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Abstract. Recently, the notions of neutrosophic triplet and neutrosophic triplet group
are introduced by Florentin Smarandache and Mumtaz Ali. The neutrosophic triplet is
a group of three elements that satisfy certain properties with some binary operations.
The neutrosophic triplet group is completely different from the classical group in the
structural properties. In this paper, we further study neutrosophic triplet group. First,
to avoid confusion, some new symbols are introduced, and several basic properties of
neutrosophic triplet group are rigorously proved (because the original proof is flawed),
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and a result about neutrosophic triplet subgroup is revised. Second, some new proper-
ties of commutative neutrosophic triplet group are funded, and a new equivalent relation
is established. Third, based on the previous results, the following important proposi-
tions are proved: from any commutative neutrosophic triplet group, an Abel group can
be constructed; from any commutative neutrosophic triplet group, a BCI-algebra can
be constructed. Moreover, some important examples are given. Finally, by using any
neutrosophic triplet subgroup of a commutative neutrosophic triplet group, a new con-
gruence relation is established, and then the quotient structure induced by neutrosophic
triplet subgroup is constructed and the neutro-homomorphism basic theorem is proved.

Keywords: neutrosophic triplet, neutrosophic triplet group, Abel group, BCI-algebra,
neutro-homomorphism basic theorem.

1. Introduction

From a philosophical point of view, Florentin Smarandache introduced the con-
cept of a neutrosophic set (see [12, 13, 14]). The neutrosophic set theory is
applied to many scientific fields and also applied to algebraic structures (see
[1, 3, 7, 10, 11, 15, 17, 19]). Recently, Florentin Smarandache and Mumtaz Ali
in [16], for the first time, introduced the notions of neutrosophic triplet and neu-
trosophic triplet group. The neutrosophic triplet is a group of three elements
that satisfy certain properties with some binary operation. The neutrosophic
triplet group is completely different from the classical group in the structural
properties. In 2017, Florentin Smarandache has written the monograph [15]
which is present the last developments in neutrodophic theories (including neu-
trosophic triplet and neutrosophic triplet group).

In this paper, we further study neutrosophic triplet group. We discuss some
new properties of commutative neutrosophic triplet group, and investigate the
relationships among commutative neutrosophic triplet group, Abel group (that
is, commutative group) and BCI-algebra. Moreover, we establish the quotient
structure and neutro-homomorphism basic theorem.

As a guide, it is necessary to give a brief overview of the basic aspects
of BClI-algebra and related algebraic systems. In 1966, K. Iseki introduced the
concept of BCI-algebra as an algebraic counterpart of the BCI-logic (see [5, 24]).
The algebraic structures closely related to BCI algebra are BCK-algebra, BCC-
algebra, BZ-algebra, BE-algebra, and so on (see [2, 8, 20, 21, 22, 25]). As
a generalization of BCI-algebra, W. A. Dudek and Y. B. Jun [4] introduced
the notion of pseudo-BCI algebras. Moreover, pseudo-BCI algebra is also as a
generalization of pseudo-BCK algebra (which is close connection with various
non-commutative fuzzy logic formal systems, see [18, 22, 23, 24]). Recently,
some articles related filter theory of pseudo-BCI algebras are published (see
[26, 27, 28, 29]). As non-classical logic algebras, BCI-algebras are closely related
to Abel groups (see [9]); similarly, BZ-algebras (pseudo-BCI algebras) are closely
related general groups (see [20, 26]), and some results in [9, 20] will be applied
in this paper.
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2. Some basic concepts
2.1 On neutrosophic triplet group

Definition2.1 ([16]). Let N be a set together with a binary operation *. Then,
N is called a neutrosophic triplet set if for any a € N, there exist a neutral of
“a” called neut(a), different from the classical algebraic unitary element, and an
opposite of “a” called anti(a), with neut(a) and anti(a) belonging to N, such
that:

a x neut(a) = neut(a) * a = a;
a * anti(a) = anti(a) * a = neut(a).

The elements a, neut(a) and anti(a) are collectively called as neutrosophic
triplet, and we denote it by (a,neut(a),anti(a)). By neut(a), we mean neu-
tral of a and apparently, a is just the first coordinate of a neutrosophic triplet
and not a neutrosophic triplet. For the same element “a” in N, there may be
more neutrals to it neut(a) and more opposites of it anti(a).

Definition2.2 ([16]). The element b in (N, %) is the second component, denoted
as neut(-), of a neutrosophic triplet, if there exist other elements a and ¢ in N
such that a*b =bxa = a and a*c = ¢xa = b. The formed neutrosophic triplet
is (a,b,c).

Definition 2.3 ([16]). The element ¢ in (NN, *) is the third component, denoted
as anti(-), of a neutrosophic triplet, if there exist other elements a and b in N
such that a*xb =bxa = a and axc = ¢xa = b. The formed neutrosophic triplet
is (a,b,c).

Definition2.4 ([16]). Let (N, *) be a neutrosophic triplet set. Then, N is called
a neutrosophic triplet group, if the following conditions are satisfied:

(1) If (N, *) is well-defined, i.e. for any a,b € N, one has axb € N.
(2) If (N,x) is associative, i.e. (a*b)*c=ax* (bx*c) for all a,b,c € N.

Definition 2.5 ([16]). Let (N, x) be a neutrosophic triplet group. Then, N
is called a commutative neutrosophic triplet group if for all a,b € N, we have
axb=">bxa.

Definition 2.6 ([16]). Let (N, *) be a neutrosophic triplet group under *, and
let H be a subset of N. Then, H is called a neutrosophic triplet subgroup of N
if H itself is a neutrosophic triplet group with respect to *.

