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Abstract

Single-valued neutrosophic soft set simultaneously incorporates the attributes of both sin-
gle-valued neutrosophic set as well as soft set. Corresponding to each parameter, it nomi-
nates a triplet (t, 1, f) to a statement, where t, 1 and f, respectively, describe the truthness,
indeterminacy and falsity of that statement. In this article, we proceed in the framework of
single-valued neutrosophic soft set by introducing single-valued neutrosophic soft hyper-
graphs which are effective to produce visual representation of connection among multiple
objects of a system. Various fundamental operations such as union, join, Cartesian product
and normal product of these graphical structures are suggested. We also discuss the con-
struction of line graph and dual of single-valued neutrosophic soft hypergraphs with algo-
rithms. The r-uniform single-valued neutrosophic soft hypergraphs with their operations
like direct product, lexicographic product and costrong product is illustrated. In addition
to this, we introduce the concept of regular, totally regular and perfectly regular single-
valued neutrosophic soft hypergraphs and elaborate it with interesting results. Further, the
single-valued neutrosophic soft directed hypergraphs together with some other interesting
concepts have also been presented. At the end, it is explained that in what way, one can use
the single-valued neutrosophic soft directed hypergraphs in the study of human nervous
system. The proposed hypergraphs can be employed in artificial intelligence and decision-
support systems effectively.

Keywords Single-valued neutrosophic soft sets - Hypergraphs - Directed hypergraphs -
Human nervous system

1 Introduction

A hypergraph (Berge 1973, 1989) is an extension of graph whose edges (called hyperedges

in this case) can link an arbitrary finite number of vertices. Each hypergraph can also be
viewed as an incidence structure when studied in incidence geometry. A finite incidence
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structure is an abstract system consisting of a set of points (vertices) and blocks (hyper-
edges) that are formed by the implementation of a sole relationship among points. This is
the reason that a hypergraph is also represented as an incidence matrix. This discrete struc-
ture is quite strong as it is the most generalized approach to depict the multiple interactions
among the objects of a system. If each vertex of a hypergraph is contained in k hyperedges,
then the hypergraph is called k-regular hypergraph. Additionally, for some fixed positive
integer r, if all the hyperedges in a hypergraph link » number of vertices then the hyper-
graph is called r-uniform hypergraph (Bretto 2013). Recently, tensor entropy (Chen and
Rajapakse 2020), spectrum (Cardoso et al. 2020) and regularity (Liu et al. 2020) of uniform
hypergraphs has been studied by different researchers. Hypergraphs have many applica-
tions in different areas such as the informatics and information systems, system modeling,
social network analysis, system engineering, web information systems, service orientation
architecture and much more (Molnar 2014). Various products of hypergraphs and specifi-
cally r-uniform hypergraphs were gathered and presented in Hellmuth et al. (2012).

Many a times, the classes of objects considered in actual-world do not possess exact
boundaries. Based on this idea, Zadeh (1965) presented the notion of fuzzy set as a gen-
eralization of crisp set. It is characterized by a truth-membership function that designates
the numerical value from the unit closed interval to every object of the considered class
or universe. Up to now, a lot of work has been carried out in fuzzy set theory. Atanassov
(1986) inserted another function called the falsity-membership function in fuzzy set and
proposed the intuitionistic fuzzy set. This non-membership function provides the informa-
tion about how much an object does not belongs to the considered set with a limitation
that the summation of truth-membership and falsity-membership should not be greater than
one. Based on the concept of neutrosophy, Smarandache (1998) approached the issue of
uncertainty. He presented the neotrosophic set which is a broad context of crisp, fuzzy and
intuitionistic fuzzy sets as it is characterized by three membership functions. To make this
model applicable in real-world systems, Wang et al. (2010) put forth the single-valued neu-
trosophic set (SNS) and specified the framework of Smarandache’s neutrosophic set from
the scientific viewpoint. A SNS R on a non-empty space of points V is defined by a 3-tuple
of functions R = (g, tg,fr) : V — [0, 1] X [0, 1] X [0, 1], where 1y, t; and fg, respectively,
represent truth, indeterminacy and falsity membership functions. Numerous applications in
information systems, decision support systems, information technology, medical diagnosis
and applied physics were addressed by El-Hefenawy et al. (2016). Nguyen et al. (2019)
presented a detailed description of SNSs in biomedical diagnosis. Many authors contrib-
uted in the study of SNSs as well as single-valued neutrosophic graphs in decision-making
(Chutia and Smarandache 2021; Akram 2018; Sahin and Liu 2017; Mahapatra et al. 2021;
Zeng et al. 2021; Karaaslan and Davvaz 2018; Peng et al. 2014; Yang et al. 2020).

Soft set (S;S) theory (Molodtsov 1999) was proposed by Molodtsov in 1999 which
addresses parameterized imprecision. Because of this theory, the use of parametriza-
tion has become very convenient as it permits functions, mappings, linguistic words or
numerals as attributes. For if A C 3 denotes the set of parameters regarding all objects
of universe V, a S S is defined by the approximate mapping which produces a subset
of universe for each 3 € A. That is why, a soft set is also interpreted as a parameterized
collection of subsets of universal set. The operations of soft sets are discussed in Maji
et al. (2003); Sezgin and Atagiin (2011). Fuzzy set and S /S deals with different types
of imprecision namely, the membership and parameterized, respectively. Maji et al.
(2001a) combined both these uncertainties in his work and named their model as fuzzy
soft set. They also put forward the intuitionistic fuzzy soft set (Maji et al. 2001b) as an
extension of fuzzy soft set. As the SNS explicitly handles the indeterminate information,
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Maji (2013) introduced the single-valued neutrosophic soft set (SNS,S), discussed its
operations and decision making application. Further, SNS relations (Deli and Broumi
2015) were suggested by Deli and Broumi. This model is used by various researchers
due to its aptness in numerous fields.

Hypergraphs were studied in fuzzy set theory by Mordeson and Nair (2001). They
also discussed fuzzy transversals and coloring of these graphical structures. Parvathi
et al. (2009) introduced the intuitionistic fuzzy hypergraphs and defined the dual and
(a, p)-cut of these hypergraphs. Afterwards, Akram et al. (2018) put forth single-valued
neutrosophic hypergraph (SNH) and transversal SNH. Akram and Lugman (2017) dis-
cussed the applications of single-valued neutrosophic directed hypergraphs (SNDHs) in
collaboration networks, production and manufacturing networks and social networks.
Smarandache and Hassan (2016) investigated the regularity and completeness of SNH.
The regularity, total regularity and uniformity of fuzzy soft hypergraphs was illustrated
by Rashid et al. (2020). Intuitionistic fuzzy soft hypergraphs were proposed by Thila-
gavathi (2018). Shahzadi and Akram (2019) investigated Pythagorean fuzzy soft hyper-
graphs and discussed its regularity in detail. Akram and Lugman (2020) made worth-
while contribution to the studies of various extensions of hypergraphs. Table 1 shows
the existing literature and its main findings.

We go ahead in SNS,S theory by introducing the single-valued neutrosophic soft
hypergraphs (SNS (Hs) due to the following reasons:

1. SNS/S is a combination of SNS and S S. It can handle parameterized uncertainty with
neutrosophic data which not only provides information about the membership and non-
membership as compared to intuitionistic fuzzy set but also includes indeterminacy
independently.

2. SNSH carries feasible features as it can exhibit the interaction of multiple objects with
its hyperedges pertaining to distinct attributes. This characteristic property of SNS /Hs
urged us to study them profoundly.

Motivated by the practicality of SNS ;Ss in various information systems as well as deci-
sion-making problems and, the capability of hypergraphs to represent the multiple rela-
tionships among the objects of a system, a new hybrid model of SNS /Hs is established.
This model includes the indeterminacy in a system accommodating multi-interactions
to include neutralities found in real world. Different versions and operations of SNS ;Hs
have been reported ahead in order to elaborate the proposed model. It is advantageous
to use single-valued neutrosophic soft directed hypergraphs (SNSDHs) to represent the
functionality of brain networks. This work partakes in the existing literature in the fol-
lowing way:

1. Itproposes SNS Hs and suggests different types of its subhypergraphs. It presents union
and join of two SNS (Hs. It also defines line graph and dual of a SNS (H. It illustrates
the concept of complete, strong and r-uniform SNS (Hs as well as different products of
SNS Hs.

2. Italso explains the idea of SNS ;DHs with examples. It presents the aptness of the pro-
posed model in the studies of human nervous system.

The arrangement of article is as follows. Section 2 provides the preliminary work cor-
responding to this manuscript. Section 3 gives brief description of SNS Hs. The next
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section is followed by the study of r-uniform SNS Hs. Section 5 explains the concept
of regularity for the proposed hybrid model of hypergraphs. In Sect. 6, the SNS DHs
are introduced. Section 7 presents the implementation of SNS DHs on the networks
of human nervous system studies and last section gives the concluding remarks of this
work.

2 Preliminaries

In this section, we give some preliminary concepts that will support to apprehend further
research work.

Definition 1 Berge (1973, 1989) A simple hypergraph H is denoted by the pair
H = (V,E), where V = {v; : 1 <i<n}is anon-void finite set of objects called vertices/
nodes and E is a subset of P(V)\{¢} (P(V) represents the power set of V). The members
E = {(vi 1 1<k<m,2<m<n}(1 <j<1)of E are subsets of V and are known as hyper-
edges of H. The cardinality of vertex set VI and that of hyperedge set |El is called the order
O(H) and size S(H) of H, respectively.

The number of hyperedges that contain vertex v is known as degree d(v) of that vertex.
If each vertex of H is contained in k number of hyperedges, i.e., d(v) = k, Vv € V, then H
is called k-regular hypergraph. Moreover, if the hyperedges of H contain equal number of
vertices in them, let it be r, then H is called r-uniform hypergraph (Bretto 2013).

Definition 2 Wang et al. (2010) A SNS R on a non-empty space of points V is defined
by a 3-tuple of functions R = (tg, iz, fg) : V = [0, 1] x [0, 1] X [0, 1], where tg, ig and fg,
respectively, represent truth, indeterminacy and falsity membership functions.

Definition 3 Maji (2013) Let V be the space of points, A be the set of parameters and P(V)
denotes the set of all SNSs over V. The single-valued neutrosophic soft set (R, A) is the
parameterized collection of SNSs, defined by the approximate mapping R : A — P(V).

Definition 4 Akram and Shahzadi (2017) Let V be a non-void set of objects. A single-
valued neutrosophic soft graph G is denoted by the tuple G = (C, D, A), where (C, A) is the
SNS,S of vertices and (C,A) is the SNS,S of edges. Additionally, G(3) = (C(3), D(3)) is
the single-valued neutrosophic graph corresponding to parameter 3 € A such that

to (viv) Sty (V) Atpg (v)
o) (Viv) Sipg) (V) At (%)

fe@ v <foe (V) V T ()

for all v, v; EV.

