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Abstract

In this paper an innovative method of ranking neutrosophic number based on the notions
of value and ambiguity of a single-valued neutrosophic number is being developed. The
method is based on the convex combination of value and ambiguity of truth-membership
function with the sum of values and ambiguities of indeterminacy-membership and falsity-
membership functions. This convex combination is also termed as an index of optimism.
The index of optimism, A = 1, is termed as optimistic decision-maker as it considers the
value and the ambiguity of the truth-membership function, ignoring the contributions from
indeterminacy-membership and falsity-membership functions. Similarly, the index of opti-
mism, 4 =0, is termed as pessimistic decision-maker as it considers the values and the
ambiguities of the indeterminacy-membership and falsity-membership functions, ignoring
the contribution from truth-membership function. Further, the index of optimism, A = 0.5,
is termed as moderate decision-maker as it considers the values and the ambiguities of
all the membership functions. The approach is a novel as it completely oath to follow the
reasonable properties of a ranking method. It is worth to mention that the current approach
consistently ranks the single-valued neutrosophic numbers as well as their corresponding
images.
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1 Introduction

Uncertainty due to vagueness is generally handled by the branch of mathematics called
fuzzy set theory developed by Zadeh (1965). In such mathematics, the parameters involved
are linguistic variables which in turn can be expressed as fuzzy numbers. There are vari-
ous generalizations of fuzzy numbers, one such generalization is intuitionistic fuzzy num-
ber (IFN) developed by Atanassov (1989, 1999, 2000) and octahedron sets developed by
Lee et al. (2020). The generalization of fuzzy number to IFN adds more information to
the latter as it incorporates non-membership or incomplete information in a fuzzy number.
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Another such generalization of fuzzy numbers, in fact IFNs are neutrosophic numbers,
which incorporates indeterminacy-membership apart from the truth-membership and the
falsity-membership functions. This generalization was initiated by Smarandache (1998,
1999, 2006). This generalization has added various development in diverse filed, namely,
graph theory (Karaaslan and Davvaz 2018) and structure theory (Edalatpanah 2020a), lin-
ear equations (Edalatpanah 2020b), etc. This generalization has been used in various fields
of decision-making, namely, Ulucay et al. (2018), Karaaslan (2018a), Giri et al. (2018),
Deli (2018), etc. Apart from these, various studies are performed by Karaaslan and Hunu
(2020), Karaaslan and Hayat (2018), Jana et al. (2020) and Karaaslan (2018b) in multi-cri-
teria group decision making problems. Also, data envelopment analysis under neutrosophic
environment are discussed by Yang et al. (2020), Edalatpanah (2020), Edalatpanah and
Smarandache (2019) and Mao et al. (2020). Neutrosophic linear programming problems
are also being discussed by Edalatpanah (2020). One of the tools in the decision-making
process is ranking or ordering of neutrosophic numbers. Single-valued neutrosophic num-
ber (SVNN) is a particular type of neutrosophic number developed by Wang et al. (2010).
In this work, an attempt to develop a robust method of ranking SVNNs will be made.

A very few works are available in ranking of SVNNSs so far. An outranking approach was
developed by Peng et al. (2014) and applied in multi-criteria decision-making problems. A
outranking approach for multi-criteria decision making problems with neutrosophic multi-
sets was discussed by Ulucay et al. (2019). Ranking of neutrosophic sets based on score
function was developed by Nancy and Garg (2016). The notions of the values and the ambi-
guities of truth-membership, indeterminacy-membership and falsity-membership functions
was developed for ranking SVNNs by Deli and Subas (2017). The ranking done on by Deli
and Subas (2017) is based on the values; and if the values are equal then the ordering is
done by ambiguities, that is, if the @ and b are SVNNs and ambiguity of @ is numerical
greater than b, then @ is ranked to be bigger than b. This ordering is completely irrational,
because the SVNN with more ambiguity should be ranked smaller. Aal et al. (2018) con-
cept of ranking SVNNSs is similar to that of Deli and Subas (2017), hence their method
retains the same drawback as that of Deli and Subas (2017). Evidently, Biswas et al. (2016)
rectified the drawbacks of Deli and Subas (2017) and Aal et al. (2018), however in some
situations their method fails to rank consistently the corresponding images of the SVNNS.
Further, none of the existing method investigated the rationality validation of the methods
developed. Intuitively, the existing methods of ranking SVNNs lacks rationality validation.
As such these methods are not rich enough to be applied in the decision-making prob-
lems. Further, it has been observed that the ranking of SVNNS is in a very premature stage.
Motivated by the chronology of the ranking method of SVNNS, it is being observed that a
robust method of ranking SVNNs is unavailable. Hence, it is essential to develop a robust
and logical methodology of ranking SVNNs for an appropriate decision-making process.
In this work, such an attempt will be made to develop a rational and consistent method of
ranking SVNNs. It was seen that the existing methods never investigated the ordering of
the images of SVNNs. Hence, one objective is to see the consistency in ranking SVNNs
with their corresponding images. Further, another objective is to check the robustness of
the method by proving the reasonable properties of Wang and Kerre (2001a, 2001b).

The next section discusses various definitions and notations of SVNNs, which will be
utilized in discussing the method and its properties. In Sect. 3, the definitions and notions
of value and ambiguity of a SVNN are being discussed; and also the proposed method
along with its properties are being discussed. In Sect. 4, the method is demonstrated
through some numerical examples and compared with some existing methods. Finally, in
Sect. 5 conclusions are made and the main features are highlighted.
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2 Preliminaries

In this section, a few definitions and notations are being discussed. This discussion will
further help in the discussion of the proposed method.

Definition 2.1 A SVNN @ = (u;, p;, v5) in the set of real numbers R with truth-member-
ship function g, indeterminacy-membership function p; and falsity-membership function
v; is defined as

Sa(0), ifa; <x < xg

_1 L ifx, Sx <y,
Hal¥) = 8x(%), if yo; <x < by @
0, otherwise,
L;(x), ifay <x<xy,
_J0 if Xp0 < X < ¥po
palx) = mz(x), if yo, <x < b, @
1, otherwise,
and
hy(x), if a3 <x < x5
_10, ifxgs Sx <y,
Vi =9 k), if yos < x < by &)
1, otherwise,

respectively, where 0 < pz(x) + pz(x) + vz(x) <3 and  a;,xy;,Y0;,b; € R such that
a; < xg; £ yo; < b, i=1,2,3, and the functions f;, gz, bz, mg, by, k; © R — [0, 1] are legs
of truth-membership function 4, indeterminacy-membership function p; and falsity-mem-
bership function v;. The functions f;, [; and k; are non-decreasing continuous functions
and the functions h;, m; and g; are non-increasing continuous functions. Hence, the SVNN

can also be denoted by a@ = ((ay,X0.1>Y0.1-b1)» (@3, X 25 Y020 02), (a3, X0 3, Y0 35 D3))-

Definition 2.2 Let @ = ((a;, %y, Y01 P1)- (@3, X2, Yo.2- P2)s (@3, X 3, Yo 3. D3)) be a trapezoi-
dal SVNN where the real numbers are such that a; < xy; < y; < b;,i = 1,2, 3. Then truth-
membership function, indeterminacy-membership function and falsity-membership func-
tion are defined as

X—a, .
—L ifa, <x<x
P 1 0.1
H=(x) = 113 i, <<y, 4)
—(x) = .
¢ o Yo Sx < b
17 Yo,1 ]
0, otherwise,
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X—Xpo .
—2 ifa, <x <L x
ay—=Xp2 2 02
0, ifxy, <x<y
pz(X) =19 -y, . 02 0.2 5)
o Y <x < by
b=y, ’
1, otherwise,
and
X=Xp3 .
— ifa, <x<x
a3—Xo3 3 0.3
0, ifxy;, <x<y
i) =9 o o ® 03 (6)
5o i yos Sx < by
b3=yo3 ’
1, otherwise,

respectively, where 0 < pz(x) + p;(x) + vz(x) < 3.

As like IFN, the cut sets of SVNN can also be defined for truth-membership, indeter-
minacy-membership and falsity-membership functions. These definitions are being thor-
oughly discussed by Deli and Subas (2017). These definitions are being adopted in this
study.

A{a,y, B)-cut set, of a SVNN 4, is a crisp subset of R, which is defined as

Taypy = (X110 2 @, p3(0) < 7, vz(0) < )

where 0 < a +y + f < 3, p5, p; and v; are truth-membership, indeterminacy-membership
and falsity-membership functions of @ respectively.

A a-cut set is a crisp subset of R, which is defined as @, = {x|uz(x) > a} where
0 < a < 1. Further, @, represents a closed interval, denoted by a, = [L%‘(a),R%’(a)]. Now,
for the truth-membership function defined in Eq. 4, the a-cut set is defined as

a, = [Li(@), Re(@)] = [a; + a(xy, —a)), by — ab; = y,,)]. 7)

A y-cut set is also a crisp subset of R, which is defined as Ziy = {x|pz(x) <y}, where
0 <y < 1. Further, Ey represents a closed interval, denoted by 5}, = [Lg(y), Rg(y)]. Also, for

the falsity-membership function defined in Eq. 5, the y-cut set is defined as
a, = [LL), R = [x02 + Blay = X02), Yo + B(by = ¥p,)|- (8)

A f-cut set is again a crisp subset of R, which is defined as Eﬂ = {x|v;(x) < p}, where
0 < g < 1. Further, Eﬂ represents a closed interval, denoted by Eﬂ = [Lg(ﬁ),Rg(ﬁ)]. Also,
for the falsity-membership function defined in Eq. 6, the f-cut set is defined as

g = [LUP) RUP)| = [x03 + Blas = xo3), Y05 + B(bs = ¥y3)|- )

Another notion that are necessary for the discussion is the notions of the support of
a SVNN. As a SVNN requires three types of functions to represent it. Hence, for each
of these functions, the support can be defined. The supports of truth-membership, inde-
terminacy-membership and falsity-membership functions are denoted and defined as
supp(uz) = {x|pz(x) > 0}, supp(p;) = {x|pz(x) < 1} and supp(vy) = {x|vz(x) < 1} respec-
tively. Further, the following notations will be used in the further discussion, that is,
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LE(0) = inf supp(uz), R5(0) = sup supp(uz),  LZ(1) = inf supp(p), RZ(1) = sup supp(py),
Lg(l) = inf supp(v;) and Rg(l) = sup supp(vy).
Let @ = {uz, p;, vz) be a SVNN, then the image of @ is given by —d = {5, p_z, V_z

Thus, if @, = [L%(a). Ri(a)]. @, [L(y) RX(y)] and @ Q= [LV(/J) RY(B)| be the cut sets
of @, then the cut set of —a are —a, [—R”(a) L), —a, = [-Ri(y), —L2(y)] and

—aﬂz[ RA(P),—LAUP)|. A SVNN @ is symmetric ‘about y-ax1s if —L”(a) Ri(a),
—Liy) = Rz(y)and —LA(B) = RA(P).

