Complex neutrosophic set

Mumtaz Ali & Florentin Smarandache

Neural Computing and Applications

ISSN 0941-0643
Volume 28
Number 7

Neural Computing
gse:t:;a:ic])rsn;ut&Appllc (2017) & Appl ICatlonS

DOI 10.1007/s00521-015-2154-y

§
N
(+]
2
°
~
[
E
<
N
o
=
N

@ Springer

@ Springer



Your article is protected by copyright and

all rights are held exclusively by The Natural
Computing Applications Forum. This e-offprint
is for personal use only and shall not be self-
archived in electronic repositories. If you wish
to self-archive your article, please use the
accepted manuscript version for posting on
your own website. You may further deposit
the accepted manuscript version in any
repository, provided it is only made publicly
available 12 months after official publication
or later and provided acknowledgement is
given to the original source of publication

and a link is inserted to the published article
on Springer's website. The link must be
accompanied by the following text: "The final
publication is available at link.springer.com”.

@ Springer



Neural Comput & Applic (2017) 28:1817-1834
DOI 10.1007/s00521-015-2154-y

@ CrossMark

ORIGINAL ARTICLE

Complex neutrosophic set

Mumtaz Ali' - Florentin Smarandache?

Received: 6 July 2015/ Accepted: 21 December 2015 /Published online:

© The Natural Computing Applications Forum 2016

Abstract Complex fuzzy sets and complex intuitionistic
fuzzy sets cannot handle imprecise, indeterminate, incon-
sistent, and incomplete information of periodic nature. To
overcome this difficulty, we introduce complex neutro-
sophic set. A complex neutrosophic set is a neutrosophic
set whose complex-valued truth membership function,
complex-valued indeterminacy membership function, and
complex-valued falsehood membership functions are the
combination of real-valued truth amplitude term in asso-
ciation with phase term, real-valued indeterminate ampli-
tude term with phase term, and real-valued false amplitude
term with phase term, respectively. Complex neutrosophic
set is an extension of the neutrosophic set. Further set
theoretic operations such as complement, union, intersec-
tion, complex neutrosophic product, Cartesian product,
distance measure, and J-equalities of complex neutro-
sophic sets are studied here. A possible application of
complex neutrosophic set is presented in this paper.
Drawbacks and failure of the current methods are shown,
and we also give a comparison of complex neutrosophic set
to all such methods in this paper. We also showed in this
paper the dominancy of complex neutrosophic set to all
current methods through the graph.
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1 Introduction

Fuzzy sets were first proposed by Zadeh in the seminal
paper [38]. This novel concept is used successfully in
modeling uncertainty in many fields of real life. A fuzzy set
is characterized by a membership function u with the range
[0,1]. Fuzzy sets and their applications have been exten-
sively studied in different aspects from the last few decades
such as control [19, 38], reasoning [44], pattern recognition
[19, 44], and computer vision [44]. Fuzzy sets become an
important area for the research in medical diagnosis [29],
engineering [19], etc. A large amount of the literature on
fuzzy sets can be found in [8, 9, 15, 21, 30, 40-43]. In fuzzy
set, the membership degree of an element is single value
between 0 and 1. Therefore, it may not always be true that
the non-membership degree of an element in a fuzzy set is
equal to 1 minus the membership degree because there is
some degree of hesitation. Thus, Atanassov [2] introduced
intuitionistic fuzzy sets in 1986 which incorporate the
hesitation degree called hesitation margin. The hesitation
margin is defining as 1 minus the sum of membership and
non-membership. Therefore, the intuitionistic fuzzy set is
characterized by a membership function y and non-mem-
bership function v with range [0,1]. An intuitionistic fuzzy
set is the generalization of fuzzy set. Intuitionistic fuzzy sets
can successfully be applied in many fields such as medical
diagnosis [29], modeling theories [11], pattern recognition
[31], and decision making [17].

Ramot et al. [23] proposed an innovative concept to the
extension of fuzzy sets by initiating the complex fuzzy sets
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where the degree of membership p is traded by a complex-
valued of the form

R(x) - 0, = VT

where rg(x) and wg(x) are both belongs to [0,1] and
rs(x) . e/s¥) has the range in complex unit disk. Complex
fuzzy set is completely a different approach from the fuzzy
complex number discussed by Buckley [4—7], Nguyen et al.
[21], and Zhang et al. [41]. The complex-valued mem-
bership function of the complex fuzzy set has an amplitude
term with the combination of a phase term which gives
wavelike characteristics to it. Depending on the phase term
gives a constructive or destructive interference. Thus,
complex fuzzy set is different from conventional fuzzy set
[38], fuzzy complex set [23], type 2 fuzzy set [19], etc. due
to the character of wavelike. The complex fuzzy set [23]
still preserves the characterization of uncertain information
through the amplitude term having value in the range of
[0,1] with the addition of a phase term. Ramot et al. [23,
24] discussed several properties of complex fuzzy sets such
as complement, union, and intersection. with sufficient
amount of illustrative examples. Some more theory on
complex fuzzy sets can be seen in [10, 35]. Ramot et al.
[24] also introduced the concept of complex fuzzy logic
which is a novel framework for logical reasoning. The
complex fuzzy logic is a generalization of fuzzy logic,
based on complex fuzzy set. In complex fuzzy logic [24],
the inference rules are constructed and fired in such way
that they are closely resembled to traditional fuzzy logic.
Complex fuzzy logic [24] is constructed to hold the
advantages of fuzzy logic while enjoying the features of
complex numbers and complex fuzzy sets. Complex fuzzy
logic is not only a linear extension to the conventional
fuzzy logic but rather a natural extension to those problems
that are very difficult or impossible to describe with one-
dimensional grades of membership. Complex fuzzy sets
have found their place in signal processing [23], physics
[23], stock marketing [23] etc.

The concept of complex intuitionistic fuzzy set in short
CIFS is introduced by Alkouri and Saleh in [1]. The
complex intuitionistic fuzzy set is an extension of complex
fuzzy set by adding complex-valued non-membership
grade to the definition of complex fuzzy set. The complex
intuitionistic fuzzy sets are used to handle the information
of uncertainty and periodicity simultaneously. The com-
plex-valued membership and non-membership function can
be used to represent uncertainty in many corporal quanti-
ties such as wave function in quantum mechanics, impe-
dance in electrical engineering, complex amplitude, and
decision-making problems. The novel concept of phase
term is extend in the case of complex intuitionistic fuzzy
set which appears in several prominent concepts such as
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distance measure, Cartesian products, relations, projec-
tions, and cylindric extensions. The complex fuzzy set has
only one extra phase term, while complex intuitionistic
fuzzy set has two additional phase terms. Several properties
of complex intuitionistic fuzzy sets have been studied such
as complement, union, intersection, T-norm, and S-norm.

Smarandache [28] in 1998 introduced Neutrosophy that
studies the origin, nature, and scope of neutralities and their
interactions with distinct ideational spectra. A neutrosophic
set is characterized by a truth membership function 7, an
indeterminacy membership function / and a falsehood
membership function F. Neutrosophic set is powerful
mathematical framework which generalizes the concept of
classical sets, fuzzy sets [38], intuitionistic fuzzy sets [2],
interval valued fuzzy sets [30], paraconsistent sets [28],
dialetheist sets [28], paradoxist sets [28], and tautological
sets [28]. Neutrosophic sets handle the indeterminate and
inconsistent information that exists commonly in our daily
life. Recently neutrosophic sets have been studied by
several researchers around the world. Wang et al. [33]
studied single-valued neutrosophic sets in order to use
them in scientific and engineering fields that give an
additional possibility to represent uncertainty, incomplete,
imprecise, and inconsistent data. Hanafy et al. [13, 14]
studied the correlation coefficient of neutrosophic set. Ye
[35] studied the correlation coefficient of single-valued
neutrosophic sets. Broumi and Smaradache presented the
correlation coefficient of interval neutrosophic set in [3].
Salama et al. [26] studied neutrosophic sets and neutro-
sophic topological spaces. Some more literature on neu-
trosophic sets can be found in [12-14, 18, 20, 25, 27, 32,
34, 36, 37, 40].

