy generalized
soft bi-ideal (H, B) of S.

Proof. (i) = (iv)

Let (F, L) and (G, B) be any (€., €, Vgs)-fuzzy generalized soft left ideal
and (€., €4 Vgs)-fuzzy generalized soft bi-ideal over S, respectively. Let a
be any element of S, (F, L)Y(G, B) = (K;,L U B).For any ¢ € LU B. We
consider the following cases,

Case 1: ¢ € L — B. Then Kl(a)
so we have Ki(g) C V(5 Ka(e)

Case2: e € B— L. Then Ki(e) = H(e) and K;(e) = H(e) = Ka(e)

Case 3: ¢ € LN B. Then K;(e) = F(e) NG(e) and Ka(e) = F(e) o G(e).
Now we show that F(e) N G(e) C Vq(y,6)(F(g) o G(g)). Now since S is
regular AG-groupoid, so for a € S there exist € S such that using left
invertive law, we have,

a = (ax)a = [{(az) a}z]a = [(za)(az)]a € (LS)B

Thus we have,
max {((F() o st) o G(e))(a), 7}
= max { \/ (F(e)o ng)(P) A G(E)(Q),’Y}

> max{(F(e) o XJs){(wa)(az)} A G(e))(a), 7}
= max{ \/  (F(e)(u)AXs5(v) AG(e)(a)},7}
{(za)(az)}=uv
max {F(s)(ma) A Xffs(ax) A G(g)(a), 7}
max {F(g)(xa) N1 AG(g)(a), v}
min {max{F'(¢)(a), 7}, max{G(e)(a), 7}}
min{min{(F(¢)(a),d}, min{G(e)(a),d}}
min {(F(e) A G(g))(a), 6}
= min{(F(s) NG(e))(a), 0}
Thus min {(F () N G(¢))(a), 6} < max {((F oX,‘YSS)oG( (a),7} . This
implies that F'(e) N G(e) C Vq(y,5) (F(e) o X ) o G(e).

F(e) N G(e) and Ks(e) = (F o G)(e),

c
S

AV |l
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Therefore in any case, we have Ki(g) C Vq(y,5K2(c). Hence
<Fa L>ﬁ<G7 B> C(’y,ts) (<Fa L> © <S7 E>) © <GvB>
(tv) = (4i%) is obvious.
(i31) = (i)
Assume that L and B are left ideal and bi-ideal of S, respectively, then
Y(L,FE) and (B, E) are (€, €, Vgs)-fuzzy soft left ideal, (€4, €, Vgs)-

fuzzy soft ideal and (€4, €, Vgs)-fuzzy soft bi-ideal over S respectively.
Now we have assume that (iv) holds, then we have

Y(L,E)NY(B,E) C(y.6) (B(L, E) ©X(S, E)) © (B, E).
So,

5 5 5
X5(LnB) =  (vO)XyL N XyB

4 ) 5
\/Q(’y,é) (X’yL © X'yS) ° X+yB

N

5
(v,8)X~(LS)B*

Thus LN B C (LS)B.

(ii) = (9)

Lla) = aUSa, and B [a] = aUa?U(aS) a are principle left ideal and prin-
ciple bi-ideal of S generated by a respectively. Thus by (i¢), left invertive
law, paramedial law and using law a(bc) = b(ac), we have,

(Sa)n(Sa) < [(Sa)5](Sa) = [S(aS)](Sa)
= (aS)(Sa) C (aY)a.

Hence S is regular. m

Theorem 155 For an AG-groupoid S, with left identity, the following are
equivalent.

(7) S is regular.

(i3) For left ideal L,quasi ideal Q and an ideal I of S, LNQNI C (LQ) 1.

(Z”) <F’ L>ﬁ<G7 Q>ﬁ<H’ I> C(v,9) (<F7 L> © <G’ Q> © <H7 I>)’ fO’I” any (E’Y
€y Vas)-fuzzy soft left ideal (F,A), (€,€ Vas)-fuzzy soft quasi ideal
(G,B) and (€, €y Vgs)-fuzzy soft ideal (H,C) of S.

(i) (F, LYNG, Q(H, T) Co ) ((F,1) © (G, Q) © (H, 1)), for any (&,
. €~ Vas)-fuzzy generalized soft left ideal (F,A), (€, €y Vas5)-fuzzy gener-
alized soft quasi ideal (G, B) and (€., €~ Vqs)-fuzzy generalized soft ideal
(H,C) of S.

