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Neutrosophic logic is frequently applied to the engineering technology, scientific administration, and financial matters, among
other fields. In addition, neutrosophic linear systems can be used to illustrate various practical problems. Due to the complexity
of neutrosophic operators, however, solving linear neutrosophic systems is challenging. This work proposes a new straightfor-
ward method for solving the neutrosophic system of linear equations based on the neutrosophic structured element (NSE). Here
unknown and right-hand side vectors are considered as triangular neutrosophic numbers. Based on the NSE, analytical
expressions of the solution to this equation and its degrees are also provided. Finally, several examples of the methodology

are provided.

1. Introduction

In modeling various physical phenomena, we are confronted
with two types of uncertainty and indeterminacy: the first
category is due to the inability of human knowledge and
tools to comprehend the intricacies of an event. For instance,
to determine the temperature of a city, thermometers are
placed at various locations and the average is then calculated.
Obviously, the calculated temperature differs from the actual
temperature of that city, for two reasons: first, just a few
points of that city were used in the calculations and second,
the inaccuracy of the measuring person and the devices gen-
erates uncertainty in the reported temperature. The second
category relates to a lack of clarity and transparency regard-
ing a certain phenomenon or characteristic. A phenomenon
may be fundamentally ambiguous and subjectively deter-
mined. For instance, there is no universal definition of
what constitutes hot weather, so that one person may regard
30° to be hot while another believes 40° to be hot. Therefore,
to obtain a realistic model, we must consider certainty and
uncertainty in the model.

It is commonly recognized that in recent years, when less,
incomplete, ambiguous, or imprecise information about
variables or parameters has been available, fuzzy set (FS)
and its extensions are particularly valuable modeling tools
for these types of data [1-5]. Consequently, many physical or
real-world issues involving uncertainty and indeterminacy
frequently include the systems of linear equations in their
solution methods. Numerous industries, including advertis-
ing, logistics, finance, optimization, and more, can benefit
from this type of systems.

A number of scholars have also put forth models for
linear systems in a fuzzy setting. Fuzzy linear systems
(FLSs) did not develop until at least 1980 [6]. However,
Friedman et al. [7] introduced an embedding approach to
solve a FLS with a definite matrix coefficient and an arbi-
trarily fuzzy number vector on the right-hand side. This
model was later modified by further researchers. Allahviran-
loo [8, 9] studied iterative algorithms for FLS with conver-
gence theorems, including Jacobi, Gauss Seidel, and SOR
approaches. Dehghan et al. [10] provided certain ways to
solve FLS that are equivalent to well-known methods as
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Gaussian elimination, Cramer’s rule, Doolittle algorithm,
and its simplification.

Muzzioli and Reynaerts [11] examined a dual type of FLS
and highlighted the connection between interval linear sys-
tems (ILS) and FLS. Wang and Zheng [12] explored an
inconsistent FLS and derived the fuzzy and weak fuzzy least
squares solutions by applying the generalized inverses of the
coefficient matrix. Tian et al. [13] investigated the perturba-
tion analysis of FLS and determined the relative error limita-
tions for FLS solutions. Otadi et al. [14] presented a hybrid
method based on fuzzy neural network for approximate
solution of FLS. Behera and Chakraverty [15] examined
the solution technique for both real and complicated fuzzy
systems. Saberi Najafi and Edalatpanah [16] analyzed various
existing iterative methods employing the embedding method
for finding the solution FLS and devised a numerical method
for enhancing these algorithms. They demonstrated that
their technique outperforms all previously mentioned
numerical iterative algorithms. Lodwick and Dubois [17]
argued that ILS is an essential process in the solution of
FLS and emphasized four unique definitions of systems of
linear equations in which coefficients are substituted by
intervals.

Akram et al. [18] defined some concepts, including a
bipolar fuzzy number in parametric form and propose a
method for the bipolar FLS solution procedure. Fully FLS
with trapezoidal and hexagonal fuzzy numbers have been
studied by Ziqan et al. [19]. Abbasi and Allahviranloo [20]
also investigated and the reported a new concept based on
transmission-average-based operations for solving fully FLS.
Recently, numerous scholars investigated the system of linear
equations for the various types of fuzzy numbers such as
horizontal fuzzy numbers [21], LR-bipolar fuzzy numbers
[22], thick fuzzy number [23], and fuzzy complex numbers
[24]. Although the solution of a system of linear equation
with FS) is intriguing, FS only considers the truth member-
ship function of each element. Atanassov [25] proposed
intuitionistic fuzzy sets (IFSs), which accounted for both
the falsity and truth membership functions, to address this
issue.