Remark 2.7. In order to include richer structure, the original concept of neu-
trosophic triplet is generalized to neutrosophic extended triplet by Florentin
Smarandache. A neutrosophic extended triplet is a neutrosophic triplet, de-
fined as above, but where the neutral of = (called “extended neutral”) is allowed
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to also be equal to the classical algebraic unitary element (if any). There-
fore, the restriction “different from the classical algebraic unitary element if
any” is released. As a consequence, the “extended opposite” of x, is also al-
lowed to be equal to the classical inverse element from a classical group. Thus,
a neutrosophic extended triplet is an object of the form (x,neut(x),anti(z)),
for x € N, where neut(x) € N is the extended neutral of x, which can be
equal or different from the classical algebraic unitary element if any, such that:
x * neut(x) = neut(z) * x = x, and anti(x) € N is the extended opposite of x
such that: = * anti(x) = anti(x) x © = neut(x). In this paper, “neutrosophic
triplet” means that “neutrosophic extended triplet”.

2.2 On BClI-algebras

Definition 2.8 ([5, 23]). A BCl-algebra is an algebra (X; —, 1) of type (2,0) in
which the following axioms are satisfied:

(i) (z—=y) = ((y—=2) = (r—2)=1,

(i) z >z =1,

(iii) 1 —» z ==,

(iv)ife 5 y=y—ax =1, thenz =y.

In any BCl-algebra (X;—, 1) one can define a relation < by putting x < y
if and only if x — y = 1, then < is a partial order on X.

Definition 2.9 (]9, 26]). Let (X;—,1) be a BCI-algebra. The set {z|z < 1} is
called the p-radical (or BCK-part) of X. A BCl-algebra X is called p-semisimple
if its p-radical is equal to {1}.

Proposition2.10 ([9]). Let (X;—,1) be a BCI-algebra. Then the following are
equivalent:

(i) X is p-semisimple,

(i) x =>1=1=x=1,

(iii) (x — 1) = 1=z, Vx € X,

() (x—=>1)—y=(wy—1) >z foralz,yecX.

Proposition 2.11 ([26]). Let (X;—,1) be a BCIl-algebra. Then the following
are equivalent:

(S1) X is p-semisimple,

(S2) x wy=1=x=y foralx,ycX,

(S3) (z —wy) = (z—y)=z—x foralzxyze X,

(S4) (x »y) > 1=y —x foralz,yec X,

(S5) (z = y) > (a—=b)=(r —a) = (y—Db) forall z,y,a,b € X.

Proposition 2.12 (]9, 26]). Let (X;—,1) be p-semisimple BCI-algebra; define
+ and — as follows: for all z,y € X,

x+yd§f(x—>1)%y, e

Then (X;4,—,1) is an Abel group.
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Proposition 2.13 (]9, 26]). Let (X;+,—,1) be an Abel group. Define (X;<,
—, 1), where

r—=y=—x+y, c<yifand onlyif —x+y=1, Vx,y € X.
Then, (X;<,—,1) is a BCI-algebra.

3. Some properties of neutrosophic triplet group

As mentioned earlier, for a neutrosophic triplet group (N,x*), if a € N, then
neut(a) may not be unique, and anti(a) may not be unique. Thus, the symbolic
neut(a) sometimes means one and sometimes more than one, which is ambigu-
ous. To this end, this paper introduces the following notations to distinguish:

neut(a): denote any certain one of neutral of a;

{neut(a)}: denote the set of all neutral of a.

Similarly,

anti(a): denote any certain one of opposite of a;

{anti(a)}: denote the set of all opposite of a.

Remark 3.1. In order not to cause confusion, we always assume that: (1)
for the same a, when multiple neut(a) (or anti(a)) are present in the same
expression, they are always are consistent. Of course, if they are neutral (or
opposite) of different elements, they refer to different objects (for example, in
general, neut(a) is different from neut(b)). (2) if neut(a) and anti(a) are present
in the same expression, then they are match each other.

Proposition 3.2. Let (N,*) be a neutrosophic triplet group with respect to *
and a € N. Then
neut(a) * neut(a) € {neut(a)}.

Proof. For any a € N, by Definition 2.1 we have
a xneut(a) = a, neut(a) *a = a.
From this, using associative law, we can get
a * (neut(a) * neut(a)) = (neut(a) * neut(a)) * a = a.

By Definition 2.1, it follows that (neut(a) * neut(a)) is a neutral of a. That is,
neut(a) *x neut(a) € {neut(a)}. O

Remark 3.3. This proposition is a revised version of Theorem 3.21(1) in [16].
If neut(a) is unique, then they are same. But, if neut(a) is not unique, they
are different. For example, assume {neut(a)} = {s,t}, then neut(a) denote any
one of s,t. Thus neut(a) *x neut(a) represents one of s * s, and ¢ * t. Moreover,
Proposition 3.2 means that s * s, t xt € {neut(a)} = {s,t}, that is,

SkSs=38, orsxs=1=1; txt=s, ort*xt==1¢.

And, in this case, the equation neut(a)*neut(a) = neut(a) means that sxs = s,
txt =t. So, they are different.
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Proposition 3.4. Let (N,*) be a neutrosophic triplet group with respect to
and a € N. If
neut(a) * neut(a) = neut(a).

Then

neut(a) * anti(a) € {anti(a)};
anti(a) x neut(a) € {anti(a)}.

Proof. For any a € N, by Definition 2.1 we have

a x neut(a) = neut(a) * a = a;
a x anti(a) = anti(a) * a = neut(a).

From this, using associative law, we can get

a * (neut(a) * anti(a)) = (a * neut(a)) * anti(a) = a * anti(a) = neut(a).
And,
(neut(a) * anti(a)) * a = neut(a) * (anti(a) * a) = neut(a) * neut(a) = neut(a).

By Definition 2.1, it follows that (neut(a) * anti(a)) is a opposite of a. That is,
neut(a) * anti(a) € {anti(a)}. In the same way, we can get anti(a) * neut(a) €
{anti(a)}. O

Proposition 3.5. Let (N, ) be a neutrosophic triplet group with respect to
and let a,b,c € N. Then

(1) a*xb=ax*cif and only if neut(a) x b = neut(a) * c.
(2) b*xa=cx*a if and only if b * neut(a) = ¢ *x neut(a).