Pappis [22] studied the notion of “proximity measure,”
with an attempt to show that “precise membership values
should normally be of no practical significance.” Pappis
observed that the max—min compositional rule of inference
is preserved with respect to “approximately equal” fuzzy
sets. An important generalization of the work of Pappis
proposed by Hong and Hwang [15] which is mainly based
that the max—min compositional rule of inference is pre-
served with respect to “approximately equal fuzzy sets”
and “approximately equal” fuzzy relation. But, Cai noticed
that both the Pappis and Hong and Hwang approaches were
confined to fixed ¢. Therefore, Cai [8, 9] takes a different
approach and introduced J-equalities of fuzzy sets. Cai
proposed that if two fuzzy sets are equal to an extent of d,
then they are said to be d-equal. The notions of J-equality
are significance in both the fuzzy statistics and fuzzy rea-
soning. Cai [8, 9] applied them for assessing the robustness
of fuzzy reasoning as well as in synthesis of real-time fuzzy
systems. Cai also gave several reliability examples of -
equalities [8, 9]. Zhang et al. [39] studied the é-equalities
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of complex fuzzy set by following the philosophy of Ramot
et al. [23, 24] and Cai [8, 9]. They mainly focus on the
results of Cai’s work [8, 9] to introduce J-equalities of
complex fuzz sets, and thus, they systematically develop
distance measure, equality and similarity of complex fuzzy
sets. Zhang et al. [39] then applied J-equalities of complex
fuzzy sets in a signal processing application.

This paper is an extension of the work of Ramot et al.
[23], Alkouri and Saleh [1], Cai [8, 9], and Zhang et al.
[39] to neutrosophic sets. Basically, we follow the philos-
ophy of the work of Ramot et al. [23] to introduce complex
neutrosophic set. The complex neutrosophic is character-
ized by complex-valued truth membership function, com-
plex-valued indeterminate membership function, and
complex-valued falsehood membership function. Further,
complex neutrosophic set is the mainstream over all
because it not only is the generalization of all the current
frameworks but also describes the information in a com-
plete and comprehensive way.

1.1 Why complex neutrosophic set can handle
the indeterminate information in periodicity

As we can see that uncertainty, indeterminacy, incom-
pleteness, inconsistency, and falsity in data are periodic in
nature, to handle these types of problems, the complex
neutrosophic set plays an important role. A complex neu-
trosophic set S is characterized by a complex-valued truth
membership function Ts(x), complex-valued indeterminate
membership function I¢(x), and complex-valued false
membership function Fg(x) whose range is extended from
[0,1] to the unit disk in the complex plane. The complex
neutrosophic sets can handle the information which is
uncertain, indeterminate,  inconsistent, incomplete,
ambiguous, false because in T's(x), the truth amplitude term
and phase term handle uncertainty and periodicity, in Ig(x),
the indeterminate amplitude term and phase term handle
indeterminacy and periodicity, and in Fg(x), the false
amplitude term and phase term handle the falsity with
periodicity. Complex neutrosophic set is an extension of
the neutrosophic set with three additional phase terms.

Thus, the complex neutrosophic set deals with the
information/data which have uncertainty, indeterminacy,
and falsity that are in periodicity while both the complex
fuzzy set and complex intuitionistic fuzzy sets cannot deal
with indeterminacy, inconsistency, imprecision, vagueness,
doubtfulness, error, etc. in periodicity.

The contributions of this paper are:

1. We introduced complex neutrosophic set which deals
with uncertainty, indeterminacy, impreciseness, incon-
sistency, incompleteness, and falsity of periodic
nature.

2. Further, we studied set theoretic operations of complex
neutrosophic sets such as complement, union, inter-
section complex neutrosophic product, and Cartesian
product.

3. We also introduced the novel concept “the game of
winner, neutral, and loser” for phase terms.

4. We studied a distance measure on complex neutro-
sophic sets which we have used in the application.

5. We introduced J-equalities of complex neutrosophic
set and studied their properties.

6. We also gave an algorithm for signal processing using
complex neutrosophic sets.

7. Drawbacks and failures of the current methods
presented in this paper.

8. Finally, we gave the comparison of complex neutro-
sophic sets to the current methods.

The organization of this paper is as follows. In
Sect. 2, we presented some basic and fundamental
concepts of neutrosophic sets, complex fuzzy sets, and
complex intuitionistic fuzzy sets. In the next section, we
introduced complex neutrosophic sets and gave some
interpretation of complex neutrosophic set for intuition.
We also introduced the basic set theoretic operations of
complex neutrosophic sets such as complement, union,
intersection, complex neutrosophic product, and Carte-
sian product in the current section. Further, in this
section, the game of winner, neutral, and loser is
introduced for the phase terms in the case of union and
intersection of two complex neutrosophic sets. It is
completely an innovative approach for the phase terms.
In Sect. 4, we introduced distance measure on complex
neutrosophic sets, d-equality on complex neutrosophic
sets and studied some of their properties. An application
in signal processing is presented for the possible uti-
lization of complex neutrosophic set in the Sect. 5. In
Sect. 6, we give the drawbacks of fuzzy sets, intu-
itionistic fuzzy sets, neutrosophic sets, complex fuzzy
sets, and complex intuitionistic fuzzy sets. We also give
a comparison of different current methods to complex
neutrosophic set in this section. Further, the dominancy
of complex neutrosophic sets over other existing meth-
ods is shown in this section.

We now review some basic concepts of neutrosophic
sets, single-valued neutrosophic set, complex fuzzy sets,
and complex intuitionistic fuzzy sets.

2 Literature review
In this section, we present some basic material which will

help in our later pursuit. The definitions and notions are
taken from [1, 23, 28, 39].

@ Springer
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Definition 2.1 [28] Neutrosophic set.

Let X be a space of points and let x € X. A neutrosophic
set S in X is characterized by a truth membership function
Ts, an indeterminacy membership function /g, and a falsity
membership function Fg. Tg(x), Is(x), and Fg(x) are real
standard or non-standard subsets of ]07, 11[, and
Ts,Is,Fs : X — 07, 11[. The neutrosophic set can be rep-
resented as

S ={(x,Ts(x),Is(x), Fs(x)) : x € X}

There is no restriction on the sum of T¢(x), Is5(x), and
Fs(x), so 07 < Ts(x) + Is(x) + Fs(x) <3%.

From philosophical point view, the neutrosophic set
takes the value from real standard or non-standard subsets
of 07, 1*[. Thus, it is necessary to take the interval [0,1]
instead of ]0~, 17| for technical applications. It is difficult
to apply ]07,1%[ in the real-life applications such as
engineering and scientific problems.

A single-valued neutrosophic set [23] is characterized
by a truth membership function, Ts(x), an indeterminacy
membership function Ig(x) and a falsity membership
function Fg(x) with Tg(x), Is(x), Fg(x) € [0, 1] for all
x € X. If X is continuous, then

S = / (Ts(x), Is(x), Fs(x) for all x € X.
X
X
If X is discrete, then
for all x € X.

s=%" (TS(x)aISECx)7FS(x))

Actually, SVNS is an instance of neutrosophic set that
can be used in real-life situations such as decision-making,
scientific, and engineering applications. We will use single-
valued neutrosophic set to define complex neutrosophic set.

We now give some set theoretic operations of neutro-

sophic sets.
Definition 2.2 [33] Complement of neutrosophic set.

The complement of a neutrosophic set S is denoted by
c(S) and is defined by

Te(s)(x) = Fs(x), Ls)(x) = 1 =Is(x), Fes)(x)
= Ts(x) forall x € X.
Definition 2.3 [23] Union of neutrosophic sets.

Let A and B be two complex neutrosophic sets in a
universe of discourse X. Then, the union of A and B is
denoted by A U B, which is defined by

AUB = {(X, TA(X) \/TB()C),IA(X) /\IB()C),FA(X) /\FB()C)) ZXEX}

for all x € X, and V denote the max operator and A denote
the min operator, respectively.

@ Springer

Definition 2.4 [23] Intersection of neutrosophic sets.

Let A and B be two complex neutrosophic sets in a
universe of discourse X. Then, the intersection of A and B is
denoted as A N B, which is defined by

ANB={(x,Ta(x) NTg(x),11(x) VIg(x),Fa(x) V Fg(x)) : x € X}

for all x € X.
The definitions and other notions of complex fuzzy sets
are given as follows.