However, in real-life decision-making problems, both FS
and IFS are unable to deal with indeterminacy. In actual
decision-making difficulties, both FS and IFS are incapable
of handling indeterminacy that in the context of actual
decision-making it is highly crucial. In terms of independent
truth, falsity, and indeterminacy membership functions,
Smarandache [26] created neutrosophic sets (NS) in 1998.
Subsequently, several new extensions to NSs have emerged,
including NSs [27, 28] defined over a specific interval, bipo-
lar NSs [29] characterized by their dual nature, single-valued
NSs [30] consisting of single values, quadripartitioned single
valued NSs [31] divided into four partitions, n-refined NSs
[32] refined through additional considerations, simplified
NSs [33], and pentapartitioned NS [34] introduced for ease
of comprehension. These contexts are used in a variety of
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ways in research and engineering, such as transportation
problem [35], statistical analysis [36], management evalua-
tion [37], bioenergy production technologies [38], centrifu-
gal pump [39], waste management [40], etc.

To the best of our knowledge, there have only been a
limited number of studies on the system of neutrosophic
linear equations [41, 42], despite the fact that there are
numerous methods for addressing various issues under
NSs. These methods [41, 42] used the (a, f, y)-cut tech-
nique. Some neutrosophic modeling approaches carefully
handle the original neutrosophic data, which can easily
result in information loss and potentially lead to biased
results. These techniques have not strayed too far from
the mainstream decision-making domain. Moreover, the
calculating procedure is occasionally disrupted by parame-
ter ergodicity issues. For example, the (a, f, y)-cut tech-
nique requires the parameter to be set to [0, 1], which is
unrealistic. The neutrosophic structured element (NSE) is
among the substantial extensions of NS. Edalatpanah [43]
was the founder of the NSE theory, which expresses NS as a
linear structure.

NSs can be analyzed and sorted based on the relationship
between the truth, indeterminacy, and falsity membership
functions, however the formulae are complicated and certain
procedures do not satisfy the rational hypothesis of eco-
nomic phenomenon. However, modeling with NSE can
remove these shortcomings. However, simulation with NSE
can eliminate these deficiencies. NSE is based on the homeo-
morphism between a closed NS and a group of restricted
functions on [—1, 1]. To avoid the ergodicity of the extension
idea, the NSE was utilized to represent NSs and their opera-
tions. In addition, the NSs transmission of the calculation
process and the analytic expression of computed values can
be implemented. Therefore, this work proposes a new
approach for solving neutrosophic linear systems (NLS) of
the form Ax=>b, where A is a crisp matrix and b is the
triangular single-valued neutrosophic number (TSVNN)
vector.

The structure of this work is as follows: Section 1 covers
the concepts of TSVNN and NSE; Section 2, various nota-
tions and definitions are provided; Section 3, both the NLS
and the proposed approach have been introduced; Section 4,
numerical examples are then solved; Section 5 concludes
with the conclusions.

2. Preliminaries

Here are provided various notations and definitions perti-
nent to the presented study [43].

Definition 1. Consider A = <(8,6,,63), (11,1, 13), (&1, &2
&3)> as the TSVNN. Then the truth (T (x)), indeterminacy
(I'y(x)), and falsity (¥4(x)) membership functionsare
described as follows:
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(x = 6y) 5, <x<6y, (1, — x)
(6, = 61) (b —11)
1 X =0, 0
B 6y P = o)
- 5,<x <03, —
(65— 5,) ’ ’ (5—1,
0 otherwise. 1

3
& —x
121 Sx<12, ((522_51)) 51 S.x<§2,
X =1, 0 x=E&,
2 TA()C) (x—é: ) ? (1)
L, <x <13, G 12) &H<xLé,
31D
otherwise. 1 otherwise.