Proof. Assume a xb = a * c. Then anti(a) * (a * b) = anti(a) * (a * ¢). By
associative law, we have

(anti(a) x a) x b = (anti(a) * a) * c.

Using Definition 2.1 we get neut(a) * b = neut(a) * c.
Conversely, assume neut(a) * b = neut(a) * c. Then a x (neut(a) *x b) =
a * (neut(a) * ¢). By associative law, we have

(a * neut(a)) * b = (a * neut(a)) * c.

Using Definition 2.1 we get a b = a x c. That is, (1) holds.
Similarly, we can prove that (2) holds. O

Proposition 3.6. Let (N, ) be a neutrosophic triplet group with respect to
and let a,b,c € N.

(1) If anti(a) * b = anti(a) * ¢, then neut(a) * b = neut(a) * c.
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(2) If bxanti(a) = ¢ anti(a), then b* neut(a) = c * neut(a).
Proof. Assume anti(a)*b = anti(a)*c. Then ax(anti(a)*b) = ax*(anti(a)*c).
By associative law, we have

(axanti(a)) * b= (a*anti(a)) * c.

Using Definition 2.1 we get neut(a) * b = neut(a) x c. It follows that (1) holds.
Similarly, we can prove that b % anti(a) = ¢ * anti(a) = b * neut(a) =
¢ neut(a). O

Theorem 3.7. Let (N,x*) be a neutrosophic triplet group with respect to * and
a € N. Then

neut(neut(a)) € {neut(a)}.
Proof. For any a € N, by Definition 2.1 we have

neut(a) * neut(neut(a)) = neut(a);
neut(neut(a)) * neut(a) = neut(a).

Then

a * (neut(a) * neut(neut(a))) = a % neut(a);
(neut(neut(a)) * neut(a)) * a = neut(a) * a.

By associative law and Definition 2.1, we have

a * neut(neut(a)) = a;
neut(neut(a)) * a = a.

From this, by Definition 2.1, neut(neut(a)) € {neut(a)}. O

Theorem 3.8. Let (N,x*) be a neutrosophic triplet group with respect to * and
a € N. Then

neut(anti(a)) € {neut(a)}.
Proof. For any a € N, by Definition 2.1 we have

anti(a) x neut(anti(a)) = anti(a);
neut(anti(a)) * anti(a) = anti(a).

Then

a * (anti(a) * neut(anti(a))) = a x anti(a);
(neut(anti(a)) * anti(a)) * a = anti(a) * a.

Using associative law and Definition 2.1,
neut(a) * neut(anti(a)) = neut(a);
neut(anti(a)) * neut(a) = neut(a).

It follows that axneut(anti(a)) = a, neut(anti(a))*a = a. That is, neut(anti(a)) €
{neut(a)}. O
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Theorem 3.9. Let (N,x*) be a neutrosophic triplet group with respect to * and
a € N. Then
neut(a) * anti(anti(a)) = a.

where, neut(a) € {neut(a)}, anti(a) € {anti(a)}, and neut(a) matches anti(a),
that is, a x anti(a) = anti(a) * a = neut(a).

Proof. For any a € N, by Definition 2.1 we have
anti(a) * anti(anti(a)) = neut(anti(a)).

Then

a * (anti(a) * anti(anti(a))) = a * neut(anti(a)).
(a x anti(a)) * anti(anti(a)) = a * neut(anti(a)).
neut(a) * anti(anti(a)) = a * neut(anti(a)).

On the other hand, by Theorem 3.8, neut(anti(a)) € {neut(a)}. By Definition
2.1, it follows that axneut(anti(a))=a. Therefore, neut(a)*xanti(anti(a))=a. 0O

Theorem 3.10. Let (N, ) be a neutrosophic triplet group with respect to x and
a € N. Then

anti(neut(a)) € {neut(a)}.
Proof. For any a € N, by Definition 2.1 we have

neut(a) * anti(neut(a)) = neut(neut(a));
anti(neut(a)) * neut(a) = neut(neut(a)).

Thus

a * (neut(a) * anti(neut(a))) = a * neut(neut(a));
(anti(neut(a)) * neut(a)) * a = neut(neut(a)) * a.

Applying associative law and Definition 2.1,

a x anti(neut(a)) = a * neut(neut(a));
anti(neut(a)) * a = neut(neut(a)) * a.

On the other hand, by Theorem 3.7, neut(neut(a)) € {neut(a)}. It follows that
a * neut(neut(a)) = neut(neut(a)) * a = a.

Therefore,
a * anti(neut(a))) = anti(neut(a)) * a = a.

This means that anti(neut(a)) € {neut(a)}. O

Theorem 3.11. Let (N, x) be a neutrosophic triplet group with respect to x and
a,be N. Then
neut(a x a) € {neut(a)}.
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Proof. For any a € N, by Definition 2.1 we have
(a*a) xneut(a*a) = ax*a.

From this and applying the associativity of operation * and Definition 2.1 we
get

(anti(a) * a) * a * neut(a * a) = (anti(a) * a) * a.
neut(a) * a x neut(a * a) = neut(a) * a.
a xneut(a * a) = a.

Similarly, we can prove neut(a * a) * a = a. This means that neut(a * a) €
{neut(a)}. O

Now, we note that Proposition 3.18 in [16] is not true.

Example 3.12. Consider (Zj¢, 1), where § is defined as a £ b = 3ab(mod10).
Then, (Z19, 1) is a neutrosophic triplet group under the binary operation f with
Table 1.