3 Single-valued neutrosophic soft hypergraph

Definition 5 Let H = (V, E) denotes a crisp hypergraph. A SNS H H over H is denoted by
the ordered triplet H = (R, S, A), where A denotes the set of parameters and
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(1) (R,A)is a SNS,S of vertices over V such that R : A — P(V) is a SNS  approximate
mapping (P(V) denotes the set of all SNSs over V).

(2) (S,A)is a SNS,S over E(C V™, m being the finite positive integer) and S : A - P(E)
is the corresponding SNS , mapping such that the member E(1 < j < 1) of S(3) repre-
sents the SN hyperedge in the SNH H(3) = (R(3), S(3)) of H, and its truth-membership,
indeterminacy membership and falsity-membership values can be computed as

tso)(E)D =t (vivaev,,) Smin{tpe (vi), tri)(V2)s s By (Vi) 1
55 (E)) = i) (Vvpev) Smin{ige (v)), ig()(7)s s tr( (V) -
fs(s)(Ej) = fs(s)(Vlvz---Vm) < max{fR(é)(Vl)’ fR(a)(Vz), e fR(a)(Vm)}’

respectively, where 2 < m < n.
(3) For all parameters 3, Uls;‘sr Supp(E;) = V, where E; denotes the SN hyperedge in H(3)

From now on, we denote |Ej| =¢j, where E, €eE.
Definition 6 The order O(H) of a SNS,HH = (R, S,A) is defined as

OH) = D (D try () Y iriy (). Y Fry ).

3€A veV vev vev

The size S(H) of a SNS/HH = (R, S, A)is defined as

SH) = Z(Z tS(g)(Ej)’ Z iS(z,)(Ej)’ Z fS(s)(Ei))'
J

€A J
Definition 7 The strength 7 of a SNS; hyperedge E; in a SNS H H is defined as

E.) = (min min t V,), min min t V,), max max V).
n( j) ( o hek R(é)( ) s Lek, R(S)( ) e, fR(g)( )

Example 1 Consider a SNS;HH = (R, S,A) over H = (V, E), where V = {v},v,,v3,v4,v5}
and E = {v|v,, V|V, V4Vs, V| V3Vs, VY3V, V4 Vs } such that

H(z1) = R, SG1)

= ({(v1,(0.9,0.5,0.7)), (v,,(0.8,0.6, 1.0)), (v3, (0.6,0.7,0.9)), (v4,(0.7,0.7,0.8)), (vs, (0.8,

0.6,0.4))}, {{v{v,,(0.7,0.4,0.8)), (v{v3vs, (0.6,0.3,0.8)), (v,v314,(0.5,0.5,0.9)), (v4v5,(0.4,0.3,0.7)) }),
H(z,) = (R(32), S(32))

= (1, (0.7,09,0.8)). (v5.(0.9,0.6,0.7)), (v3. (0.8,0.7,0.5)), (v, (1.0,0.5,0.8)), (vs. (0.7,

0.9,0.8))}. {{v;v,vavs. (0.8,0.4,0.6)), (v, v3vs. (0.6,0.7,0.5)), (vyv3v4. (0.7,0.3,0.8)) ).

Figure 1 displays the corresponding SNS H.

The order and size of H are O(H) = (7.9,6.7,7.4) and S(H) = (4.3,2.9,5.1), respec-
tively. Also, 7(v,v3vs) = (0.6,0.5,0.9) is the strength of a SNS, hyperedge in H.

Definition 8 A SNS,H H’' = (R’,S’,A’) is said to be a SNS, subhypergraph of
H=(R,S,A)if

1. A'CA,
2. H'(3)is a partial SN subhypergraph of H(3), V3 € A, i.e.,R'(3) C R(3)and S'(3) C S(3).
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(0.8,0.6,1.0) (0.7,0.7,0.8)

(@ (0.6,0.3,0.8) y ( (0.6,0.7,0.5) \ (v3) y
(0.9,0.5,0.7) (0.6,0.7,0.9) (0.8,0.6,0.4) (0.7,0.9,0.8) (0.8,0.7,0.5) (0.7,0.9,0.8)
H(31) H(32)

Fig.1 ASNSHH

Example 2 Consider the SNS,H H given in Fig. 1. The SNS, subhypergraph H' of H is
shown in Fig. 2.

Definition 9 A SNS H H' = (R’,S’,A’) is said to be a spanning SNS, subhypergraph of
H=(R,S,A)if

1. A CA,
2. R'(3) =R(y),forall3 € A".

In this case, the two SNSst have same SNSf vertex set, they differ only in the neutro-
sophic grades of hyperedges.

Example 3 Consider the SNS H H given in Fig. 1. The spanning SNS subhypergraph H’'
of H is shown in Fig. 3.

Definition 10 Let H = (R, S,A) be a SNSH over H = (V,E). A SNS,;H H' = (R, S, A")
over H' = (V',E) is said to be SNS ; subhypergraph of H induced by (R’,A") if
1. A'CA,

2. R/(3) CR(g)over V' C V, forall 3 € A,
3. S'(3)is defined over E' = {Ejf =E,NV' # ¢ : E, € Eand|E; N V'| = 2} such that

Fig.2 A SNS; subhypergraph H' (0.4,0.5,1.0) (0.6,0.4,0.8)

Q?::) (0.5,0.4,0.8) \\\‘Ib,// (::i)

(0.8,0.4,0.7) (0.5,0.6,0.9) (0.7,0.5,0.6)
H(31)
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Fig.3 A spanning SNS subhy- (0.8,0.6,1.0) (0.7,0.7,0.8)
pergraph H’

(@/050108 \@/ \@E

(0.9,0.5,0.7) (0.6,0.7,0.9) (0.8,0.6,0.4)
H(31)

tS,(a)(Ej{) = Lo (V1Va Vi) =tri) V) A trey (V) A s Atgiy (0,) At (B,
is,(é)(E;) =ty V1V V) Ztri) (V) A tri (V) A e Aty (V) At (B,
fs/(a)(Ej{) = fs,(é)(vlvz...vm) =fR,(5)(v1) \Y TR/(a)(VZ) V..V fR,(é)(vm) \Y; fs(é)(Ei).

Example 4 Consider the SNS H H given in Fig. 4a. The SNS; subhypergraph H of H
induced by (R’, A”) is shown in Fig. 4b.

Definition 11 Let H=(R,S,A) be a SNS/H over H=(V,E). A SN hyperpath
P(3)(vy,v,) from v, to v, in H(3) for some 3 € A is defined as an alternative sequence
ViE\W,E,...v, E, v, of distinct vertices and hyperedges such that

Vi1 €E;, and
- t least one of the truth-membership, indeterminacy membership and falsity-member-
ship values is non-zero for all vertices and hyperedges of P(3)(v;,v,).

The integer p — 1 is called the length of P(3)(v;,v,). If P(3)(v,,v,) is a SN hyperpath, V3,
then V1E1 VEy..v, E, v, is called a SNS hyperpath and is denoted by P(v;,v,). Further,
If vi = v, then the SNS ¢ hyperpath P(v,, v ) is called SNS, hypercycle C.

Definition 12 LetH = (R,S,A)be a SNS,Hover H = (V, E). The SNH H(3) in H is called con-
nected if there exists at least one SN hyperpath P(3)(v;, v;) for each pair of distinct vertices v;, v; in
H(3). Moreover, if H(3) is connected SNH for all 3, then H is called connected SNS H.

Definition 13 A SNS,H H=(R,S,A) over H =(V,E) is said to be a strong SNSH if
H(3) is a strong SN hypergraph for all 3 € A, i.e.,

tg) (E)) = t)(iva-evy,) =min{tge (V). tr()(v2)s ooos bry (V) )
is($)(l?j) = is(é)(vlvz...vm) =min{iR(5)(v1), iR(é)(vz), e iR(a)(vm)},

fS(5)(Ej) = fS(;,)(Vl‘)Z"'Vm) =max{fR(3)(V1)7 fR(g)(V2)’ oo fR(s)(vm)}v

for all hyperedges E; € E.
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(0.6,0.4,0.3) (0.7,0.5,0.4) (1.0,0.6,0.5) (0.5,0.9,0.7)

@\@,0.4,0.6)£@ @) (0.5,0.4,0.7) @
~/

0.4,0.3,0.7)

@ (0.3,0.5,0.4) @ (0.6,0.2,0.8)

(0.5,0.6,0.2) (0.8,0.7,0.1) (0.9,0.8,0.6) (0.6,0.7,0.8)
(a)
(0.5,0.2,0.5) (0.3,0.6,0.8)
(0.5,0.2,0.7) @
)
<
s
]
S
@ @ (0.5,0.2,0.9)
(0.4,0.3,0.6) (0.6,0.5,0.7) (0.5,0.2,0.9)
(b)

Fig.4 a A SNS,HH. b A SNS, subhypergraph H' of H induced by SNS ; vertex set of H'

Example5 Consider the SNS ,HH = (R, S, A) given in Fig. 5. Clearly, it is a strong SNS /H.

Definition 14 A SNS,H H = (R, S,A) over H = (V, E) is said to be a complete SNS H if
H(3) is a complete SN hypergraph for all 3 € A, i.e., if for all parameters 3, E = P(V) \ {@}
such that

(0.9,0.6,0.3) (0.8,0.6,0.9) (0.6,0.7,0.2) (0.5,0.6,0.8)

@ (0.4,0.6,0.9) @ (\ (0.5,0.6,0.8) @

(6:090‘7°0)
(0.6,0.6,0.8)

@ (0.4,0.6,0.8) ©)  (0.5,04,0.8)

(0.4,0.7,0.8) (0.7,0.8,0.5) (0.8,0.4,0.5) (0.7,0.6,0.8)
H(31) H(32)

Fig.5 A strong SNS H
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ts) (Ep) = t)(vvaevy) =min{tg, (v)), try (V2)s oo iy (V) )
i5)(E) = i) (Vi vaevy,) =min{ig ) (v), gy (v2), s TriH (Vi)

fS(;))(Ej) = fS(;)(VIVZ"'Vm) =maX{fR(3)(V1), fR(s)(VZ)’ s fR(s)(Vm)}~

Example 6 Consider the SNS:H H = (R,S,A) given in Fig. 6. Clearly, it is a complete
SNS (H without loops.

Definition 15 The union of two SNS,Hs H=(R,S,A) and H = ([R’,S",A") over
H=(V,E) and H' = (V',E’), respectively, is a SNS/H. It can be represented as
HUH =RUR,SUS’,AuA’) , where (RUR',AUA') is a SNSfS of verti-
ces over VUV’ and (SUS',AUA’) is a SNS,S of hyperedges over EUE’' and
(HUH)(3) = (RUR')(3),(SUS)(3))is a SN hypergraph for all 3 € A U A defined by

H(3), if3 €A -A,
HUH)3) = H'(3), ifze€A —A,
HGQ)UH'(3), ifs€AnA,

where H(3) U H'(3) denotes the union of H(z) and H'(3) forall 3 e An A’

Remark 1 In above definition, if V and V' are disjoint sets then HU H’ is called disjoint
union of H and H".

