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Abstract. The shortest path problem has been one of the most fundamental
practical problems in network analysis. One of the good algorithms is Bellman-
Ford, which has been applied in network, since the last some years. By virtue of
complexity in the decision making process, the decision makers face compli-
cation to express their view and judgment with an exact number for single
valued membership degrees under neutrosophic environment. Though the
interval number is a special situation of the neutrosophic, it is not solved the
shortest path problems in an absolute manner. Hence, in this work, we have
proposed the trapezoidal interval valued neutrosophic version of Bellman’s
algorithm to solve the shortest path problem absolutely.

Keywords: Bellman’s algorithm * Trapezoidal interval valued neutrosophic
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1 Introduction

A set which is defined in terms of ‘affiliation function’ is called fuzzy set (FS) in 1965
[1] and mainly deals with which handles with numerous real world situations, where the
data possesses some sort of uncertainty. The notion of FS is concern about only the
membership value of each and every element not about the non-membership. This issue
was sorted out by intuitionistic fuzzy set (IFS) introduced by Atannasov in 1975 [2]
which allows the membership function and non-membership function as well. Since the
real world situations may contain indeterminacy in the data, FS and IFS could not deal
with indeterminacy. This problem was rectified by neutrosophic set (NS), generalization
of FS and IFS, introduced by Smarandache [3]. NS is a set in which, all the elements
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have degree of membership, indeterminate membership and non-membership and the
sum these membership functions (MFs) should be less than or equal to 3. All the three
MFs are independent to each other. Uncertainty can be captured for the elements using
fuzzy numbers and intuitionistic fuzzy numbers. In the same way, neutrosophic numbers
are useful in capturing uncertainty and indeterminacy of the elements. And hence it is a
special case of the NS which enhances the domain of real numbers to neutrosophic
numbers.

Shortest path problem has been solved by many researchers under fuzzy and
intuitionistic fuzzy environments [5—8]. The concept of Bellman’s algorithm has been
applied in a fuzzy network [9] for solving shortest path problem and it is not applied in
neutrosophic network so far. Distance measure can be obtained using single and
interval valued trapezoidal neutrosophic numbers in a multi attribute decision making
problem. Dijkstra algorithm is very useful and optimized one to solve the shortest path
problem but cannot able to handle negative weights where as Bellman can able to deal
negative weights. SPP also can be solved by using single valued neutrosophic graph
[11-16].

Hence for the first time, the interval valued trapezoidal neutrosophic portrayal of
Bellman’s algorithm is applied here to solve neutrosophic shortest path problem [17,
18]. An extension of fuzzy sets called type-2 fuzzy sets and its special cases called
interval type-2 fuzzy sets have growing applications in control systems, image pro-
cessing and other medical fields. Shortest path problems can be solved using triangular
and trapezoidal interval neutrosophic environments as an extension of neutrosophic
sets. From the overview of solving shortest path problem under various sets environ-
ments one can understand the difference and capacity of handling uncertainty with
various level [19-26].

In this paper, we are motivated to present a new version of Bellman’s algorithm for
solving the shortest path problem on a network where the edge weight is characterized
by interval valued trapezoidal neutrosophic number. The rest of this paper is organized
as follows. In Sect. 2, some concepts and theories are reviewed. Section 3 presents the
neutrosophic version of Bellman algorithm. In Sect. 4, a numerical example is pro-
vided as an application of our proposed algorithm. Section 5, shows the advantages of
the proposed algorithm. The last but not least the section, in which the conclusion is
drawn and some hints for further research is given.

2 Overview on Trapezoidal Interval Valued Neutrosophic
Number

In this section, we review some basic concepts regarding neutrosophic sets, single
valued neutrosophic sets, trapezoidal neutrosophic sets and some existing ranking
functions for trapezoidal neutrosophic numbers which are the background of this study
and will help us to further research.