where 0 < Ty (x) + Iy (x) + Pa(x) <3,x €A

Deﬁnition 2. For TSVNN A = <(61,52, 63), (ll, Ly, l3), (fl,
&, &3)>, there are p, g, r: [-1,1] — [0, 1] such that T, (x) =
Pa(x), Ix(x) = qx(x), and ¥, (x) = r,(x), where:

(6, =61)x+6,, —-1<x<0,
pa(x) =14 (83 =8,)x+8,, 0=<x<1, (2)
0, others,
(L-u)x+1n, -1<x<0,
qQu(E) =4 (3-n)x+n 0<x<1, (3)
0, others,
(& =&)x+&, -1<x<0,
mx) =19 (&E-&)x+ &, 0<x<1, (4)
0, others,

where A = <p,(x),qa(x),r4(x)>, is called NSE num-
ber (NSEN).

Definition 3. For M = <py(x), qu(x), rp(x)>, and N =
<sy(x), ty(x), uy(x)>, we have:

(i) Mo N = <(py + sn)(x). (qu + tn) (%),
(rp + uy) (x)>,
(i) M=N = <(ppm(x) + §'n(x)), (qu(x) + t'n(x)),
(ru(x) + u/n(x)) >,
(i) AN = A<(s'y(x)), (5 (%)), (W5 (x)) >,

where
S'n(x) = =sy(=x), ' n(x) = —ty(=x), W y(x) = —uy(-x).

(5)

3. NLS and the Proposed Method

Let us consider a n X n NLS
a){x} = {o}. (6)

Here [A] = (akj) for1<k<mnand 1<j<nisanxn
crisp real matrix, {b} = {b;} is a column vector of

\
TSVNN and {X} = {561} is the vector of neutrosophic
unknown.

Equation (6) can be represented by the following expres-
sions:

Zakjicj =by, fork=1, ..., n (7)
=1

In [43], Edalatpanah studied the solution of n X n NLS
with embedding method, and gave the necessary and suffi-
cient conditions for a unique neutrosophic solution. In this
section, instead of using two monotonic functions to repre-
sent the neutrosophic numbers in [43], we will use the NSE
methodology to study the problem of NLS. Suppose that the
solution of the NLS of Equation (6) be X and its NSE form be
¥ (x) = <py(x),qy(x), r¢(x)>. Also, let the NSE form of
{B} be b(x) = <s;(x), t;(x), u;(x)>. Then, in the special
case if for each row a;; > 0 we have:

Zlakjtl’j(x) =bi(x), for k=1, ..., n, (8)
j=

Zlakjtl’j(—x) =bi(-x), for k=1, ..., n, (9)
=

which are two common NLSs and can be solved easily.
Now to solve Equation (7), define:

B = (b1(x), ba(x), ... by(x), b1(=x), by(=x). ..., bu(=x))".
(11)
Then Equation (7) can equivalently be written as follows:
HY = B, (12)
where H = (hij)znxzn is as follows:
;20 = hy = ay, iy jon = @ (13)
a; <0 = h;jip = hy,  dipyj=hy

Furthermore, to specify the truth, indeterminacy, and
falsity parts of solution we define:



Y = <Py(x), Qy(x), Ry(x)>,

B = <Sy(x), Tp(x), Up(x)>,
where

Py(x) = (p1(x), p2(%) oo (%), P1(=%), pa(=2). oo pu(=%))",

(16)
Qy(x) = (@1 (%), (%), s (%), 91(=%), G2(=%), ..., gu(=%))",
(17)
Ry(x) = (ri(x), ra(x), -y 1 (%), 11(=%), 12(=%), ooy 1 (=)',
(18)
Sp(x) = (s1(%), $2(%), +vs $4(%), 51(=%), $5(=%), ..., 5,(=x))",
(19)
Qp(x) = (q1(x), g2(%), s gu(%), q1(=%), @2(=%), -\ gu(=x))",
(20)
Up(x) = (uy(x), up(x), ooy sy (%), 4y (=), up(=X), ..., uy(=x))".
(21)

Therefore, the three parts of solution of NLS can be
obtained by computing the following formulas:
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Py(x) = H™'Sp(x), (22)
Qy(x) = H™'Ty(x), (23)
Ry(x) = H'Ug(x). (24)

In the next section sometests have been solved using the
proposed method and also compared with existing results for
the validation.