2.1 Arithmetic of SVNNs

The arithmetic operations of IFNs was extensively studied by Chakraborty et al. (2015) using
different methodology, namely, (a, f)-cut method, vertex method and extension principle
method. As SVNN is an extension of IFN, these methodology of arithmetic of IFNs can be
extended to arithmetic of SVNNs. The arithmetic of SVNNs are also discussed by Biswas
et al. (2016) and Deli and Subas (2017) using the (a, y, ff)-cut sets method. In this study, the
arithmetic of SVNNs by the (a,y7,f)cut sets method is adopted. Let
a = ((ay, X 1.Yo.1>b1): (@2:X02: Yo 20 b2): (3. %0 3. 0 3. 03)) and
b = {(py,my 1, My 15q1), (P2, M 25 Mg 2> G2)» (P35 Mg 3, M 35 93)) be two SVNNG. Let the a-cut, y
-cut and f-cut sets of truth-membership, indeterminacy-membership and falsity-membership
functions of @ and b be @, = [Li(a), RE()), @, = [L2(y), Riy)land Gy = [LU(B), R(p)], and
b [L” (), RN(a)], b [L;(y), R;(y)] and by = [L}V)(ﬁ), R%(ﬂ)] respectively. Then the arith-
metic operatlons addltlon subtraction and scalar multiplication are defined as

[@+ b,
= [LE(a) + LE(a), RE(@) + RE)), [@ + D], = [LL(y) + L2, Ry + R,
[@+Bly = [LUB) + LUB), RYUB) + RAP);
la - b],
= [L3(@) = R (a), R(a) — R ()], [a — bl, = [L2y) - R, R(y) = L)),
[@—bl, = [LYP) - R(P), R(P) = L:(P)];
and
[ALL(a), ARE(@)], if A >0, [ [ALUP). ARYP)|. if >0,
(e { iR (@), (@), if 4 < 0, 144 = { [ARAB). ALAP)]. if 4 <0,
[ALL(B), ARY(P)], if A > 0,
[4al; = { [4RX(B), ALAB)]. if 2 <0,

respectively. Eventually, these arithmetic operations on the («, y, f)-cut are calculated to
obtain the following expressions.

a+b
= {(a; +py, X1 +mg 1. Y01 + 191,01 + qy),

(a + pa, X + M2, Yoo + o2, by + G5)s
(a3 + p3.Xo3 + Mg 3, Y03 + 193, b3 + q3)),

(10)
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a-b
=((a; - q1-%0,1 — No,1-Y0,1 — mO,l’bl =D
(ay = G2, X0 — M2, Y02 — Mo 2s by — Pa),

(a3 = g3, %03 — Mg 3. Y03 — Mo 3, b3 - D3))s

an

ra

- { ((Aay, Axg 1, AYo,15 Aby), (A, AX0 5, Ao 2, Aby), (Ads, AXg 3, AYg 35 AD3)), if 4> 0,

T\ {(Aby, Aygs Axgps Aay), (Aby, Ayg o, AXg o, Ady), (Abs, Ay 3, AXg 3, Aaz)), if 4 <0,
12)

The collection of the SVNNs that follows the above defined arithmetic operations with

bounded supports and convex are denoted by the set NF. The collection of SVNNs means

Single-valued Neutrosophic Triangular Number, Single-valued Neutrosophic Trapezoidal

Numbers, Single-valued Neutrosophic Polygonal Numbers, etc.

3 The proposed method of ranking SVNN

The notions of value and ambiguity are enormously discussed in various methodol-
ogy of ranking fuzzy numbers by Chutia (2017) and Chutia and Chutia (2017). Further,
these quantities are also used in ranking IFNs by Chutia and Saikia (2018), and in rank-
ing Z-numbers by Chutia (2020). Although there are various notions of capturing informa-
tion which are being used in ranking methodologies, yet these two notions are reliable and
robust. Hence, these notions are being used in the current methodology of ranking SVNNS.
Thus, to move toward the development of the methodology, the following subsection will
discuss the notions of value and ambiguity of a SVNN.

3.1 Definitions and notions essential for the discussion

In this subsection, the main definition that the proposed method of ranking SVNNs oath to
stand is being discussed. Further, a few properties are also being discussed.

Definition 3.1 Let @ € NF and truth-membership function be w;(x), indeterminacy-
membership function be p;(x) and falsity-membership function be v;(x) as defined in
Definition 2.1. Let a, = [LNZ(a),Rg(a)] be the a-cut sets of truth-membership func-
tion, Ey = [Lg(y),Rg(y)] be the y-cut sets of indeterminacy-membership function and
Eﬁ = [Lg(ﬁ), Rg(ﬁ)] be the f-cut sets of falsity-membership function of @. Then, the quanti-
ties values and ambiguities of truth-membership, indeterminacy-membership and falsity-
membership functions are denoted as V(uz), V(pz), V(v;) and A(1), A(pz), A(v;), respec-
tively. Then, these quantities are defined as

Viuz) = fy (REG) + LA (rydr,
V(o) = [, (RA(r) + LE(r)g(rdr (13)
V() = Jy (RU) + LA)g(r)dr,
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Az) = [ RE() = LEE)f(rdr,
Ap) = [ RUr) = LA)g(rdr, (14)
AWv) = [y (RU) = Li(r)g(r)dr,

where, the function f(«) is non- negatlve and non-decreasing function on the interval [0, 1]
with f(0) =0, f(1) =1 and fo fla)da = 5 the function g(p) is a non negatlve and non-
increasing function on the interval [0, 1] with g(1) = 0, g(0) = 1 and /0 g(pdp =

Let @ = ((a;, %015 Y015 01): (3, X2, Y0.2- b2): (@3, X0 3, 0.3, b3)) be a trapezoidal SVNN
defined in Definition 2.2. Let truth-membership, indeterminacy-membership and falsity-member-
ship functions denoted as p;(x), pz(x) and v;(x) as given in Eqgs. 4, 5 and 6 , respectively. Let
-cut, y-cut and f-cut sets of the truth-membership, the indeterminacy-membership and the falsity-
membership functions of @ be given by Egs. 7, 8 and 9 , respectively. Choosing f(a) and g(f)
as f(a) = a and g(B) = 1 — p, respectively. Then, values and ambiguities of truth-membership
function, indeterminacy-membership function, falsity-membership function are V(u), V(pz),
W(vz) and A(uz), A(p;), A(v) of @ can be derived using the definitions of values and ambiguities
defined in the Definition 3.1 as

V(Ma)— [a1+2(x01+y01)+b 1
3 Vo) = clay + 2(xg, + yo2) + by, (15)
V(Va’) = 6[613 + 2()(0,3 + y0,3) + b3]’

and
Alug) = é[b1 + 20,1 — *0,1) — 1],
3 Alpp) = -[by + 2092 — Xp2) — a5, (16)
Ava) = ¢[bs + 2003 — Xo3) — a3],
respectively.

Now, a few properties of the quantities values and ambiguities of truth-membership, indeter-
minacy-membership and falsity-membership functions are being discussed through a few proposi-
tions which will be essential for further discussion about the proposed methodology. The above
Definition 3.1 of the values and the ambiguities are the basic definitions based on which the pro-
posed method of ranking SVNNS is being formulated.

Proposition 3.1 Ler a € NF. Then the inequalities sup supp(uz) > V(pz) > inf supp(p)
, sup supp(pz) > W(p;) > inf supp(u;) and sup supp(v;) > W(v;) > infsupp(vy) hold, that is,
the value of truth-membership function lies in the support of truth-membership function, the value
of indeterminacy-membership function lies in the support of indeterminacy-membership function
and the value of falsity-membership function lies in the support of the falsity-membership function.
Proof Let a € NF and a, = [L”(a) R” ()] be the a-cut sets of truth-membership
function, « [L(y) R’ (y)] be the y -cut sets of indeterminacy-membership func-
tion and a 5= [LE(,B) RH(,B)] be the f-cut sets of falsity-membership function. It is
true  that [LE(a), RE(@)] C supp(uz) = [L£(0), RE(0)).  Therefore, it follows that
RS(O) > Rg(a) > Lg(a) > Lg (0), which implies that
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RE0) > %[Lg(a) +Ri(@)] > L£(0)
1 1 1
or, R4(0) / f(rydr > % / (LE(a) + RE (o) )f (r)dr = L£(0) / f(rydr.
0 0 0

Thus, it implies that sup supp(pz) > V(uz) > infsupp(uy). Simi-
larly, [LN(;/) R”(y)] C supp(p;) = [L”(l) R"(l)] Then, it follows that
R”(l) > R”(y) >/ 2() 2 L”(l) which 1mphes that

R > 2 [L20) + RG] = L)
1 1 1
or, R2(1) / g0)dr > 3 / (L2(r) + RUp)) g(dr > LL(1) / g(rdr.
0 0 0

Thus, it implies that sup supp(pz) = W(p;) > infsupp(p;). Simi-
larly,  [LY(B).RUA) C supp(v;) = [LU1).RYD].  So, it follows that
R%(l) > R,;(ﬁ) > Lg(ﬁ) > Lg(l), which implies that

R > S[L2P) + R(P)] = LD
1 1 1
or, RY(1) / sdr> 3 / (LYB) + RUB) g(rdr = L) / ¢(rydr.
0 0 0

Hence, it implies that sup supp(v;) > W(v;) > inf supp(v;). O

Proposition 3.2 Let @,b € NF. Then
WHz,5) = Vig) + V), Wpz3) = Vpg) + Vpp), V(vg,3) = Vvz) + V()
and
Wz ) = Vuz) = Vug), Vpg_g) = Vpa) = Vpp), v;3) = Wvz) = U(vp).
Proof Let @b € NF, G, = [L4(@), Re(@)] and b, = [L£(a), R(@)] be the a-cut sets of

truth-membership functions of @ and b respectively, @, = [LN(;/) R? “(v)] and

b [L” (y), R’ (y)] be the y-cut sets of indeterminacy-membership functlons of @ and b
respectlvely, al, = [L(,B) RN(,B)] and bﬂ = [LN(,B) RN(,B)] be the f-cut sets of falsity-mem-
bership functions of @ and b, respectively. Then it follows that
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1
Vit ) = / SOV (RAG) + REG) + (L) + L2 | dr
0

1 1
= / JOREr) + LE(r)dr + / (R (r) + L(r)dr
0 0
=Wuz) + Wup),

1
Vps) = / 80| (RE + ) + (L) + L2 | dr
0

= / QR + L2+ / 1 SR + L2 )dr
o)+ Viop) 0
W) = /0 e |RY) + R + (L300 + L) | ar

= / QR + L2+ / GOR) + L

o+ V). 0
Similarly, it can proved that the equalities W(u; 3) = V(uz) — Vi),
Wp_3) = Vips) — V(p) and V(v=_5) = W(vy) — V(v;) hold. O
Proposition 3.3 Let @, b € NF. Then

Altz,5) = Aig) + AGtp). Alpsy) = Ap) + App). Avay) = Alvg) + AG)

and

Alpz_p) = Aluz) + Alpp), Alpg_) = Alpa) + Alpp), Alvz_p) = Alva) + A(vp).