Definition 2.1 [3].Let £ be a of points (objects) set and its generic elements denoted by x;
we define the neutrosophic set A (NS A) as the form A = { <x:T;(x),

L.(x), F;(x) > ,x € ¢}, where the functions T, I, F: { — 170,17 are called the
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truth-membership function, an indeterminacy-membership function, and a falsity-
membership function respectively and they satisfy the following condition:

S0 T, (x) +1,(x) + Fy(x) <37 (1)

The values of these three membership functions T, (x),Z;(x) and F;(x) are real

standard or nonstandard subsets of ]70,17[. As we have difficulty in applying NSs to
practical problems. Wang et al. [4] proposes the concept of a SVNS that represents the
simplification of a NS and can be applied to real scientific and technical applications.

Definition 2.2 [4]. A single valued neutrosophic set A (SVNS A) in the universe set ¢
is defined by the set

A= {<x: T.(x), L (x),F,(x) > ,x € 5} 2)
Where T (x), I (x), F; (x) € [0, 1] satisfying the condition:

0<T;(x)+1;(x) +F;(x) <3 (3)

Definition 2.3 [10]. Let x be trapezoidal interval valued neutrosophic number
(TrIVNN). Then its truth membership function are given by

. asz<b,
ty, b<z<c
@) =1 o5 4)
(d—C) 9 c S Z S d
0, otherwise
Its indeterminacy membership function is
(0—=3) + (z=a)iy
_Jﬁ:%iL7 a<z<b
Iy, b<z<c
I(z) = z—C+()cCi—z)ix (3)
— Y, c¢<z<d
0, otherwise
And its falsity membership function is
botdt <oz
s b<z<c
Fe(2) =9 . ()
iﬁ%@jﬁ7 c<z<d

0, otherwise
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Where 0 <T,(z) <1,0<I,(z) <1 and 0<F,(z) <1 and also t,, i, f, are subset of [0,
Tand 0<a<b<c<d<1.0< sup(t)+ sup(ix) + sup(fy) <3; Then x is called an
interval trapezoidal neutrosophic number x = ([a,b,c,d|;ty,iy,fr) we take f, =

1) i = [i,7] and £, = |£.F].

Definition 2.4 [10]. Let @ and r be two TrIVNNSs, the ranking of @ and r by score
function and accuracy function is described as follows:

L if s(PV) < s(3V) then NV < sV
2. if s(PN) ~ s(3V) and if
a. a(V) < a(sV) then N < sV
b. a(#) = a(sV) then # = s
c. a() =~ a(sV) then# ~ sV

Definition 2.5 [17]. There are some advantages of using interval valued trapezoidal
neutrosophic number as follow.

e Interval trapezoidal neutrosophic number is a generalized form of single valued
trapezoidal neutrosophic number.

e In this number, the trapezoidal number is characterized with three independent
membership degrees which are in interval form.

e The number can flexibly express neutrosophic information than the single valued
neutrosophic trapezoidal number.

e Therefore the number can be employed to solve neutrosophic multiple attribute
decision making problem, where the preference values cannot be expressed in terms
of single valued trapezoidal neutrosophic number.

3 Proposed Concepts

Definition 3.1. Score Function of IVTrNN. Let x = ([a, b, c,d]; [[t,1], [[i
a IVTrNN then its score function defined by,

e~
I~
Y,
o
(@]

S(x) :11—6(a+b+c+d)(2+z+f—g’—?—j_f—f),S(x) €0.1]

Here we take 0 <a<b<c<d<l, t,iy,f, are subset of [0,1] where t, = [£,7],i, =

i, ] and f, = [f.f].
Property 3.2. Score function is bounded on [0, 1].

Proof:

0<a<bhb<c<d<l1 (7)
=0<a+b+c+d<4
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Now,

—4<t+?—i—?—f—f§2
=2—-4<2+t+1—i—i—f—

:>—2§2+z+f—g—?—f—f

IN

<4 (8)
4

Multiplying (7) and (8) we get,
0<(a+b+c+d)(2+i+i—i—i—f—f)<16

=0< —(a+b+c+d)2+t+i—i—i—f—f)<1

1
16
Therefore, score function is bounded.