Proof. (i) = (iv)

Let (F,L),(G,Q) and (H,I) be any (€., €, Vgs)-fuzzy generalized soft
left ideal, (€, €, Vgs)-fuzzy generalized soft quasi ideal and (€., €, Vgs)-
fuzzy generalized soft ideal over S, respectively. Let a be any element of .S,
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(F,A)N{(G,A)N(H, B) = (K1, AU B).For any ¢ € AU B. We consider the
following cases,

Case 1: e € A — B. Then Kl(e) F(e)NG(e) and Ka(e) = (F o G)(g),
so we have Ki(g) C Vq(y,5)Ka(e)

Case 2: e € B— A. ThenK1 €)= H(e) and K;(e) = H(e) = Ka(e)

Case 3: ¢ € AN B. Then Ky(¢) = F(e) NG(e) and Ky(e) = F(e) o G(e).
Now we show that F(e) N G(e) C Vq(y,6)(F(g) o G(g)). Now since S is
regular AG-groupoid, so for a € S there exist « € S such that using medial
law and left invertive law, we have,

a = (az)a = (azx){(az)a} = {a(az)}(za)
= {(za)(az)}ta € (LQ)I.

Thus we have,

max {((F(g) o G(e)) o (H(¢)
= max{\/(F(é‘)OG( N(p ),

a=pq

> max{(F(e) o G(e)){(za)(az)} A H(e))(a),7}

= max{ \/  (F(e&)(w) AG()(v)) A H(e)(a)}, 7}
{(za)(azx)}=uv

max {F'(¢)(za) A G(e)(azx) N H(g)(a),~}

min {max{F(¢)(za), v}, max{G(e)(ax),v}, max{H (e)(a),v}}

min{min{(F(¢)(a), 0}, min{G(¢)(a),d}, min{H(c)(a),d}}

min {(F(e) A G(e) A H(e))(a), 0}

= min{(F(e) NG(e) N H(e))(a),d}

AV

Thus min {(F(e) N G(e) N H(¢))(a),d
This implies that F(¢) N G(e) N H(e) C
Therefore in any case, we have K(¢)

}<m
Vv 5(F()0G( )) o H(e).
C Vg, )Kg(a). Hence

(F,L)NG, QOH, ) Crq.) ((F L) © (G, Q) © (H, ).

(iv) = (4i7) is obvious.

Assume that L, Q and I are left ideal,quasi ideal and ideal of S, respec-
tively, then (L, E), ¥(Q, E) and X(H, E) are (€., € Vgs)-fuzzy soft left
ideal, (€., €y Vgs)-fuzzy soft quasi ideal and (€., €, Vgs)-fuzzy soft ideal
over S respectively. Now we have assume that (iv) holds, then we have

S(L, B)AS(Q, E)AS(H, E) C(y.5) (S(L, E) © 2(Q, E)) @ X(I, E).

ax {((F(¢) o G(e) o H(e))(a),7} -
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So,

1 ) ) 1
XyLnQn) = (1O)XyL N X~q N Xar
o ) o
Vq(y,5) (XL © X50) © Xor

N

= oXuQr
Thus LNQ NI C (LQ)I.
(ii) = (i)
Lia] = aUSa ,Qla] = a and I[a] = aS U Sa, are principle bi-ideal
and principle left ideal of S generated by a respectively. Thus by (i), left
invertive law, paramedial law and using law a(bc) = b(ac), we have,

(aS) U (Sa)}S](Sa)
(a5)5}U{(5Sa)S}|(Sa)
S(Sa)} U{(Sa)S}](Sa)
SaU{(Sa)S}](Sa)
[(Sa)(Sa)] U {(5a)S}(Sa)
(a5) a.

{(Sa)n(Sa)} n(Sa) < |
=
[
[

{
{
{

N

Hence S is regular. m

Theorem 156 For an AG-groupoid S, with left identity, the following are
equivalent.

(1) S is regular.

(#3) For an ideal I and bi-ideal B of S, IN B C I(IB).

(”Z) <F7 I>ﬁ<G’ B> C(v,9) <F7 I> © (<F’ I> © <G7 B>)v Jor any (6"/’ Cy \/q5)'
fuzzy soft ideal (F, A) and (€, €y Vqs)-fuzzy soft bi-ideal (H,B) of S.

