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ORIGINAL ARTICLE

An adaptive evidence combination method for decision analysis under
uncertainty

Xingli Wu and Huchang Liao

Sichuan University, Chengdu, China

ABSTRACT
Due to the imperfection of devices and the individuation of human cognition, the process
of data fusion often involves uncertainty. Dempster–Shafer theory defines the basic probabil-
ity assignments of possible hypotheses and is effective in combining uncertain information
from multiple sources. However, the existing evidence combination methods lack the flexi-
bility to achieve compensation between conflicting pieces of evidence. This study aims to
propose an adaptive evidence combination method that takes into account the personalized
compensation requirements of decision makers in solving problems of conflicting evidence.
To achieve this, an adjustment coefficient is added to the basic probability assignment of
each hypothesis to control the compensation degrees between conflicting pieces of evi-
dence in a flexible manner. The parameters of information reliability and importance are fur-
ther incorporated into the model. The algebraic properties of the proposed evidence
combination method are described. In addition, we conduct two case studies, one on
vehicle recognition based on multiple sensors and one on purchasing decisions based on
online reviews. Through the sensitivity analysis of the adjustment coefficient and the com-
parative analysis with other evidence combination methods, the advantages of the proposed
method in dealing with high levels of conflicting evidence are verified.
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1. Introduction

Data fusion refers to an information processing
method in which data or information obtained from
single or multiple sources (e.g. devices, persons or
timelines) is integrated to accomplish a decision-
making task. Data fusion techniques have been
widely used in the fields of defence, medicine,
finance, geo-science and economy (Dezert &
Smarandache, 2009) and proven to be useful for
reducing uncertainties, improving reliability and
enhancing recognition accuracy (Qi et al., 2019).
There are four main categories of data fusion tech-
niques, specifically probabilistic methods, statistical
methods, knowledge-based theory and evidence the-
ory (Qi et al., 2019). The probabilistic and statistical
methods are based on large amounts of prior infor-
mation and have a high degree of accuracy. By con-
trast, the knowledge-based theory requires the
intervention of human expertise regardless of the
amount of data and is easy to implement because of
its simplicity. Due to the unreliability and instability
of devices, limited human cognition, disagreement
among human groups and inexplicit objects, prac-
tical data fusion problems usually involve uncertain-
ties (e.g. conflicting, unreliable or incomplete
information). Compared with the above three data
fusion methods, the advantage of evidence theory

lies in its ability to model and process uncertainties
without prior information (Xiao, 2020).

Evidence theory, also known as Dempster–Shafer
(D-S) theory (Dempster, 1967; Shafer, 1976), pro-
vides a mathematical framework for quantifying
uncertainties through basic probability assignments
(BPAs), which represent the probability distribution
of hypotheses (Abellan & Bosse, 2020). As a general-
ization of Bayesian probability theory, D-S theory
allocates a BPA to any subset of a frame of discern-
ment or even to the universal set representing
ignorance. In addition, the remaining support for a
hypothesis does not always imply its negation. The
D-S theory not only conforms to the associative and
commutative law but also can generate fault-tolerant
results (Xiao, 2020). Because of these advantages, D-
S theory arises in many fields of application, such as
target recognition and diagnosis (Agreh & Ghaffari-
Hadigheh, 2019; Medjkoune et al., 2017), classifiers
(Roy et al., 2021) and multi-criteria decision making
(Fang et al., 2021).

Managing conflicts, that is, contradictory evi-
dence from different sources, is difficult in the
application of D-S theory (Sentz & Ferson, 2002).
Dempster’s (1967) rule is a traditional evidence
combination method. It aggerates the BPAs of a
hypothesis based on geometric operators. Because
zero multiplied by any number is still zero, in the
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case of highly conflicting evidence, the inference
obtained using Dempster’s rule is often counter-
intuitive (Dezert & Smarandache, 2009). It does not
support a hypothesis in the case of complete conflict
even if there is a piece of evidence that strongly
supports this hypothesis. To manage conflicts, a var-
iety of evidence combination methods have been
developed based on Dempster’s rule. For example,
Zhang (1994) proposed a centre combination rule
by adding a weight factor to Dempster’s rule to
describe the intersection degrees between hypothe-
ses. Dubois and Prade (1986) suggested combining
the union of BPAs rather than their intersections
and proposed a disjunctive pooling operation.
Although this method can manage conflicts, the
results are imprecise (Sentz & Ferson, 2002). As an
extension of Dubois and Prade (1986) rule, Dezert
and Smarandache (2009) theory offers an interesting
fusion rule, namely the proportional conflict redis-
tribution rule # 5 (PCR5), which proportionally allo-
cates conflicting BPAs to non-empty sets involved
in the conflicts based on the BPAs of non-empty
sets assigned by sources. Yager (1987) removed the
normalization process of Dempster’s rule and allo-
cated the BPAs associated with conflicts to the
empty set. Yager’s (1987) rule provided an intuitive
explanation for the combination of evidence but
intensified the uncertainty of results, especially for a
large number of sources of evidence. To reduce the
uncertainty, Inagaki (1991) defined a parameter to
reassign the BPAs of the empty set obtained by
Yager’s rule to existing hypotheses. This parameter
has a considerable influence on the combination
results, but it is difficult to determine reasonable
values. In addition, the averaging method based on
arithmetic operators proposed by Murphy (2000)
can be used for evidence combination. Although
this method does not produce counter-intuitive
results, especially in conflict situations, it does not
conform to Bayesian conditioning and cannot
reinforce the concordant hypothesis (Sentz &
Ferson, 2002). The discounting method (Shafer,
1976) provides the interesting idea that conflicts are
generated from unreliable sources and hence the
BPAs of each hypothesis should be discounted to
the universal set according to the reliability of the
sources. The lower the reliability is, the higher the
discounted degree is. However, discounting unreli-
able evidence cannot successfully manage conflicts
because conflicts between different pieces of evi-
dence do not always mean unreliable evidence.
Especially when the information is generated from
persons, for instance in group decision-making
problems, disagreements due to personal preferences
are allowed and have nothing to do with reliability
(Khorshidi & Aickelin, 2021).

Overall, the PCR5 rule performs well in combin-
ing evidence in high-conflict situations. However,
neither this method nor any of the above-mentioned
evidence combination methods captures the follow-
ing issues simultaneously: (a) the attitudinal charac-
ter of decision makers, (b) the reliability of sources
(c) and the importance of sources. Attitudinal char-
acters in data fusion are reflected in decision mak-
ers’ tolerance of hypotheses that are not supported
by at least one piece of evidence or to a small
degree. Different decision makers have different
degrees of tolerance (Aggarwal & Tehrani, 2019).
Some decision makers may not accept hypotheses
that are not supported by at least one piece of evi-
dence (e.g. a group of state leaders choosing
national development strategies, for which the opin-
ions of all leaders should be followed), while some
decision makers are tolerant of these hypotheses
(e.g. a customer making a purchase decision based
on online reviews in which the reviewers’ opinions
can be averaged to obtain a collective one). This tol-
erance attitude can be modelled with the compensa-
tion mechanism between data from different sources
(Yager, 1980). More specifically, when using D-S
theory for data fusion, we need to determine how
much a “larger” BPA of a hypothesis from one
source compensates for a “smaller” BPA of this
hypothesis from another source. To solve this prob-
lem, we introduce an adjustment coefficient to the
BPA of evidence. The ratio between the BPAs of
different hypotheses for each piece of evidence is
adjusted without changing the monotonicity. In this
way, the compensation degrees between conflicting
pieces of evidence can be achieved in a flexible way.
The focus on the personalized compensation
requirements of decision makers ensures good inter-
pretability of the management of conflicts. The
counter-intuitive problem in Dempster’s rule that
fails to satisfy the decision structures of decision
makers with low tolerance can be resolved.