Proof Let a@,b € NF, G, = [L4(@), Re(@)] and b, = [L£(a), R(@)] be the a-cut sets of
truth-membership ~ functions of @ and b, respectively, a, = [L” (y),R? ()] and
b [L" (y), R’ (y)] be the y-cut sets of mdetermmacy membershlp functlons of a and b

respectlvely and ag = [L(ﬁ) RN(ﬁ)] and bﬂ = [L(ﬁ) Rw(ﬁ)] be the f-cut sets of falsity-
membership functions of @ and b, respectively. Then it follows that
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1
Al ) = / SOV RUG) + REG) = (L) + L2 | dr
0

1 1
= / JRE(r) = LE(r)dr + / g(r)(Rg(r)—L’;‘(r))dr
0 0
=A(uz) + Alpz),

1
Alpz3) = / 80| (RE + RAr) = (L) + L2 | dr
0

1

1
= / g((RL(r) = LE(r))dr + / g(r)(Rg(r)—Lg(r))dr
0 0
=A(p;) + Alpp)

1
A5 = / 80| (RA) + RAr) = (L) + L) | dr
0

1 1

= / 8(N(R(r) — Ly(r))dr + / 8((RAr) = L(r)dr
0 0

=A(vy) + A(vp).

Similarly, it can proved that the equalities A(u; 3) = A(uy) + Ay,
Alp;_3) = Alpz) + A(pg) and A(v;_3) = A(vz) + A(v;) hold. O

Proposition 3.4 Let @ € NF, k€ R — {0} be any real number. Then the values and
the ambiguities of truth-membership, indeterminacy-membership and falsity-member-
ship functions hold the following equalities, that is, V() = kKV(pz), V(piz) = kV(p3),
V(i) = kWV(v;) and

[ kA(uy) ifk>0
Alz) = { —kA(u) ifk<0°

_ [ kA ifk>0
Alva) = { —kA(vy) itk <0

_ [ kA ifk>0
Alva) = { —kA(vy) itk <0

Proof Let a € NF and G, = [Lg(a),R’E‘(a)] be the a-cut sets of truth-membership
function, Ey = [Lg(y),Rg(y)] be the y-cut sets of indeterminacy-membership func-
tion and Eﬂ = [Lg(ﬂ),R(Xl(ﬂ)] be the f-cut sets of falsity-membership function. Now,
for k(> 0) € R — {0} it follows immediately from the Definition 3.1 and the defini-
tion of scalar multiplication that V(p3) = kV(uz), V(piz) = kWV(p3), V(viz) = kKW(v;) and
Alpz) = kA(uy), Alpiy) = kA(p;), A(vig) = kA(vy). Let k< 0. Assume k=—-m <0
Then it follows the Definition 3.1 and the definition of scalar multiplication that
W(U_pz) = —mW(uz), Vp_p) = —mA(pz), V(V_,z) = —mW(v;) and A(u_,z) = mA(uz),
Alp_,z) = mA(pz), A(v_,z) = mA(v;). Hence, the proposition holds. m|

Proposition 3.5 Let a € NF, —a€NF be its image. Then V(u_;) = —WV(uz),
V(P_a) = —V(Pa), V(V_a) = —V(Va) and A(M_a) = A(Ma), A(P_a) = A(Pa)y A(V_a) = A(Va)-
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Proof The proof is very trivial, as this proposition is a particular case of the above Proposi-
tion 3.4. Thus, the proof follows immediately taking k = —1in its proof. O

Proposition 3.6 Let a.beNF, such that inf supp(uz) > sup supp(u),

infsupp(p;) > supsupp(p;) and infsupp(v;) > supsupp(v;), then V(uz) > V()
W(pz) > Wpp) and V(v;) > W(vg), respectively.

Proof Let @.b € N, G, = [Li(a). Ri(@)] and B, = [L%(a). RE(a)] be the a-cut sets of
truth-membership functions of @ and b, respectively, @, = [L” (y), R’ ()] and
b [L” (y),R? (7)] be the y-cut sets of mdetermmacy membershlp functlons of a and b
respectlvely and ag = [L(ﬂ) RN(ﬂ)] and bﬁ = [L(ﬂ) Rw(ﬁ)] be the f-cut sets of falsity-
membership functions of @ and b, respectlvely Now if infsupp(u;) > sup supp(u;),
inf supp(p;) > supsupp(p;) and infsupp(v;) > supsupp(v;), then Lg(a) > R’Z‘((x),
Lg(y) > Rg(y)and Li(a) > R%(a). Thus, it implies that R’E‘(a) > L’E’(a) > R’Z’(a) > L’Z’(a),
RY(y) > L) > Ro(y) 2 L2(y) and RY(B) > L(B) > RL(B) > LU(B). So, it follows immedi-
ately that

Rg(a) + L’Z'(a) > R’E’(a) + L%(a)

1 1 17
or, / FORE) + Li(r)dr > / JRE(r) + L (r)dr an
0 0

RA() + Li(r) > R(v) + L)

1 1 18
or, / g((R(r) + Li(r)dr > / gNR(r) + LI (r)dr 4
0 0

and
RYB) + L) > R(P) + LU(P)
1 1 (19)
or, / g(N(RX(r) + Li(r))dr > / 8(NR(r) + L(r)dr
0 0
Hence, from the inequalities 17, 18 and 19 , the result follows immediately. O

Proposition 3.7 If @ € NF be a SVNN such that it is symmetric about the y-axis, then
V(uz) = 0, V(pz) = 0 and V(v;) = 0.

Proof Let @ € NF and @, = [LL(a), R;(a)] be the a-cut sets of truth-membership func-
tion, Zy = [Lg(g/),Rg(y)] be the y-cut sets of indeterminacy-membership function and
Eﬂ = [Lg(ﬁ),R%(ﬁ)] be the B-cut sets of falsity-membership function. Since, @ is symmet-
ric about the y-axis, it follows that —L:;(a) = Rg(a), —Lg(y) = Rg(y) and —LX(f) = RUP).

Then, it is evident that V(u;) = 0, V(p;) = 0and V(v;) =0

Proposition 3.8 For an arbitrary SVNN a@ € NF, A(uz) > 0, A(p;) > 0 and A(v;) > 0.
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Proof Let a € NF. Then the a-cut sets, y-cut sets and the p-cut sets of truth-membership,
indeterminacy membership and falsity-membership functions of @ be d, = [L" (@), R“ ()],

[L”(y) R”(y)] and  dy = [LYUP), RUP)], respectively. ~As R”(a) L”(a) >0,
R”(y) - L~(y) >0 and RY(a) - L~(a) > O it follows that [3 f(r)(R”(r) LN(r))dr >0,
Jo g®R) = L2r)dr =0 and [ g(I(RYU) — Lir)dr 2 0. Hence, ‘the result
A(pz) > 0 A(pa) > 0and A(vy) > 0. a

3.2 The proposed method

Let @,b € NF, @ [L(a) R" (a)] and b [L“ (), R” (a)] be the a-cut sets of truth-
membership functlons of @ and b respectlvely, [L(y) R (y)] and b =[L2 (y) R (y)]
be the y-cut sets of indeterminacy- membershlp functions of @ and b, respectlvely,
aﬁ = [LA(P), RAP)] and bﬂ [LE(/}),R%(ﬂ)] be the f-cut sets of falsity-membership func-
tions of @ and Z respectively. Let, V(uz;), V(p;), V(v;) and V(uz), V(pg), V(v;) be the values
of truth-membership, indeterminacy-membership and falsity-membership functions of a
and b, respectively; and A(uz), A(pz), A(v;) and A(uz), A(pp), A(v;) be the ambiguities of
truth-membership, indeterminacy-membership, falsity-membership functions of @ and b,
respectively. Let A € [0, 1] be the index of optimism. Then the ranking index R is defined
as

R,(@,0,,0,,05) = AV (uz) + 0, A(uz) } + (1 = Do) + 0, A(pz) + W(vi) + 03 A(v) }
(20)
where 0,,0,,0, : NF — {0,—1, 1} are the ambiguity inclusion function of truth-member-
ship, indeterminacy-membership, falsity-membership functions such that

0, if V(uz) # V()
0, ={ —1. it V(uz) = V() and 1, >0
1, if Wuz) = Vuz) and 1, < 0

0, it W(pz) # Vpp)
0, = —1. if V(p;) = V(pp) and 1, > 0
1, if V(pz) = V(pp) and 1, <0

0, if V(vy) # W(vp)
0; =14 —1, if W(v;) = W(v;) and o, >0
I, if V(v;) = W(v;) and ty, < 0

where 1, = %[L%’(O) +R§(0)] = —[L~(0) +R”(O)] and 1y = %[Lg(l) +R§(1)] or
= %[LZ(I) +be1(1)] and zy, = —[LV(1)+R~(1)] or tg = —[L£(1)+R,]§(1)].
The ordering of SVNNS, @, b € N}' based on the ranking index R, for 0 < A < 1l is
defined by relations >, < and ~ as;
e a> E if, and only if, R, (@, 6, 6,, 05) > RA(E’ 0,,0,,05);
< bif, and only if, R,(d@, 0,,60,,05) < R;(b,0,,6,,05);
~ b if, and only if, R (@, 6,,0,,0;) = R ,(,0,,0,, 05).

Q2

The order relations > and < are formulated as
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Elf, and only if, @ >E ora ~E.
b if

e U
a if, and only if, @ < b or @ ~ b.

z
e ax
The index of optimism A(0 < A < 1) represents the decision-maker’s attitude towards
the uncertainty. An optimistic decision-maker (4 = 1) ranks the SVNNs based on truth-
membership function without taking into account of indeterminacy-membership and
falsity-membership functions. A pessimistic decision-maker (4 = 0) ranks the SVNNs
based on indeterminacy-membership and falsity-membership functions without tak-
ing into account of the truth-membership function. Finally, moderate decision-maker
(4 = 0.5) ranks the SVNNs taking into account of all the membership functions. Further,
the 0,’s take care of the ranking index by deciding whether and how to include the ambi-
guities into the ranking index. If values are unequal, then the decision is based on val-
ues, in which case, §; = 0. If values are equal, then the decision is based on ambiguities,
in which case, §; = +1 depending upon positivity or negativity of #,’s
Next theorem discusses the linearity property of the ranking index R ;- This linear-
ity property will be further helpful in discussing the properties of the current method of
ordering SVNNS.