Definition 2.5 [23] Complex fuzzy set.

A complex fuzzy set S, defined on a universe of dis-
course X, is characterized by a membership function #g(-
x) that assigns any element x € X a complex-valued grade
of membership in S. The values #s(x) all lie within the unit
circle in the complex plane and thus all of the form
ps(x).¢/™) where pg(x) and ps(x) are both real-valued and
ps(x) € 10, 1]. Here, ps(x) is termed as amplitude term and
/s is termed as phase term. The complex fuzzy set may
be represented in the set form as

§={(xns(x) : x € X}

The complex fuzzy set is denoted as CFS.
We now present set theoretic operations of complex
fuzzy sets.

Definition 2.6 [23] Complement of complex fuzzy set.

Let S be a complex fuzzy set on X, and n4(x) =

ps(x).¢/5™) its complex-valued membership function. The
complement of S denoted as c¢(S) and is specified by a
function

Ne(s) (%) = Pegs) (x)-€7H0) = (1 = ps(x)).&/P7 #5090,

Definition 2.7 [23] Union of complex fuzzy sets.

Let A and B be two complex fuzzy sets on X, and
Na(x) = ra(x).e#0) and yp(x) = rp(x).e ™) be their
membership functions, respectively. The union of A and
B is denoted as A U B, which is specified by a function

Naup(X) = raup(x).€#15) = (r4(x) V rp(x)).e/faVhs)

where V denote the max operator.

Definition 2.8 [23] Intersection of complex fuzzy sets.

Let A and B be two complex fuzzy sets on X, and n,(x) =
ra(x).¢*®) and ng(x) = rp(x).e/*s) be their membership
functions, respectively. The intersection of A and B is
denoted as A N B, which is specified by a function

Narp(X) = rAmB(x).ei-um(w = (ra(x) A rB(x))'e/‘(ﬂA(x)/\ﬂB(x))

where A denote the max operator.
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We now give some basic definitions and set theoretic
operations of complex intuitionistic fuzzy sets.

Definition 2.9
sets on X, and n,(x) = ra(x).)  and np(x) =

[39] Let A and B be two complex fuzzy

rp(x).e/#5¥) be their membership functions, respectively.
The complex fuzzy product of A and B, denoted as A o B,
and is specified by a function

Maos (3) = Faap ()14 = (14 (3).rp (). (4)
Definition 2.10 [39] Let A and B be two complex fuzzy
sets on X, and 1,(x) = ra(x).¢"® and ne(x) =
rp(x).¢/*#*) be their membership functions, respectively.
Then, A and B are said to be 0 equal if and only if
d(A,B)<1—9, where 0<o <.

For more literature on d-equality, we refer to [8, 9] and
[35].

Definition 2.11 [1] Complex intuitionistic fuzzy set.

A complex intuitionistic fuzzy set S, defined on a uni-
verse of discourse X, is characterized by a membership
function #g(x) and non-membership function (g(x),
respectively, that assign an element x € X a complex-val-
ued grade to both membership and non-membership in
S. The values of 15(x) and {s(x) all lie with in the unit
circle in the complex plane and are of the form n4(x) =
ps(x).e#50) and {g(x) = rg(x).¢/s™, where pg(x), rs(x),
Us(x), and wg(x) are all real-valued and pg(x), rs(x) €
[0,1] with j = v/—1. The complex intuitionistic fuzzy set
can be represented as

S= {(X, nS(x)vCS(x)) H S U}
It is denoted as CIFS.

Definition 2.12
tic fuzzy set.

[1] Complement of complex intuitionis-

Let S be a complex intuitionistic fuzzy set, and n4(x) =
ps(x).e#50) and (g(x) = rg(x).es®) its membership and
non-membership functions, respectively. The complement
of S, denoted as c(S), is specified by a function
Hes)(X) = Pe(s) ()19 = rg(x).e/ ") and
Legs) () = regs) (x).€- 790 = p(x)./ s

Definition 2.13
sets.

[1] Union of complex intuitionistic fuzzy

Let A and B be two complex intuitionistic fuzzy sets on
X, and 1, (x) = pa(x).e, {4 (x) = ra(x).e &) and
np(x) = pp(x).e#™) and (z(x) = rp(x).¢**) be their
membership and non-membership functions, respectively.

The union of A and B is denoted as A U B, which is
specified by a function

Naus(X) = paus(x).¢*48®) = (p,(x) V pp(x)).e/iaVEs)
and

Laop(x) = rAuB(x)‘e]'<(UAUB(x> = (ra(x) A rB(x)).ej(U)A<x)AU)B(X))

where V and A denote the max and min operator,
respectively.

Definition 2.14
fuzzy sets.

[1] Intersection of complex intuitionistic

Let A and B be two complex intuitionistic fuzzy sets on
X, and 1, (x) = pa(x).e, {4 (x) = ra(x).e®)  and
np(x) = pp(x).e™) and (z(x) = rg(x).¢**) be their
membership and non-membership functions, respectively.
The intersection of A and B is denoted as A N B, which is
specified by a function

Hang(X) :pAmB(x).ej'“A“B(x) = (pa(x) /\pB(x)).e"("A(")A"'*(X)) and
Car (%) = 740 (2)-€78 ) = (14 (x) Vg (x)) (Vo)

where A and V denote the min and max operators,
respectively.

Next, the notion of complex neutrosophic set is
introduced.

3 Complex neutrosophic set

In this section, we introduced the innovative concept of
complex neutrosophic set. The definition of complex neu-
trosophic set is as follows.

Definition 3.1 Complex neutrosophic set.

A complex neutrosophic set S defined on a universe of
discourse X, which is characterized by a truth membership
function Tg(x), an indeterminacy membership function
Is(x), and a falsity membership function Fg(x) that assigns
a complex-valued grade of Ts(x), Is(x), and Fs(x) in S for
any x € X. The values Ts(x), Is(x), Fs(x) and their sum
may all within the unit circle in the complex plane and so is
of the following form,

Ts(x) = ps()c).e‘%(")7
= rg()c).e"w“(x>

Is(x) = gs(x).¢"% and Fs(x)

where ps(x), gs(x), rs(x) and pg(x), vs(x), ws(x) are,
respectively, real valued and pg(x),gs(x),rs(x) € [0, 1]
such that ~0 < pg(x) + gs(x) + rs(x) < 3.

The complex neutrosophic set S can be represented in
set form as

S ={(x,Ts(x) = ar,Is(x) = a;, Fs(x) = ar) : x € X},

@ Springer
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where Ts:X — {ar:ar € C,|ar| <1}, Is:X — {apa; €
C,la;| <1} and FsX — {ar:ar € C,|ap| <1} and
|Ts(x) + Is(x) + Fs(x)| <3.

Throughout the paper, complex neutrosophic set refers
to a neutrosophic set with complex-valued truth member-
ship function, complex-valued indeterminacy membership
function, and complex-valued falsity membership function
while the term neutrosophic set with real-valued truth
membership function, indeterminacy membership function,
and falsity membership function.

3.1 Interpretation of complex neutrosophic set

The concept of complex-valued truth membership function,
complex-valued indeterminacy membership function, and
complex-valued falsity membership function is not a sim-
ple task in understanding. In contrast, real-valued truth
membership function, real-valued indeterminacy member-
ship function, and real-valued falsity membership function
in the interval [0,1] can be easily intuitive.

The notion of complex neutrosophic set can be easily
understood from the form of its truth membership function,
indeterminacy membership function, and falsity member-
ship function which appears in above Definition 3.1.

Ts(x) = ps(x)."® | Ig(x) = gg(x).e”"™ and Fg(x)
= rg()c).(ej‘”S(x>

It is clear that complex grade of truth membership
function is defined by a truth amplitude term pg(x) and a
truth phase term pg(x). Similarly, the complex grade of
indeterminacy membership function is defined as an inde-
terminate amplitude term gs(x) and an indeterminate phase
term vg(x), while the complex grade of falsity membership
function is defined by false amplitude term rg(x) and a false
phase term wg(x), respectively. It should be noted that the
truth amplitude term pg(x) is equal to | Ts(x)|, the amplitude
of Ts(x). Also, the indeterminate amplitude term gg(x) is
equal to |I5(x)| and the false amplitude term rg(x) is equal
to [Fs(x)].