In this study, reliability refers to the quality of
information, and importance refers to the decision
maker’s subjective preference for information sour-
ces in the fusion process (Smarandache et al., 2010).
We can only find a handful of studies (Fu et al.,
2015; Yang & Xu, 2013) that have distinguished the
concept of importance from that of reliability in
the data fusion process. In most of these studies, the
importance of sources was addressed through the
discounting method, which discounts the BPAs of
each hypothesis to the universal set according to the
importance of sources. Such a process is the same
as the treatment of reliability and distorts the actual
meaning of the importance of sources. Based on the
discounting method and a geometric average oper-
ator, this study incorporates the reliability and
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importance of sources into the model of evidence
combination in different ways.

The contributions of this study are summar-
ized below:

1. An adaptive evidence combination (AEC)
method is proposed for data fusion, which con-
siders the attitudinal characters of decision
makers and avoids the counter-intuitive prob-
lem of Dempster’s rule.

2. The reliability and importance of sources of evi-
dence are incorporated into the fusion process.

3. The algebraic properties of the proposed evi-
dence combination method are discussed,
including the idempotence, commutativity, asso-
ciativity and continuity.

4. Two case studies, including vehicle recognition
based on multiple sensors and purchasing deci-
sions based on online reviews, are conducted to
illustrated the proposed method.

The rest of the study is organized as follows.
Section 2 introduces the conflict problems in D-S
theory. Section 3 proposes the AEC method. Section
4 and Section 5 explain the proposed method
through case studies on vehicle recognition and
online purchasing decisions, respectively. Section 6
ends the paper with conclusions.

2. The conflict problem in D-S theory

This section introduces D-S theory and analyses the
reasons for the counter-intuitive results provided by
Dempster’s rule. D-S theory consists of two main
parts, specifically the establishment of the frame of
discernment and the combination of evidence,
which correspond to two challenges: 1) expressing
evidence and 2) tackling conflicting evidence (Sentz
& Ferson, 2002). In D-S theory, “probabilities”
(BPAs) are allocated to the power set of a finite dis-
crete space rather than to mutually exclusive single-
tons as in pure probability theory. In this way, one
piece of evidence is not limited to one possible
hypothesis but can be related to multiple possible
hypotheses. This is consistent with uncertain envi-
ronments, in which information appears to be sub-
jective, hesitant, ignorant and inaccurate.

Consider a finite set of N possible hypotheses,
which are mutually exclusive and exhaustive,
denoted as H ¼ fH1,H2, :::,HNg and named as the
frame of discernment. There are 2N power sets, that
is, PðHÞ ¼ f;,H1, :::, HN , fH1,H2g, :::, fH1,HNg,
:::, fH1, :::, HN�1g,Hg: The probability distribution
of the power sets can be defined using a BPA func-
tion (also named a mass function) m : PðHÞ !
½0, 1�, which satisfies: mð;Þ ¼ 0,

P
H�H mðHÞ ¼ 1,

where mðHÞ, named the BPA, indicates the strength
of the evidence supporting the arbitrary hypothesis
H in PðHÞ, and it is independent of any subset of
H: A piece of evidence can be represented by the
possible power sets with their BPAs, that is,

M ¼ fH,mðHÞgj8H � H, mðHÞ � 0,
X
H�H

mðHÞ ¼ 1
� �

(1)

where H is a focal element of M if mðHÞ>0:
Following Dempster’s rule, two pieces of evidence

are combined by:

mðHÞ ¼ m1�m2½ �ðHÞ

¼
0, H ¼ ;P

B\C¼Hm1ðBÞm2ðCÞ
1�PB\C¼;m1ðBÞm2ðCÞ , H 6¼ ;

8<
:

(2)

where H,B,C � H, m1 and m2 are the BPA func-
tions of two pieces of independent evidence M1 and
M2, respectively, and “�” denotes an orthogonal
sum operator.

According to Dempster’s rule, the BPAs of a
hypothesis for two pieces of evidence are directly
multiplied. In this way, if one piece of evidence neg-
ates a hypothesis, the result is negation of this
hypothesis, no matter how much the other evidence
supports it. Zadeh’s (1986) example is a good illustra-
tion of this problem. Consider the possible diseases of
a patient as H ¼ fH1 ¼ meningitis,H2 ¼ concussion,
H3 ¼ tumour}. Two doctors gave this patient a diag-
nosis of M1 ¼ ffH1, 0:9g, fH2, 0g, fH3, 0:1gg and
M2 ¼ ffH1, 0g, fH2, 0:9g, fH3, 0:1gg, respectively.
Combining the two pieces of evidence following
Dempster’s rule, we obtain mðH3Þ ¼ 1, although
both doctors held that the patient had a low probabil-
ity of a tumour. Such a fusion result is not acceptable
to the decision makers in this medical diagnosis prob-
lem (Dezert et al., 2004).

Intuitively, in the fusion process, if both pieces of
evidence strongly (or weakly) support a hypothesis,
then their combined form should also strongly (or
weakly) support that hypothesis. In addition, there
are two high-conflict situations. 1) If two pieces of
evidence are completely conflicting, that is, one
hypothesis is supported by one piece of evidence but
opposed by another piece of evidence, then should
this hypothesis be supported by the combination
result? 2) If two pieces of evidence are incompletely
conflicting, that is, one piece of evidence supports a
hypothesis strongly and the other piece of evidence
supports it weakly, does the combination result sup-
port this hypothesis strongly or weakly? The answers
vary for decision makers because of their personalized
preference structures. The AEC method presented in
the next section addresses strongly conflicting
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evidence by taking into account the attitudinal char-
acters of the decision makers.

3. An adaptive evidence combination
method based on D-S theory

This section provides a different angle for the manage-
ment of conflicting evidence in the fusion process by
introducing an adjustment coefficient to achieve flex-
ible compensation between BPAs. Two parameters are
incorporated into the fusion process, describing the
reliability of information and the importance of infor-
mation. The algebraic properties of the proposed evi-
dence combination method are further discussed.

3.1. The non-iterative algorithm of the
AEC method

The requirements for compensation between infor-
mation in the fusion process can be divided into
three categories: 1) the “smaller” BPAs are not
allowed to be compensated equally by the “larger”
BPAs; 2) the “smaller” BPAs are compensated by
the “larger” BPAs to the same degree; and 3) the
“smaller” BPAs are compensated by the “larger”
BPAs to a certain degree. The arithmetic aggrega-
tion operator is in fully compensated form and only
meets the second compensation requirement. The
geometric aggregation operator has the property of
incomplete compensation, which is in line with the
third compensation requirement. The challenge of
combining evidence is to determine how to adjust
the compensation degrees flexibly to meet different
requirements. To handle this challenge, we intro-
duce an adjustment coefficient into the BPA of each
hypothesis. Different coefficients correspond to dif-
ferent degrees of compensation.

Let a non-negative number h be an adjustment
coefficient. Adding it to the BPAs of all the elements
in PðHÞ, we can obtain the adjusted form of evi-
dence M as follows:

Mat ¼
�
fH,matðHÞgj8H � H,matðHÞ

¼ mðHÞ þ h,mðHÞ � 0,
X
H�H

mðHÞ ¼ 1

� (3)

matðHÞ is an extension value of the BPA of H, which
is only used for the calculation and has no actual mean-
ing. h is used to adjust the ratio between the BPAs of
two focal elements without changing their monoton-
icity. Given B,C � H andmðBÞ<mðCÞ, we have

mðBÞ
mðCÞ<

mðBÞ þ h1
mðCÞ þ h1

<
mðBÞ þ h2
mðCÞ þ h2

<1, 8h2>h1>0

(4)

The larger h is, the larger matðBÞ=matðCÞ is.