4. Numerical Examples

Example 1. Let us consider a 2 X 2 TSVNN system of linear
equations as follows:

4%, - %, = <(2.3.7), (3.5, 6), (0, 1, 3)> = p (x),
X1 +3x,=<(4,5,6), (5,7,9), (1, 2, 4)> =}, (x).

(25)
Next using our approach, we have:
4 0 0 -1
1 3 0 0
H= . (26)
0 -1 4 0
0o o0 1 3
-1<x<0, x+1, -1<x<0,
, , (27)
0<x<1, 2x+1, 0< L,
-1<x<0, -2x+1, -1<xZ0,
, (28)
0<x<1, -x+1, 0<x<1,
-1<x<0, x4+ 2, 1<x<0,
’ ) (29)
0<x<1, 2x+2, 0<x<1,
-1<x<0, =2x+2, -1<x<0,
: (30)
0<x<1, -x + 2, 0<x<1,
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b(x) = <sp(x), t;(x), uz(x)>.

(31)

So, using Equations (22)—(24), for -1 <x < 0:

And for 0 <x<1:

x+3
x+5
—-4x+3
-x+5

4x +3
x+5
-x+3
-x+5

r 35 14 7

13713

36 17

[VERET)
134 14
EEVERRET)
3 17
BEVERRRTY
(32)

M 134 14 7

[VERET)

3 17

15713
35 14
EEVERRET)
36 17
EEVERREEY
(33)

So by setting x = —1, 0 in Equation (32) and also set x=1
in Equation (33), we can get the triangular truth part of

solution as follows:

xtr ue

119 14 288

<— =, >
143 13 143

151 17 190

<—, =, —>
143 13 143

In similar way, we can obtain the indeterminacy, and
falsity parts of solution as follows:

Xin deter —

Xfals =

193 22 258

<—, =, —=>
143 13 143

174 23 343

<—, =, >
143713 143

38 5 116

<—, =, —=>
143 13 143

35 7 152

<—=, 7=, T3>
143 13 143

(35)

Therefore, the final solution for NLS (25) is as follows:

[ /119 14 288\ ] 193 22 258

(E’B’E) (E’B’E)

151 17 190 174 23 343\ |’
(143 13’ 143) (E’E’E)
5 116

(143 13’ 143)
152

(143 13’ 143)

(36)

5. Conclusions

In this paper, we introduced the NLS with a single-valued
triangular neutrosophic number and developed a model
based on neutrosophic structural elements for its solution.
Using the monotone function on [—1, 1], the nxn NLS is
changed in this manner into 2nX2n crisp systems. The
results demonstrate that the model is effective, straightfor-
ward, and involves far less work than the alternatives.

Data Availability

Data supporting this research article are available from the
corresponding author on reasonable request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] D. J. Dubois, Fuzzy Sets and Systems: Theory and Applications,
vol. 144, Academic press, 1980.

[2] J. Wu, M. Brackstone, and M. McDonald, “Fuzzy sets and
systems for a motorway microscopic simulation model,” Fuzzy
Sets and Systems, vol. 116, no. 1, pp. 65-76, 2000.

[3] T. Javanbakht and S. Chakravorty, “Prediction of human
behavior with TOPSIS,” Journal of Fuzzy Extension and
Applications, vol. 3, no. 2, pp. 109-125, 2022.

[4] L. de Souza Oliveira, A. Argou, R. Dilli, A. Yamin, R. Reiser,
and B. Bedregal, “Exploring fuzzy set consensus analysis in IoT
resource ranking,” Engineering Applications of Artificial
Intelligence, vol. 109, Article ID 104617, 2022.

[5] C.-N. Wang, N.-A.-T. Nguyen, and T.-T. Dang, “Offshore
wind power station (OWPS) site selection using a two-stage
MCDM-based spherical fuzzy set approach,” Scientific Reports,
vol. 12, Article ID 4260, 2022.

[6] D.Dubois and H. Prade, “Systems of linear fuzzy constraints,”
Fuzzy Sets and Systems, vol. 3, pp. 37-48, 1980.