Theorem 3.1 Let G@,b € NF. Then
R,@+D,0,,0,,0;) = R,(@6,,0,,605) + R,(b,6,,6,,05).
Hence, it follows that
R,@—b,0,,0,,0,) = R,@6,,0,,05) + R,(—b,6,,0,,05).
Proof Let @, b € NF. Then it follows from the Propositions 3.2 and 3.3 that
Wpz,3) = Vi) + V(ug), Wpz,5) = Vew) + V), Vv = V) + W(v)  (21)
and

Alpz,p) = Alug) + Alpp), Alpgy) = Alpa) + Alpp), Alvg,p) = Alva) + A(vp).
(22)

Thus, the results follows as

R,@+D,0,,6,,03) =A{V(uz,3) + 0, Alz,3))
+ (1 = H{Wpz,3) + 0, Ap5,5) + Vvp) + 03 A, 5) )

So, using the Eqgs. 21 and 22 in the above equality, it can be derived easily that
R,I(N+b 0,,0,,05) = R,(@, 91,01,03)+R/1(b 0,.0,,05). Eventually, it is true that
R,(@-0b,60,,0,,0,) =R,@+(=b),0,,0,,05) = R,(@,0,,0,,05) + R,(— -b, 0,,0,,0;).

O

Next a few theorems are being discussed. Eventually, from these discussion it will be
evident that the current ranking index abide by the reasonable properties of Wang and
Kerre (2001a, 2001b). Further, these theorems will give some light to newer properties
of ranking fuzzy numbers as well as SVNNs.
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Theorem 3.2 Let 4, N,?E NF. Then the order relations > and ~ satisfy the following
properties:

[

The order relation is reflexive, that is, d > d. _ _

2. The order relation is transitive, that is, if a > b and b > ¢, then @ > ¢. The same holds
for the order relation >. -~

3. The order relation follows the law of trichotomy, that is, A>borb>a.

4. d=bifandonlyifd ~ b.

The detailed proof of this theorem is available in Appendix A.1. This theorem estab-
lishes the reflexivity, transivity and the trichotomy properties of the current method.

Theorem 3.3 Let a‘,Z € NF and inf supp(z) > sup supp(z), inf supp(p;) > sup supp(p;)
and inf supp(v;) > sup supp(v;). Then d > b.

Proof Let, inf supp(u;) > sup supp(4;), inf supp(p;) > sup supp(pz) and
inf supp(v;) > sup supp(v;). Then by the Propositions 3.1 and 3.6 , it is evident that
W) > V(pz), Wp) > V(pp) and W(v;) > W(v;). Thus, 6, =0, which implies that
R,(@,0,0,0) > R,(b,0,0,0). So, it follows that @ > b, in fact by definition of >, d@ > b.

O

Theorem 3.4 Let E,Z € NF and inf supp(gz) > sup supp(u;), inf supp(pz) > sup supp(p;)
and inf supp(v;) > sup supp(v;). Then d > b.

Proof Let, inf supp(u;) > sup supp(43), inf supp(p;) > sup supp(pz) and
inf supp(v;) > sup supp(v;). Then by the Propositions 3.1 and 3.6 , trivially it fol-
lows that V(u) >~V(/t,;) and W(vz) > W(vp). Thus, 6;,=0, which implies that
R,(@,0,0,0) > R,(b,0,0,0). So, it follows that @ > b. O
Theorem 3.5 Let @, b,C € NF. Ifd = b, thend +¢ > b + <.
The detailed proof of this theorem is available in Appendix A.2.

Theorem 3.6 Letd,b,¢ € NF. Ifa+C>b+73, thend > b.
Proof Let @.b,ce NF  and Ga+0Cx b+7C. Then, it follows that
R, (@+7¢,0,,0,,05) > R,(b+7,0,,0,,05). Thus, by the Theorem 3.1, it follows that
R,(@,0,,60,,05) + R,(C.0,,0,,05) > R;(D,6,,0,,03) + R,(C,0,,60,,05). Eventually, it
leads to R,(d, 0,, 0,,6;) > R (b, 0,,0,,65). Hence, the result follows immediately. O
Theorem 3.7 Let @,b,¢ € NF. Ifd > b, thend+T > b +7C.

Proof The proof is very trivial by taking into account >’ in the proof of the Theorem 3.5.
a

Theorem 3.8 Let @, 5,0 € NF. Ifd+T > b +7T, thend > b.
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Proof The proof is very trivial by taking into account ‘>’ in the proof of the Theorem 3.6.
O

Theorem 3.9 Let @,b € NF and k € R — {0}. If @ > b, then ka > kb ifk > 0, and ka < kb
ifk < 0.

The detailed proof of this theorem is available in Appendix A.3.

Theorem 3.10 Let G, b € NF and k € R — {0} If ki > kb, then @ > b ifk > 0, and T < b
ifk < 0.

The detailed proof of this theorem is available in Appendix A.4.

Theorem 3.11 Let d@,b € NF and k€ R — {0} If G> b, then ki > kb if k>0, and
ka < kb ifk < 0.

Proof The proof is very trivial by taking into account >’ in the proof of the Theorem 3.9.
O

Theorem 3.12 Let 4,b € NF and k € R — {0}, Ifkd > kb, then @ > b ifk > 0, and @ < b
ifk < 0.

Proof The proof is very trivial by taking into account ‘>’ in the proof of the Theo-
rem 3.10. |

Theorem 3.13 Let @,b,7 € NF. Ifa > b, thend —C = b —C.
The detailed proof of this theorem is available in Appendix A.5.
Theorem 3.14 Let @,5,¢ € NF. If & > b, thend—T > b — .

Proof Taking into account the proof of the Theorem 3.13 and the definition of >, the result
follows immediately. O

Theorem 3.15 Let @, b,¢,d € NF. Ifa>bandT>d, thena+T > b+d.
The detailed proof of this theorem is available in Appendix A.6.
Theorem 3.16 Let @,b,,d € NF. Ifa = band T > d, then @ +T > b+d.

Proof Taking into account the proof of the Theorem 3.14 and the definition of >, the result
follows immediately.

d

Theorem 3.17 Let @b € NF such that @ and b are not symmetric about y-axis. If @ > b,
then —a < —b.

Proof The proof follows immediately, taking K = —1 in the Theorem 3.10. O
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Theorem 3.18 Let @b € NF such that @ and b are not symmetric about y-axis. If @ > b,
then —a < —b.

Proof Taking into account the proof of the Theorem 3.17 and the definition of >, the result
follows immediately. a

Theorem 3.19 Let @, b € NF and symmetric about y-axis. If @ > b, then —d > —b.

Proof 1f E,Z € NF be two symmetric SVNNs about the y-axis, then from the Proposi-
tion 3.7 it implies V(pz) = 0 = V(pz), W(pz) = 0 = W(pz) and also W(v;) = 0 = W(v;). Since,
d > b, then 0, = —1. Thus, it follows that R,(@,—1,-1,-1) > Rﬂ(’l;, —1,-1,-1). This
inequality leads to the fact —A(u;) > —A(z), —Apy) = —A(p;) and —A(v;) > —A(vy).
Equivalently, —A(u_z) =2 —A(u_3), —A(p_z) = —Alp_3) and —A(v_3) > —A(v_p). So, it
is true that R,(-d,—1,—1,-1) > R,(-b,—1,—-1,—1). Hence, the result follows immedi-
ately. O

Theorem 3.20 Let @, b € F and symmetric about y-axis. If @ > b, then —a > —b.

Proof Taking into account the proof of the Theorem 3.19 and the definition of >, the result
follows immediately. O

3.3 Properties and validation of the proposed method

In this subsection, the properties that the present method follow are being stated. The
properties includes the reasonable properties of Wang and Kerre (2001a, 2001b). Further,
newer properties are also stated which can be considered as reasonable in developing a
ranking method. The properties are as follows. Let @, b, ¢,d € NF. Then the order relation
> satisfies the following properties.

A: axa

A,; Ifa>bandd <b,thend ~b.

Ay IszZande?,thenZzE.

Ay I inf supp(z) > sup supp(yz), inf supp(p;) > sup supp(p;) and
inf supp(v5) > sup supp(v;), then @ > b.

A;: It inf supp(z) > sup supp(yz), inf supp(p;) > sup supp(p;) and

inf supp(v5) > sup supp(v;), then @ > b.

As  Let NF and NF be two arbitrary finite sets of fuzzy quantities in which R, can be
applied and @ and b are in NF 0 N, then the ranking order @ > b by R ,on NF if
and only if @ > b by R on NF.

Ag: Ifa>bthNena+c>b+£

Be: Ifa+<¢>b+7¢, thend>b.

AL If5>b,th~en5+3>b+§.

By Ifa+<¢>b+7¢, thend>b.

Ay Letke R—{0}.Ifa > b thenka >kb1fk> 0, and ka <kb1fk<0.

B;: Letke R-{0}. Ifka>kb thena>b1fk>0 anda<b1fk<0

A;: Letke R—{0}.Ifa > b thenka >kb1fk>0 and ka <kb1fk<0.

B: LetkeR-{0}. Ifka>kb thena>b1fk>0 and@ < Db ifk < 0.
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By Ifad>b.thend—T>b—
B: Ifd>b,thenda—¢>b-"0.
By: Ifa>bandc>dthen5+?z +
B, Ifa>bandc>dthen~+?>b+d

B, Ifa> b then —a < b provided @ and b are not symmetric about y-axis.
B .. Ifa> b then -G < —b, provided @ and b are not symmetrlc about y-axis.
B,: Letaq, b € NF and symmetric about y-axis; if @ > b then —a > b

B : Let@bhe NF and symmetric about y-axis; if @ > b, then —a > —b.

z_nz

1S
IS

The proofs of the theorems stated and proved in the Sect. 3.2 depicts that the present
method follows all these reasonable properties of a ranking method. Hence, it is claimed
that the current method is reasonable and logical. Further, the consistency in ordering the
images with the corresponding SVNNs is also depicted through these properties. However,
it is to mentioned that the property A is a particular case of the property A, of Wang and
Kerre (2001a). This property A, of Wang and Kerre (2001a) is not obeyed by the proposed
method as W(ugzsz) # Vi) V). Vgmy) # Vi) Vg) and Vvavp) # Vv) Uvp). and
Az pz) # Alpz) Aluz), Alpapy) # Alp) Alpy) and A(vzvy) # A(v) A(vp).

4 Numerical examples

In this section, the method is demonstrated by two numerical examples, which highlight its
robustness.