Complex neutrosophic sets are the generalization of
neutrosophic sets. It is a easy task to represent a neutro-
sophic set in the form of complex neutrosophic set. For
instance, the neutrosophic set S is characterized by a real-
valued truth membership function og(x), indeterminate
membership function fg(x), and falsehood membership
function y¢(x). By setting the truth amplitude term pg(x)
equal to ag(x), and the truth phase term pg(x) equal to zero
for all x and similarly we can set the indeterminate
amplitude term gs(x) equal to f¢(x) and the indeterminate
phase term equal to zero, while the false amplitude term
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rs(x) equal to y¢(x) with the false phase term equal to zero
for all x. Thus, it has seen that a complex neutrosophic set
can be easily transformed into a neutrosophic set. From this
discussion, it is concluded that the truth amplitude term is
equivalent to the real-valued grade of truth membership
function, the indeterminate amplitude term is equivalent to
the real-valued grade of indeterminate membership func-
tion, and the false amplitude term is essentially equivalent
to the real-valued grade of false membership function. The
only distinguishing factors are truth phase term, indeter-
minate phase term, and false phase term. This differs the
complex neutrosophic set from the ordinary neutrosophic
set. In simple words, if we omit all the three phase terms,
the complex neutrosophic set will automatically convert
into neutrosophic set effectively. All this discussion is
supported by the reality that pg(x), gs(x), and rs(x) have
range [0,1] which is for real-valued grade of truth mem-
bership, real-valued grade of indeterminate membership,
and real-valued grade of false membership.

It should also be noted that complex neutrosophic sets
are the generalization of complex fuzzy sets, conventional
fuzzy sets, complex intuitionistic fuzzy sets and intuition-
istic fuzzy sets, classical sets. This means that complex
neutrosophic set is an advance generalization to all the
existence methods and due to this feature, the concept of
complex neutrosophic set is a distinguished and novel one.

3.2 Numerical example of a complex neutrosophic
set

Example 3.2 Let X = {x|,x3,x3} be a universe of dis-
course. Then, S be a complex neutrosophic set in X as given
below:

(0.6¢1°%,0.3.¢/%,0.5.¢/03)

X1
N (0.7¢/90.2.¢/09,0.1.¢/%)

L (0.9¢7%1,0.4.6%,07.617)
X3 '

3.3 Set theoretic operations on complex neutrosophic
set

Ramot et al. [23], calculated the complement of member-
ship phase term ug(x) by several possible method such as
us(x) = pg(x),2m — pg(x). Zhang [39] defined the com-
plement of the membership phase term by taking the
rotation of pig(x) by = radian as u§(x) = pg(x) + 7.

To define the complement of a complex neutrosophic
set, we simply take the neutrosophic complement [29] for
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the truth amplitude term pg(x), indeterminacy amplitude
term gs(x), and falsehood amplitude term rg(x). For phase
terms, we take the complements defined in [23]. We now
proceed to define the complement of complex neutrosophic
set.

Definition 3.3 Complement of complex neutrosophic set.

Let § = {(x, Ts(x), Is(x), Fs(x)) : x € X} be a complex
neutrosophic set in X. Then, the complement of a complex
neutrosophic set S is denoted as ¢(S) and is defined by

c(8) = {(x, T5(x), I5(x), F5(x)) : x € X},

where  TS(x) = c(ps(x).esW), I5(x) = c(gs(x).€'sW),

and F§(x) = c(rs(x).¢*s™) in which c(ps(x).e*s® ) =

c(ps(x)).¢/*® is such that c(ps(x)) = rs(x) and v§(x) =
vs(x),2m —vs(x) or vg(x)+m Similarly, c(rs(x).

et = ¢(rs(x)).¢™), where ¢(gs(x)) = 1 — gs(x) and

v§(x) = vs(x),2m — vs(x) or vg(x) + m.

Finally,  c(rs(x).e™) = c(rs(x)).¢"**"),  where
c(rs(x)) = ps(x) and o$(x) = ws(x),2n — wg(x) or
ws(x) + 7.

Proposition 3.4 Let A be a complex neutrosophic set on
X. Then, c¢(c(A)) = A.

Proof By definition 3.1, we can easily prove it.

Proposition 3.5 Let A and B be two complex neutro-
sophic sets on X. Then, c(ANB) = c(A) Uc(B).

Definition 3.6 Union of complex neutrosophic sets.

Ramot et al. [23] defined the union of two complex
fuzzy sets A and B as follows.

Let g (x) = ra(x).¢*®) and pg(x) = rp(x).e ™) be
the complex-valued membership functions of A and B,
respectively. Then, the membership union of A U B is given
by fyp(x) = [ra(x) @ rg(x)].¢/ ™), Since ry(x) and
rg(x) are real-valued and belong to [0, 1], the operators max
and min can be applied to them. For calculating phase term
waup(x), they give several methods.

Now we define the union of two complex neutrosophic
sets as follows:

Let A and B be two complex neutrosophic sets in X,
where

A ={(x,Ts(x),I4(x), Fa(X)) : x € X} and
B = {(x, Tp(x),Is(x), Fg(X)) : x € X}.

Then the union of A and B is denoted as A Uy B and is
given as

A UNB = {()C7 TAUB(X)7IAUB(X)7FAUB(X)> S X}

where the truth membership function Tsyp(x), the inde-
terminacy membership function I z(x), and the falsehood
membership function F4p(x) are defined by

Tyup(x) = [(pa(x) V pp(x))]. wuua
L (x) = [(ga(x) A gp(x))].¢/ s
FAUB(X) = [(VA(X) A rB( ))] ok ‘“FAuB(X

where V and A denote the max and min operators,
respectively. To calculate phase the terms e/ #aus() | g/-vaus(x),
and &2 we define the following:

Definition 3.7 Let A and B be two complex neutrosophic
sets in X with complex-valued truth membership functions
Tx(x) and Tg(x), complex-valued indeterminacy member-
ship functions I (x) and Iz(x), and complex-valued false-
hood membership functions F4(x) and Fg(x), respectively.
The union of the complex neutrosophic sets A and B is
denoted by A Uy B which is associated with the function:

0:{(ar,ar,ar):ar,ar,ar € C,lar+a;+ar| <3,larl,|a;],|ar| <1}
X {(br,b1,br) :by,by,bp € C,|br+b;+bp|<3,|brl,|by|,|br| <1}
—{(dr,d;,dr) :dr,d;,dr € C,|dr +d;+dr|<3,|dr|,|d; |, |dr| <1},

where a,b,d, d',b',d’, and a",b",d" are the complex truth
membership, complex indeterminacy membership, and
complex falsity membership of A, B, and AUB,
respectively.

A complex value is assigned by 6, that is, for all x € X,

0(Ta(x), Tp(x)) = TAUB( ) =dr,
014 (x),Ig(x)) = laup(x) = d; and
0(Fa(x), Fp(x)) =FAuB(x) = dr.

This function 6 must obey at least the following axio-
matic conditions.

For any a,b,c,d,d',b',c,d,
|x] <1}

a’ v, " d" e {x:xeC,

e Axiom 1: |07(a,0)| =lal,|6;(d’,1)] =|d'| and
|0r(a”,1)| = |a"| (boundary condition).

e Axiom 2: Or(a,b) = 07(b,a),0;(a’,b") = 0;(b',d’) and
Op(a’,b") = Op(b",d") (commutativity condition).

e Axiom 3: if |b| <|d|, then |07(a,b)| < |0r(a,d)| and if
|| <|d'|, then |0;(d,)|<|0i(d',d)] and if
|| <|d"|, then |0p(a”,b")| <|0r(a”,d")| (monotonic
condition).

e Axiom 4: 0r(0r(a,b),c) = 0r(a,0r(b,c)), 0,(0;(d,
b),)=0,(d,0,(b',¢)) and Op(Op(a’,b"),c") =
Or(a”,0r(b", ")) (associative condition).