[7] M. Friedman, M. Ming, and A. Kandel, “Fuzzy linear systems,”
Fuzzy Sets and Systems, vol. 96, no. 2, pp. 201-209, 1998.

[8] T. Allahviranloo, “Numerical methods for fuzzy system of
linear equations,” Applied Mathematics and Computation,
vol. 155, no. 2, pp- 493-502, 2004.



[9] T. Allahviranloo, “Successive over relaxation iterative method
for fuzzy system of linear equations,” Applied Mathematics
and Computation, vol. 162, no. 1, pp. 189-196, 2005.

[10] M. Dehghan, B. Hashemi, and M. Ghatee, “Computational
methods for solving fully fuzzy linear systems,” Applied
Mathematics and Computation, vol. 179, no. 1, pp. 328-343,
2006.

[11] S. Muzzioli and H. Reynaerts, “Fuzzy linear systems of the
form Ax+ by =A,x+ by, Fuzzy Sets and Systems, vol. 157,
no. 7, pp. 939-951, 2006.

[12] K. Wang and B. Zheng, “Inconsistent fuzzy linear systems,”
Applied Mathematics and Computation, vol. 181, no. 2,
pp. 973-981, 2006.

[13] Z. Tian, L. Hu, and D. Greenhalgh, “Perturbation analysis of
fuzzy linear systems,” Information Sciences, vol. 180, no. 23,
pp. 4706-4713, 2010.

[14] M. Otadi, M. Mosleh, and S. Abbasbandy, “Numerical solution
of fully fuzzy linear systems by fuzzy neural network,” Soft
Computing, vol. 15, pp. 1513-1522, 2011.

[15] D. Behera and S. Chakraverty, “A new method for solving real
and complex fuzzy systems of linear equations,” Computa-
tional Mathematics and Modeling, vol. 23, pp. 507-518, 2012.

[16] H. Saberi Najafi and S. A. Edalatpanah, “An improved model
for iterative algorithms in fuzzy linear systems,” Computa-
tional Mathematics and Modeling, vol. 24, pp. 443-451, 2013.

[17] W. A. Lodwick and D. Dubois, “Interval linear systems as a
necessary step in fuzzy linear systems,” Fuzzy Sets and Systems,
vol. 281, pp. 227-251, 2015.

[18] M. Akram, G. Muhammad, and T. Allahviranloo, “Bipolar
fuzzy linear system of equations,” Computational and Applied
Mathematics, vol. 38, Article ID 69, 2019.

[19] A. Ziqan, S. Ibrahim, M. Marabeh, and A. Qarariyah, “Fully
fuzzy linear systems with trapezoidal and hexagonal fuzzy
numbers,” Granular Computing, vol. 7, pp. 229-238, 2022.

[20] F. Abbasi and T. Allahviranloo, “Solving fully fuzzy linear
system: a new solution concept,” Information Sciences,
vol. 589, pp. 608-635, 2022.

[21] M. Landowski, “Method with horizontal fuzzy numbers for
solving real fuzzy linear systems,” Soft Computing, vol. 23,
pp. 3921-3933, 2019.

[22] M. Akram, T. Allahviranloo, W. Pedrycz, and M. Alj,
“Methods for solving LR-bipolar fuzzy linear systems,” Soft
Computing, vol. 25, pp. 85-108, 2021.

[23] R.Boukezzoula, L. Jaulin, and D. Coquin, “A new methodology
for solving fuzzy systems of equations: thick fuzzy sets based
approach,” Fuzzy Sets and Systems, vol. 435, pp. 107-128,
2022.

[24] Z.Xiao and Z. Gong, “The fuzzy complex linear systems based
on a new representation of fuzzy complex numbers,”
Mathematics, vol. 10, no. 15, Article ID 2822, 2022.

[25] K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets and
Systems, vol. 20, no. 1, pp. 87-96, 1986.

[26] F. Smarandache, “Neutrosophic set—a generalization of the
intuitionistic fuzzy set,” in 2006 IEEE International Conference
on Granular Computing, vol. 24, pp. 38-42, IEEE, Atlanta,
GA, USA, 2006.