Example: Let a = ([0.1, 0.2, 0.3, 0.4]; [0.1, 0.2], [0.2, 0.3], [0.4, 0.5])

1
e (01402403 4+04)2+.142- 2.3~ .4-5)=0.07875

Sc(a) =
Definition 3.3. Accuracy function. Let x = ([a,b,c,d]; [t,7],[i, ], [f,f]) be a IVTINN
then its accuracy function defined by,

Ac(x) =s(c+d—a—b)2+t+1—f—f),Acx) €[0,1]

ool»—

Here we take 0 <a<b<c<d<l, t,,iy,f, are subset of [0, 1] where #, = [t,7],i, =

i, and f, = [f,f].
Property: Accuracy function is bounded on [0, 1].

Proof:

0<a<b<c<d<l
= > —2<c+d—a—-—b<2

2<i4+7—f—-F<2

_ (10)
=0<2+t+1-f—f<4
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Multiplying (9) and (10)

0<(c+d—a—b)(2+t+7—f—f)<8

1 _ _
= 0< g(a+b+c+d)(2+g+r—[—f)§1

Therefore, accuracy function is bounded.

Example: Let x = ([0.1, 0.2, 0.3, 0.4]; [0.1, 0.2], [0.2, 0.3], [0.4, 0.5])

Ac(x) ==(0.1402+03+04)(2+.1+.2— .4—.5)=0.175

1
8

4 Computation of Shortest Path Based on Interval Valued
Trapezoidal Neutrosophic Number

179

This section introduces an algorithmic approach to solve NSPP. Consider a network
with ‘n’ nodes where the node ‘1’ is the source node and the node ‘n’ is the destination
node. The neutrosophic distance between the nodes is denoted by d;; (node ‘1’ to node

‘i’). Here My; denotes the set of all nodes having a relation with the node ‘i’.

We begin with the following definition.

Bellman Dynamic Programming

Given an acyclic directed connected graph G = (V, E) with ‘n’ vertices where node ‘1’
is the source node and ‘n’ is the destination node. The nodes of the given network are
organized with the topological ordering (Ejj: i <j). Now for the given network the
shortest path can be obtained based on the formulation of Bellman dynamic pro-

gramming by forward pass computation method.
The formulation of Bellman dynamic programming is described as follows:
f(1)=0
£(i) = min; ;{f (i) + dj }

where d;; = weight of the directed edge Ej;
f(i) = length of the shortest path of /" node from the source node 1.
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Applying the concept of Bellman’s algorithm in neutrosophic environment, we have

Neutrosophic Bellman-Ford Algorithm:

1.

A S N S

e e
W N = O

14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.

nrank(s] < 0
ndist[s] «<— Empty neutrosophic number.
Add s into QO
For each node i (except the s) in the neutrosophic graph G
rankfi] «— oo
Add iinto Q

End For
u<—s
While(Q is not empty)

remove the vertex u from QO

. For each adjacent vertex v of vertex u

relaxed«—Fualse

. temp_ndist[v] < ndist[u] @ edge weight(u,v) //@ represents the addition

of neutrosophic//
temp nrank[v] «—rank of neutrosophic(temp ndist[v])

Iftemp nrank[v]<nrank[v] then

ndist[v] «temp_ndist[v]

nrank[v] < temp nrank[v]

prev[v] «—u

End If

End For

If relaxed equals False then
exit the loop

End If

u «—Node in Q with minimum rank value
End While
For each arc(u,v) in neutrosophic graph G do
If nrank[v]> rank of neutrosophic(ndist[u] @® edge weight(u,v))
return false
End If
End For
The neutrosophic number ndist/u] is a neutrosophic number and its
represents the shortest path between source node s and node u.

In the following, we will provide a simple example for a better understanding as
follows.
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S Illustrative Example

For this purpose, a numerical problem from [11] is taken to prove the inherent
application of the proposed algorithm.