Furthermore, suppose that B,C,B0,C0 � H,
where mðBÞþ mðCÞ ¼ mðB0Þ þmðC0Þ, mðBÞ<
mðB0Þ and mðCÞ> mðC0Þ: There is

matðBÞmatðCÞ�h2 ¼ mðBÞmðCÞ þ hðmðBÞ þmðCÞÞ
(5)

Let h1ðmðBÞ þmðCÞÞ ¼ h1ðmðB0Þ þmðC0ÞÞ ¼ k1
and h2ðmðBÞ þmðCÞÞ ¼ h2ðmðB0Þ þmðC0ÞÞ ¼ k2:
There is k2>k1 if h2>h1: Then we have

matðBÞmatðCÞ�h12

matðB0ÞmatðC0Þ � h12
<

matðBÞmatðCÞ�h22

matðB0ÞmatðC0Þ � h22
<1

(6)

since mðBÞmðCÞþk1
mðB0ÞmðC0Þþk1

< mðBÞmðCÞþk2
mðB0ÞmðC0Þþk2

<1:
That is to say, the larger the adjustment coefficient h

added to the BPAs is, the greater the degree of com-
pensation of large BPAs to small BPAs is when the
geometric operator is used for fusion. If a decision
maker cannot tolerate a hypothesis that is supported
for some pieces of evidence but opposed for others,
then we set h ¼ 0: As the tolerance degree of the deci-
sion maker for such a hypothesis increases, the value of
h should increase.

Suppose that the BPA functions of two pieces of
evidence, M1 and M2, are m1 and m2 on PðHÞ,
respectively. We define the AEC method to combine
M1 and M2 as follows:

mðHÞ ¼ mat
1 �mat

2

� �ðHÞ

¼
0, if m1ðHÞ ¼ 0 andm2ðHÞ ¼ 0P

B\C¼H mat
1 ðBÞmat

2 ðCÞ � h2
� �

P
H�H

P
B\C¼H mat

1 ðBÞmat
2 ðCÞ � h2

� � , if m1ðHÞ>0 orm2ðHÞ>0

8><
>:

(7)

where B and C are focal elements of M1 or M2, and
mat

1 ðBÞ and mat
2 ðCÞ are the extension values of the

BPAs m1ðBÞ and m2ðCÞ, respectively. We set
m0ðHÞ ¼PB\C¼Hðmat

1 ðBÞmat
2 ðCÞ � h2Þ as the sup-

port degree of hypothesis H: The denominator of
Eq. (7) is a normalization factor. There
is
P

H�HmðHÞ ¼ 1:
Formally, the feature of the AEC method to com-

bine the BPA of a non-empty element H � H is that:

1. If h ¼ 0, there is mðHÞ>0 when at least one
pair of B,C � H satisfies mðBÞ>0 and mðCÞ>0,
where B \ C ¼ H; otherwise, mðHÞ ¼ 0:

2. If h>0, there is mðHÞ>0 when at least one B �
H satisfies mðBÞ>0, where H � B; other-
wise, mðHÞ ¼ 0:

Consequently, 1) if h ¼ 0, then the AEC method
degenerates to Dempster’s rule and 2) if h>0, as
long as one piece of evidence supports the hypoth-
esis, it will appear in the combined evidence. This
shows that the AEC method is more flexible than
Dempster’s rule in meeting personalized compensa-
tion requirements.
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Furthermore, in the combination process, the
BPA mðHÞ of the ignorance part is assigned to the
hypothesis that appears in the combined evidence
rather than all the hypotheses in PðHÞ:
Consequently, the AEC method conforms to the
intuitive assumption that, if a hypothesis does not
exist in the original evidence, then it should not
appear in the combined evidence.

Example 1 (Zadeh’s example). Let h ¼ 0:1: Using
Eq. (3), we obtain the extension values of the BPAs,
as shown in Table 1.

The support degree for meningitis is m0ðH1Þ ¼
1:0� 0:1�0:12 ¼ 0:099: Similarly, m0ðH2Þ ¼ 0:099
and m0ðH3Þ ¼ 0:03: After normalization, we can
obtain the combined evidence as
ffH1, 0:434g, fH2, 0:434g, fH3, 0:132gg: This sug-
gests that the patient is more likely to have meningitis
or concussion than a tumour, which turns out to
be intuitive.

Based on Zadeh’s example, we further use differ-
ent values of the adjustment coefficient in the com-
bination process and describe the influence of
compensation on the combination results. If h ¼ 0,
the combination of M1 and M2 is Mð1Þ ¼
fH1ð0Þ,H2ð0Þ,H3ð1Þg, which is the same as the
result obtained by Dempster’s rule. We further con-
sider two representative adjustment coefficients, 0.01
and 1. The combination results are Mð2Þ ¼ fH1

ð0:3Þ,H2ð0:3Þ, H3ð0:4Þg and Mð3Þ ¼ fH1ð0:448Þ,
H2ð0:448Þ,H3ð0:104Þg, respectively. This shows that,
with the increase in h, the combined BPAs of H1

and H2 gradually increase because the degree of
compensation of the BPA 0.9 to the BPA 0
increases. In addition, when the adjustment coeffi-
cient is large enough (e.g. larger than 100), the BPA
0 can be compensated by the BPA 0.9 to the same
extent, and the results (Mð4Þ ¼ fH1 ð0:45Þ,H2ð0:45Þ,
H3ð0:1Þg) are close to those obtained through the
averaging method.

Due to the limitations of sources in providing
completely accurate information, the reliability of
various sources is often taken into account in the
process of evidence combination (Fu et al., 2015).
As defined by Smarandache et al. (2010), reliability
is an objective attribute of an evidence source,

indicating its ability to provide a correct measure-
ment or assessment for the problem under consider-
ation. The reliability of one piece of evidence is
determined by its source, independent of the reli-
ability of other pieces of evidence involved in the
combination process. The reliability can be obtained
according to the available properties, such as the
measurement accuracy of a given sensor
(Smarandache et al., 2010). In addition, objective
estimation techniques have been used in the litera-
ture (Achroufene et al., 2019; Fu et al., 2015). In
general, the greater the gap between the evidence
from one source and the evidence from other sour-
ces is, the less reliable that source is. The discount-
ing method is effective for combining evidence from
sources that are not entirely reliable. Based on the
discounting method, we incorporate the reliability
factor into the AEC method.

Let r 2 ½0, 1� be a reliability factor of an evidence
source. r ¼ 0 means a totally unreliable source, and
r ¼ 1 means a totally reliable source. The dis-
counted form of evidence M can be defined as:

Mat
r ¼ ffH,mat

r ðHÞgj8H � H,mat
r ðHÞ

¼ rmðHÞ þ h, if H � H

rmðHÞ þ ð1�rÞ þ h, if H ¼ H
,
X
H�H

mðHÞ ¼ 1

( )

(8)

The main idea of Eq. (8) is that, if a source of
evidence is not completely reliable, then the BPAs
of the focus elements of the evidence are reallocated
to the universal set H proportionally. In this way,
the impact of this evidence on the combination
results can be reduced. We call mat

r ðHÞ the dis-
counted extension value of the BPA. If r ¼ 1, then,
Eq. (8) degenerates to Eq. (3).

Consider two pieces of evidence, M1 ¼
fH,m1ðHÞgj 8H � Hg and M2 ¼ fH,m2ðHÞgj
8H � Hg, in the same frame of discernment. Let
their degrees of reliability be r1 and r2 and their
discounted forms be Mat

r1 ¼ fH, mat
r1ðHÞgj8H � Hg

and Mat
r2 ¼ fH, mat

r2ðHÞgj8H � Hg, respectively.
Similar to Eq. (7), the AEC method with the reli-
ability factor can be defined as:

mrðHÞ ¼ mat
r1�mat

r2

� �ðHÞ

¼
0, if m1ðHÞ ¼ 0 andm2ðHÞ ¼ 0P

B\C¼H mat
r1ðBÞmat

r2ðCÞ � h2
� �

P
H�H

P
B\C¼H mat

r1ðBÞmat
r2ðCÞ � h2

� � , if m1ðHÞ>0 orm2ðHÞ>0

8><
>:

(9)

If r1 ¼ 0 (or r2 ¼ 0) and h ¼ 0, then mrðHÞ ¼
mat

r2ðHÞ(or mat
r1ðHÞ). If r1 ¼ r2 ¼ 1, then Eq. (9)

degenerates to Eq. (7).
In addition, the importance of the sources of evi-

dence may be different. In data fusion, the importance
(weight) is defined as a subjective attribute of an evi-
dence source, indicating the decision maker’s

Table 1. The extension values of the BPAs of evidence and
their degrees of support determined by the AEC method.