(iv) (F, DG, B) Cyu5) (B, 1) © ((F, 1) © (G, B)), for any (€4, € Vas)-
fuzzy generalized soft ideal (F,A) and (€., €~ Vqs5)-fuzzy generalized soft
bi-ideal (H, B) of S.

Proof. (i) = (iv)

Let (F,I) and (G, B) be any (€., €, Vgs)-fuzzy generalized soft ideal
and (€., €4 Vgs)-fuzzy generalized soft bi-ideal over S, respectively. Let a
be any element of S, (F,I)\\(G, B) = (K;,I U B).For any ¢ € I U B. We
consider the following cases,

Case 1: ¢ € I — B. Then Kl(s) F(e) N G(e) and Ky(e) = (F o G)(e),
so we have Ki(g) C V(6 Ka(e)

Case2: e € B—1. Then Kl(s) H(e) and K1(g) = H(e) = Ka(e)

Case 3: e € INB. Then K;(e) = F(e) NG(e) and Ky(e) = F(e) o G(e).
Now we show that F(e) N G(e) C V(4,5 (F(c) o G(g)). Now since S is
regular AG-groupoid, so for a € S there exist z € S such that using left
invertive law, we have,

a = (az)a = [{(az) a}z]a = (ax)[(ax)a] € I(IB).
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Thus we have,

max {(F(g) o ( G(e))(a) v}

_ H \/ Fe)p) A (F (s)oG(ﬁ))(q)}ﬁ]
(F
(

max (E)(ax (F(e) o G(e)){(az)a}),~}
= max{(F(e)(ax) \/ (F(e)(w) AG(e)(v)} 7}
{(az)a}=uv
max {F(¢)(az) A (F(e)(ax) A G(e)(a), 7}
= max{F(e)(a) A F(e)(a) A G(e)(a),}
min {max{F'(¢)(a), 7}, max{G(e)(a), v}}
min{min{(F(¢)(a), s}, min{G(e)(za),d}}
= min{(F(e) A G(¢))(a), 0}
= min{(F(e) NG(¢))(a),d}

Thus min {(F(g) N G(e))(a),0} < max{(F(g) o (F(e) o G(¢))(a),7} . This
implies that F'(¢) N G(g) C Vq(y,5)(F(g) o (F(g) o G(e)).
Therefore in any case, we have K;(¢) C Vq(,,s)K2(c). Hence

ax

a

Y

3

~— —

(F,1)A(G, B) Cprs) ((F,1) @ (F,1)) © (G, B)).

(tv) == (4i4) is obvious.

(i41) = (i)

Assume that I and B are ideal and bi-ideal of S, respectively, then
Y(I,E) and X(B, E) are (€, €, Vgs)-fuzzy soft ideal and (€4, €4 Vgs)-
fuzzy soft bi-ideal over Srespectively. Now we have assume that (iv) holds,
then we have

X(I,E)NY(B, E) Cy0) (B(IL,E)® (X(I,E) ©X(B, E)).
So,

s s s
Xy(InB) =  (v.6)X~1 N X5B
5 s 5
C Var.e(X5ro (X5 o X58))
s s
Vaey,s) (X51) © (X518)

N

s
= (1.O)XyI(IB):

Thus I N B C I(IB).

(i1) = (1)

I'[a] = aSUSa, and B [a] = aUa?U(aS) a are principle ideal and principle
bi-ideal of S generated by a respectively. Thus by (i7), left invertive law,
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paramedial law and using law a(bc) = b(ac), we have,

{(aS)u(Sa)} N (Sa) < [{(aS)U (Sa)}S](Sa)
= [{(a89)S} U{(Sa)S}]|(Sa)
= [{5(5a)} U{(Sa)S}|(Sa)
= [SaU{(5a)S}|(Sa)
= [(Sa)(Sa)] U{(Sa)S}(Sa)
C (af)a.

Hence S is regular. m

Theorem 157 For an AG-groupoid S, with left identity, the following are
equivalent.

(7) S is regular.

(i7) For an ideal I and left ideal L of S, INL C (IS)L

(#01) (F,I)N(G, L) C(y.6) ((F,1)OX(S, E)®(G, L)), for any (€, €~ Vgs)-
fuzzy soft ideal (F, A) and (€, €, Vqs)-fuzzy soft left ideal (H, B) of S.

(iv) <F’ I>ﬁ<G7L> C(v,9) (<Fa I> © <S7 E> © <Gv L>)v for any (6"/’ €y \/Q5)'
fuzzy generalized soft ideal (F, A) and (€, €~ Vgs5)-fuzzy generalized soft
left ideal (H,B) of S.