Example 4.1 Consider the SVNNs @=((2,4,4,5),(0,1,4,7),(1,4,4,6)) and
b=1{(2,3,3,5),(0,1,4,7),(1,3,3,6)). Firstly, the values of truth-membership, indeter-
minacy-membership and falsity-membership of @ and b are obtained as V(u;) = 3.8333,
W(p;) =2.8333 and W(v;) =3.8333, and W(u;) =3.1667, V(p;) =2.8333 and
W(vj;) = 3.1667 respectively. Further, the ambiguities of truth-membership, indeterminacy-
membership and falsity-membership of @ and b are obtained as A(uz) = 0.5000 = A(pz),
A(pz) =2.1667 = A(py) and A(vy) = 0.8333 = A(v;), respectively. Now, it is seen
that V(uz;) # Wuz), Vpz) = W(pp) and V(v;) # W(v;). Then, 6; = 0 and 6; = 0, however
0, = —1. Thus,

R(@,0,-1,0) = A{V(pz) + 0 - Az} + (1 = H{W(pz) — Alpz) + V(vi) + 0 - A(v;)}
= 1{3.8333} + (1 — 1){2.8333 — 2.1666 + 3.8333}
= 4.5000 — 0.6667 4,

and

R(5.0.-1,0) = A{Vup) + 0 A(up)} + (1 — DM pp) — Alpp) + V() +0 - A(vp)}
= A{3.1667} + (1 — 1){2.8333 — 2.1666 + 3.1667}
= 3.8000 — 0.6667 4.
So, for all decision-makers @ > b. Consider the images of @ and b. Now, the val-
ues of truth-membership, indeterminacy-membership and falsity-membership of —a

and —b are obtained as W(u_z) = —3.8333, W(p_z) = —2.8333 and W(v_;) = —3.8333,
and W(u_3) = -3.1667, W(p_;) =-2.8333 and W(v_;) = —3.1667, respectively by
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Proposition 3.5. Further, the ambiguities of truth-membership, indeterminacy-member-
ship and falsity-membership of —a and —b are obtained as A(u_z) = 0.5000 = A(u_3),
Alp_z) =2.1667 = A(p_3) and A(v_z) = 0.8333 = A(v_j) respectively by Proposition 3.5.
Now, it is seen that V(u_z) # W(u_3), V(p_z) = Wp_3) and V(v_z) # V(v_3). Then, 6; =0
and 0; = 0, however 6, = 1. Thus,
R,(-a,0,1,0)

=AM WV(u_) +0- Ap_p} + (1 = H{Wp_p) + Alp_) + Vv + 0 A}

= A{-3.8333} + (1 — 1){—2.8333 + 2.1666 — 3.8333}

= —4.5000 + 0.6667 A,

and

R;(~5,0,1,0)

=AWV +0- Au_p} + 1 = D) + Alp_3) + Vv +0- Av_p}

= A-3.1667} + (1 — 1){—2.8333 + 2.1666 — 3.1667}

= —3.8000 + 0.6667 1.
So, for all decision-makers —a < —b. This numerical example depicts that the current
method consistently and logically ranks the SVNNSs as well as their corresponding images.

For a comparative study, the current method is compared with the methods of Deli and

Subas (2017) and Biswas et al. (2016). The results depicted in Table 1 of the methods by

Deli and Subas (2017) and Biswas et al. (2016) are the value index. The current method
tallies with the methods by Deli and Subas (2017) and Biswas et al. (2016).

Example 4.2 Consider the SVNNs a=1{((-1,0,0,1),(-1,0,0,1),(=2,0,0,2)) and
b =1{((-2,0,0,2),(-2,0,0,2),(-3,0,0,3)) such that they are symmetric about the y-axis.

Table 1 Ranking of SVNNs in Examples 4.1

Methods a b —a A Decision result

Deli and Subas (2017)’s value

Optimistic a = 1.0 3.8333 3.1667 —3.8333 —3.1667 a>b,—d<—-b

Moderate @ = 0.5 5.2500 4.5833 =5.2500 —4.5833 G>b,—a<—-b

Pessimistic a = 0.0 6.6667 6.0000 —6.6667 —6.0000 a>b,—da<—-b
Biswas et al. (2016)’s value

Optimistic a = 1.0 3.8333 3.1667 —3.8333 —3.1667 a>b,—da<—-b

Moderate & = 0.5 5.2500 4.5833 —5.2500 —4.5833 a>b,—d<—-b

Pessimistic « = 0.0 6.6667 6.0000 —6.6667 —6.0000 a>b,-d<—b
Current method

Optimistic a = 1.0 3.8333 3.1667 —3.8333 —3.1667 a>b,—d<—b

Moderate & = 0.5 4.1667 3.5000 —4.1667 —3.5000 a>b,—da<—-b

Pessimistic a = 0.0 4.5000 3.8333 —4.5000 —3.8333 a>b,—d<—-b
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Then, by the Proposition 3.7, V(uz;) = 0 = V(u3), V(p;) =

0 =Wp;) and V(v;) = 0 = V().

Thus, 6; = —1. Further, the ambiguities of truth-membership, indeterminacy-membership

and fa151ty membership of @ and b are obtained as A(uz) = 0.3333, A(p;) =

0.3333 and

A(vz) = 0.6667, and A(y;) = 0.6667, A(pz) = 0.6667 and A(v;) = 1.0000, respectively.

So,

Rl@? _17

and

R, (b, -1,
= ADVuy) = Alp)} + (1
= A{=0.6667} + (1 — 1){—0.6667 — 1.0000}

2) — A(uz)} + (1 = H{W(p;)
= 4{~=0.3333} + (1 — 1){—0.3333 — 0.6667}
= 1.0000 — 1.33331

- H{Wpp)

= Alpz) + V(v)

= Alpp) + V() —

- A(Va)}

A}

Hence, it can be concluded that @ <D for all decision-makers. Consider the images of d
and b it can be seen that —d=Gdand-b=h. Therefore, by Theorem 3.20, it can be con-
cluded that —a < —b for all decision-makers.

For a comparative study, the current method is compared with the methods of Deli and
Subas (2017) and Biswas et al. (2016). The results depicted in Table 2 of the methods by
Deli and Subas (2017) and Biswas et al. (2016) are the ambiguity index as the value index
are equal. The current method tallies with the methods by Biswas et al. (2016). However,
Deli and Subas (2017) depicts irrational results.

Table 2 Ranking of SVNNs in Examples 4.2

Methods a b —a -5 Decision result
Deli and Subas (2017)’s ambiguity
Optimistica = 1.0 0.3333 0.6667 0.3333 0.6667 G<b,—d<—-b
Moderate & = 0.5 0.6667 1.0000 0.6667 1.6667 G<b,—a<-b
Pessimistic a = 0.0 1.0000 1.3333 1.0000 1.3333 G<b,—da<-b
Biswas et al. (2016)’s ambiguity
Optimistic a = 1.0 0.3333 0.6667 0.3333 0.6667 @>b,—da>—-b
Moderate & = 0.5 0.6667 1.0000 0.6667 1.6667 a>b,—d>—-b
Pessimistic a = 0.0 1.0000 1.3333 1.0000 1.3333 a>b,-a>—b
Current method
Optimistica = 1.0 —0.3333 —0.6667 —0.3333 —0.6667 a>b,—d>—b
Moderate & = 0.5 —0.6667 —1.1667 —0.6667 —1.1667 a>b,—a>—-b
Pessimistic a = 0.0 —1.0000 —1.6667 —1.0000 —1.6667 a>D.-a>—b
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Example 4.3 Consider the SVNNs a=((1,4,4,7),(0,4,4,8),(1,4,4,7)) and
b=1{(2,4,4,6),(1,4,4,7),(2,4,4,6)). For comparison the results of ranking index of
the methods by Deli and Subas (2017), Biswas et al. (2016) and the current method are
depicted in Table 3. Biswas et al. (2016) ordering of the SVNNs are logical as the ranking
are based on the ambiguity index. The SVNN with low ambiguity is chosen to be greater in
their approach. However, the ordering of the images of SVNNS in their approach is illogi-
cal. That is, their method depicts inconsistency in ordering the images of SVNNs in some
situations. Deli and Subas (2017) method is illogical as the SVNN with low ambiguity is
smaller. Further, it is to be mentioned and also evident from the Table 3 that the existing
methods could not rank the corresponding images of the SVNNSs consistently. The current
approach is logical; further its rank consistently the corresponding images of the SVNNS.

The above numerical examples highlight the fact that the current method is more robust
and reasonable. Thus, this methodology of ranking SVNNs will be reasonable to apply in
various decision-making problems.

5 Discussions and conclusions

In this paper, an innovative method of ranking SVNNs has been developed based on the
concept of values and ambiguities of truth-membership, indeterminacy-membership
and falsity-membership functions. The index of optimism is also utilized which reflects
the decision-makers attitude towards the uncertainty. That is, the convex combination of
value and ambiguity of truth-membership function with the sum of values and ambigui-
ties of indeterminacy-membership and falsity-membership functions. The parameters 6,’s
decides inclusion or exclusion of ambiguities in the decision-making process. An optimis-
tic decision-maker (4 = 1) considers the value and 6, multiple of the ambiguity of truth-
membership function. A pessimistic decision-maker (4 = 0) considers the values and 6,, 05

Table 3 Ranking of SVNNs in Examples 4.3

Methods a b —a -5 Decision result
Deli and Subas (2017)’s ambiguity
Optimistica = 1.0 1.0000 0.6667 1.0000 0.6667 a>b,—d>—-b
Moderate & = 0.5 1.6667 1.3333 1.6667 1.3333 a>b,—a>—-b
Pessimistic a = 0.0 2.3333 2.0000 2.3333 2.0000 a>b,—a>—b
Biswas et al. (2016)’s ambiguity
Optimistic « = 1.0 1.0000 0.6667 1.0000 0.6667 G<b,—da<-b
Moderate & = 0.5 1.6667 1.3333 1.6667 1.3333 G<b,—d<-b
Pessimistic a = 0.0 2.3333 2.0000 2.3333 2.0000 G<b,-d<—-b
Current method
Optimistica = 1.0 3.0000 3.3333 —3.0000 —3.3333 G<b,-a>—b
Moderate & = 0.5 4.3333 4.8333 —4.3333 —4.8333 G<b,—a>—-b
Pessimistic a = 0.0 5.6667 6.3333 —5.6667 —6.3333 a<b,—d>—-b
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multiples of the ambiguities of indeterminacy-membership and falsity-membership func-
tions respectively. Further, the moderate decision-maker considers the contributions from
all the membership functions. It should be mentioned that the proofs of the Theorems 3.2
and 3.15 are cut short. The proofs are very simple but very lengthy as it involves a discus-
sion of 8 X 8 cases, which will make this work lengthy. A shorter and logical proof can be
a future study.

An attractive feature of the current method is that it completely comply with the reason-
able properties of Wang and Kerre (2001a) which were never investigated in the existing
methods. This establishes the rationality validity of the current approach. Apart from it,
newer properties are also be investigated in this study. Another way to establish the ration-
ality validity of a ranking method is to investigate the consistency in ordering the corre-
sponding images of the SVNNs. Apparently, the properties B, — B, establish this fact.
It is to mentioned that the property A is a particular case of the property A, of Wang and
Kerre (2001a). This property A, of Wang and Kerre (2001a) is not obeyed by the proposed
method as Vi) # Vi) V(). Vpap) # Vip)V(pp) and V(vzv;) # Vv)W(vp). and
A(pzuz) # Aluz) Aluz), Alpzpp) # Alpz) A(py) and A(vzvy) # A(vp) A(vy).

Proofs of the theorems
Proof of the Theorem 3.2
The proof of the above statements are as follows.