Example 7 Consider a SNS,H H=(R,S,A) over H=(V,E), where A= {31.321
V={v, v, v3,vstand E = {vv,, V| Va5, V| VaVy, V| V3V, V3V, } given in Fig. 7.

Consider another SNS H H' = (R’,S,A") over H' = (V',E’), where A" = {3,,3,},
V' = {v1, vy, V3, vy, vs yand E = {vyv,, v VyVy, Vi V3Vs, VoV, Vs, V4Vs } given in Fig. 8.

The union H U H' of H and H' is presented in Fig. 9.

(0.8,0.4,1.0) (0.9,0.6,0.7)

(@/ (0.7,0.5,0.8) @D
(0.9,0.5,0.8) (0.7,0.6,0.4)
H(31)

Fig.6 A complete SNS H
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(0.5,0.4,0.8) (0.6,0.3,0.9) (0.8,0.6,1.0) (0.9,0.5,0.8)
N
) 5
@ D @ ©
D 2
o ~ I~ o
~ @ s S|\ =
2 § = i ONE
2| S S S ONES
S @‘1" ' 3 7 N&
S S
”
@ @ @)
(0.4,0.5,0.7) (0.7,0.2,0.6) (0.5,0.4,0.7) (1.0,0.3,0.3)
H(31) H(32)

Fig.7 A SNS,HH

Proposition 1 Let HU H’ be the union of two SNSHs H and H', then H and H' are the
SNS ; subhypergraphs of HU H'.

Definition 16 The join of two SNS,Hs H=(R,S,A) and H =(R/,S',A") over
H=(V,E) and H' = (V',E’), respectively, is a SNS H. It can be represented as
H+H =R+R,S+S,AUA’) , where (R+R’,AUA’) is a SNS,S of vertices over
VUV and (S+S,AUA")is a SNS,S of hyperedges over EUE" U E*, where E* is the
set of all edges joining the vertices in V and V’. Further, it is assumed that V N V' = ¢ and
H+H)(3) = (R +R)(3), (S +S)(3)) is a SN hypergraph for all 3 € A U A’ defined by

(0.6,0.2,0.4) (0.5,0.3,0.6) (0.5,0.3,0.8) (0.7,0.2,0.4)
Q e
S G
o o
N e
o ‘o
N 2y
(@ (0.6,03,01) (V3 @E (@ (04,0.3,08) (V3 y
(0.7,0.4,0.8) (0.8,0.6,0.1) (0.9,0.5,0.7) (0.6,0.4,0.5) (0.8,0.6,0.1) (0.4,0.5,0.9)

H'(31) H'(32)

Fig.8 A SNSHH’

(0.6,0.5,0.4) (0.7,0.3,0.6)

@ (0.5,0.2,0.5) /<

@ (@} (0.6,0.3,0.7) @y
(0.7,0.4,0.8) (0.8,0.6,0.1) (0.9,0.5,0.7) (0.8,0.6,0.5) (0.9,0.6,0.1) (0.4,0.5,0.9)
H(31) UH'(31) H(32) UH'(32)

Fig.9 ASNS,HHUH
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(0.5,0.3,0.4) (0.6,0.4,0.3) (0.7,0.5,0.9)
@ (0.4,03,08) (2 @
(a) H(31)
(0.5,0.6,0.8) (0.6,0.3,0.7) (0.8,0.4,0.3) (0.4,0.5,0.6)
( (0.5,0.2,0.6) @ @ (0.3,0.4,0.5)
(b) H'(31)

Fig.10 a A SNS,HHb A SNS HH'

H(3), fseA-A,
H+H)@Q) = H'(3), if3 €A —A,
H(3) + H'(3), ifs € AnA’,

where H(3) + H'(3) denotes the join of H(z) and H'(3) forall 3 e An A’

Example 8 Consider a SNS,H H=(R,S,A) over H=(V,E), where A={3},
V ={v,,v,v3} and E = {v,v,v;}, whose graphical representation is given in Fig. 10a.
Consider another SNS,H H'=(R',S,A") over H'=(V',E'), where A= {3},

{vl,v vi}and E' = {v1 vive,viv, ), which is presented graphically in Fig. 10b.

The join H + H' of the con51dered SNS_st H and H' is given by

H+H =HG,) +H ) = RG) +R G, SG) +8'G)) = (((41,(0.5,0.3,0.4)), (v,,(0.6,0.4,0.3)), (v3, (0.7,
0.5,0.9)), (v}, (0.5,0.6,0.8)), (v}, (0.6,0.3,0.7), (4, (0.8,0.4,0.3)), (v}, (0.4,0.5,0.6)) }, { (v, v,v3, (04,
0.3,0.8)), (v, ¥}V, (0.5,0.2,0.6)), (v}, (0.3,0.4,0.5), (v;7, (0.5,0.3,0.8)), (v; v, (0.5,03,0.7)), (v,
V4,(0.5,0.3,04)), (v, (0.4,0.3,0.6)), (v, (0.5,0.4,0.8)), (v, (0.6,0.3,0.7)), (v}, (0.6,0.4,0.3)),
(13, (0.4,0.4,0.6)), (v37/,(0.5,0.5,0.9)), (v3v}, (0.6,03,0.9)), (v3}, (0.7, 0.4,0.9)), (v3v}, (0.4,0.5,
0.9) ).

The SNS,H H + H' is presented graphically in Fig. 11.

Definition 17 Let H=(R,S,A) be a SNSH over H=(V,E). The line graph
L(H) = (R!,S!,A) of H is, in fact, the collection of line graphs £(H(3)) of H(z), for all
3. The line graph L(H(3)) over H' = (V!,E!) is defined by considering R/(3) = S(3) over
Vi= {V,=E : E;€E}and S/(3) over E! = {v,V, : V,nV, # @} such that for each SN
edge between two non-trivial SN vertices V,, and v, of E(H(g,)) the neutrosophic grades are

tsi (Vo Vo) = triy (Vo) A i (Vy),

t5i5)(Vp V) = Tri) (Vo) A ey (V)

Tsi) (Vo Vo) = Tripy(Vp) V iy (V)-
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H(31) + H'(31)

Fig. 11 ASNS/HH+H/

(0.8,0.6,0.3) (0.9,0.5,0.6) (0.5,0.4,0.8)

&@ (05,03,0.5) /" (3) @)

Q)
<
& S
)

2

( {0.5,0.2,0.7) D
(0.5,0.8,0.2) (0.7,05,0.1) (0.6,0.3,0.9)

H(31)
Fig.12 A SNS/H H
(0.3,0.4,0.6)

(0.5,0.3,0.5)
(L'0°270°¢°0)

(0.4,0.1,0.8)
L(H(31))

Fig. 13 A line graph £L(H) of H

(0.7,0.8,0.6) (0.6,0.4,0.9)

(0.5,03,0.8) (@3

(0.9,0.7,0.1)

©)| 06,04,05 |
(0.2,0.1,0.9)
@ (0.4,0.2,0.7) @

(0.5,0.3,0.6)

(0.7,0.6,0.2) (0.6,0.4,0.8)
H(32)

(0.8,0.5,0.3)

(0.6,0.4,0.5)

(0.5,0.3,0.8)
(9°'0°e°0°¢°0)

(0.4,0.2,0.7)
L(H(32))

Remark 2 The above definition clearly shows that the line graph of a SNSH is an intersec-

tion graph of that SNS (H.

Algorithm 31 gives the procedure of the construction of line graph of SNS H.
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Algorithm 31 Line graph of SNSy H

Input: A SNS;HH = {H(3,) : 1 <r < 5,3, € A} over H = (V, E), where H(3,) = (R(3~),S(3-)),
R(3:) = {(vi, (tr(s,) (vi), v, (Vi), Fres) (03))) 1 < i <n,v; € V} and
S(Gr) = {(Ej, (ts(s,) () 155, (E)): Fs3.0 () s 1 < j <1, Ej € B}
Output: The line graph L(H) = (R!,S', A) of SNS;H H, over H' = (V!, E').
procedure
Construction of underlying crisp hypergraph H' = (V! EY) of £ (H)
Vi={V;, = E; :VE; € E};
forp:=1tot—1do
forqg:=p+1totdo
Consider vertices V,, V, € V!
if V, NV, = & then
Edge V,,V, belongs to E
end if
end for
end for
Construction of L (H)
forr:=1tos do
Define R!(3,) over VI = {V; = E; : E; € E} such that (tri(;,)(V5), ire(5,) (Vi) Fri (Vi) =
(ts(5,) (E)) is(s (E5); Fs(5,0 (£5));
forp:=1tot—1do
forq:=p+1totdo
if (trigs,) (Vp)s iri(s,) (V) Fris,) (Vp)) # (0,0,0)&&(tres,) (Vo) ire(s,) (Va), Frics ) (V) #
(0,0,0) then
SN edge between SN vertices V,, and Vg exist in L(H(3,)) with neutrosophic grades as
tsi(5) (VoVa) = tris) (Vo) A trigs) (Vo)s
i515) (Vo Vg) = ey (Vy) Aty (Vo)
fst () (VoVa) = Fri) (V) V Fri(s) (Va)s
end if
end for
end for
end for
The collection L (H) = {L(H(3,)) : 1 <7 < 5,3, € A} is the line graph of H
end procedure

Example 9 Consider a SNS fH H=(R,S,A) defined over H = (V,E), where
V= {v,v3,v3,V4,Vg} and E = {vV3Vs5,VVVg, V| V4Vs, VaV3Ve, V| Vo, V3Vy, VsV } given in
Fig. 12.

The corresponding line graph L(H) = (R!,S!,A) of H over H'= (V! E'), where
V=V, V), V3,V Ve, Vo} = E  and  E'= {V,V,;, V|V, V, Vs, V,V,, V,V,, V, V5, VLV,
V, Vs, V, Ve, V, V5 }. Its graphical representation is given in Fig. 13.

Definition 18 Let H = (R,S,A) be a SNSH over H = (V,E). The dual H? = (RY, S, A)
of H is, in fact, the collection of dual H4(3) of H(3), for all 3. The dual H%(3) over
H? = (V% E%) is defined as

(1) RU) =S overV!={V,=E : E € E).
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(2) If |V|=n then S9%3) is defined over E?={e;:1<i<n}, where
e; ={V, 1 v; € E,, E; € E}such that for each SN hyperedge of H(3), the neutrosophic
grades are

bse(p(€) = MM o) (V) (€)= MM iy (V) Tsugp(€0) = X ey (V)

Algorithm 32 illustrates the procedure for the construction of dual of a SNS H.