Proof. (i) = (iv)

Let (F,I) and (G, L) be any (€4, €~ Vgs)-fuzzy generalized soft ideal
and (€, €, Vgs)-fuzzy generalized soft left ideal over S, respectively. Let
a be any element of S, (F,I)"\(G, L) = (K;,I U L).For any ¢ € I U L. We
consider the following cases,

Case 1: ¢ € I — L. Then K;(¢) = F(e) N G(e) and Ky(e) = (F o G)(e),
so we have Ki(g) C Vg5 K2(e)

Case 2: e € L —I. Then K;(¢) = H(e) and Ki(e) = H(e) = Ka(e)

Case 3: e € INL. Then Ky(e) = F(e) NG(e) and Ky(e) = F(e) o G(e).
Now we show that F(e) N G(e) € Vq(y,5)(F(g) o G(g)). Now since S is
regular AG-groupoid, so for a € S there exist x € S such that using medial
law, we have,

a = (ax)a = (azx){(az) a} = {a(az)}(xa) € (IS)L.
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Thus we have,
max {((F(e) o Xg) 0 G(2))(a), 7}

= max{ \/ (F(e)o X»fs)(?) A G(@(‘I)a’)’}

> max{(F(e) o Xig){a(az)} A G(e))(za), v}

= max{ \/ (F(e)(u) A X)5(v) A G(e)(wa)}, 7}
{a(az)}=uv

max { F()(a) A st(aax) AG(e)(wa),~}

max {F(e)(a) A1 AG(e)(za),~}

min {max{F(¢)(a),v}, max{G(¢)(xza),v}}

min{min{(F(¢)(a),d}, min{G(e)(za),d}}

= min{(F(¢) AG(e))(a),d}

= min{(F(e) NG(e))(a), 0}

Thus min {(F(e) N G(e))(a),d} < max {((F(g) o X2g) 0 G(¢))(a),~} . This
implies that F'(e) N G(g) € Vq(y,5) (F(e) o Xffs) o G(e).
Therefore in any case, we have K;(¢) C Vq(,,s5)K2(c). Hence

Y

(F.I)(G, L) Cy,6) ((F, 1) ©X(S, E)) © (G, L).

(tv) == (4i4) is obvious.

(i4i) = (i)

Assume that I and L are ideal and left ideal of S, respectively, then
Y(I,E) and X(L, E) are (€, €, Vgs)-fuzzy soft ideal and (€, €, Vgs)-
fuzzy soft left ideal over S,respectively. Now we have assume that (iv)
holds, then we have

S(I, EYAS(L, E) C(.5) (S(I, E) © X(S, E)) © S(L, E).
So,

s s 5
Xy(InL) =  (1.8)Xy1 N XAL

1) & d
\/q(v,(;) (X'y] © X'VS) © X'yL

N

b
= (rO)Xy(IS8)L"

Thus INL C (IS)L.

(i1) = (1)

Ila] = aS U Sa, and L[a] = a U Sa are principle ideal and principle
left ideal of S generated by a respectively. Thus by (i), left invertive law,
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paramedial law and using law a(bc) = b(ac), we have,

{(aS)U

(Sa)}n(Sa) < [{(aS) U (5a)}5)(Sa)
= [{(aS)5} U {(Sa)S}](Sa)
= [{5(5a)} u{(Sa)S}](Sa)
= [SaU{(5a)5}](5a)
= [(Sa)(Sa)] U{(Sa)S}(Sa)
c (aSa.

Hence S is regular. m
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Theorem 158 For an AG-groupoid S, with left identity, the following are

equivalent.

(2) S is regular.
(49) For left ideal L of S, L C {L (LS)}L.

(i) (F.L) C,

o) W L) © ((F, L) © (S, E)} © (F, L), for any (€, €y

Vqs)-fuzzy soft left ideal (H, B) of S. (iv)(F, L) Cy,s) {(F,L)® ((F,L)®
Y(S,E)} ® (F,L) (€, €y Vqs)-fuzzy soft generalized left ideal (F, B) of S.