1. The proof of this statement is followed immediately.
2. Consider the cases when @ > b happens, that is,

R,(@,0,0,0) > R,(b,0,0,0)
R,(@,0,0,+1) > R,(b,0,0,+1)
R,(@,0,+1,0) > R,(5,0,1,0)
R,@,0,+1,+1) > R, (b,0,+1, +1)
R,@@,+1,0,0) > R, (b, +1,0,0)

R,@, 1,0, +1) > R (b, +1,0, +1)
R, @ +1,+1,0)> R, (b, +1,+1,0)
R,@ +1,+1,+£1) > R, (b, +1,+1,+1)

@ > bhappens for

L

Consider the cases when b > ¢ happens, that is,

( R,(5,0,0,0) > R,(Z,0,0,0)
R,(5,0,0,+1) > R,(,0,0, +1)
R,(5,0,£1,0) > R,(,0,1,0)

R, (5,0, £1,+1) > R, 0, £1, £1)
R, (5, +1,0,0) > R,( +1,0,0)
R,(b,£1,0,£1) > R, @ £1,0,£1)
R, (b, +1,+1,0) > R, @ +1,+1,0)
R,(b,£1, 21, £1) > R, 1, 1, £1)

b > Thappens for 4
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Now, to proof this property, it need to discuss these 8 X 8 cases, which will make
the proof tedious. However, one can see the proof trivially, if following claims can be
established. Claim 1: Let 6, = 0 in ordering @ and b and 6; = 0 in ordering band T.
Then 6; = 0 in ordering @ and . The proof of this claim is as follows. Let §; = 0 in
ordering @ and b. Then V(pz) # Wuz), V(pz) # W(pp) and W(v;) # W(vp). Similarly, if
0; = 0in ordering b and ¢, then V(u3) # V(uz), V(py) # V(pz) and V(v;) # V(vy). Thus,
it follows that V() # V(iz), V(p;) # V(pz) and V(v) # V(v5). So, 0; = 0 in ordering
% and T. Claim 2: Let 6, = +1 in ordering @ and b, and 6, = +1 in ordering b and Z.
Then 6, = +1 in orderlng a and €. The proof of this claim is as follows. Let 6, = +1
in ordering @ and b. Then V(ﬂa) = W), V(p;) = W(p) and W(v;) = W(v;). Similarly,
if 8; = +1 in ordering b and @ ¢, then V(uz) = Wuz), V(pz) = V(pz) and W(v;) = V().
Thus, it follows that V(uz) = V(pz), V(pz) = V(pz) and V(v;) = V(). So, 6, = =1 in
ordering @ and ¢. Claim 3: Let 6, = 0 in ordering @ and b, and 0, =+lin orderlng b
and ¢. then 9, = 01 in ordering @ and ¢. The proof of this claim is as follows. Let §, = 0
in ordering @ and b. Then V(,ua) # Wuz), V(pz) # V(pp) and V(v;) # V(v;). Similarly,
if ; = 1 in ordering band T ¢, then V(uz) = V(uz), Vpp) = W(pz) and V(v;) = V().
Thus, it follows that V(uy) # V(uz), Wpz) # Wpr) and W(vy) # V(v). So, 0, =0 in
ordering @ and ¢. Claim 4: Let 6; = +1 in ordering @ and b, and 6; = 0 in ordering
b and €. Then §; = 0 in ordering @ and ¢. The proof of this claim is as follows. Let
0, = +1 in ordering @ and b. Then V(uz) = Wuz), Vpz) = V(pp) and W(v;) = V(vp).
Similarly, if ;=0 in ordering b and ¢, then V(i) # V(iz), V(p;) # V(pz) and
W(v;) # V(vz). Thus, it follows that V(u;) # V(uz), V(pz) # Vpz) and V(v;) # V(v).
So, 0, = Oin grdering d and . From these four claims, it is trivial enough to show that
if @ > b and b > ¢, then @ > ¢. Further, from the definition of >, it follows that transi-
tivity also holds for the order relation >.

3. This statement is followed immediately, as the order relations > and ~ particularly based
on order relation > and = of real numbers.
4. Ifa=b,then R,(d,0,,0,,05) = Ri(b 0,,0,,05). Thus, the statement is followed.

Proof of the Theorem 3.5

The proof of this theorem, follows immediately if the invariance of 6; in ordering @, b and
d+¢, b+7 can be established. Hence, a claim has to be made. The clalm is as follows.

Claim : The value of 6, in ordering @ and b are invariant in ordering @ +¢ and b+73.
The proof of the claim follows from the following eight cases:

Casel: Let 6,=0 in ordering d and b. Then, W(uz) # Vi), Vp;) # Wp;) and
W(vz) # V(v;). Thus, it follows that W(uz,z) # V(up,2), Vpae) # Vg, and
W(va2) # V(V5,2)- S0, 0, = 0in ordering @ + ¢ and b + c
Case2: Let 6,=0,0,=0 and 0, = +1 in ordering @ and b. Then, W(uz) # V(uz),
Wp;) # W(pp) and W(v;) = W(v;). Thus, it follows that V(g z) # V(pz,2).
W(pzz) # V(r 7 and V(vaH) =W(;,2). So, 6, =0, 6, =0 and 6; = =1 in
ordering @ + ¢ and b +c. N
Case3: Let 6, =0, 6, =1 and 0; =0 in ordering @ and b. Then, V(uz) # V(i3),
Wpz) = V(pp) and W(v;) # V(v;). Thus, it follows that V(uzz) # V(i)
W(pz.2) = V(p~+?) and V(Vaﬂ) #WV(v;,2). So, 6, =0, 8, =+1 and 6; =0 in
ordering @ + ¢ and b+7.
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Case4: Let 0, =0, 0, ==+1 and 6; = +1 in ordering @ and b. Then, V(uz) # V),
W(pz) = W(py) and V(v;) = W(v3). Thus, it follows that Wuz ) # Vg ).
Wpz2) = Wpp) and Wvgz) = Wvp,). So, 0, =0, 0, =+1 and 6; = +1 in
ordering @ +¢ and b +7¢. ~

Case5: Let 0, =+1, 6,=0 and 0; =0 in ordering @ and b. Then, V(uz) = Vi),
Wp;) # V(py) and W(v;) # V(v;). Thus, it follows that V(uzz) = V(i5,2),
Wpzz) # Vppe) and Wvaz) # Wvi0)- So, 0, =+1, 6, =0 and 6; =0 in
ordering @+ and b +¢.

Case6: Let 0, =+1, 0, =0 and 6; = +1 in ordering @ and b. Then, W(pz) = Vi),
W(p;) # Wpp) and W(v;) = W(v;). Thus, it follows that W(uz,z) = V(uz,2),
W(pase) # Vpjie) and Wvg) = Wv,)- So, 0, = £1, 6, =0 and 6; = 1 in
ordering @ +¢ and b +7¢. ~

Case7: Let 0, =+1, 6, ==1 and 6; =0 in ordering @ and b. Then, V(u;) = W),
W(pz) = W(py) and V(v;) # W(v3). Thus, it follows that Wuzz) = Wug, ),
Wpz2) = Wpp) and Wvgyz) # Vv, So, 0; = 1, 6, =+1 and 05 =0 in
ordering @ +¢ and b +7¢. ~

Case8: Let 6, =+1 in ordering @ and b. Then, V(uz) = Wuz), Vp;z) = V(p;) and
W(vz) = V(v;). Thus, it follows that W(pz,2) = Vpg,2), Vpaz) = Wpg,,) and
V(i) = V(V4,2). S0, 8; = +1in ordering @ +¢ and b +C.

The above eight cases suggest that , and 6, are invariant in ordering @, b and @ + €, b +C.
Hence, the claim.
Now, by the Theorem 3.1 it follows that

R,@+7T.0,.0,.05) = R,(@.6,,0,,0,) + R,.6,,0,,65),
and
R,(b+7.0,,0,,05) =R,(b.0,,0,,0,) + R,(.0,,0,,05),

Hence, if a > Z, then it is obvious that R,(@, 6,, 6,,05) 213,1(5, 6,,0,,05). This leads to
the inequality R,(@ 0,6, 03) + R, 0,,0,,05) > R,(,0,,0,,05) + R, (. 0,,6,,05),
which evidently follows the inequality R,(@+7¢,6,,0,,0;) > R,(b +7C,6,,0,,05). Thus,
the result follows immediately.

Proof of the Theorem 3.9

Let @ > b. Then R,(@,6,,06,.05) > R,(b,0,,6,.65). Let k > 0. Then using the Proposi-
tion 3.4, it follows that
R,(Ka,0,,05,05) =A{ V(i) + 0, A(uz))
+ (1 = D{Wpiz) + 0, Alpz) + V(i) + 03 A(viz) )
=kA (V) + 6, A())
+ k(1 = ){Mpz) + 0, A(pz) + V(v3) + 03 A(v) }
=kR,(@,0,,6,,065).
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Thus, when @ > b, it follows that R,(@.6,.6,.6;) > R,(b.6,.6,.6). Equivalently, it
follows that kR,(d,0;,6,,05) > kR ,(b,0,,6,,05), which can be trivially expressed as
R, (ka,0,,0,,05) > R,(kb,0,,6,,65). So, the result, ka > kb, follows immediately.

Let k < 0, assume k = —m < 0, then the following cases arise.

Casel: Let G>D for ;= 0. Then V(u;) # V(yb) WMpz) # Vpp) and W(v;) # W(vp)
and R,(4,0,0) > R,l(b 0,0). Now, as @ > b it follows that V(uz) > V(up),
Vo) 2 W) and - V) 2 W), Clearly, Vi) # V5,
WV(p_i) # Vp_,5) and W(v_,z) #W(v_,5). Thus, ;=0 in ordering —mad
and —mb. Further, it follows that V(u_,;) < V(u_, ), Vp_,z) < Wp_,;) and
V(v_ma) <V(_,5)- So, R,;(-md,0,0,0) <R, (- mb 0,0,0). Hence, the result
—ma < an follows immediately.

Case2: Let a>b for 6, =0, 6,=0 and 6;==x1. Then Wuz) # Wpp),
Wpz) # V(py) and V() =Wv;) and R;(@0,0,£1) > R;(b,0,0,£1).
Now, as ax=b it follows that W(uz) > WV(;), Wpz) = WV(p;) and
V(v;) + A(vp) = V(vp) + A(vp). Clearly, WH_pz) # VH_5),
Wp_pz) # Wp_,p) and V(v_,) = V(v_, 7). Thus, 6, =0, 6, =0 and 0; = F1
in ordering —mda and —mb. Further, it follows that V(u_,z) < V(u_,3),
W(p_z) < Vp_,5) and _ V(Ov_,5) F A(V_) S VV_,5) F AGV_,5) So,
R,(-ma,0,0,F1) < R,(—mb,0,0,F1). Hence, the result —ma < —mb follows
immediately.