Doctor 1

Disease Meningitis Concussion Tumour
m1 0.9 0 0.1
mat

1 1.0 0.1 0.2

Doctor 2 Disease m2 mat
2 mat

1 m
at
2 �h2

Meningitis 0 0.1 0.099 – –
Concussion 0.9 1.0 – 0.099 –
Tumour 0.1 0.2 – – 0.03

Note. The hypotheses that are not mentioned by both doctors are
eliminated here, and their BPAs are zero.
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subjective preference for that source (Smarandache
et al., 2010). The definition of importance belongs to a
relative concept, that is, the importance of one source
is generated by comparing it with other sources. For
example, when choosing a national development strat-
egy, the opinions of the top leader are more important
than those of ordinary leaders, regardless of how dif-
ferent his/her opinions are from those offered by other
leaders. In particular, in the process of multi-criteria
decision making, decision makers often place different
values on different criteria (Cinelli et al., 2020); for
example, one customer may value the food more than
the service when choosing a restaurant. In most cases,
the weights of sources are provided by decision makers
directly (Smarandache et al., 2010) or determined
using weighting methods, such as the analytic hier-
archy process (Saaty, 1977) and the best–worst method
(Rezaei, 2016), based on decision makers’ preference
information. Arithmetic and geometric average opera-
tors are fundamental approaches to information aver-
aging (Li et al., 2019) and have been widely used to
aggregate criteria with different degrees of importance
in multi-criteria decision making (Aggarwal &
Tehrani, 2019). Considering that the AEC method is
based on geometric operators, we incorporate the
weight factor into the AEC method through geometric
average operators.

Let w be the weight of a source of evidence M:

The weighted form of the evidence M can be
defined as:

Mat
w ¼ fH,mat

w ðHÞgj8H � H,mat
w ðHÞ ¼ ðmatðHÞÞw,

X
H�H

mðHÞ ¼ 1
� �

(10)

where matðHÞ ¼ mðHÞ þ h1.
Consider two pieces of evidence, M1 ¼

fH,m1ðHÞgj 8H 2 Hg and M2 ¼ fH,m2ðHÞgj
8H 2 Hg, in the same frame of discernment. Let
their weights be w1 and w2, with w1 þ w2 ¼ 1, and
their weighted forms be Mat

w1 ¼ fH, mat
w1ðHÞgj8H �

Hg and Mat
w2 ¼ fH,mat

w2 ðHÞgj8H � Hg, respect-
ively. The AEC method with the weight factor can
be defined as:

mwðHÞ ¼ mat
w1�mat

w2

� �ðHÞ

¼
0, if m1ðHÞ ¼ 0 andm2ðHÞ ¼ 0P

B\C¼H mat
1 ðBÞw1mat

2 ðCÞw2 � h
� �

P
H�H

P
B\C¼H mat

1 ðBÞw1mat
2 ðCÞw2 � h

� � , if m1ðHÞ>0 orm2ðHÞ>0

8><
>:

(11)

Furthermore, combining Eqs. (9) and (11), we
define the AEC method that incorporates the
parameters of both information reliability and
importance as follows:

mrwðHÞ ¼ mat
rw1�mat

rw2

� �ðHÞ

¼
0, if m1ðHÞ ¼ 0 andm2ðHÞ ¼ 0P

B\C¼H ðmat
r1ðBÞÞw1ðmat

r2ðCÞÞw2 � h
� �

P
H�H

P
B\C¼H ðmat

r1ðBÞÞw1ðmat
r2ðCÞÞw2 � h

� � , if m1ðHÞ>0 orm2ðHÞ>0

8><
>:

(12)

where mat
r1ðBÞ and mat

r2ðCÞ are the discounted exten-
sion values of mðBÞ and mðCÞ, respectively.

Equation (12) is a non-iterative algorithm of the
AEC method. If the source of evidence is completely
reliable, then Eq. (12) degenerates to Eq. (11); if
there are no relative weights between sources of evi-
dence, then Eq. (12) degenerates to Eq. (9); and, if
all the sources of evidence are completely reliable
without relative importance, then Eq. (12) degener-
ates to Eq. (7).

3.2. The iterative algorithm of the AEC method

In practical terms, it is usually necessary to combine
evidence from a large number of sources. Using Eq.
(12) to deal with this problem is computationally
complex. Thus, we further develop an iterative algo-
rithm below.

Consider n pieces of independent evidence M ¼
fM1,M2, :::,MngT : Let their weight vector be W ¼
fw1,w2, :::,wngT such that

Pn
j¼1 wj ¼ 1, where Mj ¼

fHj,mðHjÞgj8H � Hg(j ¼ 1, 2, :::, n), and their reli-
ability vector be W ¼ fr1,r2, :::,rngT with rj 2
½0, 1�: The iterative form of the AEC method to
combine these n pieces of evidence can be defined
as follows:

mrwðnÞðHÞ ¼ mat
rw1� � � ��mat

rwn

� �ðHÞ

¼

0, if 8j 2 f1, 2, :::,ng, mðHjÞ ¼ 0

P
C1\���\Cn¼H

Yn
j

ðmat
r ðCjÞÞwj � h

 !

P
H�H

P
C1\���\Cn¼H

Yn
j

ðmat
r ðCjÞÞwj � h

 ! , if 9j 2 f1, 2, :::, ng,mðHjÞ>0

8>>>>>>><
>>>>>>>:

(13)

where Cj is a hypothesis in Mj, and its discounted
extension value of BPA is

mat
r ðCjÞ ¼

rjmðCjÞ þ h, if Cj � H

rjmðCjÞ þ ð1�rjÞ þ h, if Cj ¼ H

�
(14)

Note that Cj, 8j 2 f1, 2, :::, ng, is a focal element
of at least one piece of evidence in M:P

C1\���\Cn¼Hð
Qn

j ðmat
r ðCjÞÞwj � hÞ denotes the degree

of support for hypothesis H: If all the pieces of evi-
dence are of the same importance, then wj ¼
1=n, j ¼ 1, 2, :::, n: This iterative algorithm is suitable
for situations in which there is no or little inter-
action between focal elements; otherwise, the
amount of calculation will increase exponentially.

Motivated by the properties of the classical evi-
dence combination rules discussed by Sentz and
Ferson (2002), we analyse four algebraic properties
of the AEC method, namely idempotence, commu-
tativity, associativity and continuity. Please refer to
the Appendix for details.
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4. Case study 1: Target recognition for
vehicle types

This section aims to illustrate the use of the AEC
method for the fusion of small-size data through an
example of vehicle recognition. The results are com-
pared with those obtained using other evidence
combination methods. A sensitivity analysis of the
adjustment coefficient is conducted.

4.1. Description of vehicle recognition

Target recognition involves judging the size, shape,
weight or other physical characteristic parameters
of targets through sensors and then making deci-
sions in classifiers (Dong & Kuang, 2015). Due to
individual characteristics, the environment and
other factors, different sensors in a multi-sensor
target recognition system often have differing abil-
ity to recognize targets (Frikha & Moalla, 2015).
Therefore, fusing the judgement information from
multiple sensors is beneficial to improve the recog-
nition ability (Xiao, 2020). In a recognition system,
the types of targets are mutually exclusive and
non-intersecting, forming a frame of discernment.
The information detected by each sensor can con-
stitute a piece of evidence. Therefore, D-S theory
has generated successful applications in multi-sen-
sor target recognition problems (Frikha &
Moalla, 2015).