Table 1 Cayley table of neutrosophic triplet group (Zio,f)

1011123 [4[5|/6[7|8]9
0[{0j0j0j0|0OJ0O]JOJj0O]0O]O
1101361912581 |4]7
2/10(6|2(8|4]0|6|2|8|4
310]9|18|7|16|5(4|13]2]|1
4101214168024 ]6]8
5105050505015
6(0|8|6|412|0(8|64]2
710[1]2(3|4]|5|/6|78|9
8104|826 |0[4(8]2]6
910|714 |1|8|5(12[9]6]3

For each a € Zyp, we have neut(a) in Z19. That is,

neut(0) = 0,neut(l) = 7,neut(2) = 2, neut(3) = 7, neut(4) = 2,
neut(5) = 5, neut(6) = 2, neut(7) = 7, neut(8) = 2, neut(9) = 7.

Let H = {0,2,5,7}, then (H,t) is a neutrosophic triplet subgroup of (Z1g, ),
but

anti(5) € {1,3,5,7,9} ¢ H,
anti(0) € {0,1,2,3,4,5,6,7,8,9} ¢ H.

Therefore, Proposition 3.18 in [16] should be revised to the following form.

Proposition3.13. Let (N, *) be a neutrosophic triplet group and H be a subset
of N. Then H is a neutrosophic triplet subgroup of N if and only if the following
conditions hold:
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(1) axbe H foralla,be H.
(2) there exists neut(a) € H for all a € H.

(3) there exists anti(a) € H for alla € H.

4. New properties of commutative neutrosophic triplet group

Theorem 4.1. Let (N,) be a commutative neutrosophic triplet group with re-
spect to x and a,b € N. Then

{neut(a)} * {neut(b)} C {neut(axb)}.
Proof. For any a,b € N, by Definition 2.1 and 2.4 we have
a x neut(a) * neut(b) * b = (a * neut(a)) * (neut(b) xb) = a x b.

From this and applying the commutativity and associativity of operation * we
get

(neut(a) * neut(b)) * (a*b) = (a *b) x (neut(a) * neut(b)) = a * b.

This means that neut(a)xneut(b) € {neut(axb)}, that is, {neut(a)}*{neut(b)} C
{neut(a xb)}. O

Proposition 4.2. Let (N, ) be a commutative neutrosophic triplet group with
respect to * and H = {neut(a) | a € N}. Then H is a neutrosophic triplet
subgroup of N such that (Ya € N) neut(a) € H and unit(h) € H for any
heN.

Proof. For any hj,he € N, by the definition of H, there exists a,b € N such
that hy = neut(a), he = neut(b). Then, by Theorem 4.1 we have

hi % ha = neut(a) * neut(b) € {neut(a*b)} C H.

Moreover, applying Theorem 3.7 and 3.10,

neut(hi) = neut(neut(a)) € {neut(a)} C H.
anti(hy) = anti(neut(a)) € {neut(a)} C H.

Using Proposition 3.13 we know that H is a neutrosophic triplet subgroup of
N, and it satisfies

(Va € N) neut(a) € H,and unit(h) € H for any h € N.
O

Theorem 4.3. Let (N,*) be a commutative neutrosophic triplet group with
respect to x and a,b € N. Then

{anti(a)} * {anti(b)} C {anti(a xb)}.
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Proof. For any a,b € N, by Definition 2.1 and 2.4 we have
a x anti(a) x anti(b) x b = (a * anti(a)) * (anti(b) * b) = neut(a) * neut(b).

From this and applying the commutativity and associativity of operation * we
get

(anti(a) * anti(b))(a * b) = (a * b) x (anti(a) x anti(b)) = neut(a) * neut(b).

Applying Theorem 4.1, neut(a) * neut(b) € {neut(a * b)}. Hence, by Definition
2.1, anti(a) * anti(b) € {anti(a x b)}, that is, {anti(a)} * {anti(b)} C {anti(a *
b)}. O

Theorem 4.4. Let (N,*) be a commutative neutrosophic triplet group with
respect to . Define binary relation neyr on N as following:

Va,b € N, a Xpeyu b iff there exists anti(b) € {anti(b)}, and p,q € N, and
neut(p) € {neut(p)} such that

a * anti(b) x neut(p) € {neut(q)}.

Then eyt 18 reflexive and symmetric.

Proof. (1) For any a € N, by Proposition 3.2, neut(a) * neut(a) € {neut(a)}.
Using Definition 2.1 we get

a *x anti(a) x neut(a) = neut(a) * neut(a) € {neut(a)}.

Then, a ~peut a.
(2) Assume a Rpeqt b, then there exists p, g € N such that

(C1) a * anti(b) x neut(p) = neut(q).

where anti(b) € {anti(b)}, neut(p) € neut(p), neut(q) € {neut(q)}. Using
Theorem 3.10, anti(neut(p)) € {neut(p)}. So, we denote anti(neut(p)) = x €
{neut(p)}. Thus,

bx anti(a) * x = b* anti(a) * anti(neut(p))

= anti(a) * b * anti(neut(p)) (by Definition 2.5)
= anti(a) * (neut(b) * anti(anti(b))) * anti(neut(p)) (by Theorem 3.9)
= (anti(a) * anti(anti(b)) * anti(neut(p))) * neut(b) (by Definition 2.4and 2.5)
€ {anti(a * anti(b) x neut(p))} * neut(b) (by Theorem 4.3)
C {anti(neut(q))} * neut(b) (by the above result (C1))
C {neut(q)} * neut(b) (by Theorem 3.10)
C {neut(q+b)} (by Theorem 4.1)

This means that b ~,cu: a. O]
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Definition 4.5. Let (IV, %) be a neutrosophic triplet group. Then, N is called
a neutrosophic triplet group with condition (AN) if for all a,b € N, we have
(AN) {anti(axb)} C {anti(a)} * {anti(b)}.

Proposition 4.6. Let (N, ) be a commutative neutrosophic triplet group with
condition (AN) and a,b € N. Then

neut(a * b) € {neut(a)} * {neut(b)}.