[27] J. Wang, H. Gao, and M. Lu, “Approaches to strategic supplier
selection under interval neutrosophic environment,” Journal
of Intelligent & Fuzzy Systems, vol. 37, no. 2, pp. 1707-1730,
2019.

[28] D.Zhang, Y. Su, M. Zhao, and X. Chen, “CPT-TODIM method
for interval neutrosophic MAGDM and its application to third-
party logistics service providers selection,” Technological and

Advances in Mathematical Physics

Economic Development of Economy, vol. 28, no. 1, pp. 201-
219, 2022.

[29] A. Chakraborty, S.P. Mondal, S. Alam, and A. Dey,
“Classification of trapezoidal bipolar neutrosophic number,
de-bipolarization technique and its execution in cloud service-
based MCGDM problem,” Complex & Intelligent Systems,
vol. 7, pp. 145-162, 2021.

[30] H. Garg, “SVNMPR: a new single-valued neutrosophic
multiplicative preference relation and their application to
decision-making process,” International Journal of Intelligent
Systems, vol. 37, no. 3, pp. 2089-2130, 2022.

[31] R. Radha and A. Stanis Arul Mary, “Quadripartitioned
neutrosophic pythagorean lie subalgebra,” Journal of Fuzzy
Extension and Applications, vol. 2, no. 3, pp. 283-296, 2021.

[32] M. Abobala, “A study of maximal and minimal ideals of
n-refined neutrosophic rings,” Journal of Fuzzy Extension and
Applications, vol. 2, no. 1, pp. 16-22, 2021.

[33] J. Ye, “Improved cosine similarity measures of simplified
neutrosophic sets for medical diagnoses,” Artificial Intelligence
in Medicine, vol. 63, no. 3, pp. 171-179, 2015.

[34] R. Mallick and S. Pramanik, “Pentapartitioned neutrosophic
set and its properties,” Neutrosophic Sets and Systems, vol. 36,
2020.

[35] N. Qiuping, T. Yuanxiang, S. Broumi, and V. Ulugay, “A
parametric neutrosophic model for the solid transportation
problem,” Management Decision, vol. 61, no. 2, pp. 421-442,
2022.

[36] S. Debnath, “Neutrosophication of statistical data in a study to
assess the knowledge, attitude and symptoms on reproductive
tract infection among women,” Journal of Fuzzy Extension and
Applications, vol. 2, no. 1, pp. 33-40, 2021.

[37] K. Zhang, Y. Xie, S. A. Noorkhah, M. Imeni, and S. K. Das,
“Neutrosophic management evaluation of insurance compa-
nies by a hybrid TODIM-BSC method: a case study in private
insurance companies,” Management Decision, vol. 61, no. 2,
pp. 363-381, 2022.

[38] I. M. Hezam, A. R. Mishra, P. Rani, A. Saha, F. Smarandache,
and D. Pamucar, “An integrated decision support framework
using  single-valued neutrosophic-MASWIP-COPRAS for
sustainability assessment of bioenergy production technolo-
gies,” Expert Systems with Applications, vol. 211, Article ID
118674, 2023.

[39] G. Vashishtha, S. Chauhan, N. Yadav, A. Kumar, and
R. Kumar, “A two-level adaptive chirp mode decomposition
and tangent entropy in estimation of single-valued
neutrosophic cross-entropy for detecting impeller defects in
centrifugal pump,” Applied Acoustics, vol. 197, Article ID
108905, 2022.

[40] A. E. Torkayesh, M. Tavana, and F. J. Santos-Arteaga, “A multi-
distance interval-valued neutrosophic approach for social failure
detection in sustainable municipal waste management,” Journal
of Cleaner Production, vol. 336, Article ID 130409, 2022.

[41] S. A. Edalatpanah, “Systems of neutrosophic linear equations,”
Neutrosophic Sets and Systems, vol. 33, pp. 92-104, 2020.

[42] S. A. Edalatpanah, “General non-square systems of linear
equations in neutrosophic environment,” in Neutrosophic
Theories in Communication, F. Smarandache and S. Broumi,
Eds., pp. 42-49, Nova Science Publishers, Inc, 2020.

[43] S. A. Edalatpanah, “Neutrosophic structured element,” Expert
Systems, vol. 37, no. 5, Article ID e12542, 2020.