Intelligent vehicle recognition systems are essen-
tial for toll systems of roads, such as entrances, bay-
onets, bridges and crossings (Li & Lv, 2017). For the
healthy development of highways, China reformu-
lated the classification standards of toll road vehicles
in 2019.2 Vehicle profile parameters, such as the
axle number, wheel number, head height, wheelbase
and total mass, are used to classify vehicle types.
Table 2 shows the classification standard of toll
vehicles used in Guangdong Province, China,3 con-
sisting of four attributes: the number of axles (c1),
the number of wheels (c2), the head height (c3) and
the wheelbase (c4). There are five types of toll
vehicles, denoted as H1, H2, H3, H4 and H5,
respectively. Axles are integers, and the wheels of
H2, H3, H4 and H5 are even in number.

Common vehicle recognition devices include mag-
netic field sensors, inductive-loop sensors and

surveillance cameras (Li & Lv, 2017). Magnetic field
sensors have the advantage of convenient installation
and maintenance and are not affected by climate.
However, they have blind spots for detection and low
accuracy. Inductive-loop sensors are based on electro-
magnetic induction to obtain the vehicle speed,
vehicle length, axle number, wheelbase and others.
They have excellent performance under bad weather
conditions, but their accuracy is easily affected by
other factors, such as vehicle speed and vehicle paral-
lel passage. The image-based vehicle recognition
method identifies the vehicle type from the image
acquired by surveillance cameras. Surveillance cam-
eras are widely used, but their accuracy is easy influ-
enced by the environment and the vehicle attributes.
It is apparent that different vehicle recognition devi-
ces have their own advantages and disadvantages. To
improve the accuracy of recognition, existing vehicle
recognition systems usually use a variety of sensors
(Li et al., 2021). In the following, we provide a numer-
ical example showing how to recognize vehicle types
based on the information provided by mul-
tiple sensors.

Suppose that a toll road is equipped with six sen-
sors, consisting of two magnetic field sensors (M1,
M2), two inductive-loop sensors (M3, M4) and two
surveillance camera-based sensors (M5, M6). The
vehicle classification standard listed in Table 2 is
used for charging. The profile parameters of a
vehicle detected by the six sensors are shown in
Table 3. The spaces are the information that the
sensors do not provide.

4.2. Methodology

Step 1. Determine the BPA of each piece of evidence
The five vehicle types form a frame of discern-

ment H ¼ fH1,H2, :::,H5g: Each sensor is a source
of evidence. An intuitive method for determining
the BPA of each vehicle type is based on the degree
of matching between the attribute values detected
and those of the vehicle type. Let ½xk�i , xkþi � be the
value range of type Hi with regard to attribute ck,
xkj be the value of attribute ck measured by sensor Sj
and ½xk�, xkþ� be the general value range of attribute
ck: With respect to attribute ck, the possibility of a
measured value xkj closing to the value of vehicle
type Hi can be determined by the following:

Table 2. A vehicle classification for toll roads.

Type

Classification standard

Representative vehicleAxles (number) Wheels (number) Head height (m) Wheelbase (m)

H1 2 2	 4 <1.3 <3.2 Cars, jeeps, taxis, vans, motorcycles
H2 2 4 �1.3 �3.2 Minivan, minivan, light truck, minibus
H3 2 6 �1.3 �3.2 Medium bus, large bus and medium truck
H4 3 6	 10 �1.3 �3.2 Large bus, large bus, large trailer, 20-foot container car
H5 >3 >10 �1.3 �3.2 Heavy truck, heavy trailer, 40-foot container car
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1. If xkj is not empty, then

mðHk
ijÞ ¼

max xkþ�xk�
2 �minxki 2 xk�i , xkþi½ � jxki�xkj j, 0

� 	
P

i max xkþ�xk�
2 �minxki 2 xk�i , xkþi½ � jxki � xkj j, 0

� 	
(15)

2. If xkj is empty, then

mðHk
ijÞ ¼ 0 (16)

The collective possibility of a vehicle type Hi can
be determined by:

mðHijÞ ¼ 1
K

X
k

mðHk
ijÞ (17)

where K is the number of attributes. In this case,
K ¼ 4: In evidence Mj, mðHijÞ is the BPA of Hi:

The BPA of the ignorance part is:

mðHiÞ ¼ 1�
X
i

mðHijÞ (18)

Suppose that the general value ranges of the four
attributes of vehicles are [2,6], [2-12], [0.5, 6] and
[2, 7]. Using Eqs. (15)–(18), we obtain the BPAs of
five pieces of evidence. The values in Table 4
express the extent to which each piece of evidence
supports the corresponding vehicle types.

Step 2. Combine the evidence to determine the
collective BPA

According to the historical recognition records,
the classification accuracy of five sensors is obtained
as 87%, 88%, 90%, 94%, 92% and 96%, respectively,
which can be taken as the reliability of the sensors.
Using Eqs. (8) and (9), we obtain the combination
results, as shown in Figure 1(a). We assume that the
weights of the six sensors are 0.2, 0.2, 0.15, 0.05, 0.2
and 0.2, respectively. Considering the weights of the
evidence, we further apply the iterative algorithm of

the AEC to make a combination. The results are
shown in Figure 1(b).

In both situations, we consider 20 adjustment
coefficients, including h 2 f0, 0:05, 0:1, � � � , 0:95, 1g:
In total, the combined BPAs of the vehicle types sat-
isfy mðH4Þ>mðH3Þ >mðH2Þ>mðH5Þ>mðH1Þ: That
is to say, the vehicle is most likely to be the fourth
type (H4). The results obtained by the non-iterative
algorithm provide us with a meaningful suggestion;
that is, if we can accept the existence of evidence
against H3, then the combined evidence supports
H3 to a large extent. In addition, we find that the
adjustment coefficient does not change the prefer-
ence relationship of different vehicle types. As the
adjustment coefficient increases, the overall differen-
ces between the BPAs of different vehicle types
shrink. This is due to an increase in the compensa-
tion degree of large BPAs on small BPAs. The BPAs
of the five vehicle types obtained through the itera-
tive algorithm are closer than those obtained
through the non-iterative algorithm due to the con-
sideration of weights. H3 is more supportive when
considering the importance of evidence than when
not considering its importance. This is because the
fourth sensor (M4) is largely opposed to H3, but
this sensor has a small weight.

4.3. Comparison analysis

For comparison, we further apply seven representa-
tive evidence combination methods to solve Case 1,
specifically Dempster’s rule, Yager’s rule, Inagaki’s
(1991) rule, the PCR5 rule, the discounting method,
Zhang’s (1994) rule and the averaging method. In
this part, we do not consider the importance of evi-
dence. The results obtained through these methods
are shown in Table 5 and intuitively summarized in
Figure 2. Note that only the discounting method
and the AEC method can address the reliability of
evidence. When applying Inagaki’s rule, we consider
five parameters (0, 0.25, 0.5, 0.75, 1), that is, the
proportion of the BPAs of conflicts allocated to the
universal set and the empty set. All the results show
that the detected vehicle belongs to the fourth type,
which indicates the effectiveness of the AEC
method. Dempster’s rule, PCR5 and Zhang’s rule
derive a BPA of the ignorant part of zero, which
may not be accepted because there is incomplete

Table 3. The profile parameters of a vehicle detected by six sensors.

Sensors

Measurement parameter

Axles (number) Wheels (number) Head height (m) Wheelbase (m)

M1 2 6 2.8 5.1
M2 2 6 2.3 5.4
M3 2 6 2.5 5.3
M4 4 10 – –
M5 3 6 2.6 5.6
M6 3 8 2.7 5.2

Table 4. The BPAs of five pieces of evidence for vehicle
recognition.