Proof. For any a,b € N, by Definition 4.5, there exists anti(a) € {anti(a)},
anti(b) € {anti(b)} such that

anti(a x b) = anti(a) x anti(b).

Then
neut(a * b) = (a*xb) x anti(a *x b) = (a x b) * (anti(a) * anti(b))
= (a*x anti(a)) * (b* anti(b)) = neut(a) * neut(b).
This means that neut(a * b) € {neut(a)} * {neut(b)}. O

Lemma 4.7. Let (N, *) be a commutative neutrosophic triplet group with con-
dition (AN) and a,b € N. If there exists anti(b) € {anti(b)}, p,q € N,
neut(p) € {neut(p)} and neut(q) € {neut(q)} such that

a * anti(b) x neut(p) = neut(q).

Then for any x € {anti(b)}, there exists p1,q1 € N, neut(p1) € {neut(p1)} and
neut(q1) € {neut(q1)} such that

a*x x * neut(pr) = neut(q).

Proof. For any = € {anti(b)}, there exists y € {neut(b)} such that bxz =
x *b=1y. Thus, from a * anti(b) * neut(p) = neut(q) we get

a* x x (neut(b) * neut(p))

= a*x *x (anti(b) x b) x neut(p)

= (a x anti(b) * neut(p)) * (x = b)

= neut(q) *y

€ neut(q) * {neut(b)}

C {neut(qg*b)} (by Theorem 4.1)

Therefore, there exists p1,q1 € N, neut(p1) € {neut(p:1)} and neut(q;) €
{neut(q1)} such that a * x * neut(p1) = neut(qy). O

Theorem 4.8. Let (N,*) be a commutative neutrosophic triplet group with
condition (AN). Define binary relation =peu on N as following:

Va,b € N, a Rpeur b iff there exists anti(b) € {anti(b)}, p,q € N, and
neut(p) € {neut(p)} such that

a * anti(b) x neut(p) € {neut(q)}.

Then peut 95 an equivalent relation on N.
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Proof. By Theorem 4.4, we only prove that a2, is transitive. Assume that
0 Rpeyt b and b e ¢, then there exists p,q,7,s € N such that

(C1) a * anti(b) x neut(p) = neut(q).
(C2) b * anti(c) *x neut(r) = neut(s).

where anti(b) € {anti(b)}, anti(c) € {anti(c)}, neut(p) € {neut(p)}, neut(q) €
{neut(q)}, neut(r) € {neut(r)}, neut(s) € {neut(s)}. Using Theorem 3.10 and
Theorem 4.1, we have

neut(p)xneut(c)xanti(neut(s))e{neut(p) }x{neut(c) }x{neut(s)} S{neut(pxs*c)}.

Denote y = neut(p) * neut(c) * anti(neut(s)) € {neut(p x s * )}, then
a x anti(c) x y = a * anti(c) * neut(p) * neut(c) * anti(neut(s))
= a x anti(c) * neut(p) * anti(neut(s)) * neut(c) (by Definition 2.5)
= a * anti(c) * neut(p) * anti(b x anti(c) * neut(r)) * neut(c)
(by the above result (C2))
€ a *x anti(c) x neut(p) x {anti(b) x anti(anti(c)) * anti(neut(r))} * neut(c)
(by Definition 4.5)
C a * anti(c) * neut(p) x {anti(b) * ¢ x anti(neut(r))}
(by Definition 2.4, 2.5 and Theorem 3.9)
C a * neut(p) * {anti(b) x neut(r) * (anti(c) x ¢)}

(by Theorem 3.10, Definition 2.4 and 2.5)

= a x neut(p) * {anti(b) x neut(r) * neut(c)} (by Definition 2.1)

C {(a * anti(b) * neut(p)) * neut(r) * neut(c)} (by Definition 2.1)

C {neut(q1)*neut(r)*neut(c)} (by the above result (C1) and Lemma 4.7)

C {neut(q1 xr=c)} (by Theorem 4.1)
This means that a eyt C. ]

5. Commutative neutrosophic triplet group and Abel group with
BClI-algebra

Theorem 5.1. Let (N, x) be a commutative neutrosophic triplet group condition
(AN). Define binary relation ~peyt on N as Theorem 4.8. Then the following
statements are hold:

(1) a,b,c € N, a Rpeyt b = a % ¢ Rpeyr b* c.

(2) a ~peut b = neut(a) Rpeur neut(d).

(3) a =peut b = anti(a) ~peur anti(b).

(4) a,b € N, neut(a) ~peut neut(b).

Proof. (1) Assume a Rpeqye b, then there exists p,q € N such that

(C1) a * anti(b) x neut(p) = neut(q),

where anti(b) € {anti(b)}, neut(p) € {neut(p)}, neut(q) € {neut(q)}. Thus,
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(a * c) * anti(b * ¢) * neut(p)

€ (axc)*{anti(b)} x {anti(c)} * neut(p) (by Definition 4.5)
C {a * anti(b) * neut(p)} = {c * anti(c)} (by Definition 2.4 and 2.5)
= {a x anti(b) * neut(p)} * {neut(c)} (by Definition 2.1)
C {neut(q1)} * {neut(c)}(by the above result (C1) and Lemma 4.7)
C {neut(q *c)} (by Theorem 4.1)

It follows that a * ¢ ~peut b * C.
(2) Assume a ~peyr b, then there exists p,q € N such that

a * anti(b) x neut(p) = neut(q).

where anti(b) € {anti(b)}, neut(p) € {neut(p)}, neut(q) € {neut(q)}. Then,
applying Theorem 3.8 and Theorem 4.1 we have

neut(a)*xanti(neut(b))*neut(p)e{neut(a) }x{neut(b) } x{neut(p) } C{neut(axbxp)}.