Algorithm 32 Dual of SNSyH

Input: A SNS;HH = {H(3,) : 1 <7 < 5,3, € A} over H = (V, E), where H(3,) = (R(3,). S(3.):
R(30) = { (U6 (k) (00), irs (0. Fregs ) (0) £ 1 < i < vy € V) and
S(sr) = {(&, (fsm)( i) 1S(3r)( i) Fs(E)) 1 1<j <t E; €L}
Output: The dual H? = (R? A) of SNS;H H, over HY = (Vd EY).
procedure
Construction of underlying crisp hypergraph H¢ = (V¢, E%) of H?
Ve={V; =E;:VE; € E};
fori:=1ton do
forj:=1tot do
if v; € E; then
V}' € e,
end if
end for
e; s a hyperedge in H®
end for
Et={e;:1<i<n};
Construction of H¢
forr:=1tos do
Define R4(3,.) over V! = {V; = E; : E; € E} such that (tga;,)(V}), ira(s,) (Vi) Frags,) (V) =
(ts(s,) (E))sis(5,) (E)): Fsa) (E));
fori:=1ton do
if (tras,) (V5)s iracs,) (Vi) Fras ) (V5)) # (0,0,0), for all Vj € e; then
SN hyperedge e; exist in H*(3,) with neutrosophic grades as
tga(;) (i) = miny e, tra;)(Vy);
isd(ﬁ)(ei) = HliIlvjeem iR"(g)(Vj);
de(a)(ei) = MaXy;ce; fRd(a)(Vj);
end if
end for
end for
The collection H? = {H(3,) : 1 <7 < 5,3, € A} is the dual of H
end procedure

Example10 ConsideraSNSfHH = (R, S, A)definedoverH = (V, E),whereV = {v,,v,,V3,V,, Vg }
and E = {v,V, Vg, V1 VoV3Vs, V V4, V3Ve, VaVsVe, V1V, V V3V, V3V5 Ve, Va4 Vs | given in Fig. 14.
The corresponding line graph  H? = (R%, 8% A) of H  over
4= (Ve EY), where Ve =V, V,, V3, V,, Ve, Vo, Vi, Vo) = E and
E =V, V,, V\V3Vs, VV, Vs, V, V3, VoV, Vo Vs, V Vi, V VoV, V Vg, Vi Vo, Vo Ve, VeV )
Its graphical representation is given in Fig. 15.
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(0.8,0.6,0.3) (0.7,0.5,0.4) (0.8,0.4,0.9) (0.7,0.5,0.9) (0.6,0.4,0.9) (0.9,0.7,0.1)
@ ®
s P
= s &
= &
@ (0.3,0.1,0. 4)\(.)/ Q@ (0.6,0.4,0.5)
(0.9,0.7,0.2) (0.4,0.7,0.5) (0.6,0.3,0.4) (0.8,0.5,0.3) (0.7,0.5,0.6) (0.6,0.4,0.2)
H(s1) H(32)

Fig.14 A SNS,HH

(0.7,0.4,0.8) (0.5,0.3,0.4) (0.6,0.1,0.7) (0.5,0.3,0.6)

T Y A T —"

(0.3,0.1,0.4) (0.4,0.5,0.3) (0.3,0.2,0.7) (0.6,0.4,0.5) (0.5, 03 0.8) (0.4,0.2,0.5)
H(31) H(32)

Fig. 15 A dual SNS H H¢

Definition 19 Let H=(R,S,A) and H' = (R’,S",A’) be two SNS Hs over H = (V,E)
and H' =(V',E'), respectively. Consider the SNHs H(3) = (R(3),S(3)) and
H'(3") = R'(3"),S'(3')) of H and H' where 3 € A and 3’ € A’, respectively. Their Car-
tesian product is represented as H(z) x H'(3') = (R(3) X R'(3"),S(3) X S’(3’)), where
R(3) X R'(3’) is a SNS over V x V' with following neutrosophic grades:

trapar ) (V) = trip (V) Atre) (0,
()9 trerH (V) = 1R (W) A i (),
Frxr) (V) = Triy ) V Fro (),

for all (v,V)eVxV' and S(3)xS'(3’) is a SNS of hyperedges over
EXE ={{v}xE :veV,E €eE}U{Ex{V}:V €V E € E}and the neutrosophic
grades of both these types of SN hyperedges are, respectively, given below:

Esams o (1} X E) = 1y (V) At ) (E)),

(i)Y Fsmspn (V) X ED = 1R (V) Aty (),
Fsixs o (VX ED = Trpy (W) V Fsign (Eps

and
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tssin (B X (V1) = t5)(Ep) A tge (V)
(i1 s B X 1V D) = sy (B) A (),
Tsxsin (B X V') = Ts ) (E) V Trign ()

As 3 and 3’ are arbitrary, the collection of Cartesian products H(z) X H’(3/), for all 3 € A,
3/ € A'is the Cartesian product HX H' = (R X R’, S x S, A X A’) of two SNS ;Hs H and H".

Theorem 1 The Cartesian product of two SNS Hs is a SNS (H.

Proof Consider two SNS,Hs H=(R,S,A) and H =®R/,S,A") over H=(V,E)
and H' = (V',E'), respectively. We want to show that their Cartesian prod-
uct HxH =R xR',SxS',AxA") yields a SNS/H, ie., for each 3€A and
3’ € A/, the Cartesian product of the corresponding SNHs H(3) and H'(3’) given by
H(z) xH'(3') = R(3) xR'(3"),S(3) x S’(3")) is also a SNH. For this, according to the defi-
nition of Cartesian product, there arise two cases:
Case (i) Let veV and E, € E and suppose, without loss of generality that
E; = {¥|,...,v }. Then by definition of Cartesian product
tsxs (V) X Ep) =t sy (Vs vD-(v, V)
=tR(5)(V) A ts/(é/)(El)
<triy ) A {trign (VD A oo Atrign (V1))
={trey ) A ey VDY A oo A (i) A by (V)

Using tp (") A tri (V) = treriyy (Vs V'), We have

Esosrn (V) X ED i (V) A wes Agguarin (v V),)-
tsxs ) (V) X Ep) =tgiusrin (0 V) (v, V1)

=Ry ) A tsp) (E)

Sigen M A {igin VD A Atgen (V)

={iry) (M) A trin VDT A A {0 A tren (V) )

Using ig;,(") A trry (V') = trexrrn (V> V'), We have
is(5>xsl(5/)({v} X El) SiR(s)XR’(a/)(v’ Vll) A A iR(s)XR’(s/)(V’ V;n).
’ /
fs(5)><s/(3f)({v} X El) =fs(5)><sf(5')((V, Vl)---(V, Vm))
=friy )V fsrpn (ED
SfR(a)(V) Vv {fR’(g/)(vll) V..V fR,(SI)(VIITl)}
={fR(5)(v) \% fR,(é,)(v'l)} V..V {fR(s)(v) \% fR’(s’)(v:n)}'
Using fr(;) (V) V fri; (V) = Treyxreh (v V'), we have
/ ’
Fsomsren UV X Ep Sfreprrn (V) Ve V R (0 V)-

Case (ii) For the case when V' € V'’ and E; € E, we can easily obtain

@ Springer



M. Akram, H. S. Nawaz

/
tS(s)XS’(}/)(Ej X {V }) StR(s)xR/(s’)(Vl . V) A A tR(a)XR’(s’)(Vm’ V),
. S .
IS(&)XS’(",/)(E'J' X {V }) StR(g)XR'(a')(vl’ V) Ao A 1R(3)><R’(5’)(vm’ V),
’
fscoxs o (B X VD Sfreprrn VW VeV frxri) ms Vs

for 3 EA, ) eA. Consequently, the Cartesian prod-
uct  HQ@)xHG)=RG) XR'(),SG@)xS'(3')) is a SNH and  hence
HxH’=(RxR’,SxS’,AxA’)isSNSfH. O

Definition 20 Let H=(R,S,A) and H = (R’,S’,A’) be two SNS HS over H=(V,E)
and H' =(V',E’), respectively. Consider the SNHs H(g) (R(3),S(3)) and
H'(3") = R'(3"),S'(3')) of H and H where 3 € A and 3’ € A/, respectively. Their nor-
mal product is represented as H(3) @ H'(3') = R(3) O R'(3"),S(3) ® S'(3')), where
R(3) ® R'(3/)is a SNS over V x V' with following neutrosophic grades:

trigoriH (V) = trip () At (V)
M treernH V) = tri ) A trn (),
frpor ) (V) = Trip ) V e (V)

for all (v,v') € Vx V’, and S(3) ® S'(3') is a SNS of hyperedges over

EQE ={({v}xE :veV,E € EYU(Ex{V}:V eV E €E u{(,v)..(v,V) i vj.v, = E € E,
ViVl CE € E'Y U, V)..(v, V) D v, CE; € EVivl = E € E'} U {(v,V))..(v,, V)

vi.v, = E €Ev.V.=E €E'},

and the neutrosophic grades of these SN hyperedges are, respectively, given below:

ts(s)osr(ar)({v} X E;) = tR(s)(v) A tsr(é/)(El),
(ii) ‘S(s)os’(s')({"} X E) = IR((,))(V) A ‘s'(y)(El)’
fsosin (v X ED = fripy (W) V Fsin (Eps

tsosan(E; X 1V = 5 (ED A g (V)
(iii)< 15(5)05,(5 n(E; X VhH= 15(5)(E JA tR,(5 )(v ),
fs@osnEj X VD = Ts)(ED V Trigp (V)
tsprosia (V1 VD0 V) = 50 (ED Aoy (V) A wee Aty (),
(V)9 tspesy )((vl,v )V, V) = 5 (E) A tpigy )(v YA e Adpry )(v ),
fs@os ) (Vi VD VD)) = Ts)(ED V Trrgn (V) VeV ey (V)

tS(s)OS’(s )((vl, v).. (v,,v ) = tR(s)(vl) A A tR(s)(v YA ts,(‘,) )(EZ)
) 15(5)65,(5 )((vl,v ) (v, v )) = 1R(3)(v1) A A 1R(5)(v YA ts,(3 )(El)
fs@os ) ViV Vr)) = frpy V) Vo ViR V) V s (B,

and
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| tswos e @1 v VD) = 5 (ED At (ED,
(R Esgros (07190 7)) = sy () A s ),
fS(g)@S’(s’)((vl . V])"'(Vr’ V;)) = fS(g)(E/) \% fS’(&’)(El)'

As 3 and 3 are arbitrary, the collection of normal products H(z) © H'(3'), for all 3 € A,
3’ € A’ is the normal product HOH' = (RO R’,S© §',A x A”) of two SNSHs H and H.

Theorem 2 The normal product of two SNS ;Hs is a SNS ;H.