Case3: Leta>b for 0, =0, 6, =1 and 6; = 0. Then V(uz) # Vi), V(pz) = V(p3)
and W(v;) # V(v;) and R,(@,0,+1,0) > R,(b,0,+1,0). Now, as @ > b it fol-
lows that V(uz) > Vi), Wpz) + Alpy) = Vpyp) = Alp) and W(vy) > V(v;).
Clearly, W(u_,z) #Vpu_,5), Vo) =Wp_,5) and  Wv_,z) # V(V_,5).
Thus, 6, =0, , = F1 and 6; =0 in ordering —md and —mb. Further, it fol-
lows that Wu_,z) < V(H_,5) V(p_ia) F A(p_z) < Vp_5) F A(p_,;) and

V(v_,z) S V(v_,5). So, R,;(—md,0,%1,0) < R,(-mb,0,%1,0). Hence, the

result —ma < —mb follows immediately.

Cased: Let ax=b for 6,=0, 6,=x1 and 6;==x1. Then W) # V),
W(pz) = Wpp) _and W(vz) = W(v;) and R,@,0,x1,x1) > R,(b,0,£1, £1).
Now, as @ > b it follows that W(uz) > V(uz), Vipy) £ Alpz) = Vpy) + Alpp)
and Wvyp) £ A(vy) 2 V(vp) £ A(vp). Clearly, V(u_yiz) # V(H_,5),
Vp_,z)=Wp_,;) and WVv_z)=Wv_;). Thus, 6,=0, 6,=7F1
and 6;=F1 in ordering —md and —mb. Further, it follows that
V(u_pz) < Vu_,5) V(i) F Alp_,z) < Vp_,5) F Alp_,5)
and Vi) F AV_,2) S Vv_,5) FAWV_,5). So,
R,(-md, 0,1, F1) < R,(— mb 0, +1 F1). Hence, the result —ma < —mb fol-
lows immediately.

Case5: Leta>b for 6, ==+1,0,=0 and 6, =0. Then V(i) = V(iz), Wpz) # W(p3)
and V(v3) # V() and R (@, +1,0,0) > R, (b, +1,0,0). Now, as @ > b it fol-
lows that V(uz) + A(uz) > V(up) = A(uz), V(pz) 2 Wpp) and W(vy) > W(v;).
Clearly, V(u_,z) = V(i_,5). Vp_pi) # Vo) and  V(V_0) # Vv, 5.
Thus, 6, = ¥1, 6, =0 and 0; = 0 in ordering —ma and —mb. Further, it fol-
lows that V(u_,z) F Au_,z) < Vu_,5) F Alu_,5), Wp_pz) < Vp_,;) and
V(V_,z) S V(v_,5). So, R,(—md,F1,0,0) < R,(-mb,¥1,0,0). Hence, the
result —ma < —mb follows immediately.
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Case 6:

Case 7:

Case 8:

Let a > b for 0, =+1,0, =0 and 6; = +1. Then V%) = Wug), V(pz) # V(pz)
and -~ V() =Wv;) and R,@ x1,0,x1) > R,(b,£1,0,«1). Now, as
ax>b it follows that V(uy) + A(uy) > V(i) £ A(up), Wpz) = V(p;) and
Wv;) £ A(vy) 2 V(v;) £ A(vp). Clearly, V(u_,z) = V(u_,7), V(p_,z) # V(p_mh)
and V(v_,z) = V(v_,7). Thus, 6, = ¥1, 6, =0 and 6; = ¥1 in ordering —-ma
and —mb. Further, it follows that W(u_,z) F A(u_,z) < Vu_,53) ¥ Alu_,;).
Vp_i) < Wp_,5)  and Vv ,5) F A(V_,) S Vv_,5) FAGV_,5). _ So,
R, (-md,¥1,0,F1) £ R,(—mb,¥1,0, F1). Hence, the result —ma < —mb fol-
lows immediately.

Leta > b for 0, = %1, 0, = +1 and 6; = 0. Then V(p;) = W(uz), V(pz) = V(pz)
and W(vz) # W(v;) and R,(@, +1,+1,0) > R/{(Z,J_rl,il,O). Now, as a > b it
follows that W(uz) + A(uz) = V(uz) = A(uz), Wpy) + Alpz) = Vpg) + Alpy)
and V(v;) > V(vp). Clearly, V(u_,z) = V(u_,5), Vp_a) = Vp_,3) and
V(V:/na') #Wv_,;)- Thus, 8 = x1, 6, = ¥1 and 6; =0 in ordering —ma and
—mb. Further, it follows that W(u_,z) F A(u_,z) < Vu_,;) F Alu_,z)
V(p—mﬁ) + A(p—mﬁ) < V(P—mi;’);_" "A(p—ma) and V(V—mﬁ) <Wv_ b)' ~ So,
R,(-ma,¥1,¥1,0) < R,(—mb,¥1, ¥1,0). Hence, the result —ma < —mb fol-
lows immediately.

Let @ > b for §; = +1. Then V() = V(pz), Vpz) = Vpp) and V(vy) = W(v;)
and R,@ +1,+1,+1) > R,(b,+£1,+1,+1). Now, as a>=b it follows
that WV(uz) £ Apz) = V(ug) = A(uz), Wp;) = Alpy) = Vpp) = A(pz)
and W(v;) = A(vy) = V(vp) + A(vy). Clearly, V(i) = V(u_ mb)
W) = Vp_,5) and V(v_,z) = W(v_, 7). Thus, 6, = F1 in ordering —ma
and —mb. Further, it follows that V(u_,, )+A(/4_ma) <Vu_,;) F Alp_,z),
WV(o_pi) F Alp_,2) < Vp_,5) F Alp_i) and
V) F A < VO_5) F A7), o,
R,(-md,¥1,F1,F1) < R,(-mb,¥1,F1,F1). Hence, the result —ma < —mb
follows immediately.

Proof of the Theorem 3.10

Let k>0 and kd>kb. Then R,(Kd.0,.0,,05) > R,(kb,0,,0,,65). However, by
Proposition 3.4, it follows that kR,(d,0,,0,,05) > kR ,(b,0,,6,, 032. Thus, the
result follows immediately. Lf k<0, let k=-m<0, then —ma > —mb implies that
R, (-ma,0,,0,,0;) > R,(—mb,0,,0,,05). Now, eight cases arise.

Case 1:

Case 2:

Let —md > —mb for 6;=0. Then V(u_,qz) # Vu_,5), Vo_,ia) # Vo_,5)
and V(v_,,@) #Wv_,;) and R,(-ma,0,0,0) > R,(-mb,0,0,0). Now, as
—ma > —mb it follows that V(u_,2) > V(u_,5), Vp_z) = Wp_,;) and
V(V_pz) 2 V(V_,5)- Clearly, W) # Vug), V(pg) # Vpp) and V(vy) # W(vp).
Thus, 6, =0 in ordering @ and b. Further, it fo]lows that V(uz) < V(iz),
Wpz) < V(pgpland W(v;) < V(vp). So, R,(@,0,0,0) < R,l(b 0,0,0). Hence, the
result @ < b follows immediately.

Let -—ma>-mb for 6,=0, 6,=0 and 6,=+1 then
Vi, 2 V0,5, Voo # Ve s and Wi,z =W_z)
and R,(-md,0,0,+1) > R,(-mb,0,0,+1). Now, as —mad>—mb
it follows that V(p_pz) = V(u_,5)s W(p_,iz) 2 Vp_,5) and
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V(V_pz) £ AV_) = Vv_, ) = A(v_, 7). Clearly, Wz # Wup),
Wpz) # V(pp) and W(vz) = W(vp). Thus, 6, =0, 6, =0 and 6; = F1 in order-
ing @ and b. Further, it follows that V() < V(/ﬁ;), W(pz) < V(pp)and
Vva) F A(va) < V() F A(vp). So, R,(@,0,0, F1) < R,(b,0,0,F1). Hence, the
result @ < b follows immediately.

Case3: Let -ma>-mb for 6,=0, 6,=x1 and 6;=0. Then
Vi) # Vi) Wp_yg) =Wp_,p)  and  Wv_,z) #W(v_5)  and
R, (-md,0,+1,0) > R,(—mb,0,+1,0). Now, as —ma > —mb it follows
that  V(p_,) 2 V(u_,5),  Wo_i) £ Alp_y) 2 V(o_,5) + Alp_,;) and
V(V_pi) 2 Vv_,3)- Clearly, V(uz) # V(iz), Vpz) = Vpy) and V(v;) # V(vp).
Thus, 6, =0, 6, =F1 and 6; =0 in ordering @ and b. Further, it follows
that W(uz) < Wuz), WVpz) F Alpz) < Vpp)  Apg) and W(vz) < W(v). So,
R,(@,0,¥1,0) < R ,(b,0,%1,0). Hence, the result d < b follows immediately.

Case4: Let -ma>-mb for 6,=0, 6,=x1 and 6;==x1. Then
Vi) # Vi) Vp_pg) =Wp_,p)  and  Wv_,z)=Wv_;) and
R,(-ma,0,x1,+1) > R,(-mb,0,«1,+1). Now, as —-md>-mb it fol-
lows that V(u_,z) > Vu_,5), Vp_,z) + Alp_,z) = Vp_,;) = Alp_,z) and
W) £ AV, 2 Vv_,5) £ A(v_,p). Clearly, V(uz) # V(up), Vipz) = V(py)
and V(v;) = W(v;). Thus, 6§, =0, 6, = F1 and 6; = ¥1 in ordering @ and b.
Further, it follows that W(uz) < W(pz), Vpy) F Alpy) < Wpp) F Alpy) and
V(v;) F A(vy) £ V(v) F A(vp). So, R,(@,0,%1,F1) < R,(b, 0,1, F1). Hence,
the result @ < b follows immediately.

Case5: Let -ma>-mb for 6,=x1, 6,=0 and 6;=0. Then
W pz) = Vu_p)s Vo) #Vp_,p)  and - VOv_,z) #WV(v_,5)  and
R,(-md,+1,0,0) > R,(—mb,+1,0,0). Now, as —ma > —mb it follows
that  Wu_,z) £ AQu_i) 2 V(u_,5) £ Alu_,z),  Vp_i) 2 Vp_,;) and
V(V_z) 2 Vv, ;). Clearly, V(uz) = Vi), Vpz) # Wpp) and V(v;) # W(vp).
Thus, 6, = F1, 6, =0 and 0, =0, in ordering @ and b. Further, it follows
that V(uz) F A(pz) < Vz) F Alpg), Vpz) < Vppland W(v;) < W(vp).  So,
R,(@, ¥1,0,0) < R,(b,¥1,0,0). Hence, the result d < b follows immediately.