This means that neut(a) ~peur neut(b).
(3) Assume a Rpeqt b, then there exists p,q € N such that

a * anti(b) x neut(p) = neut(q).

where anti(b) € {anti(b)}, neut(p) € {neut(p)}, neut(q) € {neut(q)}. Using
Theorem 3.10,

anti(neut(p)) € {neut(p)}, anti(neut(q)) € {neut(q)}.
Applying Theorem 4.3 we have

anti(a) * anti(anti(b)) * anti(neut(p)) € {anti(a * anti(b) * neut(p))}
C {anti(neut(q))} C {neut(q)}.

It follows that anti(a) ~peur anti(b).
(4) Ya,b € N, since

neut(a) * anti(neut(b)) *x neut(a)

€ neut(a) *x {neut(b)} *x neut(a) (by Theorem 3.10)
C {neut(axbxa)} (by Theorem 4.1)
This means that neut(a) ~peur neut(b). O

Theorem 5.2. Let (N,*) be a commutative neutrosophic triplet group with
condition (AN). Define binary relation ey on N as Theorem 4.8. Then the
quotient N/ &peyr is an Abel group with respect to the following operation:

v a, be N, [a]neut L4 [b]neut = [CL * b]neut-

where [a|neut s the equivalent class of a, the unit elment of (N/ neut,®) is
Lneut = [neut(a)lneut, Va € N, neut(a) € {neut(a)}.
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Proof. By Theorem 5.1 (1) ~ (3) we know that the operation “e” is well
definition. Obviously, (N/ ~peut, ®) is a commutative neutrosophic triplet group.
Moreover, by Theorem 5.1 (4) we get

Va,b € N, [neut(a)]neut = [neut(b)]neut-
Va,b € N, neut([a]peut) = neut([blneut)-

This means that neut(-) is unique. Denote
Lneut = [neut(a)|neut, ¥V a € N, neut(a) € {neut(a)}.

Then 1pey is the unit element of (N/ Xpeut, ®). Moreover, by Theorem 5.1 (3)
we get that anti([a]neyt) is unique, Va € N. Therefore, (N/ &Xpeut, ®) is an Abel
group. [

Theorem 5.3. Let (N,*) be a commutative neutrosophic triplet group with
condition (AN). Define binary relation peyt on N as Theorem 4.8. If define a
new operation “—” on the quotient N/ Rpeu as following:

Va,b € N, [a]neut = [b]neut = [a]neut ® anti([b]neut)-
Then (N/ =neut, =, Lneut) 15 a BCI-algebra, where 1peyi=[neut(a)lneut, Ya€N.
Proof. By Theorem 5.2 and Proposition 2.13 we can get the result. O
Example 5.4. Let N = {1,2,3,4,6,7,8,9}. The operation * on N is defined

as Tables 2. Then, (IV, ) is a neutrosophic triplet group with condition (AN).
For each a € N, we have neut(a) in N. That is,

neut(l) =7, neut(2) = 2, neut(3) =7, neut(4)

=9,
neut(6) = 2, neut(7) =7, neut(8) =2, neut(9) = 1.
Moreover, for each a € N, anti(a) in N. That is,

anti(1) =9, anti(2) € {2,7}, anti(3) = 3, anti(4) € {1,6},
anti(6) € {4,9}, anti(7) =7, anti(8) € {3,8}, anti(9) = 1.

Itis easy to Verify that N/ neut= {[2]neut; [1]neut7 [3]neut7 [4]neut} and (N/ neuts
e) is isomorphism to (Z4,+), where

[2]neut = {27 7}’ [Hneut = {17 6}7 [3]neut = {37 8}7 [4]neut = {47 9}
Table 2 Cayley table of neutrosophic triplet group (IV, x)

*x 112346789
11316928 |1]4]|7
216128416284
3198|7164 13|2|1
412141682 [4]6]|8
6|8|6[4]2|8|6]|4)|2
71112(3[4(6]|7]8|9
8148264826
9171418 2|9]6/|3
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Table 3 Cayley table of Abel group ((N/ ~neut,®)
o [2]neut [l]neut [3]neut [4]neut
[2]neut [Q]neut [l]neut [3]neut [4]neut
[Hneut [Hneut [g]neut [4]neut [2]neut
[3]neut [3]neut [4]neut [Q]neut [Hneut
[4]neut [4]neut [2]neut [l]neut [3]neut

Table 4 Cayley table of Abel group (Z4,+)

+10(1]3]|4
0]0]12]3
111121310
21213101
313|10(1]2

Example 5.5. Consider (Z0,f), where £ is defined as a § b = 3ab(modl0).
Then, (Z10,1) is a neutrosophic triplet group with condition (AN), the binary
operation f is defined in Table 1. For each € Zj¢, we have neut(a) in Z19. That
is,

neut(0) = 0, neut(l) =7, neut(2) =2, neut(3) =7, neut(4) =2,
neut(5) =5, neut(6) = 2, neut(7) =7, neut(8) = 2, neut(9) = 7.

Moreover, for each a € Z1g, anti(a) in Z19. That is,

anti(0) € {0,1,2,3,4,5,6,7,8,9}, anti(1) = 9, anti(2) € {2,7},
anti(3) = 3, anti(4) € {1,6}, anti(5) € {1,3,5,7,9},
anti(6) € {4,9}, anti(7) =7, anti(8) € {3,8}, anti(9) = 1.

It is easy to verify that N/ ~peut= {lneut = [Olneut} and (N/ ~peut, ®) is iso-
morphism to {1},where

[O]neut neut {0,1,2 3 4 5 6 7 8 9}

6. Quotient structure and neutro-homomorphism basic theorem

Definition 6.1 ([16]). Let (Ny,*;) and (Na,*2) be two neutrosophic triplet
groups. Let f: N1 — Ny be amapping. Then, f is called neutro-homomorphism
if for all a,b € N1, we have:

(1) flax1b) = f(a)*2 f(b);

(2) f(neut(a)) = neut(f(a));
(3) flanti(a)) = anti(f(a)).