Proof Consider two SNS,Hs H=(R,S,A) and H =®R/,S,A") over H=(V,E)
and H' = (V',E'), respectively,. We want to show that their normal prod-
uct HOH' =(ROR,SOS,AXAP) yields a SNS/H, ie., for each 3 €A and
3 € A/, the normal product of the corresponding SNHs H(z) and H’(3’) given by
H() O H'(3') = (R(3) ©R'(3),S(3) © S'(3')) is also a SNH. For this, according to the def-
inition of normal product, five cases arise:

In Case (i) and Case (ii), we consider the hyperedges of the form
(VIXE :veV,E €k or E;x{V'} 1V € V',E; € E. The arguments similar to Theo-
rem 1 can be employed to acquire the required results.

Case (iii): Consider the hyperedge (v{,V})...(v,,V)) : v;..v, = E, € E,v|..v. CE, € E/,
then by definition of normal product

tsos ) (V1 VD0 V) =) (B Aty (V) A oo Aoy (V)
L{triy ) A e Ay (VD) Atrin V) A Atgon (V)
={trey (V1) A trin (VD) A e A (g (0) A e (V)

Using tp (") A tri) (V) = trg)orrr) (Vs V'), we have
tsos ) (V1 VD0 V) Stregorr) (Vs VD A - Atregorr) (Vs V)-
t5)05' ) (V1> VD (Vs V) =g (E)) A i (VD A e Aoy (V)
iR (VD) A o Atgy (V) A iR'(S')(v/l) Ao A iR,(é,)(v:)
={iR(5)(V1) A iR’(s/)(‘/])} ATIAN {iR(g)(Vr) A iR'(s/)(V:)}-
Using ig,,(") A trry (V) = trioriy (V> V'), We have
tsos @) (V1 VD0 V) Sirgorin ViV A Atrgori (Vr V))-
Fsos @ (1 V- VD) =Ty B V Tren (VD VeV e ()
Hir (WD Ve Vg ()} V fR'(;,r)(V’l) V..V fR'(y)(V’,)
={frp 1) vV fR’(;/)(V/l)} Vo ViR ) Vv fR/(s/)(V;)}~
Using fr(,y (") V frr;n (V) = Trigorrr)(vs V'), we have
fspo8 G (V1 VD02 9)) SFrorin Vi VD V oV Frgorin (Vs v)-

Case (iv): Consider the hyperedge (v}, V})...(v,,V)) : v;..v, CE; € E,V|..v. = E; € E', we
can easily obtain
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/ / / /
ts($)os/(3/)((vl ) Vl)...(Vr, Vr)) StR(&)OR/(s/)(Vl . Vl) A A tR(s)OR/(S/)(Vr’ Vr),
: / / : / : /
15(3)051(3/)((‘)1 N Vl)...(vr, Vr)) StR(g)OR'(y)(VI’ Vl) A A tR(a)@R’(a’)(vr’ Vr),
/ / / /
Fswos (Vi VD0 v)) Sfrori) V1:VD V- V Trgorr@n (Ve V-
Case (v): Consider the hyperedge (vi,V))..(v.,V)) i v.v,=E €EV,.v.=E €F,
then by definition of normal product
tsos (Vs VD (v, V) =t (E)) At (E))
/ /
S{tR(a)(Vl) Ao A tR(;)(Vr)} A {tR/(S/)(vl) A A tR,(&’)(vr)}
/ /
={tr) VD) Atrn (VDA A {tRy (V) Atrign (V) )

USing tR(;)(V) A tRl(él)(V/) = tR(&)OR’(&’)(V’ V’), we have

tsros ) (Vi VD V)) Striorin Vi VD A v A trorrn (Ve V-
iS(&)OS’(é/)((Vl . V’l)...(vr, V:)) =is(5)(E]) A is'(&’)(El)
iy VD) A e Aty (VD) A LRy (VD A e A e (VD))

={ir) V) Atrin (VDI A o A {igy (V) At (VD)

USing iR(&)(v) A iR/Q/)(V’) = iR(&)OR’(S,)(V’ Vl), we have

‘@ (e o)
. ~ ~ '~
‘@ s . D

H Hx H

Fig. 16 Cartesian product of H and H’
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iS(S)G)S/(‘g/)((‘)l 5 v’])'“(Vr’ V;)) SiR(S)QR/((S/)(Vl’ V’l) A A iR(s)OR/(‘;’)(Vﬂ \):)
fs(s)os/(y)(("p Vll)---(Vr’ V/,)) :fs(s)(Ej) \ fsf(z,/)(Ez)
S{fR(é)(vl) V..V fR(s)(Vr)} \% {fR’(‘;’)(V’I) V..V fR’(;)’)(V:)}
={fR(5)(V1) \Y2 fR/(z,/)(vll)} V..V {TR(s)(Vr) A" fR/(Sr)(V;)}.
Using frg;) (V) V friy (V) = friporrgn (V> V'), we have

/ / / /
fs(é)@s/(a/)((vl N Vl )...(Vr, V}')) STR(S,)OR/(S()(VI N Vl) V..V fR(s)OR’(s/)(Vr’ Vr).

for 3EA, 3y eA. As a consequence, the normal prod-
uct H@EOHGE)=RE ORG).SES(G) is a SNH and  hence
HOH =(ROR,S0S,AxAis SNSH. O

Example 11 Consider SNS Hs H = (R,S,A) and H' = (R’,S",A") on V = {v},v,,v3,v,}
and V' = {V}, v}, v} }, respectively, where
H =H(3) = (R(), S(3)) = ({{v,,(0.5,0.6,0.8)), (v, (0.8,0.9,0.7)), (v3,(0.7,0.3,0.2)), (v, (0.4, 0.6,0.9) },
({1, 12),(0.4,0.5,0.6)), (v, v3, ), (0.4,0.3,0.8))}),
H =H'(;) = R'().S'(3) = ((V}.(0.7.0.4,0.3)). (v} (0.6,0.8.0.1)). (v}, (0.8,0.5.0.5)) ). {{(V}. v}, v}).
(0.6,0.4,0.5)}).
The Cartesian product H x H' of H and H' is given by H x H' = H(3) x H'(3’), where
H(3) x H'(3") =(R(3) x R'(3"),5(3) X S'(3")) = ({{(v1, ), (0.5,0.4,0.8)), (v, v}),(0.5,0.6,0.8)), (v, v}), (0.5,
0.5,0.8)), ((v3,V)), (0.7,04,0.7)), ((v3, v}, (0.6,0.8,0.7)), {(v3, v}, (0.8,0.5,0.7)), ((v3, "), (0.7,
0.3,0.3)), ((v3, ¥}, (0.6,0.3,0.2)), ((v3,¥}). (0.7,03,0.5)), (v, ¥} ). (0.4,0.4,0.9)), (v, v}), (0.4,
0.6,0.9)), ((v4,}), (0.4,0.5,0.9)) }, {{((vy, V) )1, V), ¥4)), (0.5,0.2,0.6)), { (v, V) (3, v5) (v,
Vi), (0.5,0.2,0.6)), ((v3, V) )(v3, Vy)(v3, Vi), (0.5,0.2,0.6)), (((vgs v} vy Vy)(v4s Vi), (05,02,
0.6)), (v}, V(3,11 )), (0.5,0.2,0.6)), (v, v, (v, V), (0.5,0.2,0.6)), (v, v,)(vy, V), (0.4,
0.3,0.7)), (3 V) )(v3, V(04 V})), (04,0.3,0.7)), (v, ¥,)(v3, V) (v, Vi), (04,0.3,0.7)), (v
V)3, V) (04 V), (04,03, 0.1) ).

Its graphical representation is given in Fig. 16.
The normal product H® H' of H and H' is given by H ® H' = H(3) ® H'(3’), where
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@) @) @) w

N

H HoH

Fig. 17 Normal product of H and H’

D

H HeH

Fig. 18 3-Uniform direct product of H and H’
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&)

H HoH

Fig. 19 Lexicographic product of H and H’

H(3) O H'(3) =(R(3) ©R'(3'),S(3) © S'(3)) = ({{(v1,)),(0.5,0.4,0.8)), (v}, v}), (0.5,0.6,0.8)), (v, v}), (0.5,
0.5,0.8)), (v, V), (0.7,0.4,0.7)), (v, v}, (0.6,0.8,0.7)), {(v5,}), (0.8,0.5,0.7)), ((v3, V), (0.7,
0.3,03)), ((v5,¥}), (0.6,0.3,0.2)), {(v3, ), (0.7,03,0.5)), {(v4, V), (0.4, 0.4,0.9)), (v, V), (0.4,
0.6,0.9)), ((vg V4, (04,05, 0.9) 1, ({1, V)1, ¥y vy, Vi), (0.5,0.2,0.6)), (v, V) (v, V) (v,
V). (0.5,0.2,0.6)), (V3. V) (3. V5)(v3, ¥)). (0.5,0.2,0.6)), {((v4, V) )(vgu ¥y) (Vg Vi), (0.5,0.2,
0.6)), {((v1, V) (v, 1)), (0.5,0.2,0.6)), {(v1, v)) (v, Vy)), (0.5,0.2,0.6)), (v, Vi) (v, V), (04,
0.3,0.7)), (v, V)3, V) )4, V), (04, 0.3, 0.7)), (v, Vi) (3, ¥, (Vg Vi), (0.4, 0.3, 0.7)), (v,
V)3, V) (4 V4), (04, 0.3,0.7)), (v, V) ) (72, ¥), (04, 0.4,0.6)), (v, V) )(va, v)), (0.4, 0.4,
0.6)), (v}, V)2, v))), (0.4,0.4,0.6)), {((v;, v5)(v3,V})), (0.4,0.5,0.6)), (v}, V) (2, V), (0.4,
0.4,0.6)), (v}, v))(v3,))), (0.4,0.5,0.6)), (12, v} ) (3, V)4, 5)), (0.4,0.3,0.8)), (v, V) )(v3,
V(04 ), (0.4,0.3,0.8)), (3, Vi) (3, V) )4 Vi), (0.4, 0.3, 0.8)), ((vy, V) (V3 Vi )V, v)), (0.4,
0.3,0.8)), (((va, v,)(v3, Vi) (4, ¥))), (0.4, 0.3, 0.8)), (v, Vi) (3, v (v, Vi), (0.4, 0.3, 0.8), (v,
V)3, V(745 V)), (0.4,0.3,0.8)) ).

Its graphical representation is given in Fig. 17.

@ Springer



M. Akram, H. S. Nawaz

4 r-Uniform single-valued neutrosophic soft hypergraphs

An r-uniform hypergraph is a special case of hypergraph in which each hyperedge contains
exactly » number of vertices in it. It is interesting to note that a graph is a 2-uniform hyper-
graph. The uniform hypergraphs have the ability to deal with multi-way affinity relations so
we have extended this concept in SNS .S theory.

Definition 21 A SNS/H H is said to be r-uniform if for all parameters 3, the SNHs H(3)
are r-uniform, i.e., for each j, g =r.

In order to discuss the results of r-uniform SNS H, we first define the degree and total
degree of a vertex in SNS H.

Definition 22 The degree d(v) of a SNS, vertex v of a SNS H H = (R, S, A) is defined as
the sum of degrees bz(v) of that vertex in all SNHs H(3). That is,

b() = D’ d,(.