Proof. (i) = (iv)

Let (F,L) be any (€., €, Vqs)-fuzzy generalized soft left ideal over S.
Now we show that F(e) N G(e) € Vq(y,5)(F(g) o G(g)). Now since S is
regular AG-groupoid, so for a € S there exist « € S such that using medial
law,paramedial law,left invertive law and also using law a(bc) = b(ac), we

have,

and x1 =

= (az)a = [{(az)a}z]a = {(za)(az)}a = {a(az)}(za)

{
ca)(az)}(za) = {(za)(ae)}(za) = [{(ac)a}z](za)

{(

z[{((ae)a)z}a] = (ex)[{((ae)a)z}a]

[a{((ae)a)z}](ze) = [a{((ae)a)z}]Z = [{(ac)a}(ax)]d
[#(az)][(ae)a] = [a(Zz)][(ac)a] = |a(ae)][(Zz)a]
(zz)[{a(ae)}a] = (£z)[{a(ae)}(ea)]

(¢z)[(ae){(ae)a}t] = (ae)[(£z){(ac)a}]
[{(ae)a}(Ez)](ea) = [{(ac)a}zi]a = [(z1a)(ae)]a
[(ea)(az1)]a = {a(az1)}a € [L(LS)]L, where & = (ze)
()
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Thus we have,
max {X‘SS o(F(e)o F(E))(CL)v'V}
{\/ F(e oX )()/\F(E)(Q)a’Y}

max[{F(e)(F(e) o X%)}a(az)} A F(e))(a), 7]
max[min[{F(e)(F(e )o st)}{a(al’)}LF(E))(a)m]
—  max[min[{ \/ (e) A X2g)}(wv)], F()) (@), 7]

a(ax)=
maX[min[miH{{F(€)(u)(F(€) 0 X)g)}(v)}, F(e))(a)], ]
{(F(e) 0 X05)}}(az)], F(e))(a), 7]
{V Fe) Axis)(im)], F(e))(a), ]

v

v

max[min[min{ F'(¢)(a

max[minmin{F(¢)(a

min[min{F(¢)(a

v

)
max[min[min{F(e)
)

ax]

[
= max[min[min{F(e
max[min{F(¢)(a),
min[max{F(g)(a)
min[min{F(g)(a), §}].

AV

Thus min {(F(¢)(a),d} < max {ijs o (F(g) o F(¢))(a),7} . This implies
that F() C Vq(y,e)(Xg 0 (F(e) o F(e)).

Therefore in any case, we have Ki(e) C Vq(y,5)K2(c). Hence

<Fa L> C(%(;) (E<S7 E> © (<Fa L> © <F7 L>)

(tv) = (4i3) is obvious.

(id) = (i)

Assume that L is left ideal of S, respectively, then X(L, E) is (€4, €,
Vgs)-fuzzy soft left ideal over S. Now we have assume that (iv) holds, then

we have
Y(F,L) C(v,5) (X(I,E)®X(S,E)) @ X(L, E).

So,

) 1)
() X1 VXL
1) ) )
Vq(y,5) (X571 © X58) © XoL

)
X’y([ﬂL)

N

5
(,8) X~ (IS)L"

Thus I N L C (IS)L.
(ii) = (i)
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I'la] = aS U Sa, and La] = a U Sa are principle bi-ideal and principle
left ideal of S generated by a respectively. Thus by (i), left invertive law,
paramedial law and using law a(bc) = b(ac), we have,

{(aS) U (Sa)}S](Sa)
{(a5)S} U{(Sa)S}H(Sa)
{5(Sa)} U{(Sa)S}](Sa)
SaU{(Sa)S}])(Sa)
a)] U{(Sa)S}(Sa)

{(aS)uU (Sa)} N (Sa) <

[
[
[
[

= [(Sa)(S
= [(Sa)(Sa)] U[(aS)(Sa)]
C (Sa*)SU(aS)a.

Hence S is regular. m

Theorem 159 If S is an AG-groupoid with left identity then the following
are equivalent

(i) S is regular,

(#6) LN B C LB for left ideal I and bi-ideal B,

(iii) (F, L) N{G,B) C(y.5y ((F,L) o (G, B)), where f and g are (€, €,
Vs )-fuzzy left ideal and bi-ideal of S.

Proof. (i) = (iit) Let a € S, then since S is regular so using left invertive
law we get

0 = (aw)a

z)a} = {a(az) H(az)(za)}.