Sensors

Vehicle type

H1 H2 H3 H4 H5 Ignorance

M1 0.16 0.23 0.26 0.23 0.12 0.00
M2 0.16 0.23 0.26 0.23 0.11 0.00
M3 0.16 0.23 0.26 0.23 0.11 0.00
M4 0.00 0.00 0.03 0.22 0.25 0.50
M5 0.12 0.21 0.24 0.28 0.16 0.00
M6 0.11 0.18 0.22 0.31 0.18 0.00
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evidence (M4). Conversely, the results obtained
using Yager’s rule and Inagaki’s rule are quite
uncertain because they assign the BPAs of conflicts
to the empty set, which increases the difficulty of
decision making. The results obtained through the

discounting method are the same as the results
obtained through the AEC method, with the adjust-
ment coefficient being 0. The averaging method
ignores the intersection between the focal elements
of evidence in this case. This is why the BPA of the

Figure 1. The BPAs of five vehicle types obtained through the proposed method.

Table 5. The BPAs of the combined evidence for vehicle recognition.
BPA H1 H2 H3 H4 H5 Ignorance

Dempster’s rule 0.016 0.150 0.333 0.481 0.021 0.000
Yager’s rule 0.053 0.100 0.130 0.192 0.096 0.429
Inagaki’s rule 0 0.053 0.100 0.130 0.192 0.096 0.429

0.25 0.057 0.110 0.145 0.221 0.105 0.362
0.50 0.060 0.121 0.165 0.261 0.114 0.278
0.75 0.058 0.135 0.201 0.330 0.116 0.161
1 0.016 0.150 0.333 0.481 0.021 0.000

PCR5 rule 0.037 0.151 0.236 0.381 0.195 0.000
Discounting method 0.039 0.164 0.294 0.441 0.061 0.001
Zhang’s rule 0.010 0.089 0.238 0.635 0.029 0.000
Averaging method 0.133 0.205 0.239 0.255 0.143 0.025
AEC method (h ¼ 0:1) 0.101 0.177 0.228 0.322 0.160 0.010

Figure 2. The BPAs of the five vehicle types obtained through different evidence combination methods.
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ignorant part obtained using the averaging method
is greater than the BPA obtained using the discount-
ing and AEC methods. In total, the AEC method is
an advanced evidence combination method due to
its flexibility in managing conflicts.

5. Case study 2: Purchasing decisions based
on online reviews

In this section, we prove the effectiveness of the AEC
method in dealing with large-size data through a case
of purchasing decisions based on online reviews.

5.1. Description of the data

TripAdvisor.com (https://www.tripadvisor.com) is
the world’s leading travel website, with more than 7
million hotels, attractions and restaurants in more
than 190 countries around the world. This platform
provides travellers with online reviews and booking
functions. Suppose that a traveller plans to book a
hotel in Chengdu, Sichuan Province, China, from
TripAdvisor.com. His/her basic requirements for the
hotel are that it is located near Chunxi Road and
that its price is between 300 and 500 RMB. Filtering
the search terms provided by the site, we find five
hotels that satisfy the basic requirements of this
traveller. The basic information about these five
hotels is shown in Table 6.

The traveller wants to select the hotel with the best
online reviews. This is a group decision-making prob-
lem in that we need to make a selection from five alter-
native hotels (i ¼ 1, 2, :::, 5), the performances of
which are evaluated by groups of reviewers. As shown
in Figure 3, text reviews describe in detail the

experience and feelings of reviewers (customers)
regarding hotels, involving various hotel attributes
about which they are concerned. The (positive or nega-
tive) ratings of the same hotel vary from reviewer to
reviewer. For example, the overall review of the hotel
“Somerset Riverview Chengdu” by reviewer
“ChaseHK” was negative, while the overall review by
reviewer “andypscyan” was positive. That is to say, we
need to manage conflicting reviews when fusing
reviewers’ opinions on a hotel. In addition, text reviews
contain sentiment words with different orientations
(positive or negative) and intensities (weak or strong)
because the performances of the various attributes of a
hotel are inconsistent. For example, “ChaseHK” held
that the location of “Somerset Riverview Chengdu”
was “good” but that the staff’s English skills were
“limited”. Generally, the sentiment levels of an online
review can be divided into five categories (Kang &
Park, 2014), namely {strongly negative (SN), negative
(N), neutral (Ne), positive (P), strongly positive (SP)},
which form a frame of discernment, H ¼ fH1 ¼
SN,H2 ¼ N,H3 ¼ Ne,H4 ¼ P, H5 ¼ SPg: Each text
review can be deemed as a source of evidence for the
hotel’s performance. The frequency with which a senti-
ment level occurs in a text review can be considered as
the BPA of that sentiment level. In terms of the senti-
ment, the mathematical form of a text review can be
denoted as Mil ¼ ffHa,milðHaÞgja ¼ 1, 2, :::, 5g
(l 2 f1, 2, :::, Lig, i 2 f1, 2, :::, 5g), where milðHaÞ is
the frequency (BPA) of the a th sentiment level in the l
th text review of the i th hotel and Li is the number of
all the text reviews of the i th hotel.

A Web crawler, Houyicaiji (http://www.houyi-
caiji.com), is applied to crawl the text reviews of the
five alternative hotels from TripAdvisor.com. The
data are collected in August 2020. Because of the
limited space, we do not present the crawling results
here. A natural language processing program, the
Stanford CoreNLP (https://stanfordnlp.github.io/
CoreNLP/) (Manning et al., 2014), is used for the
sentiment analysis of text reviews. The Stanford
CoreNLP can automatically identify sentiment
words and their sentiment levels fSN,N,Ne,P, SPg:

Figure 3. Two online reviews of the hotel “Somerset Riverview Chengdu”.

Table 6. Basic information about the alternative hotels.

Name
Number of
text reviews Star rating

Hotel 1 Sofitel Chengdu Taihe 531 4.0
Hotel 2 Somerset Riverview Chengdu 151 4.5
Hotel 3 Tianfu Sunshine Hotel 249 4.0
Hotel 4 Haiyatt Hotel 65 4.0
Hotel 5 Xin Liang Hotel 56 4.0
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It can also calculate the frequency of each sentiment
level in a text review. Figure 4 provides a list of
some of the results of the sentiment analysis under-
taken using the Stanford CoreNLP.

5.2. Solving process

Considering the large amount of data, we use the
iterative algorithm of the AEC method to fuse the
text reviews of each alternative hotel. Two steps are
conducted to facilitate this group decision-mak-
ing problem.

Step 1. Combine text reviews into a collective one

In this case, we suppose that the text reviews pro-
vided by different reviewers are of the same import-
ance and completely reliable. All the focal elements

in the evidence are singleton terms, and each piece
of evidence is complete. Thus, the calculation pro-
cess is simple since we only need to integrate the
BPAs of each sentiment level. Four adjustment coef-
ficients are considered, 0, 0.01, 0.1 and 1. Through
fusion, we can obtain the collective review of each
hotel, denoted as Mi ¼ fHa,miðHaÞgja ¼ 1, 2,



:::, 5g, where miðHaÞ is the aggerated frequency
(BPA) of the a th sentiment level for the i th
hotel, i 2 f1, 2, :::, 5g:

To deal with this case, the discounting method
and Zhang’s rule are the same as Dempster’s rule
since all the pieces of evidence are completely reli-
able and there is no intersection between the focal
elements of the evidence. Yager’s rule and Inagaki’s
rule are not applicable in this case because they do
not have an iterative algorithm, which makes the
calculations heavy. Therefore, we only use

Figure 4. Sentiment analysis results of text reviews.