Theorem 6.2. Let (N,*) be a commutative neutrosophic triplet group with
respect to x, H be a neutrosophic triplet subgroup of N such that (Ya € N)
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~g on N as
following:
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Va,b € N, a =g b iff there exists anti(b) € {anti(b)}, p € N, and neut(p) €
{neut(p)} such that
a * anti(b) x neut(p) € H.

Then =~y is reflerive and symmetric.

Proof. (1) For any a € N, by Proposition 3.2 and the hypothesis (neut(a) € H
for any a € N), we have

neut(a) * neut(a) € {neut(a)} C H.
By Definition 2.1 we get
a * anti(a) x neut(a) = neut(a) * neut(a) € H.

Then, a =~y a.
(2) Assume a ~p b, then there exists p € N such that

(C2) a * anti(b) x neut(p) € H.

where anti(b) € {anti(b)}, neut(p) € {neut(p)}. Moreover, by the hypothesis
(anti(a) € H for any a € H), we have

(C3) anti(a x anti(b) * neut(p)) € H.

Using Theorem 3.10, anti(neut(p)) € {neut(p)}. So, we denote anti(neut(p)) =
x € {neut(p)}. Thus,
bxanti(a) * x
= b x anti(a) * anti(neut(p))
= anti(a) * b * anti(neut

(p)) (by Definition 2.5)

= anti(a) * (neut(b) * anti(anti(b))) * anti(neut(p)) (by Theorem 3.9)

= (anti(a)*anti(anti(b))*anti(neut(p)))*xneut(b)(by Definition 2.4 and 2.5)

€ {anti(a * anti(b) x neut(p))} * neut(b) (by Theorem 4.3)
CH (by (C3), the hypothesis and Proposition 3.13 (1))
This means that b =~y a. L]

Lemma 6.3. Let (N, %) be a commutative neutrosophic triplet group with con-
dition (AN), a,b € N, and H be a neutrosophic triplet subgroup of N such
that (Ya € N) neut(a) € H and (Va € H) anti(a) € H. If there exists
anti(b) € {anti(b)}, p € N, and neut(p) € {neut(p)} such that

a * anti(b) * neut(p) € H.

Then for any x € {anti(b)}, there exists p1 € N, and neut(pi) € {neut(p1)}
such that

ax*xxneut(py) € H.
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Proof. For any x € {anti(b)}, there exists y € {neut(b)} such that bxx = x*b =
y. Since (Va € N) neut(a) € H, theny € H. Thus, from axanti(b)*neut(p) € H
we get

a* x % (neut(b) x neut(p))

= axx * (anti(b) * b) * neut(p)

= (a * anti(b) *x neut(p)) * (z * b)

= (a x anti(b * neut(p)) * y

cH (by Proposition 3.13)

O]

Theorem 6.4. Let (N,%) be a commutative neutrosophic triplet group with
condition (AN), H be a neutrosophic triplet subgroup of N such that (Va € N)
neut(a) € H and (Ya € H) anti(a) € H. Define binary relation =g on N as
following:
Va,b € N, a =g b iff there exists anti(b) € {anti(b)}, p € N, and neut(p) €
{neut(p)} such that
a * anti(b) x neut(p) € H.

Then ~g is an equivalent relation on N.

Proof. By Theorem 6.2, we only prove that ~p is transitive. Assume that
a ~pg band b = c, then there exists p,» € N and ¢,s € N such that

(C3) a * anti(b) x neut(p) = q € H.
(C4) b* anti(c) x neut(r) = s € H.

where anti(b) € {anti(b)}, anti(c) € {anti(c)}, neut(p) € {neut(p)}, neut(r) €
{neut(r)}. Using Theorem 4.1 and the hypothesis (neut(a) € H for any a € N),
we have

neut(p) * neut(s) * neut(c) € neut(p* s=*c) C H.

Denote y = neut(p) * neut(s) * neut(c) € neut(p * s * ¢), then
a* anti(c) * y
= a * anti(c) * neut(p) * neut(s) * neut(c)
= a x anti(c) * neut(p) x (s * anti(s)) * neut(c) (by Definition 2.1)
= a * anti(c) * neut(p) * s * anti(b * anti(c) * neut(r)) x neut(c)
(by the above result (C4))
€ axanti(c)xneut(p)*sx{anti(b)} *{anti(anti(c))} x{anti(neut(r))}neut(c)
(by Definition 4.5)
= a* anti(c) * neut(p) * s * {anti(b)} x ¢ x {anti(neut(r))} (by Theorem 3.9)
C a * anti(c) x neut(p) x s x {anti(b)} * ¢ x {neut(r)} (by Theorem 3.10)
C {ax* anti(b) x neut(p)} = s * (anti(c) x ¢) x {neut(r)} (by Definition 2.4 and
2.5)
C H x s x neut(c) * {neut(r)}

> =
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(by Definition 2.1, the above result (C3) and Lemma 6.3)
CH (by (C4), the hypothesis and Proposition 3.13 (1))
It follows that a ~g c. ]

Theorem 6.5. Let (N,*) be a commutative neutrosophic triplet group with
condition (AN), H be a neutrosophic triplet subgroup of N such that (Ya € N)
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~g on N as
following:
Va,b € N, a =g b iff there exists anti(b) € {anti(b)}, p € N, and neut(p) €
{neut(p)} such that
a x anti(b) x neut(p) € H.

Then the following statements are hold:
(1) a,b,c € N, ar~g b= a*xc~pgbxc.
(2) a =g b= neut(a) ~g neut(b).
(3) a =g b= anti(a) =g anti(b).