3€EA

where

D, = () sy (B, Y sy EDs Y fs)ED).

E;5v E;5v E;5v

The total degree tbs(v) of a SNSf vertex v of a SNSfH H = (R, S, A) is defined as the sum
of total degrees tb, (v) of that vertex in all SNHs H(3). That is,

to(v) = )’ td,(v),
3€A

where

t0,(0) = (Y tsy (B + triy ), Y sy (B + iry () D Fs (E) + gy (W)

E;5v E;5v E;5v
or
t,(v) = b,(V) + (tg(; (V) try V) Friy (V)

Theorem 3 IfH = (R, S, A) denotes the r-uniform SNS H then degrees of its vertices satisfy
the following relation:

2000 = Y0 Yt (B Y sy E.r X Fi):
; s J J

Proof The proof to the statement is very obvious. Consider an r-uniform SNS H

= (R,S,A) over H = (V,E) then Vj, &; = r. Consider the SN hyperedge E; with ver-
tices vy, Vs, ..., v, in H(3). Then, accordlng to the definition of degree of Vertex in H(3),
the neutrosophlc grades of E; will contribute exactly once in the degree d,(v,) of verti-
ces v EE, 1 <k<r. Slnce it is true for all SN hyperedges E; of H(g) therefore
b)) = (rz ts) (D, 1 X s (Eps 7 X fs(g))- As 3 is arbitrary, Vj 3 the neutrosophic
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grades (tg;)(E)), "3(3)(Ej)s fs(é)(Ej)) will take part exactly r-times in the sum of degrees of all
vertices of H which generates the required result. O

Theorem 4 [fH = (R, S, A) denotes the r-uniform SNS H then total degrees of its vertices
satisfy the following relation:

DD = D Y s EG) + D v Y s EG) + X v 07 Y Fs (B3 + Y Frgy (0)-
i 3 J i I i J i

Proof The proof to this theorem directly complies from the definition of total degree of
vertex and Theorem 3. O

Definition 23 Let H=(R,S,A) and H =®R’,S',A’) be two r-uniform
SNS/Hs over H=(V,E) and H'=(V',E'), respectively. Consider the r-uni-
form SNHs H(z) = (R(3),S(3)) and H'(3') = R'(3),S'(3")) of H and H’' where
3 €A and 3 €A’, respectively. Their r-uniform direct product is represented as
H(3) @ H'(3') = (R(3) @ R'(3).S(3) ® S'(3")), where R(3) ® R'(3") is a SNS over V x V’
with following neutrosophic grades:

tR(5)®RI(5I)(V, V/) = tR(&)(v) A tR/(sr)(V,),
()9 rper (V) = 1R W) A trign (),
frperiH (V) = Trp ) V frin V),

for all (v,v") € Vx V’, and S(3) ® S'(3) is a SNS of hyperedges over
EQE = {(v;,V)..v,V) 1 vj..v, = E €E, ViV =E €eE'},
and the neutrosophic grades of these SN hyperedges are given below:
tsoesn (Vi VDoV, V) = ts) (ED A tgign(E),

3 isigos ) (V1)) 7)) = by (E) A s By,
fsmes @) (Vs VD (v v)) = fs) (B V s (E).

As 3 and 3/ are arbitrary, the collection of r-uniform direct products H(3) ® H'(3/), for all
3 €A, 3 €A’ is the r-uniform direct product HQ H = (RQ®QR’,S® S’,A x A”) of two
r-uniform SNS Hs H and H'.

Theorem 5 The r-uniform direct product of two r-uniform SNS (Hs is an r-uniform SNS (H.

Proof The arguments similar to Theorem 2 [Case (v)] can be employed to get required
result. |

Definition 24 Let H= (R,S,A) and H' = (R’,S’,A") be two r-uniform SNS Hs over
H = (V,E)and H' = (V', E'), respectively. Consider the r-uniform SNHs H(3) = (R(3), S(3))
and H'(3") = (R'(3/),S’(3')) of H and H' where 3 € A and 3’ € A/, respectively. Their lexi-
cographic product is represented as H(3z)oH'(3") = (R(3)oR’(3'),S(3)oS’(3’)), where
R(3)oR’(3/) is a SNS over V x V' with following neutrosophic grades:
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treor ) (Vs V) = trip ) A tR,(sl)(v’),
(3 treorH V) = R (M) A tren (V)
fR(g,)oR’(z,/)(V’ V)= fR(s)(V) \ fR/(y)(V/),

for all (v,v") € V x V', and S(3)oS’(3’) is a SNS of hyperedges over
EoE = {{v}xE :veEV,E, €E'}U {(vl,v'l)...(vr,v:) ‘v, =E €E, v’l...vL =E EFE'},

and the neutrosophic grades of these SN hyperedges are, respectively, given below:

ts(s)os/(s/)({v} X E[) = tR(s)(V) A tS’(g’)(E[)’
(ll) 15(5)051(5/>({V} X El) = IR(‘,))(V) A IS/(S')(EI)’
fsgesien VY X ED = friny M V fs g (ED,

and

] Es@esan (s VD v)) = s () Aty (B
(i) ts¢;)08n (V15 v”l )ee (V5 V1)) = 5, (E) Aty (E)),
fsrosr) (V1> VD (v V) = T (B V Fyr oy (ED-

As 3 and 3’ are arbitrary, the collection of lexicographic products H(z)oH'(3’), for all
3 €A, 3/ € A’ is the lexicographic product HoH' = (RoR’, SoS’, A x A”) of two r-uniform
SNSHs H and H'.

Theorem 6 The lexicographic product of two r-uniform SNS (Hs is an r-uniform SNS (H.

Proof The arguments similar to Theorem 2 [(Case (i) and Case (v)] can be employed to get
required result. O

Definition 25 Let H=(R,S,A) and H = (R’,S’,A’") be two r-uniform SNS Hs
over H=(V,E) and H' = (V',E'), respectively. The costrong product H x H' of
H and H’ is defined as the union of lexicographic products HoH’ and H'oH, i.e.,
H # H' = (HoH') U (H'oH).

Theorem 7 The costrong product of two r-uniform SNS¢Hs is an r-uniform SNS H.

Example 12 Consider two 3-uniform SNS Hs H = (R,S,A) and H =R’,S',A") on
V={v,,vy,v3, vy }and V' = {v’l, v’2, v; }, respectively, where
H =H(3) = (R(3), S(3)) = ({(v,,(0.5,0.6,0.8)), (v,,(0.8,0.9,0.7)), (v3,(0.7,0.3,0.2)), (v4, (0.4,0.6,0.9)) },
{{(v1,2,3),(0.5,0.2,0.6)), ((v5, v3,v4),(0.4,0.3,0.7)) }),
H =H'(3') = R'(3").S'(3") = ({(+],(0.7,0.4,0.3)), (v}, (0.6,0.8,0.1)), (/;,(0.8,0.5,0.5)) }, {{(v}, v, V%),
(0.6,0.4,0.4))}).
The 3-uniform direct product H® H’ of H and H' is given by H® H = H(3) ® H'(3/),
where
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@ @ © o«

H’ H oH

Fig. 20 Lexicographic product of H and H

H(3) ® H'(3') =(R(3) ® R'(3)),S(3) ® §'(3") = ({{(v,¥)), (0.5,0.4,0.8)), ((v,1}),(0.5,0.6,0.8)), (v}, v}), (0.5,
0.5,0.8)), ((v,, v'l ),(0.7,0.4,0.7)), ((v,, v/z), (0.6,0.8,0.7)), ((v,, vg), (0.8,0.5,0.7)), {(v3, v'l ), (0.7,
0.3,0.3)), ((v3, v'z), (0.6,0.3,0.2)), ((v3, v;), (0.7,0.3,0.5)), ((v4, v/l ),(0.4,0.4,0.9)), ((vy4, v;), 0.4,
0.6,09)), (v, 1), (0.4,0.5,0.9) }, {(((vy, v} )3, v4) (5, ¥4, (0.5,0.2,0.6)), {((vy, v} (v3, vy vy,
Vi), (0.5,0.2,0.6)), (((v3, V) )(v1, ) (v, v4)), (0.5,0.2,0.6)), {((v3, V) (2, v5)(v1, ¥5)), (0.5,0.2,
0.6)), (v, V)1, v5)(v3,V3)), (0.5,0.2,0.6)), (v, V) (3, v3)(v5, 1)), (0.5,0.2,0.6)), {((v, V)
(V3,4 v3)), (0.4,0.3,0.7)), {((v3, V(s v5) (V25 V5)), (0.4, 0.3,0.7)), {((v4, V) )2, v3)(v3, V),
(0.4,0.3,0.7)), (((v4> V) )(3,V))(v3,4)), (0.4,0.3,0.7)), {((v3, V) )(V2, v5) (v, ¥5)), (0.4,0.3,0.7)),
(2 VD4V (3,9)), (0.4,0.3,0.7)) }).