Table 7. The BPAs of the combined evidence of the alternative hotels for the purchasing decision.
Method SN N Ne P SP Utility

Hotel 1 Dempster’s rule 0.000 0.000 0.00 0.000 1.000 1.000
Averaging method 0.100 0.309 0.219 0.259 0.113 0.494
AEC method 0 0.000 0.000 0.000 0.000 1.000 1.000

0.01 0.096 0.316 0.238 0.250 0.100 0.485
0.1 0.099 0.312 0.229 0.252 0.107 0.489
1 0.100 0.309 0.222 0.257 0.112 0.493

Hotel 2 Dempster’s rule 0.000 0.000 0.000 1.000 0.000 0.750
Averaging method 0.088 0.277 0.211 0.289 0.134 0.526
AEC method 0 0.000 0.000 0.345 0.464 0.191 0.711

0.01 0.086 0.276 0.219 0.295 0.124 0.523
0.1 0.089 0.277 0.215 0.290 0.129 0.523
1 0.089 0.277 0.212 0.289 0.133 0.525

Hotel 3 Dempster’s rule 0.000 0.000 0.000 1.000 0.000 0.750
Averaging method 0.086 0.297 0.221 0.283 0.112 0.510
AEC method 0 0.000 0.000 0.390 0.448 0.162 0.693

0.01 0.082 0.299 0.239 0.277 0.103 0.505
0.1 0.086 0.297 0.231 0.277 0.108 0.506
1 0.086 0.297 0.224 0.282 0.111 0.509

Hotel 4 Dempster’s rule 0.000 0.991 0.000 0.009 0.000 0.254
Averaging method 0.086 0.298 0.237 0.274 0.106 0.504
AEC method 0 0.082 0.295 0.252 0.274 0.098 0.503

0.01 0.083 0.295 0.250 0.273 0.099 0.502
0.1 0.086 0.296 0.244 0.271 0.103 0.502
1 0.086 0.298 0.239 0.272 0.105 0.503

Hotel 5 Dempster’s rule 0.000 1.000 0.000 0.000 0.000 0.250
Averaging method 0.101 0.347 0.246 0.227 0.080 0.459
AEC method 0 0.098 0.363 0.260 0.211 0.068 0.447

0.01 0.099 0.361 0.258 0.212 0.070 0.449
0.1 0.101 0.353 0.252 0.217 0.076 0.454
1 0.101 0.348 0.247 0.224 0.079 0.458
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Dempster’s rule and the averaging method for the
comparative analysis in this case study. Table 7 con-
tains the combined BPAs of the sentiment levels
for hotels.

Step 2. Calculate the utilities of hotels based on the
combined evidence

The more positive the level of sentiment is, the
better the hotel is. Without loss of generality, we
can set the utility uðHaÞ, a ¼ 1, 2, :::, 5, of the five
sentiment levels from the most negative to the most
positive as 0, 0.25, 0.5, 0.75, and 1, respectively. The
utility of each hotel can be determined by averaging
the utilities of the five sentiment levels through their
frequencies (Wu & Liao, 2021), that is,

UðMiÞ ¼
X5
a¼1

ðuðHaÞ �miðHaÞÞ (19)

Table 8 shows the utilities and rankings of the five
hotels. The hotel rankings obtained through the AEC
method and the averaging method are in line with the
hotels’ star ratings, which indicate that Hotel 2 is the
best. Dempster’s rule, however, gives a different result
from the hotels’ star ratings. The main reason for this
difference is that Dempster’s rule does not support
completely conflicting evidence. For example, with
only two reviewers not supporting the view that Hotel
1 is “negative”, Dempster’s rule has no support for
this view of Hotel 1, although most other reviewers
give strong support for this view. This does not satisfy
the requirement of group decision-making problems
in which disagreements are allowed. The results
obtained through the averaging method are close to
the results obtained through the AEC method with a
large adjustment coefficient. Without knowing the
decision maker’s compensation requirements, we can
solve the fusion problem by using a set of adjustment
coefficients separately in the AEC method. The fusion
results obtained in this way, though not precise, can
reflect the possible combined BPAs of various
hypotheses and ensure the reliability of the decision
results under different conditions. As shown in Table
8, we obtain a range of utilities for each hotel, consid-
ering four adjustment coefficients. We can confirm
that Hotel 2 is the best because its minimum utility
value is greater than the maximum utility values of
the other four hotels.

6. Conclusions

This study focused on improving the interpretability
of D-S theory in managing conflicting evidence in
decision making under uncertainty by considering
different characteristic parameters, including the atti-
tudinal character of decision makers, the reliability of
sources and the importance of sources. Firstly, by
introducing an adjustment coefficient to the BPA of
evidence, we proposed the AEC method, which can
meet different compensation requirements of deci-
sion makers for combining the BPAs. With the
increase in the value of adjustment coefficient,
the compensation degree of the larger BPAs to the
smaller BPAs increases. Such a setting can satisfy the
personalized tolerance attitude of decision makers
towards a hypothesis that is strongly supported by
some pieces of evidence but weakly supported (or
opposed) by others. Then, both the reliability and the
importance of sources of evidence were incorporated
into the AEC method. Furthermore, we conducted a
case study of vehicle type recognition based on mul-
tiple sensors to demonstrate the non-iterative algo-
rithm of the AEC method in fusing small-size data.
Moreover, a case involving a purchasing decision
based on text reviews proved the effectiveness of the
iterative algorithm of the AEC method in fusing
large-size data. Finally, through a comparative ana-
lysis, we showed that the proposed evidence combin-
ation method had the advantage of reliability in
dealing with conflicting evidence.

The proposed method has implications for deci-
sion making under uncertainty, in which the sources
of information, especially human subjective assess-
ments, may be incompletely reliable. This study
found that the reason for Dempster’s rule possibly
leading to counter-intuitive results in the aggrega-
tion process is that it ignores the attitude character-
istics of decision makers. The proposed method
modelled the personalized attitudinal characters,
reliability and importance of information at the
same time, thus having flexibility in reflecting per-
sonalized decision structures. As for traditional data
fusion problems in which the sources of evidence
are small scale, such as target recognition based on
multiple sensors, the method proposed in this study
can be regarded as an extension of Dempster’s rule.
This method is more applicable than Dempster’s
rule because it can solve the problem of decision

Table 8. The utilities and rankings of the alternative hotels.
Method Result Hotel 1 Hotel 2 Hotel 3 Hotel 4 Hotel 5

Dempster’s Utility 1.00 0.750 0.750 0.254 0.250
Rank 1 2 2 4 5

Averaging Utility 0.494 0.526 0.510 0.504 0.459
Rank 4 1 2 3 5

AEC Utility [0.485, 0.493] [0.523,0.525] [0.505, 0.509] [0.502, 0.503] [0.447, 0.458]
Rank 4 1 2 3 5
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makers being tolerant of hypotheses that are not
supported by some pieces of evidence. Another
advantage of the proposed method is that it can
solve the problems of data fusion containing large-
scale information sources. With the development of
network technology, data are usually presented on a
large scale. In recent years, large-scale data fusion,
especially large-scale group decision making (Liu
et al., 2019), has become a hot topic. Conflicts are
more intense and complex in large-scale data fusion
problems than in small-scale ones because of the
wider range of sources of evidence. The proposed
method is more suitable for large-scale data fusion
problems than other evidence combination methods
because it can handle high-conflict problems well
and has relatively easy operations.

Some issues remain for further study. The AEC
method is limited to relatively monotonous represen-
tations of uncertainties; that is, the BPA of any
hypothesis is a precise number. In complex situations,
the support for a hypothesis may be expressed in
interval forms (Vijayabalaji & Rameshb, 2019). An
interesting idea for solving such a problem is to inte-
grate the AEC method with mathematical program-
ming methods to estimate the possible evidence
combination results. In addition, the proposed
method is based on the assumption that hypotheses
in a frame of discernment are exhaustive and exclu-
sive. However, this assumption is not realistic for
some practical data fusion problems. Concepts that
are described in natural language, such as cheap/
expensive, happiness/pain and old/young, are vague.
There are interactive semantics between each pair of
concepts. For example, we cannot give an exact age to
distinguish the young from the old. Dezert and
Smarandache (2009) theory provided interesting rules
of combination to address fusion problems in which
hypotheses potentially overlap. In the future, we will
enhance the applicability of the AEC method by com-
bining it with the Dezert–Smarandache theory.
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1 ðBÞmat
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1 ðBÞmat
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Appendix

Theorem 1. (Idempotence) Let a complete piece of evi-
dence under the frame of discernment, H ¼ fH1,H2,
:::,HNg, be M ¼ fHl,mðHlÞgjHl 2 H,

PN
l¼1 mðHlÞ ¼ 1g,

and let h ¼ 0 and r ¼ 1. Then, M�M ¼ M:

Proof. In this case, w ¼ 0:5, and there is a condition
that Hl \Hl0 ¼ ;: By Eq. (12), if mðHÞ>0, then the sup-
port degree of the hypothesis H is m0ðHÞ ¼
mðHÞ0:5mðHÞ0:5 ¼ mðHÞ: After normalization, we obtain
mrwð2ÞðHÞ ¼ mðHÞ if mðHÞ>0, and mrwð2ÞðHÞ ¼ 0 if
mðHÞ ¼ 0: The proof is completed.