Proof. (1) Assume a ~p b, then there exists p € N such that
(C2) a x anti(b) *x neut(p) € H.

where anti(b) € {anti(b)}, neut(p) € {neut(p)}. We have
(a * c) * anti(b * c) * neut(p)

€ (axc)*x {anti(b)} x {anti(c)} * neut(p) (by Definition 4.5)
C {a * anti(b) * neut(p)} * {c * anti(c)} (by Definition 2.4 and 2.5)
= {a *x anti(b) * neut(p)} * neut(c) (by Definition 2.1)
€ H. (by (C2), the hypothesis, Lemma 6.3 and Proposition 3.13 (1))

It follows that axc~pg b*c.

(2) Assume a ~p b, then there exists p € N such that a * anti(b) x neut(p) €
H, where anti(b) € {anti(b)}, neut(p) € {neut(p)}. Applying Theorem 3.8 and
Theorem 4.1 we have

neut(a) * anti(neut(b)) * neut(p) € neut(a) * {neut(b)} * neut(p)

C {neut(axbxp)} C H. (by the hypothesis, neut(a) € H for any a € N)
It follows that neut(a) ~g neut(b).

Assume a =g b, then there exists p € N such that

a * anti(b) x neut(p) € H.

where anti(b) € {anti(b)}, neut(p) € {neut(p)}. Applying the hypothesis ((Va €
N) neut(a) € H and (Va € H) anti(a) € H) and Theorem 3.10,

anti(a x anti(b) * neut(p)) € H.
anti(neut(p)) € {neut(p)} C H.

Moreover, by Theorem 4.3 we have
anti(a) x anti(anti(b)) * anti(neut(p)) € {anti(a * anti(b) * neut(p))} C H.

Hence, anti(a) ~g anti(b). O
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Theorem 6.6. Let (N,*) be a commutative neutrosophic triplet group with
condition (AN), H be a neutrosophic triplet subgroup of N such that (Va € N)
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~g on N as
Theorem 6.5. Then the quotient N/ ~p is a commutative neutrosophic triplet
group with respect to the following operation:

Va,b e N, [a]lg o [b]lg = [a*b]y.

where [a|p is the equivalent class of a with respect to ~p. Moreover, (N,x*) is
neutron-homomorphism to (N/ =, ®) with respect to the following mapping:

f: N— N/ =pg; andVa € N, f(a) = [a]u.

[Pl

Proof. By Theorem 6.5 we know that the operation “e” is well definition.
Obviously, (N/ =, ) is a commutative neutrosophic triplet group.

[Pl

By the definitions of operation “e” and mapping f we have
Va,b€ N, f(axb)=[axbly = [a]y ®[blug = f(a)e f(D).
Moreover, by Theorem 6.5 (2) and (3) we get

Va € N, f(neut(a)) = [neut(a)|g = neut([a]g) = neut(f(a)).
Va € N, f(anti(a)) = [anti(a)|g = anti([a]g) = anti(f(a)).

Therefore, (N, *) is neutron-homomorphism to (N/ ~, ) with respect to the
mapping f. O

Theorem 6.7. Let (N,*) be a commutative neutrosophic triplet group with
condition (AN), H be a neutrosophic triplet subgroup of N such that (Ya € N)
neut(a) € H and (Va € H) anti(a) € H. Define binary relation ~g on N
as Theorem 6.5. If define a new operation “—” on the quotient N/ ~pg as
following: Ya,b € N, [alg — [blg = [a]g ® anti([b]g). Then (N/ ~g,—,1g) is
a BClIl-algebra, where 1 = [neut(a)|m, Ya € N.

Proof. By Theorem 6.7 and Proposition 2.13 we can get the result. 0

Example 6.8. Let N = {1,2,3,4,6,7,8,9}. The operation * on N is defined
as Tables 2. Then, (IV, ) is a neutrosophic triplet group with condition (AN).
We can get the following equation

neut(1) =7, neut(2) = 2, neut(3) =7, neut(4) = 2,
neut(6) = 2, neut(7) =7, neut(8) =2, neut(9) =7;
anti(1) =9, anti(2) € {2,7}, anti(3) = 3, anti(4) € {1,6},
anti(6) € {4,9}, anti(7) =7, anti(8) € {3,8}, anti(9) = 1.

Denote H = {2,3,7,8}, it is easy to verify that H is a neutrosophic triplet
subgroup of N such that (Va € N) neut(a) € H and (Va € H) anti(a) € H.
Moreover, N/ ~g= {H = 2|y, [1]u} and (N/ ~p, e) is isomorphism to (Z2, +),
where

2z =1{2,3,7,8}, [1]lg ={1,4,6,9}.
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Table 5 Cayley table of Abel group (N/ =, )

e | [2la | [Un
2lm | 2]z | a
e | Ma | 2]a

Table 6 Cayley table of Abel group (Z3,+)

+ 101
0101
17110

The following example shows that the basic theorem of neutro-homomorphism
(Theorem 6.7) is a natural and substantial generalization of the basic theorem
of group-homomorphism.

Example 6.9. Let (N, *) be a commutative group. Then, (N, x) is a neutro-
sophic triplet group with condition (AN). Obviously, if H is a subgroup of N,
then binary relation =~y on N is the relation induced by subgroup H, that is,

Va,be N, a~pgbif and only if a b~ ' € H.

Thus, (N, *) is group-homomorphism to (N/ ~p,e) = (N/H,e).

7. Conclusion

This paper is focus on neutrosophic triplet group. We proved some new proper-
ties of (commutative) neutrosophic triplet group, and constructed a new equiv-
alent relation on any commutative neutrosophic triplet group with condition
(AN). Based on these results, for the first time, we have described the inner
link between commutative neutrosophic triplet group with condition (AN) and
Abel group with BCl-algebra. Furthermore, we establish the quotient struc-
ture by neutrosophic triplet subgroup, and prove the basic theorem of neutro-
homomorphism, which is a natural and substantial generalization of the basic
theorem of group-homomorphism. Obviously, these results will play an impor-
tant role in the further study of neutrosophic triplet group.
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