It may be possible in some cases that the following are
also hold:
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e Axiom 5: 0 is continuous function (continuity).
e Axiom 6: |0r(a,a)|>|a|, 10:/(d',d")|<|d’| and

|0r(a”,d")| <|a"| (superidempotency).
e Axiom 7: la|<|c|] and |b|<|d|, then |O7(a,
b)| <|0r(c,d)|, also |a'|>]|c’| and |b'|>|d'|, then

|0;(a',b')| > 10,(c',d’)| and |a”| >|c"| and |b"]| <|d"|,
then |0r(a”,b")| > |0r(c’, d")| (strict monotonicity).
The phase term of complex truth membership function,
complex indeterminacy membership function, and complex
falsity membership function belongs to (0,2x). To define
the phase terms, we suppose that ur (x) = pa p(x),
Vi (%) = vaup(x), and wr, ,(x) = waup(x). Now we take
those forms which Ramot et al. presented in [23] to define
the phase terms of Taup(x), ILwup(x), and Faup(x),
respectively.

(a) Sum:
Paup(X) = pia(x) + pp(x),

vaug(x) = va(x) + vp(x),

(b) Max:

(c) Min:

(d) “The game of winner, neutral, and loser”:

sl = {1400
g (x) if pp > pa

= {0 Tz
vg(x) if gg<qa
a4 (x) if ry<rp

Oavn(¥) = { wp(x) if rg<ry

The game of winner, neutral, and loser is a novel con-
cept, and it is the generalization of the concept “winner
take all” introduced by Ramot et al. [23] for the union of
phase terms.

Example 3.8 Let X = {x;,x,,x3} be a universe of dis-
course. Let A and B be two complex neutrosophic sets in
X as shown below:

@ Springer

~(0.6¢1°%,0.3.67%,0.5.6/9)

X1
N (0.7600.2.¢/09,0.1.¢/%)

. (0.9¢/01,0.4.¢/™,0.7.6/07)

X3

b

and

o (086°%,0.1.67,0.4.6°9)

X1
N (0.6¢/%1,1.6106,0.01.¢/%)

X2
L (0261%%,0.67%%,0.5.61%7)

?

X3
Then
(0.8.¢/09,0.3.¢/%,0.5.6/7)
A UN B= 9
X1
(0.6.¢/91,0.2.¢/%9,0.01,¢/%) (0.2.6/03,0.6/27,0.5.¢/07)
X2 ’ X3 ’

Definition 3.9 Intersection of complex neutrosophic sets.

Let A and B be two complex neutrosophic sets in X,
where
A ={(x,Ts(x),I4(x), Fa(X)) : x € X} and
B = {(x, Ts(x), Is(x), F5(X)) : x € X}.

Then, the intersection of A and B is denoted as A Ny B
and is defined as

ANy B = {(x, TAmB(X),IAmB(X>,FAmB(X)) X € X}7

where the truth membership function Tang(x), the inde-
terminacy membership function I4~z(x), and the falsehood
membership function F4np(x) are given as:

TAOB(X> = [(PA (X) /\pB( ))] eIHTAmB
Linp(x) = [(ga(x) V gp(x))].& "
FAmB(.X) = [(rA(X)\/rB( ))] e/wFAmB

where V and A denote the max and min operators,
respectively. We calculate phase terms e/#ans()  g/vans(x),
and ¢ ) after define the following:

Definition 3.10 Let A and B be two complex neutro-
sophic sets in X with complex-valued truth membership
functions T4 (x) and Tp(x), complex-valued indeterminacy
membership functions I (x) and I3(x), and complex-valued
falsehood membership functions Fs(x) and Fp(x),
respectively. The intersection of the complex neutrosophic



Neural Comput & Applic (2017) 28:1817-1834

1825

sets A and B is denoted by A Ny B which is associated with
the function:

¢:{(ar,ar,ar) ar,ar,ar € C,|lar +a;+ar| <3, |ar|,|a;|,|ap| <1}
x{(br,br,br):br,by,bp € C,|br+by+bp|<3,|brl,|by],|br| <1}
—{(dr,d;.dp):dr,dy,dp € C,|dy +d;+dp| <3,|dr|,|d;,|dp| < 1},

where a,b,d, a',b',d’, and a",b",d" are the complex truth
membership, complex indeterminacy membership, and
complex falsity membership of A, B, and ANB, respec-
tively. ¢ assigned a complex value, that is, for all x€ X,

d(Ta(x),Tp(x)) = Tanp(x) = dr,
¢(Ia(x),Ip(x)) = Ianp(x) = d; and
¢(Fa(x),Fp(x)) = Fanp(x) = dr.

¢ must satisfy at least the following axiomatic
conditions.

For any a,b,c,d,d,b',c/,d a",b",c", d" € {x:xeC,
x| <1}

e Axiom 1: If |p| = 1, then |py(a,b)| = |al. If || =0,
then |¢p,(d’, V)| = |d'| and if |pp(a”,b")| = |d’
(boundary condition).

e Axiom 2: d)T(a?b) = ¢T(b7a)7 ¢1(a/7b/) = ¢I(bl7al)’
and ¢p(a",b") = ¢p(b”,d") (commutative condition).

e Axiom 3:if || <|d|, then |$p;(a,b)| < |¢pr(a,d)| and if
b'| <|d'|, then |¢;(d’,b)] <|¢;(d’,d')| and if
["| < |d”|, then |¢pp(a”,b")| <|pp(a”,d")| (monotonic
condition).

o Axiom 4: ¢r(¢pr(a,b),c) = ¢r(a, pr(b,c)), ¢;(¢;(d,
b),c') =¢d, ¢ (V' c")), and ¢p(¢p(a”,b"),c") =

op(d”, pp(b",c")) (associative condition).

The following axioms also hold in some cases.

e Axiom 5: ¢ is continuous function (continuity).

e Axiom 6: |pr(a,a)|>la|, |¢,(d,d)| <|d'|, and
|¢pr(a”,a")|<|a”"| (superidempotency).
e Axiom 7: |a|<|c| and |b|<|d|, then |¢(a,

b)| <|¢pr(c,d)|, also |a'|>|c'| and |b'|>|d'|, then
|¢1(d’,6)[ > |y (', d')| and |a"| > [c"] and [b"| <|d"],
then |¢pp(a”,b")| > |pp(c”,d")| (strict monotonicity).

We can easily calculate the phase terms e/tans(¥),
e/ and e/ a5 on the same lines by winner, neutral,
and loser game.

Proposition 3.11 Let A,B,C be three complex neutro-
sophic sets on X. Then,

1. (AUB)NC=(ANC)U(ANB),
2. ANB)UC=(AUC)N(AUB).

Proof Here we only prove part 1. Let A, B, C be three
complex neutrosophic sets in X and T4 (x),Za(x),Fa(x),
Tg(x),Ip(x),Fg(x) and Tc(x),Ic(x), Fy(x), respectively,
be their complex-valued truth membership function, com-
plex-valued indeterminate membership function, and
complex-valued falsehood membership functions. Then,
we have

T(AuB)nC(X) = P(AuB)mC(x)‘ej'#(AUH)mcm

= min(paus(x), pe()) & mnsnclo)

= min(max (pa(x), pg(x)), pc(x))
.l min(max (s (.15 (x)) i ()

= max(min(pa (x), pe(x)), min(pp(x), pc(x)))
. g max(min(us(x)c(x)). i (x). i (x)))

= maX(pAmC(x)7meC(x)). e]"max(umc(x).umc(x)h

= P(ANC)U(BNC) (x).€/Hancriene) ® = (ancusne) (X)-

Similarly, on the same lines, we can show it for
Taug)nc(x) and F4up)nc(x), respectively. O

Proposition 3.12 Let A and B be two complex neutro-
sophic sets in X. Then,

1. (AUB)NA=A,
2. (ANB)UA =A.

Proof We prove it for part 1. Let A and B be two complex
neutrosophic sets in X and Tx(x),lx(x),Fa(x) and
Tg(x),I5(x), Fp(x), respectively, be their complex-valued
truth membership function, complex-valued indeterminate
membership function, and complex-valued falsehood
membership functions. Then,

T(au)ra (x) = PAuB)na (x). & Hausy (%)

= min(paus(x), pa(x))

) el'-l’ﬂi“(HAuB(")»/‘A("))7

= min(max(pa(x), ps(x)), pa(x))
_ gmin(max(y ().t (x)) i ()

= TA (x)
Similarly, we can show it for [Iuupna(x) and
F(aup)na (%), respectively. O

Definition 3.13 Let A and B be two complex neutro-
sophic sets on X, and Ty(x) = pa(x).e*™, Ii(x) =
ga(x).&" 0 Fu(x) = ra(x).¢4® and Tp(x) = pp(x).
&) Ip(x) = gp(x).e"s0), Fp(x) = rp(x).e/ (),
respectively, be their complex-valued truth membership
function, complex-valued indeterminacy membership
function, and complex-valued falsity membership function.