It should be noted that if h ! 0, then M�M
M:
That is, when h ! 0, there is a larger tolerant degree to
the hypothesis that is strongly supported in some evi-
dence but weakly supported (or opposed) in others than
h ¼ 0 in the combination process. Then, the support
degree of the hypothesis with small BPAs would increase
after combination. In addition, if there is B \ C 6¼
;, 9B,C 2 M, then Eq. (12) does not satisfy the idempo-
tence of classical mathematics, i.e. M�M 6¼ M: That is,
when there is an intersection between focal elements, the
intersected elements will gain more support after combin-
ation. Especially, if there are missing BPAs in evidence,
with the increase of the number of sources, the support
to the focal elements will increase, and the uncertainty
(missing BPAs) will decrease. This feature is in line with
the fact in decision making that as the number of experts
increases, the missing decision information decreases.
This is an important advantage of the D-S theory in com-
bining uncertain information, and it is a critical difference
from the pure probability theory.
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Theorem 2. (Commutativity) Let M1 ¼ fH,m1ðHÞg
j8H � Hg and M2 ¼ fH,m2ðHÞgj8H � Hg be two pieces
of evidence with the weight vector
W ¼ fw1,w2gT ,w1 þ w2 ¼ 1, and the reliability vector
r ¼ fr1, r2gT. There is M1�M2 ¼ M2�M1:

Proof. If m1ðHÞ ¼ 0 and m2ðHÞ ¼ 0, then
½mat

rw1�mat
rw2�ðHÞ ¼ ½mat

rw2�mat
rw1�ðHÞ ¼ 0: If m1ðHÞ>0 or

m2ðHÞ>0, there is ðr1m1ðHÞ þ hÞw1

ðr2m2ðHÞ þ hÞw2�h ¼ ðr2m2ðHÞ þ hÞw2ðr1m1ðHÞ þhÞw1

�h and ðr1m1ðHÞ þ hÞw1ðm2ðHÞ þ 1�r2 þ hÞw2 �h ¼
ðm2ðHÞ þ 1�r2 þ hÞw2ðr1m1ðHÞ þ hÞw1�h: Thus, we can
obtain

P
B\C¼Hððmat

r1ðBÞÞw1ðmat
r2ðCÞÞw2 � hÞ ¼PB\C¼H

ððmat
r2ðCÞÞw2ðmat

r1ðBÞÞw1 � hÞ: Therefore, ½mat
rw1�mat

rw2�ðHÞ
¼ ½mat

rw2� mat
rw1�ðHÞ: The proof is completed.

Theorem 3. (Associativity) Let M1 ¼ fH,m1ðHÞg
j8H � Hg, M2 ¼ fH,m2ðHÞgj8H � Hg and M3 ¼
fH,m3ðHÞgj 8H � Hg be three pieces of evidence with the
weight vector W ¼ fw1,w2,w3gT ,w1 þ w2 þ w3 ¼ 1, and
the reliability vector r ¼ fr1, r2, r3gT. There is
M1�ðM2� M3Þ ¼ ðM1�M2Þ�M3:

Proof. If m1ðHÞ ¼ 0, m2ðHÞ ¼ 0 and m3ðHÞ ¼ 0, then
½mat

rw1�ðmat
rw2�mat

rw3Þ�ðHÞ ¼ ½ðmat
rw1�mat

rw2Þ � mat
rw3�ðHÞ

¼ 0: If m1ðHÞ>0, m2ðHÞ>0 or m3ðHÞ >0, then,

ðr1m1ðHÞ þ hÞw1ððr2m2ðHÞ þ hÞw2ðr3m3ðHÞ þ hÞw3Þ
�ðm1ðHÞ þ 1�r1 þ hÞw1ððr2m2ðHÞ þ hÞw2ðr3m3ðHÞ þ hÞw3Þ
�h ¼ ððm1ðHÞ þ 1�r1 þ hÞw1ðr2m2ðHÞ þ hÞw2ÞÞðr3m3ðHÞ þ hÞw3

�h ¼ ððr1m1ðHÞ þ hÞw1ðr2m2ðHÞ þ hÞw2ÞÞðr3m3ðHÞ þ hÞw3�h;

Thus, we have
P

C1\ðC2\C3Þ¼Hð
Q3

j ðmat
rjðCjÞÞwj �

hÞ ¼PðC1\C2Þ\C3¼Hð
Q3

j ðmat
rjðCjÞÞwj � hÞ:

Therefore, ½mat
rw1�ðmat

rw2�mat
rw3Þ�ðHÞ ¼ ½ðmat

rw1�mat
rw2Þ

�mat
rw3�ðHÞ ¼ 0: The proof is completed.

Theorem 4. (Continuity) Let M1 ¼ fH,m1ðHÞgj 8H �
Hg and M2 ¼ fH,m2ðHÞg j8H � Hg be two pieces of evi-
dence, and the approximate evidence of M1 be M0

1 ¼
fH,m0

1ðHÞgj8H � Hg such that 1) m0
1ðHÞ
m1ðHÞ for

m1ðHÞ>0, and 2) m0
1ðHÞ ¼ m1ðHÞ for m1ðHÞ ¼ 0. There

is M1�M2
M0
1�M2:

Proof. For the simplicity of calculation, the weights of
evidence are not considered here. Suppose that m0

1ðHÞ ¼
m1ðHÞ þ e with e ! 0:

1. If m0
1ðHÞ ¼ 0 and m2ðHÞ ¼ 0, then, ½m0at

r1�mat
r2�ðHÞ

¼ ½mat
r1 �mat

r2�ðHÞ ¼ 0:
2. If m0

1ðHÞ>0 or m2ðHÞ>0, there is

ðr1m0
1ðHÞ þ hÞðr2m2ðHÞ þ hÞ�h2

¼ r1r2m
0
1ðHÞm2ðHÞ þ hðr1m0

1ðHÞ þ r2m2ðHÞÞ
¼ r1r2ðm1ðHÞ þ eÞm2ðHÞ þ hðr1ðm1ðHÞ þ eÞ
þ r2m2ðHÞÞ ¼ r1r2m1ðHÞm2ðHÞ
þ hðr1m1ðHÞ þ r2m2ðHÞÞ þ r1r2em2ðHÞ
þ hr1e 
 r1r2m1ðHÞm2ðHÞ þ hðr1m1ðHÞ þ r2m2ðHÞÞ

¼ ðr1m1ðHÞ þ hÞðr2m2ðHÞ þ hÞ � h2:

Thus, we can get
P

B\C¼Hððr1m0
1ðBÞ þ hÞðr2m2ðCÞ þ

hÞ � h2Þ
 PB\C¼Hððr1m1ðBÞ þ hÞðr2m2ðCÞ þ hÞ � h2Þ:
Therefore, ½m0at

r1�mat
r2�ðHÞ
½mat

r1�mat
r2�ðHÞ: When

considering the weights of evidence, we can obtain the
same conclusion since the exponential function does not
change the continuity of the original function. The proof
is completed.
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