Its graphical representation is presented in Fig. 18.
The lexicographic product HoH’ of H and H' is given by HoH’ = H(3)oH’(3’), where
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H(3)oH'(3") =(R(3)0R’(3), S(3)08'(3")) = ({{(v;, ), (0.5,0.4,0.8)), (v}, v}),(0.5,0.6,0.8)), {(v;,v}), (0.5,
0.5,0.8)), ((v5,v}), (0.7,0.4,0.7)), (v, v}), (0.6,0.8,0.7)), {(v,,}), (0.8,0.5,0.7)), {(v3, v} ), (0.7,
0.3,0.3)), ((v5, ), (0.6,0.3,0.2)), {(v3, v,), (0.7,0.3,0.5)), {(vy, v}, (0.4,0.4,0.9)), (v, ), (0.4,
0.6,0.9)), {(v4.V,). (04,0.5,0.9) ), ({((vy. V) )(v3. ¥))(¥3.V))). (0.5,0.2,0.6)), (v, V} (v, V3.,
v5)),(0.5,0.2,0.6)), {((v3, V) ) (v}, V) (2, ¥3)), (0.5,0.2,0.6)), (((v3, V) )(v2,V5)(v,5)), (0.5,0.2,
0.6)), (V2. V(v v))(13,¥5)), (0.5, 0.2, 0.6)), (v, v)(v3, V) (3, ¥5)), (0.5,0.2,0.6)), (v, V)
3 V)04 Vi) (0.4,0.3,0.7)), (V3 V) (40 Vi) (03 V). (0.4,0.3, 0.7)), (v, V)Y (v3. V) (3, Vi)
(0.4,0.3,0.7)), {((v4, V})(v3, v5)(03, V), (0.4,0.3,0.7)), {((v3, V) (v, V) (V4 Vi), (0.4,0.3,0.7)),
(2, VD4 V)3, ), (0.4,0.3,0.7), (v, V) )y, v))(1,v)), (0.5, 0.4, 0.8)), {((vo, v (v,
V(3 V). (0.6,0.4,0.7)), (V3.V} (3. Vy) (V3. V4, (0.6,0.3,0.4)), (g ¥, )V Vo) (Vg V), (0.4,
0.4,0.9)}).
Its graphical representation is given in Fig. 19.
Similarly, the lexicographic product H oH of H' and H is given by H'oH = H'(3")oH(3),
where
H'(3)0H(3) =(R'(3)9R(3). §'(6)98(3)) = ({((¥], 1)), (0.5,0.4,0.8)), (¥}, v2), 0.7,04,0.7)), (v, v3), 07,
0.3,0.3)), (v}, v), (0.4,0.4,0.9)), (v}, v}), (0.5,0.6,0.8)), (v}, v,), (0.6,0.8,0.7)), (v}, v3), (0.6,
0.3,0.2)), (v, v4), (0.4,0.6,0.9)), (v}, v, (0.5,0.5,0.8)), ((V}, 1), (0.8,0.5,0.7)), (v}, v3), (0.7,
0.3,0.5)), (v, 1), (0.4,0.5,0.9)}, {{((V), v (¥, v2)(Vy, v3)), (0.5,0.2,0.6)), (), v ), v3) (v,
v, (0.5,0.2,0.6)), (V) v)(Vy, v)(V5, v3)), (0.5,0.2, 0.6)), (v}, v,) (¥, v3)(¥%, v), (0.5, 0.2,
0.6)), (V] v3) (V) v (Vs 1)), (0.5,0.2,0.6)), (V) v3)(Vh, v,) (v, v1)), (0.5,0.2,0.6)), (v}, v,)
(7, v3) (V35 ), (0.4,0.3,0.7)), (v, v) (V5 v)(V], v3)), (0.4, 0.3, 0.7)), {((V}, v3)(vh, ) (v, vy)),
(0.4,0.3,0.7)), (v}, v3)(¥V), ) (¥}, 1)), (04, 0.3,0.7)), {((V}, v) (¥}, v3) (V5. v2)), (0.4,0.3,0.7)),
(O v )0 1), 130). (0.4,03,0.7)), (Vv vy) () v5)), (0.5,0.2,0.6)), (V) )V
v3)(v], vy)), (04,0.3,0.7)), (V5 V1) (V3 ) (5, v3)), (0.5, 0.2,0.6)), (V5 v2) (V5 v3)(V5, v4)), (0.4,
0.4,0.9)), (v}, v}, 1) (5, v3)), (0.5, 0.2, 0.6)), {((v], 1) (V5 v3)(v5, v4), (0.4, 0.3, 0.7)) }).
It is graphically shown in Fig. 20.

The union of SNS Hs given Figs. 19 and 20 constitutes the costrong product of H and
H'. '

5 Regular single-valued neutrosophic soft hypergraphs

Definition 26 A SNS,/H H = (R, S, A) is said to be regular of degree (r,,,,r3) if each of
its SNHs H(3) are regular of degree (1, r,,13), i.e., 0,(v) = (r}, 15, 13), Vv, 3.

Example 13 Consider the SNS fH H = (R,S,A) given in Fig. 21.

Note that the degree of each vertex v in H(3,) is bé’(v) =(0.8,0.6,1.2),i € {1,2}. Hence,
H is regular of degree (0.8, 0.6, 1.2).

Definition 27 A SNS,H H = (R, S,A) is said to be totally regular of degree (s, s,, 55) if
each of its SNHs H(3) are totally regular of degree (s, 5,, 53), i.€., tba(v) = (51,5,83), Vv, 3.
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(0.8,0.6,0.3) (0.4,0.5,0.6) (0.5,0.4,0.8)
&@ (0.4,0.3,0.6) @ @2
& S

Ny
o
(@ (0.4,0.3,0.6) @}

(0.5,0.8,0.2) (0.7,055,0.1) (0.6,0.3,0.9)
H(31)
Fig.21 A regular SNS,HH
(0.8,0.6,1.0) (0.7,0.7,0.8)

(@ (0.5,0.4,0.7) @ @E
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Fig.23 A perfectly regular SNS H H
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Example 14 Consider the SNSfH H = (R, S,A) shown in Fig. 22.
Note that total degree of each vertex v in H(3;) is tbsi(v) =(1.7,14,2.0), i € {1,2}.
Hence, H is totally regular SNS_fH of degree (1.7, 1.4, 2.0).

Remark 3 A regular SNS (H may not be totally regular.

For instance, consider a regular SNS fH H=(R,S,A) of degree (0.8, 0.6, 1.2) given
in Fig. 21. Note that tb;,l("l) =(1.6,12,15) #(1.3,14,14) = tbs] (v,). Similarly,
1552("1) =(15,14,18) #(1.6,1.1,1.5) = tbéz(vz). Hence, H is not totally regular.

Remark 4 A totally regular SNS ;H may not be regular.
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As an example, consider a totally regular SNS_fH H = (R,S,A) of degree (1.7, 1.4, 2.0)
given in Fig. 22. Note that bsl("l) =(0.8,0.9,1.3) # (0.9,0.8,2.0) = bél(vz). Similarly,
baz(vl) =(1.0,0.5,1.2) # (0.7,0.8,1.2) = bSZ(VZ). Hence, H is not regular.

Theorem 8 LetH = (R,S,A) be a SNSfH such that for all parameters 3, tR(s), iR(é) and fR(;,)
are constant functions. Then the following two statements imply one another:

1. His regular SNS H.
2. His totally regular SNS H.

Proof Let H=(R,S,A) be a SNS/H and for all v,3, tg,)(v) =cy, igq)(v) =c, and
frp(V) = 3, where ¢, ¢, and c; are constants from the unit closed interval. Fur-
ther, suppose that H is regular of degree (r),r,,r3), ie., bs(v) = (r,,r,,13). More-
over, the total degree of a vertex v in an arbitrary SNH H(3) is computed as
tba(v) = bs(v) + (g (), iR(5>(v), fR(é)(v)) =(r1sr,r3) + (1, ¢0,03) = (1 + ¢, + oy +¢3), VYL
Consequently, H is totally regular SNS H of degree (r; + ¢, 7, + ¢, 13 + ¢3).

For the converse part, suppose that H is totally regular SNS H of degree (s, s,, 53).
Then

td,(v) =(sy, 55, 53)
0, (v) + (tp() (W), TRy (W), TRy (V) =(s1, 52, 53)
bs(v) + (cy, ¢y, ¢3) =(51, 55, 53)

D,(v) =(s; — ¢y, 8, — 3,55 — ¢3)

for all v, 3. Hence, His (s; — ¢}, 5, — ¢5, 83 — ¢3)-regular and the proof ends. O

Definition 28 A SNS,H H = (R, S, A) s called perfectly regular if it is both regular as well
as totally regular SNS H.

Example 15 Consider the SNSfH H = (R, S,A) shown in Fig. 23.
Note that the degree and total degree of each vertex in H(3;) is bSi v) =(0.9,0.4,0.7) and
tb&_(v) =(1.7,0.8, 1.4), respectively, i € {1,2}. Hence, H is perfectly regular SNS_fH.

Theorem 9 If H = (R, S,A) is a perfectly regular SNS H, then for all parameters 3, iy,
tr(; and fr;) are constant functions.

Proof LetH = (R, S, A) be a perfectly regular SNS (H. This means that for all parameters 3,
the degree as well as total degree of each vertex in SNH H(3) is same. Consequently, for all
v, assume that bs(v) = (r|,rp,13) and tba(v) = (51, 5,,53) are the degrees and total degrees
of vertices in H(3), respectively. Using the definition of total degree of a vertex in the SNH
H(3),

tbs(") =b5(V) + (tR(s)(V)y iR(é)(V)» fR(s)(V))
(81,82, 83) =(r|, 12, 73) + (tR(s)(V)’ iR(s)(V), fR(z,)(V))

(tR(Z)(V), iR(a)(V)’ fR(a)(V)) =(51 —I,8 — 1,83 — 73)-

Hence, 3, tR(a), iR(ﬁ) and fR(a) are constant functions. O
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Fig.24 A neither regular nor totally regular SNS ,H H

Remark 5 The converse of above theorem may not be true.

For instance, consider the SNSfH H = (R, S,A) given in Fig. 24. Observe that for all
parameters 3, tg(,), ir(;) and fg; are constant functions. But the degree as well as total
degree of vertices in H(3) are not equal. So H is not a perfectly regular SNS H.

Theorem 10 [fH = (R,S,A) is a regular SNS H such that for all parameters 3, g, ir(;
and fg,) are constant functions, then H is a perfectly regular SNS ;H.

Proof Straightforward. O

6 Single-valued neutrosophic soft directed hypergraphs

Definition 29 Let H = v, E) denotes a crisp directed hypergraph. A SNS,DH Hover H is
denoted by the ordered triplet H= (R, S A), where

(nH (R A)is a SNSfS of vertlces over V.

2) (S A)isa SNSfS over E such that the member E: (1 < ] <tof S(g,) represents the SN
directed hyperedge (or SN hyperarc) in the SNDH H(g) R(3), S(g)) of H, and its
truth-membership, indeterminacy membership and falsity-membership values can be
computed as

(0.5,0.6,0.4) (0.7,0.2,0.6)  (0.8,0.2,0.7) (0.9,1.0,0.8) (0.5,0.6,0.4) (0.7,0.2,0.6)  (0.8,0.2,0.7) (0.9,1.0,0.8)
(0.4,0.2,0.8) (0.3,02%0&.0.6) (0.4.0[2%%0.2.%,0.1.0.6)

@>< ><@><@ @LXN@@

(0.3,0.4,0.8) (0.4,0.5,0.9)  (0.7,0.4,0.6) (0.6,0.7,0.3) (0.3,0.4,0.8) (0.4,0.5,0.9) (0.7,0.4,0.6) (0.6,0.7,0.3)

Hi) Hs)

6]

Fig.25 A SNS,DH H
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t§(3)(Ej) = tg(s)(vlvz...vm) < min{tR(w(vl), tR(;)(VZ)’ ey tR(5)(vm)}’

I's’(s)(Ej) = 1—3»(5)(v1v2...vm) < mln{tR(é)(vl), R (V2)s s 1R(5)(vm)},

fg(s)(Ej) = f_S'(s)(VIVZ"'vm) < max{fR(g)(vl)’ fR(é)(Vz)» e fR(g)(Vm)}’

respectively, where 2 < m < n. _
(3) For all parameters 3, |, <j<t Supp(Ej) =V, where E; denotes the SN hyperarc in H(3).

Note that a SN hyperarc is denoted as an ordered pair E; = (#(E,), i(E,)), where #(E;) and
h(E;) are the disjoint sets of vertices representing the tail and head of E;, respectively. All
vertices of the SN hyperedge E; [either from #(E;) and h(E;)] are said to be adjacent with
one another. _

Example 16 We directly present a SNS ,DH H= (R, S,A)in Fig. 25.