@ Springer



1826

Neural Comput & Applic (2017) 28:1817-1834

The complex neutrosophic product of A and B denoted as
Ao B and is speciﬁed by the functions,

TAoB(X) =
Laop(X) = qao
Fio(X) = Faop

Example 3.14 Let X = {x1,x2,x3} and let

~ (0.66/27,0.3¢°71.0e117)
= .
(10627, 0.2637 .5¢/047)
+
X
(0.8¢147 0.1¢/'2,0.6/17)
+
X3
(0.6€jl'2n, 0.161'0.471, l'oejO.ln)
X1
(1.06/27,0.3¢/2%,0.7¢/057)
+
x
N (0.261'1.671’ 0.26,[1.37[7 0.761‘04171)
x3

)

B =

Then

(0.36¢0727,0.3¢/%17 1.0e/000257)
A o B = ? 9 ,
X1

(1.0¢/'2% 0,066, 0.35¢/%17)

)

X3
(0.16¢/287 0.02¢/078, 0.42¢/-9057)

X3

Definition 3.15 Let A, be N complex neutrosophic sets on
X (n=1,2,...,N), and Ty (x) = pa,(x).eFa0),
Iy, (x) = qa, (x).¢" () and Fy (x) = ra, (x).¢/“% ) be their
complex-valued membership function, complex-valued inde-
terminacy membership function and complex-valued non-
membership function, respectively. The Cartesian product of
A,,denoted as A| X Ay X --- X Ay, specified by the function

= Py ety (%) @t (9

= min(py, (x1), pa, (%2), - - - Pay (xn))

TA]XAZX---XAN(-X)

max (sup,cx|pa(x) —
dens(A, B) = max
cns(A, B) <max( = SUPex |pa (x) —

PB(x)|, supyex|qa(x) — gp(x)|, sup,ex|ra(x) — ra(x)|)
15 (%) |; 5= Supyex|va (x) — vB(x)], 55 Supex|ma ()

= G, x oy (X).€F ATy (9

= max(qAl (x1),94,(x2), - - ., gay (xn))

IA]><A2><-~~><AN(X)

and

= rAl XAy X+ XAN (‘x) 'ej'wA] Ky (X)
= Inax(rA] (xl)a VAZ(XZ), B3 VAN(XN))

) ejmax(wAl (xl),wA2 (X2) ey WAy (xN))’

FA1 XA X XAN (x)

where x = (x1,x2,..,xy) EX XX X - x X.
—_—

N

4 Distance measure and J-equalities of complex
neutrosophic sets

In this section, we introduced distance measure and other
operational properties of complex neutrosophic sets.

Definition 4.1 Let CN(X) be the collection of all com-
plex neutrosophic sets on X and A, B € CN(X). Then, A C
B if and only if T4(x) <Tg(x) such that the amplitude
terms pa(x) <pp(x) and the phase terms g, (x) < ug(x),
and I4(x)>1Ig(x) such that the amplitude terms
ga(x) > gp(x) and the phase terms v4(x) > vg(x) whereas
Fa(x) > Fg(x) such that the amplitude terms r4(x) > rg(x)
and the phase terms w4 (x) > wg(x).

Definition 4.2 Two complex neutrosophic sets A and
B are said to equal if and only if ps(x) = pp(x),
qa(x) = qp(x), and raq(x) = rp(x) for amplitude terms and
#a(x) = pp(x), va(x) = va(x), wa(x) = wp(x) for phase
terms (arguments).

Definition 4.3 A distance of complex neutrosophic sets is
a function dens:CN(X) x CN(X) — [0, 1] such that for any
A,B,C € CN(X)

0<dcns(A,B) <1,

dens(A,B) = 0 if and only if A = B,
dens (A, B) = dens(B,A),

dens(A,B) <dcns(A, C) + dens(C, B).

Let dCNsZCN(X) X CN(X) —
is defined as

=

[0, 1] be a function which

_(;)B(X)D)
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Theorem 4.4 The function dcns(A, B) defined above is a
distance function of complex neutrosophic sets on X.

Proof The proof is straightforward. O

Definition 4.5 Let A and B be two complex neutrosophic
sets on X, and Ty (x) = pa(x).¢* @), Iy (x) = ga(x).¢/" ),
Fa(x) = ra(x).ea®) and Tg(x) = pa(x).e ), Ip(x) =
gp(x).¢"%) | Fp(x) = rp(x).¢/“#¥) are their complex-val-
ued truth membership, complex-valued indeterminacy

d(st(A7 B) = max<

7. If A= (01)B and B = (0,)C, then A = (0)C, where
3 =01 * Jy.

Proof4.7 Properties 1-4, 6 can be proved easily. We only
prove 5 and 7.
5. Since A = (J,)B for all « € J, we have

max (sup,ex|pa(x) = pa(x)], up.ex|ga(x) — g5(x)], supsex|ra(x) — r5(x)]), ) <135
max (& Supex| 4 (x) = g (x)], 2 sup ey [va (x) = va(x)], & supgexloa(x) —wp(x))) / = 7

membership, and complex-valued falsity membership
functions, respectively. Then, A and B are said to be -
equal, if and only if dens(A,B) <1 — 0, where 0 <o < 1.1t
is denoted by A = (J)B.

Proposition 4.6  For complex neutrosophic sets A, B, and
C, the following holds.

A = (0)B,

A = (1)B if and only if A = B,

If A= (0)B if and only if B = (5)A,

A= (51)3 and 6, <61, then A = (52)3,

If A= (04)B, then A = (sup,c, 0,)B for all o€ J,
where J is an index set,

6. If A= (0')B and there exist a unique & such that A =
(0)B, then &' <4 for all A,B

AEE Nl

Therefore,
sup|pa(x) — pg(x)[ <1 — sup d,,
xeX ael

sup|ga(x) — gg(x)] <1 — sup dy,
xeX act

sup|ra(x) — rp(x)| <1 —supd,, and
xeX act

1
57 3UPlHa (x) = pp(x)| < 1 — sup d,
T xex aed

1
—sup|va(x) — vp(x)| <1 — supd,
27 rex aed

1
—sup|wa(x) — wp(x)| <1 — sup d,.
27 xex aet

Thus,

max (sup,ex|pa(x) — pa(x)[, sup.exlga(x) — gs(x)], sup,ex|ra(x) — rs(x))),

dens(A, B) = max

<1 —supd,
aeJ

1 1 1
max (— sup|py (x) — pp(x)|, - sup|va(x) — va(x)|, 5 sup|wa(x) — wB(X)I)
2n xeX T xeX T xex

@ Springer



1828 Neural Comput & Applic (2017) 28:1817-1834

Hence, A = (sup,; d,)B. which implies
7. Since A = (01)B, we have

max(supeexlpa(x) — P, uPrexlaa(x) — 25(5)], suprexlra (x) — ra(D)), )
dens (A, B) = max x€ e e <1-9¢
oxs (4, B) (max(ﬁsupxexmx)—u3<x>|,ﬁsupxex|m<x>—v5<x>|,ﬁsupxex|wA<x>—am(x| s1-a

which implies sup|pg(x) —pc(x)| <1 =0y,

xeX

su x) —pp(x)| <1 -0y,

Splpalx) ()l <101 suplgn() ~ g (x)| <102,

XE.