Case6: Let -ma>-mb for 6, ==«x1, 6,=0 and 6;==x1. Then
Vo) = V_i)s Wp_ug) #Wp_,p)  and - Wv_,z) =Wv_,;)  and
R,(-md,+1,0,+1) > R,(—mb, 1,0, +1). Now, as —-md>-mb it fol-
lows that V(u_,z) £ A(u_,z) 2 V(u_,5) £ A(u_piz), Vp_pz) 2 V(p_,;) and
VV_,) £ AWV_,z) = Vv_,5) £ A(v_,3). Clearly, V(uz) = Vuz), V(pz) # Vop)
and W(v;) = V(v;). Thus, 0, = ¥1, 6, =0 and 0; = ¥1 in ordering @ and b.
Further, it follows that W(uz) F A(pz) < V(pg) ¥ Aluz), Vpz) < Wpj) and
V(va) F A(vz) < V() F A(vp). So, R, (@, ¥1,0,F1) < R, (b, ¥1,0,F1). Hence,
the result @ < b follows immediately.

Case7: Let —ma>-mb for 6,=«x1, 6,=+1 and 6,=0. Then
Vpi) = VH_yi5)s Vo) =Wp_,;) and Vv ) #Wv_ ;)  and

R,(-md,x1,+1,0) > R,(—mb, 1, £1,0). Now, as —ma > —mb
it follows that V(U _piz) = Ap_z) 2 Vu_,5) £ A _i),
V(p—mﬁ) * A(p—mﬁ) 2 V(p—mz) + A(p—ma) and V(V_ma) Z V(V?mf,‘)

Clearly,  WV(uz) =W(uz), W) =Wp)  and _ W) # Wv;).  Thus,
0, =%1, 6, =F1 and 6, =0 in ordering @ and b. Further, it follows that

WV(uz) F Alpz) < V) F Alpg), W) F Alpz) < Vpp) F Alpz) and
W(vy) < V(vp). So, R,(@,¥1,%1,0) < R, (b, ¥1,%1,0). Hence, the result @ < b
follows immediately.
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Case8: Let —ma > —mb for 6;=+1. Then Vu_,z)=WVu_,3). V(o_ya) = Vp_,3)
and V(v_,;) =Wv_,3) and R;(-ma,+l,+1,£1) > R,(-mb,£1, 1, +1).
Now, as —md > —mb it follows that W(u_,z) + AQu_,z) > V(u_,5) = Al_,),
WV(p_pz) + Alp_i) 2 Vp_,5) = Alp_) and
V(V—mﬁ) + ‘A(V—mﬁ) 2 V(V—mz) + "A(V—mz)' Clearly, V(/'{E) = V(MZ)a V(pZ) = V(pZ)
and V(v;) = W(v;). Thus, 6, = ¥1 in ordering @ and b. Further, it follows
that  W(uz) F A(pz) < Vpp) F Alpz), V) F Alpp) < Wpp) 7 Alpy)  and
V(va) F Avp) V() F A(vp). So, R,@F1,%1,F1) <R, F1,F1,F1).
Hence, the result @ < b follows immediately.

Proof of the Theorem 3.13

The proof of this theorem, follows immediately if the invariance of ¢, and 0, in ordering
a, b and a —C, b —7 can be established. Hence, a claim has to be made. The claim is as
follows. -

Claim : The value of 6, and 6, in ordering @ and b are invariant in ordering @ —¢ and
b—T. The proof of the claim follows from the following eight cases:

Casel: Let 6, =0 in ordering @ and b. Then, W(uz) # V(uz), V(ps) # V(p;) and
V(vz) # V(v;). Thus, it follows that V(pz z) # V(u5_2), V(pz_z) # V(p;_») and
W(vs_z) # V(v;_»). So, 0, = 0 in ordering @ — ¢ and b —C.

Case2: Let 6,=0, 6, =0 and 6; = +1 in ordering @ and b. Then, V(u;) # Wuz),
W(p;) # Wp;) and V(v;) = W(v;). Thus, it follows that V(uz; ) # V(u;_2),
W(paz) # Vpp) and V(vz_z) = V(v; ). So, 6, =0, 6, =0 and 6; = +1 in
ordering@ —¢ and b — 7. _

Case3: Let 0§, =0, 6, ==+1 and 0; =0 in ordering @ and b. Then, V(uyz) # Vi),
W(pz) = Wpp) and V(vz) # W(v;). Thus, it follows that V(u;_z) # V(i o),
Wpz) = Wpp_) and W(vz ) # W(v;_). So, 0, =0, 8, =+1 and 0; =0 in
ordering@ —¢ and b — 7. N

Cased4: Let 0, =0, 6, =1 and 0; = +1 in ordering @ and b. Then, V(uy) # V(uz),
W(pz) = Wpp) and V(vy) = W(v;). Thus, it follows that V(uz;_z) # V(5 o),
Wpz2) = Vpz_) and V(v z) = Wv;_). So, 6, =0, 6, =+1 and 6; = +1 in
ordering @ — ¢ and b — 7.

Case5: Let 6, ==1, 6, =0 and 0; =0 in ordering @ and b. Then, V(u;) = Wuz),
W(p;) # Wp;) and V(v;) # W(v;). Thus, it follows that V(uz; ) = W(u;_2),
W(paz) # Vpp) and V(v ) # V(v; ). So, 6, =1, 6, =0 and 6;=0 in
ordering@ —¢ and b — 7. _

Case6: Let 6, ==1, 6, =0 and 6; = +1 in ordering @ and b. Then, V(uz) = V(ip),
W(pz) # Wpp) and V(v;) = W(v;). Thus, it follows that V(u;_z) = V(uz_ o),
Wpz) # Wpp_) and Wvy_z) = W(vp_). So, 0, = +1, 6, =0 and 6; = +1 in
orderingd@ —¢ and b — 7. N

Case7: Let 0, =+1, 6, =+1 and 6; =0 in ordering @ and b. Then, V(uz) = V(uz),
W(pz) = Wpp) and V(vy) # W(v;). Thus, it follows that V(uz;_z) = V(5 o),
Wpz_2) = Wpy_») and W(v;_z) # V(vp_). So, 8, = %1, 6, =+1 and 6; =0 in
ordering @ — ¢ and b — 7.

Case8: Let 0, =+1 in ordering @ and b. Then, V(pz) = Wuz), V(p;) = W(p;) and
W(viz) = W(v;). Thus, it follows that W(uz_) = V(u;_), Wpz_z) = Wpp_z) and
WV(vsz) = V(vi_»). So, 0; = +1in ordering @ — ¢ and b —C.
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The above eight cases suggest that 6, and 6, are invariant in ordering @, bandd—%,b-7C.
Hence, the claim.
Now, by the Theorem 3.1 it follows that it follows that

R,(@—7,6,,0,,05) = R,@,0,,6,,05) + R,(—,6,,0,,65),
and
R,(b—7,6,,0,,05) = R,(b,0,,6,,0;) + R,(—C,6,,06,,65),

Then,if@ > b, thenitisobviousthat R , (@, 8, 65, 65) > R (b, 6. 6,, 65). Eventually, itleadsto
the inequality R,;(@ 6,65, 05) + R;(=C.0,.0,,0) > R,(b,6,,6,.6;) + R, (=2, 6,,6,.6;).
Thus, evidently it follows that R ,(@+ (=¢), 6,,6,,60;) > R ,(b+ (=0),0,,6,,6). So, the
result follows immediately.

Proof of the Theorem 3.15

Consider the cases when @ > b happens, that is,

R,(@,0,0,0) > R,(5,0,0,0)
R,@,0,0,£1) > R,(b,0,0, 1)
R,@,0,+1,0) > R,(b,0,+1,0)
R,@0,+1,£1) > R,(5,0,£1, +1)
R, (@ +1,0,0) > R, (b, +1,0,0)
R,@, +1,0,+1) > R, (b, +1,0,+1)
R,@, +1,+1,0) > R, (b, +1,+1,0)

L R,@ +1,+1,+1) > R, (b, +1,+1, 1)

@ > b happens for 4

Consider the cases when @ > d happens, that is,

R,(,0,0,0) > R,(d,0,0,0)
R,@,0,0,£1) > R,(d,0,0, 1)
R,@0,£1,0) > R,(d,0,+1,0)
R,@.0,+1,+1) > R,(d,0,+1, +1)
R, @ +1,0,0) > R,(d, +1,0,0)

R,@ +1,0,+£1) > R,(d, 1,0, £1)
R,@ +1,£1,0) > R,(d, +1,+1,0)
R,@ +1, 1, £1) > R,(d, 1, +1, 1)

T > dhappens for 4

Now, to proof this property, it need to discuss these 8 X 8 cases, which will make the proof
tedious. However, one can see the proof trivially, if following claims can be established.

Claim 1: Let 6; = 0 in ordering @ and b, and 6; = 0 in ordering ¢ and d. Then §; = 0
in ordering @ +'¢ and b + d. The proof of this claim is as follows. Let §; = 0 in ordering @
and b. Then V(uz) # V(uz), V(pz) # Wp;) and W(v;) # W(vp). Similarly, if 6; = 0 in order-
ing ¢ and d. Then V(uz) # V(uz), V(pz) # Wpy) and V(vz) # V(vy). Thus, it follows that
WHgzsz) # Vg, 3, V(pae) # Vpi,z) and V(vaz) # V(v;,5)- So, ;= 0 in ordering a+c
and b +d.
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Claim 2: Let 6, = +1 in ordering @ and b, and 0, = +1 in ordering ¢ and d. Then
0, =+l in orderlng G+ and b+d. The proof of thls claim is as follows. Let 6, = +1
in ordering @ and b. Then V(,ua) = Wuz), Wpz) = Wpg) and V(vz) = V(v;). Slmllarly, if
0; = =1 in ordering ¢ and d, then V(iz) = V(py), V(pz) = V(py) and V(v;) = W(vy). Thus,
it follows that W(pz,) = V(pg, 7). V(pzse) = V(pp,z) and W(vaz) = Vv, 7). S0, 6, = +1in
ordering @ +¢ and b + d.

Claim 3: Let 6, = 0 in ordering @ and b, and 0, = +1 in ordering b and T. Then 0,=0
in ordermg 4+Candb+d. The proof of this claim is as follows. Let §; = 0 in ordering @
and b. Then V(uz) # Vuz), V(p;) # Wpy) and V(v;) # V(v;). Similarly, if 6; = +1in order-
ing ¢ and 3, then V(uz) = V(u3), V(pz) = W(py) and V(v;) = V(v;). Thus, it follows that
Wtgiz) # Vg, 7), Vpaye) # Vo) and Wvg,z) # V(v;,7)- So, 6; = 0 in ordering @ +¢
and b+ d.

Claim 4: Let 6, = +1 in ordering @ and b, and 0, = 0 in ordering ¢ and d. Then 0,=0
in ordermg a+7c and b+d. The proof of this claim is as follows. Let §; = +1 in ordering @
and b. Then W(uz) = Wuz), V(pz) = V(pp) and V(vz) = V(). Slmllarly, if ;, = 0 in order-
ing ¢ and d then V(pz) # V(uz), Vp:) # W(pz) and V() # W(v;). Thus, it follows that
Wpiz) # V) Vpasz) # Vpg,z) and W(vg,) # Vv, 3)- So, 8; = 0 in ordering a+7c
and b +d. - -

From these four claims, it is trivial enough to show that if a>b and b >7, then
a+c¢c>b+d.
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