Definition 30 A SNS,DH H is said to be a backward SNS,DH if for all 3, H(z) is a back-
ward SNDH, i.e., Vj, the tail t(Ej) of Ej contains a single non-trivial SN vertex. In this case,
each SN hyperarc E; is known as backward SN hyperarc.

Definition 31 A SNS,DH H is said to be a forward SNS,DH if for all 3, H(3) is a forward
SNDH, i.e., Vj, the head h(E)) of E; contains a single non-trivial SN vertex. In this case,
each SN hyperarc E; is known as forward SN hyperarc.

Definition 32 A SNS,DH H is said to be a backward-forward SNS DH if for all 3, ﬁ(z,) is
a backward-forward SNDH, i.e., Vj, E; is either a backward SN hyperarc or a forward SN
hyperarc.
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Fig.26 A SNS,DH H andits symmetric image "
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Fig.27 a A forward SNS, hyperstar. b A backward SNS  hyperstar

Deﬁnltlon 33 Let | H=R, S, A) be a SNS,DH over H= = (V, E). The symmetric image
=(R, S’ A) of H is _a collection of symmetric images Tl () of SNDHs H(z), for all 3.
The symmetric image " (3) has same SNS of vertices as that of H(z,) and the SN hyperarc
E = (I(E’ ), h(E’ ) = (W(E)), /(E})), V 1 <j <t with same neutrosophic grades as that of E;.
Note that the symmetrlc image of a backward SN hyperarc is a forward SN hyperarc and
vice versa.

Example 17 Figure 26 shows a SNS,DH H= R, §,A) and its symmetric image
= (R, s ,A).

Deﬁnltlon 34 A SNS,DH H over H = (V,E) is said to be forward SNS ) hyperstar of ver-
tex vif E = {E TVE t(E) vj}. L1kew1se a SNS DH H over H = v, E) is said to be back-
ward SNS hyperstar of vertex v if E = {E,1ve h(E ), Vj}

Example 18 Figure 27a and b shows a forward SNS ; hyperstar of vertex v, and a backward
SNS, hyperstar of vertex vy, respectively.

Deﬁnltlon 35 Let H = (R, S A) be a SNS/H over H= v, E) A SN directed hyperpath
P(5)(v1,v ) from v, to v, in H(z,) for some 3 € A is defined as an alternative sequence
nWEWE,..v, |E, v, of d1st1nct vertices and hyperarcs such that

- vy ENE), v, ERE,_|),v; EME_)NKE)i=2,..p—1 and
— at least one of the truth-membership, indeterminacy membership and falsity-member-
ship values is non-zero for all vertices and hyperarcs of P(3)(v;, v,,).

The integer p — 1is called the length of ﬁ(a)(v, V) If 13(3,)(1/1 ,V,)is a SN directed hyper-
path, V3, then v\ E\n,E,...v, E, v, is called a SNS ¢ directed hyperpath and is denoted
by P(vl, v,). Further, If v, = v then the SNS directed hyperpath P(vl, v,) is called SNS,
directed hypercycle C.
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7 SNS,DHs and human nervous system

It is renowned that different brain regions and their linkages can be modeled as brain net-
works which efficiently illustrate the transmission of information towards and away from
brain. Brain networks are not only effective in the study of brain functioning but also help
in the investigation of complex brain diseases. There are different ways of construction of
brain networks which will be described afterwards. Following are the grounds/basics of
human nervous system.

Human nervous system controls the conscious and unconscious events of a person and
conveys signals to different parts of body. Each moment, it receives a lot of information in
the form of sensory signals and integrates them to decide reactions to be made by body.
The nervous system is mainly composed of neurons. Neuron, the functional unit of nervous
system, is a specialized cell together with its all processes. Neurons receive and conduct
the sensory information through its processes/nerve fibres known as dendrites and axon,
respectively, that extend out from the cell body of neuron. Nervous system has two divi-
sions: central nervous system and peripheral nervous system. A bunch of neurons is known
as nucleus and ganglion in the central and peripheral nervous system, respectively. While
studying the functions of brain or in general, of nervous system, it is important to sepa-
rately study the nerve fibres that carry nerve impulses fowards and away from central nerv-
ous system. The nerve fibers which convey nerve impulses from central nervous system
to other body parts are called efferent fibers. The well-known motor fibres are the efferent
fibres which, in particular, cause contraction in skeletal muscles. The other type of nerve
fibres are termed as afferent nerve fibres that transfer information from body to central
nervous system. Since these fibres carry the sensational data like that of vibration, touch,
temperature, pressure and pain, therefore they are also known as sensory fibres (Splitgerber
2019). Any disturbance in the pathways of nerves or nerve fibres themselves can cause
serious damage. Further, the junction point of one neuron to the next neuron is called syn-
apses. It decides that which pathway would be followed by nervous signals in the nervous
system. Synapses sometimes, permit only strong signals to pass and block weak signals and
at other times, choose and amplifies weak signals and transfers them in various directions.

The central nervous system refers to brain and spinal cord. Out of these, brain is one of
the most important part of human body. Moreover, it is the most complex and central organ
of human nervous system. It is enclosed in skull and receives the sensory information from
body and its surrounding, processes that information and generates responses as well as
instructs accordingly. Major divisions of brain and their subdivisions are given in Fig. 28.
Conventionally, there are three major divisions of brain namely forebrain, midbrain and

| Major divisions of human brain

Forebrain Midbrain Hindbrain

Cerebellum ‘ ‘ Pons I Medulla oblongata

| Hypothalamus

Cerebrum l ‘ Thalamus

Fig. 28 Major divisions of brain

@ Springer



Implementation of single-valued neutrosophic soft hypergraphs. ..
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hindbrain. Among them, forebrain comprises cerebrum, thalamus and hypothalamus. The
largest section of forebrain is the cerebrum whose different areas separately control tem-
perature, vision and hearing, help in learning and thinking, and produce the voluntary
movements of body. Putamen and globus pallidus are some of its parts. Thalamus serves
as a relay station as it enables different types of information coming from body to reach in
the relevant parts of cerebrum for further processing. Further, the hypothalamus provides
connection between nervous system and endocrine system (hormone system) and also
send signals to various glands for hormone excretion. Midbrain contains bundles of nerves
heading in upward and downward direction. It is associated with the motor movement of
eye muscles as well as the sleep and arousal of a person. Hind brain consists of cerebellum,
pons and medulla oblongata. Cerebellum is considered as a motor structure. However, the
motor movements are not commenced by cerebellum, rather the descending pathways of
motor commands are modified in this part. Moreover, cerebellum also helps in speech and
thinking of a person. The sensory information and motor reaction from and to the brain and
facial region are terminated and originated from pons. Pons and medulla oblongata work
mutually for the respiratory regulation. Medulla assists in hearing as well as equilibrium
and supports movements of tongue. Spinal cord, the other main part of central nervous sys-
tem, extends from brainstem in the vertebral canal. Generally, brain and spinal cord mutu-
ally work but sometimes spinal cord responds independently which is known as reflex (an
automatic impulsive response to a stimulus).

The peripheral nervous system mainly comprises nerves which provide connection
between central nervous system and entire body. It has two types: autonomic nervous
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Fig. 30 Skeletal motor nerve axis Ay,
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system and somatic nervous system. The autonomic nervous system supplies nerves to the
involuntary body parts like glands, smooth muscles, lungs and heart to provide support in
heart beat, body temperature, blood flow, emotion response and breathing. On the other
hand, the somatic nervous system plays a vital role to control one’s body movements. This
system is accountable for almost all voluntary movements of skeletal muscles and for skin
perceptiveness. It is capable to sense the orientation, location and position of body.

Generally, the brain starts activities due to the experiences of sensory organs which
include eyes, ears, skin, etc. This sensory information either becomes a part of memory
for late responses or causes instantaneous reactions in body. Figure 29 represents the
somatic part of sensory system which transfers sensational data from skin, in particular.
Subsequently, this information penetrates in different parts of central nervous system
and thus controlled at distinct levels. The eventual task of nervous system is to regulate
bodily activities which is acquired by the contraction of suitable skeletal muscles. Fig-
ure 30 depicts the motor responses for the skeletal muscles decided by the central nerv-
ous system. The skeletal muscles can be controlled at different levels of central nervous
system which depends upon the type of sensory information received. The lower areas
like spinal cord and the regions of brainstem respond to spontaneous stimuli while the
higher regions, especially cerebrum considers the complex muscular movements as a
result of thought processes of brain (Hall and Hall 2020).
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The above discussed somatosensory and skeletal motor functionality of nervous sys-
tem can be considered as the parameters of brain networks in soft set modelling. This is
because mostly for better understanding, the afferent and efferent connections of different
parts of nervous system are studied separately. Moreover, it is better to draw hyperarcs to
show the neurophysiological signal pathway as compared to directed edges because of the
occurrence of synapses of neurons at various levels of nervous system. Generally, brain
regions or the nuclei are considered as nodes of network. To make these networks more
realistic, the neutrosophic grades can be assigned to the nodes and hyperarcs, where the
grades of nodes represent the capability, indeterminacy and incapability of brain regions to
transmit information or to assist in reactions. Similarly, the neutrosophic grades of hyper-
arcs can be interpreted as the strength, indeterminacy and weakness of electric signal in its
pathway. This will generate the SNS (DH representing the activities or functioning of some
part of nervous system. This criteria of nominating membership values and the construc-
tion of hyperarcs not only facilitates the study of brain functioning but also helps in the
analysis of corresponding diseases of nervous system.

8 Conclusions

The significance of SNS,S is evident from the fact that it provides information about the
truthness, indeterminacy and falsity of a statement relative to each attribute of the uni-
versal set members. The discussion of hypergraphs in SNS, environment is worthwhile
to express multiple linkages of real-world systems which rely on several parameters. The
present study provides new graphical structures namely the SNS H as well as SNSDH.
Different types of subhypergraphs have been discussed together with some operations.
The line graph and dual of a SNS H have been determined with the help of algorithms.
The products of the proposed structures such as the Cartesian product, normal product,
direct product, lexicographic product and costrong product have been defined. Some of
them are applicable to r-uniform SNSHs only which can be further studied for the SNS,
Hs, in general. The concept of forward and backward SNS,DHs have been presented for
better understanding of SNS DHs. All the operations are explained through examples. As
application of the proposed model, we have briefly described the functioning of different
parts of human nervous system. Further, it is illustrated that SNS DHs can be beneficial
to study the activities of nervous system. The proposed model can be used to represent
numerous social network as well as competing networks and in the study of various sci-
entific and engineering applications. Our plan is to extend research in the following direc-
tions: (1) Rough single-valued neutrosophic hypergraphs (2) Regular g-rung picture fuzzy
soft hypergraphs (3) Complex single-valued neutrosophic soft hypergraphs and (4) Single-
valued neutrosophic soft competition hypergraphs.
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