- <1-6

suplgs(x) — gs(x)| <1 = a1, sup|rp(x) — re(x)| < 1—6; and
xeX

supra () — rs(x)| <1 8 and )

xeX

1 1

1 1 S suplies () — (9] 1= 62, Lsuplun() —ve()] <10,
L Supliy () — () < 1= 81, L suplua () — va()| <1 - 5,
T xeX T xeX

2n
—sup|wp(x) — wc(x)| <1 —0,.
%sup|wA(x) —wp(x)|<1=4;. 27 xex

xeX

Now,
Also we have B = (d,)C, so

max (sup,ex|ps(x) — pe(x)|; supex|gn(x) — gc(x)]; supsex|ra(x) — re(x))),

dens (B, C) = max 1
ens(B, €) max ;nsupxexmB(x)uc<x>|,;,[supxex|v3<x>vc<x>,hsgg|w3<x>wc<x>|)

<1-0
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max (sup,ex|pa(x) —

(
max (57 SUPxex| tta () —
max (Sup,ex|pa (x

dCNs(A7C) :max( (
( ) —
max (supyex|pp(x) —
( (

pe(x)],sup,cx|qa(x)

= gc(x)]; supyex|ra(x) = re(x))), )
#e ()]s 3 5uprex|va (x) = ve(¥)], 52 Sup,ex|@a(x)
Pe(¥)|; supyexlga(x) — g (x)|, sup ex|ra(x) — rp(x)|)+

— oc(x)])

o P ()] 59Dyl () — e()]. sup.cxlra(x) — re()).
= max(supclia () = g (3] 50l () = () 5P o (3) — wn()])+
ma(J:SUP,cx 15 (x) — (). 80P () = (). supycx nn(x) — ()

<max((1 —01) +

(1=02),(1=d1) +

(1-6,)) =

(1=61)+(1=02) =1~ (31 +02—1),

From Definition 4.3, dcns(A, C) < 1. Therefore, dens
(A,C)<1—0;%d,=1—0, where § =0y * d,. Thus,
A= (9)C. O

Theorem 4.8 If A = (0)B, then c¢(A) = (0)c(B), where
c(A) and c(B) are the complement of the complex neu-
trosophic sets A and B.

Proof Since

max (sup,ey [Pe(a) (X) = Peis) (%)

1
2n
max
1
2n

dens(¢(A), ¢(B)) = max SUP ex | He(a) (X) = He(r) (%)

SUPyex ‘ Dc(A)

) SuprX|qL‘ A) .X) -

) 711 SUPyex ‘ vc

(x) = e (%)

sampled N times. Suppose that Sy (k") denote the k’th of the
I'-th signal, where 1 <k’ <N and 1 <! <L'. Now we form
the following algorithm for this application.

5.1 Algorithm

Step 1. Write the discrete Fourier transforms of the L/
signals in the form of complex neutrosophic set,

),

Ges) (%) |, Sup x| re(a) (x) = rega) (

ﬂ—wm(ﬂ)

max (supex|ra (x) = r8(x)], supyex|(1 = ga(x)) = (1 = g5(x))], supsex|pa(x) — pr(x))),
= max max(z‘nsumexl(h = 14(x)) = 27 = pg (%)), 35 5UPyex [ (27 = va(x)) — (27 — VB(X))lv)
% SUPyex| (27 — 04 (x)) — (27 — wp(x))]

max (Sup;ex|pa (¥)
= max (% SUP.ex | (%)
max | °
2

SUP,ex|wa (¥) —

wp(x)|

— P(%)], supex|qa(x)
— up(X)]; 25 Supyex|valx) — VB(X)7> =dcns(A,B) <1 -0

= qB(x)]; supyex|ra(x) — rz(x))),

S Application of complex neutrosophic set
in signal processing

The complex neutrosophic set and d-equalities of complex
neutrosophic sets are applied in signal processing appli-
cation which demonstrates to point out a particular signal
of interest out of a large number of signals that are received
by a digital receiver. This is the example which Ramot
et al. [23] discussed for complex fuzzy set. We now apply
complex neutrosophic set to this example.

Suppose that there are L' different signals,
S1(2),82(¢),...,Sp(¢). These signals have been detected
and sampled by a digital receiver and each of which is

N
l 2mj(n—1)(k' 1)

Sy(k') = (Cr, Dy, Evy)€ ® (1)

n=1
where Cy,,Dy,, Ep, are the complex-valued Fourier
coefficients of the signals and 1 <n <N.
The above sum may be written as

JEr(n=1)K ~1)+a )

Sl’ k/ Z Ul’,m Vl’.m W1r7n),e+ (2)

where Cl’ﬁn = U1/7n.€ja/'~", D[/,n = V[/ﬂn.e‘j“""’, and E[/,n =

Wy . with Uy, Vi s W, >0, and oy, are real-valued
for all n.
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The purpose of this application is to point out the ref-
erence signals R’ of the L' signals. This reference signal
R\prime has been also sampled N times (1 <n <N).

Step 2. Write the Fourier coefficient of R’ in the form of
complex neutrosophic set,

Rrn—1)K —-1)
N

1 N
Rl(k,) = N . Z (CR’,n,DR’,na ER’,n)~e
n=1

(3)

where Crg ,, Dp' n, Er ,, are the complex Fourier coefficients
of the reference signals.
The above expression can be rewritten as

JRu(n— 1)K — 1) + ag,)
N

| X
R(K) = N Z (Urins Vs Wrrn) -

n=1

(4)
where Cg, = Ug ,.€™», Dp, = Vg p.@™n, and Ep, =
WRf7n.ef°‘R’-" with Ug ,, Ve oy, Wr, >0, and og, are real-
valued for all n.

Step 3 Since the sum of truth amplitude term, indeter-
minate amplitude term, and falsity amplitude term (in the
case when they are crisp numbers, not sets) is not neces-
sarily equal to 1, the normalization is not required and we
can keep them un-normalized. But if the normalization is
needed, we can normalize the amplitude terms of Sy(k')
and R'(k"), respectively, as follows:

[7 _ Ul’.n ‘7 _ Vl’.n

Vo Uipn+Vipn+Win vt Upy+ Vig+ Wy,

~ Wy ~ Ug

W = L and U = R ,
I'n Urn+ Vl’,n + Wl/,n R';n UR"n + Ve + WR’,n
‘7 VR’,n i WR’JL

R';n B UR’,n + VR’,n + WR’,n ’ R';n B UR"n + VR’,n + WR’,n .

Step 4 Calculate the similarity/distances between the
signals R'(k’) and the signals Sy (k') as follows.

max (s.up}Up’n —Urp
dexs(Sp(K'), R'(K')) = max reX

2a(n = 1K = 1) + o)

The similarity between two signals can be measured by
this method. By this method, we can find the right signals
which have not only uncertain but also indeterminate,
inconsistent, false because when the signals are received by
a digital receiver, there is a chance for the right signals,
chance for the indeterminate signals, and the chance that
the signals are not the right one. Thus, by using a complex
neutrosophic set, we can find the correct reference signals
by taking all the chances, while the complex fuzzy set and
complex intuitionistic fuzzy set cannot find the correct
reference signals if we take all the chances because they
are not able to deal with the chance of indeterminacy.

This method can be effectively used for any application
in signal analysis in which the chance of indeterminacy is
important.

6 Drawbacks of the current methods

The complex fuzzy sets [23] are used to represents the infor-
mation with uncertainty and periodicity simultaneously. The
novelty of complex fuzzy sets appears in the phase term with
membership term (amplitude term). The main problem with
complex fuzzy set is that it can only handle the problems of
uncertainty with periodicity in the form of amplitude term
(real-valued membership function) which handle uncertainty
and an additional term called phase term to represent peri-
odicity, but the complex fuzzy set cannot deal with inconsis-
tent, incomplete, indeterminate, false etc. information which
appears in a periodic manner in our real life. For example, in
quantum mechanics, a wave particle such as an electron can be
in two different positions at the same time. Thus, the complex
fuzzy set is not able to deal with this phenomenon.

Complex intuitionistic fuzzy set [1] represents the infor-
mation involving two or more answers of type: yes, no, I do not
know, I am not sure, and so on, which is happening repeatedly
over a period of time. CIFS can represent the information on
people’s decision which happens periodically. In CIFS, the

7SUP|V1’,n - VR’,VL}) SUP|W1’,n - WR’,n’>7
xeX xeX

(2n(n = (K = 1) + 2.0)

1
max | —sup
(27T xeX N

)

B N

Step 5 In order to identify Sy as R, compare 1 —
dens(Sr, R'(K')) to a threshold o, where 1< 7/ < L/

If 1 — dens (S)(K'), R'(K')) exceeds the threshold, iden-
tify Sy as R'.