{(za)(ax)
H A (Xys09)(q )} ’Y]

max{f o (X5 g),7}

> max [f(az) ng o g)lz{(ae)a}], ]

= max [mln{f ax) Xffs o g){z((ae)a )}}77]

= max [min{f(a:c), { \/ (XSS(S) Ag(t), ’Y]
z((ae)a)}=st

v

max [min{ f(az), {(X2s(z) A g((ae)a)}, 7]
max [{mln{f ax) mm{(X,‘fS( ), ((ae)a)}},v]
= max [{min{f(az), min{1, g((ac)a)}},~]

= max [{min{f(az), g((ae)a)},]

min [max{f(az), v}, max{g((ae)a), v}]
min[min{ f(a), ¢}, min{g(a), s}

min{f Ng(a),d}.

[V

( ){( z)a} = {a(ax)}(za) = {(za)(az)}a
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ThUS f M g Q \/Q(%(;)f [e) (X,;SS o g)

(#41) = (i7) Let L and B are ideal and bi-ideal of S respectively. Then
Xj , and Xj p are (€4, €, Vgs)-fuzzy left ideal and bi-ideal of S respectively.
Now by (#i1)

X»anB = X’;SL N X«;SB < \/q(%é)XfysL o (Xyso XSB)

o VA, 6)X {L(SB)}

Thus LN B C L(SB).
(19) = (#)Using {S(Sa)} C (Sa) and we get

€ (Sa)n{aUa®U(aS)a} C (Sa){(aS)a} C (aS)a.

Hence S is regular. m

Theorem 160 For an AG-groupoid S, with left identity, the following are
equivalent.

(7) S is regular.

(ii) For bi-ideal B of S, B C B?S.

(iii) (F, B) C(y,5) ({(F,B)®(F,B))©%(S, E), for any (€, €y Vqs)-fuzzy
soft bi-ideal (F, A) of S.

(“}) <F7 B> C(’y,5) (<F7 B> © <Fa B>) ®Z<S7 E>a fO’I‘ any (G’Yv G’y \/qé)'fuzzy
generalized soft bi-ideal (F,A) of S.

Proof. (i) = (iv)

Let (F,B) be any (&€, €, Vgs)-fuzzy generalized soft bi-ideal. Let a be
any element of S, Now since S is regular AG-groupoid, so for a € S there
exist x € S such that using left invertive law, medial law, paramedial law
and also using law a(bc) = b(ac), we have,

)
}] [{(ae){((ze)
] [{ at)(ea)tale = [{(at )a}a]e € B?S, where t = {(ze)z}.
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Thus we have,

max {((F(e) o F(e)) o (X25))(a), 7}
= max{ \/ (F(e)o F(e))(p) A (X:/SS)(Q)»’Y}

> max{(F(c) o F(e)){((at)a)a} A (XJ5)(e). 7}
= max{ \/  {F(e)(w)AF(e)(w) A Xys(e)} 7}
{((at)a)a}=uv
max {F(e){(at)a} A F(e)(a) A X25(e), v}
max {F(e){(at)a} A F(e)(a) A 1,7}
min {max{F(¢){(at)a}, v}, max{F(e)(a),7}}
minmin{F(g)(a),}, min{F(e)(a),d}}
= min{(F(e)(a), 0}
= min{(F(e)(a), 0}
Thus min {(F(¢)(a), 6} < max {((F(g) o F(e
plies that F(e) C Va5 ((F(e) 0 F(e)) 0 XJg).
Therefore in any case, we have Ki(g) C \/q 5)K2(e). Hence

Vv

) o (X24))(a),7} . This im-

(F,B) Cy,0) ((F, B) © (F, B)) ®Z<S E).

(iv) = (i14) is obvious.

(id) = (i)

Assume that B is bi-ideal of S, then X(B, E) is (€4, €y Vgs)-fuzzy soft
bi-ideal, (€+,€+ Vgs)-fuzzy soft ideal over S,respectively. Now we have
assume that (iv) holds, then we have

Y(B,E) C(y,5) (X(B,E) ®X(B,E)) © %(S, E).

So,
5 5 5
XaB = (1.H)XyB2 N Xys
C Ve 0dsoXis) o X)s
_ s
=  (7,9)XyB2sS"
Thus B C B?S.
(@) = (4)

Bla] = aUa?U(aS)a, and L [a] = aU Sa are principle bi-ideal and prin-
ciple left ideal of S generated by a respectively. Thus by (ii), left invertive
law, paramedial law and using law a(bc) = b(ac), we have,

Sa C [(Sa)(Sa)lS = [S(Sa)](Sa) = (5S5)[a(Sa)]
= Sla(Sa)] C (a9)a.

Hence S is regular. m
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