Example 1: Consider a network (Fig. 1) with six nodes eight edges and the edge
weights are characterized by IVTpNNs, where the first node is the source node and the
sixth node is the destination node. Trapezoidal interval valued neutrosophic distance is
given in Table 1.

Fig. 1. A network with six vertices and eight edges (Broumi et al. [11])

In this situation, we need to evaluate the shortest distance from source node i.e. node
1 to destination node i.e. node 6 (Table 2)

Table 1. The details of edges information in terms of TrITVNNs

Edges | Trapezoidal interval valued neutrosophic distance
1-2 (e1) | ((0.1,0.2,0.3,0.4); [0.1,0.2],[0.2,0.3],[0.4,0.5])
1-3 (e2) | ((0.2,0.5,0.7,0.8);]0.2,0.4],[0.3,0.5],[0.1,0.2])
2-3 (e3) [ ((0.3,0.7,0.8,0.9);[0.3,0.4],[0.1,0.2], [0.3,0.5])
2-5 (e4) | ((0.1,0.5,0.7,0.9);[0.1,0.3],[0.3,0.4],[0.2,0.3])
3—4 (es) | ((0.2,0.4,0.8,0.9);[0.2,0.3],[0.2,0.5],[0.4,0.5])
3-5 (es) | ((0.3,0.4,0.5,1);[0.3,0.6],[0.1,0.2],[0.1,0.4])

4-6 (e7) 1 ((0.7,0.8,0.9,1);[0.4,0.6],[0.2,0.4],[0.1,0.3])

5-6 (eg) | ((0.2,0.4,0.5,0.7);[0.2,0.3],[0.3,0.4],[0.1,0.5])

Table 2. The details of deneutrosophication value of edge (i, j)

Edges | Score function | Edges | Score function

en 0.05625 €3y 0.416875
en 0.48125 ess 0.56375
€23 0.6075 €46 0.85

€25 0.44 €56 0.36
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According to the algorithm method proposed in Sect. 4, the shortest path from node
one to node six can be computed as follows:

f(1) =0
£(2) = mini<> {f(1) + c12} = ¢, = 0.05625
f(3) = min;<3{f (i) +ci} = min{f (1) + c13;£(2) + c23}

= {0+ 0.48125,0.05625 + 0.6075} = {0.48125;0.66375} = 0.48125
£(4) = min; <4 {f (i) + cu} = min{f(3) + c34} = {0.48125 + 0.416875} = 0.89
£(5) = min; < s{f (i) + cis} = min{f(2) + c25;f(3) +c35}

— {0.05625 + 0.44; 0.48125 + 0.56375} = {0.49, 1.045} = 0.49
£(6) = min; <6{f (i) + cis} = min{f(4) + ca6;f(5) + cs6}

— {0.89 4 0.85;0.49 + 0.36} = {1.74,0.85} = 0.85

thus,

£(6) =f(5)+cse =f(2) +cas+cs6 =f(1) +cia+ca5 + 56

= C12 + €25 + Cs6.

Therefore, the path P: 1 — 2 — 5 — 6 is identified as the neutrosophic shortest
path, and the crisp shortest path is 0.85.

6 Advantages of the Proposed Algorithm

The proposed Bellman algorithm under trapezoidal interval valued neutrosophic
environment has the following advantages.

(1) indeterminacy of the information can be dealt effectively
(i) cost of the neutrosophic shortest path can be minimized
(iii) the performance of the network can be maximized though the data have
Indeterminacy
(iv) Indeterminacy can be captured and shortest path can be obtained by splitting the
various paths and hence performance of the system can be increased.

7 Conclusion

Here in this work, proposed the definitions of score function and accuracy functions
and their properties. Also proposed the neutrosophic version of Bellman’s algorithm
based on the trapezoidal interval valued neutrosophic number (TrIVNN) which
expresses the flexibility of the neutrosophic information absolutely under trapezoidal
interval valued neutrosophic environment. Also, one numeric example is presented. In
future, bipolar neutrosophic version of Bellman algorithm can be introduced.
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