@ Springer

novelty also appears in the phase term but for both membership
and non-membership functions in some inherent concepts in
contrast to CFS which is only characterized by a membership
function. The complex fuzzy set [23] has only one additional
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phase term, but in CIFS [1], we have two additional phase
terms. This confers more range values to represent the uncer-
tainty and periodicity semantics simultaneously, and to define
the values of belongingness and non-belongingness for any
object in these complex-valued functions. The failure of the
CIFS appears in the inconsistent, incomplete, indeterminate
information which happening repeatedly.

The current research (complex fuzzy set) cannot solve this
problem because the complex fuzzy set is not able to deal with
indeterminate, incomplete, and inconsistent date which is in
periodicity. The weaknesses of complex fuzzy set are that it
deals only with uncertainty, but indeterminacy and falsity are
far away from the scope of complex fuzzy sets. Similarly, the
complex intuitionistic fuzzy set cannot handle the inconsis-
tent, indeterminate, incomplete data in periodicity simulta-
neously. Thus, both the approaches are unable to deal with
inconsistent, indeterminate, and incomplete data of periodic
nature. For example, both the methods fail to deal with the
information which is true and false at the same time or neither
true nor false at the same time.

Itis a fundamental fact that some information has not only a
certain degree of truth, but also a falsity degree as well as
indeterminacy degree that are independent from each other.
This indeterminacy exits both in a subjective and an objective
sense in a periodic nature. What should we do if we have the
following situation? For instance [16], a 20° temperature
means a cool day in summer and a warm day in winter. But if
we assume this situation as in the following manner, a 20°
temperature means cool day in summer and a warm day in
winter but neither cool nor warm day in spring. The question is
that why we ignore this situation? How we can handle it? Why
the current methods fail to handle it? We cannot ignore this
kind of situation of daily life. This phenomenon indicates that
information is not only of semantic uncertainty and period-
icity but also of semantic indeterminacy and periodicity.

7 Discussion

In the Table 1, we showed comparison of different current
approaches to complex neutrosophic sets. In the Table 1,
from 1, we mean that the corresponding method can handle
the uncertain, false, indeterminate, uncertainty with period-
icity, falsity with periodicity, and indeterminacy with peri-
odicity, while from 0, we mean the corresponding method
fails. It is clear from the Table 1 that how complex neutro-
sophic sets are dominant over all the current methods.

Consider two voting process for some attribute p. In the
first voting process, 0.4 voters say “yes,” 0.3 say “no,” and
0.3 are undecided. Similarly, in second voting process, 0.5
voters say “yes,” 0.3 say “no” and 0.2 are undecided for the
same attribute p. These two voting processes held on two
different dates.

We now apply all these mentioned methods in the
table one by one to show that which method is suitable to
describe the situation of above mentioned voting process
best and what is the failure of the rest of the methods. It is
clear that the fuzzy set cannot handle this situation because it
only represents the membership 0.4 voters while it fails to tell
about the non-membership 0.3 and indeterminate member-
ship 0.3 simultaneously in first voting process. Similar is the
situation in second voting process. Now when we apply
intuitionistic fuzzy set to both the voting process, it tells us
only about the membership 0.4 and non-membership 0.3 in
first voting process, but cannot tell anything about the 0.3
undecided voters in first process. Thus, intuitionistic fuzzy
set also fails to handle this situation. We now apply neutro-
sophic set. The neutrosophic set tells about the membership
0.4 voters, non-membership 0.3 voters, and indeterminate
membership or undecided 0.3 voters in the first round, and
similarly, it tells about the second round but neutrosophic set
cannot describe both the voting process simultaneously. By
applying complex fuzzy set to both the voting process, if we
set that the amplitude term represents the membership 0.4 in
first voting process and the phase term represents 0.5 voters
in second process which form complex-valued membership
function to represent in both the voting process for an attri-
bute p. But complex fuzzy set remains unsuccessful to
describe the non-membership and indeterminacy in both the
process. The complex intuitionistic fuzzy set only handle
complex-valued membership and complex-valued non-
membership in both the process by setting 0.4 and 0.3 as
amplitude membership and amplitude non-membership in
process one and setting 0.5 and 0.3 as phase terms in second
process. But clearly it fails to identify the indeterminacy
(undecidedness) in both the voting process. Finally, by
applying the complex neutrosophic set to both the voting
process by considering the votes in process one as amplitude
terms of membership, non-membership and indeterminate
membership, and setting the second process vote as phase
terms of membership, non-membership, and indeterminacy.
Therefore, the amplitude term of membership in first process
and the phase term in second process forms complex-valued
truth membership function. Similarly, the amplitude term of
non-membership in process one and the phase term of non-
membership in second process form complex-valued falsity
membership function. Also, the amplitude term of unde-
cidedness in first process and the phase term of indetermi-
nacy in second process form the complex-valued
indeterminate membership function. Thus, both the voting
process forms a complex neutrosophic set as whole which is
shown below:

S = {(p7 Ts(p) — 0.4.61'271(0‘5)715(/)) — 0.3.61'271(03),

Fs(p) = 0.3.67271(0.2))}
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Fig. 1 Dominancy of complex neutrosophic sets to all other current approaches

Therefore, complex neutrosophic set represent both the
situations in a single set simultaneously, whereas all the
other mentioned methods in the table are not able to handle
this situation as whole.

The graphical representation in Fig. 1 shows the domi-
nancy of the complex neutrosophic set to all other existing
methods. The highest value indicates the ability of the
approach to handle all type of uncertain, incomplete,
inconsistent, imprecise information or data in our real-life
problems. Each value on the left vertical line shows the
value of the ability of the corresponding method on the
horizontal line in the graph.

8 Conclusion

An extended form of complex fuzzy set and complex
intuitionistic fuzzy set is presented in this paper, so-called
complex neutrosophic set. Complex neutrosophic set can
handle the redundant nature of uncertainty, incomplete-
ness, indeterminacy, inconsistency, etc. A complex neu-
trosophic set is defined by a complex-valued truth
membership function, complex-valued indeterminate
membership function, and a complex-valued falsehood
membership function. Therefore, a complex-valued truth
membership function is a combination of traditional truth
membership function with the addition of an extra term.
The traditional truth membership function is called truth

@ Springer

amplitude term, and the additional term is called phase
term. Thus, in this way, the truth amplitude term represents
uncertainty and the phase term represents periodicity in the
uncertainty. Thus, a complex-valued truth membership
function represents uncertainty with periodicity as a whole.
Similarly, complex-valued indeterminate membership
function represents indeterminacy with periodicity and
complex-valued falsehood membership function represents
falsity with periodicity. Further, we presented an interpre-
tation of complex neutrosophic set and also discussed some
of the basic set theoretic properties such as complement,
union, intersection, complex neutrosophic product, Carte-
sian product in this paper. We also presented J-equalities
of complex neutrosophic set and then using these o-
equalities in the application of signal processing. Draw-
backs of the current methods are discussed and a com-
parison of all these methods to complex neutrosophic sets
was presented in this paper.

This paper is an introductory paper of complex neutro-
sophic sets, and indeed, much research is still needed for
the full comprehension of complex neutrosophic sets. The
complex neutrosophic set presented in this paper is an
entire general concept which is not limited to a specific
application.
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Appendix
Comparison of complex neutrosophic sets to fuzzy sets, intu-
itionistic fuzzy sets, neutrosophic sets, complex fuzzy sets, and
complex intuitionistic fuzzy sets is listed below (Table 1).
Table 1 Comparison of complex neutrosophic sets to the current approaches
Sets/logics Domain Co-domain  Uncertainty Falsity Indeterminacy Uncertainty Falsity with  Indeterminacy
with periodicity with periodicity
periodicity
Fuzzy sets A given Real unit 1 0 0 0 0
universe of interval
discourse
Intuitionistic A given Real unit 1 1 0 0 0
fuzzy sets universe of interval
discourse
Neutrosophic sets A given Real unit 1 1 0 0 0
universe of interval
discourse
Complex fuzzy A given Complex 1 0 1 0 0
sets universe of unit
discourse interval
Complex A given Complex 1 1 1 1 0
intuitionistic universe of unit
fuzzy sets discourse interval
Complex A given Complex 1 1 1 1 1
neutrosophic universe of unit
sets discourse interval
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