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Abstract
Although neutrosophic soft sets are quite successful in expressing neutral uncertain infor-
mation, this mathematical approach is insufficient if the dimension of uncertain informa-
tion increases. Therefore, in order to present a better approach to the uncertainty problems 
encountered, Q-neutrosophic soft sets (Abu Qamar in Entropy 20:172, 2018), which are 
a generalization of neutrosophic soft sets, are proposed for processing two-dimensional 
uncertain information. Moreover, relations are one of the methods preferred by researchers 
to explain the correspondences between objects in uncertain environments. The purpose 
of this paper is to explain the correspondence between objects in a better way. For this, the 
Q-neutrosophic soft set theory defined in Abu Qamar and Hassan (Entropy 20:172,2018) 
has been modified by taking inspiration from the definition of neutrosophic soft sets pro-
posed by Deli and Broumi (J Intell Fuzzy Syst 28:2233–2241, 2015). In this way, it has 
been ensured that the two-dimensional information can be used more effectively in uncer-
tainty problems encountered in many real-life problems. In this paper, Q-neutrosophic 
soft relations are defined by referring to the modified Q-neutrosophic soft set theory and 
analyzed in detail. Later, concepts related to Q-neutrosophic soft relations such as com-
position, inverse, functions, equivalence classes, and partitions are given. These concepts 
are especially exemplified by selecting uncertainty problems that can be encountered in 
real life and some related properties and theorems are presented. Finally, in an uncertainty 
problem, a decision-making algorithm is proposed by using the correspondence between 
objects and a comparison is given.
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1  Introduction

There are many uncertainty problems that can be encountered in many areas of our daily 
life, such as engineering and physics. For this reason, expressing uncertainty problems in 
the most accurate way and thus obtaining the most accurate result in solving the problem 
are the two most important factors to manage the best decision-making process. Research-
ers have brought many different mathematical models to the literature that can bring this 
process to the most accurate result. Although fuzzy sets proposed by Zadeh (1965) is the 
first mathematical approach put forward in this area, it is a very successful theory. Even 
today, many mathematical approaches such as interval-valued intuitionistic FS (Atanassov 
1999), neutrosophic set (briefly N-set) (Smarandache 2005), single valued NS (Wang 
et al. 2010), picture fuzzy set (Cuong and Kreinovich 2014), pythagorean fuzzy set (Yager 
2013), fermatean fuzzy sets (Senapati and Yager 2020), hypersoft set (Smarandache 2018, 
2019), which are different extensions of this theory, are put forward.

One of the theories that come to the fore with the study of fuzzy sets to overcome uncer-
tainty is the N-sets proposed by Smarandache (2005). The fact that this theory is also a 
generalization of intuitionistic fuzzy set (Atanassov 1986) strengthens the reasons for this 
theory to be studied. It is known that the theory used to express uncertainty consists of 
a logic set with three components, which are independent from each other, consisting of 
the truth, indeterminacy and falsity memberships (Smarandache and Neutrosophy 1998). 
Therefore, the most important advantage of this mathematical approach is its ability to pro-
cess indeterminate data that are not processed by fuzzy set and intuitionistic fuzzy set.

Although fuzzy sets and their various extensions are very useful mathematical 
approaches to overcome uncertainty, it is not practical and useful to use these theories on 
the uncertainty problem. Molodtsov (1999), who thinks that the reason for this situation is 
due to the lack of a parameterization tool, proposed the soft set (briefly S-set) theory in the 
literature. Thanks to this important feature, which is not found in any of the other math-
ematical approaches developed for uncertainty, interest in soft sets continues to increase 
day by day. For this reason, since the introduction of soft sets, many different types of 
sets such as soft multi set theory (Alkhazaleh et al. 2011), soft expert set (Alkhazaleh and 
Salleh 2011), vague S-set (Xu et al. 2010), interval-valued vague S-set (Alhazaymeh and 
Hassan 2012, 2013a, b), virtual fuzzy parametrized S-set (Dalkılıç and Demirtas 2020), 
virtual fuzzy parametrized fuzzy S-set (Dalkılıç 2020), neutrosophic S-set (briefly NS-set) 
(Maji 2013; Deli and Broumi 2015; Deli 2017; Alkhazaleh 2016), neutrosophic parameter-
ized NS-set (Deli 2015), Q-NS-set (Abu Qamar and Hassan 2018) have been brought to 
the literature. Ongoing research on soft sets shows us that this mathematical approach is a 
very successful theory in expressing uncertainty (De and Dalk 2019; D 2020; Dalkılıç and 
Demirtaş 2020; Demirtaş and Dalkılıç 2020; Demirtaş et al. 2020; Dalkılıç 2020; Dalkılıç 
and Demirtas 2020; Da 2021).

N-set and S-set theories, which are the most popular theories used in uncertainty envi-
ronments today, were combined by Maji (2013) and the NS-set theory was proposed as 
a new hybrid set type in this field. In this way, soft sets can be used more practically to 
express uncertainty problems. The NS-set definition of Maji (2013) was modified by Deli 
and Broumi (2015), allowing it to be used more practically in uncertainty problems and a 
comparison between definitions was also made. In addition, basic set operations have been 
redefined based on this definition. Many researchers have studied this proposed mathemati-
cal approach to uncertainty problems: For example; Mukherjee and Sarkar (2014) solved 
a medical diagnosis decision-making problem using NSSs and discussed about the theory. 
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Moreover, şahin and Küçük (2014) studied some algebraic properties by introducing a 
novel style of NS-set theory. Apart from that, Hussain and Shabir (2015) investigated on 
algebraic operations of theory. Sumathi and Arockiarani (2016) also studied the NS-sets. In 
addition to these, a lot of research has been done on the NS-set (Maji 2014; Mukherjee and 
Sadhan 2015; Cuong et al. 2016; Chatterjee et al. 2016; Marei 2018). NS-sets are sufficient 
to express neutral uncertain information, but not all data sets may consist of neutral infor-
mation. For this reason, Q-NS-sets that allow the processing of two-dimensional informa-
tion were proposed by Abu Qamar and Hassan (2018). In this way, a more useful hybrid 
cluster model was built in modeling real-life problems where uncertainty occurred to a 
great extent. Researchers who find this situation quite remarkable have recently preferred 
to use this mathematical approach (Hassan et al. 2018; Abu Qamar and Hassan 2018a, b; 
Khan et al. 2019; Qamar and Hassan 2019a, b).

Relations are one of the most important mathematical methods used to explain the cor-
respondence between objects in uncertainty environments. Different types of relations have 
been introduced into the literature by making use of the mathematical approaches put for-
ward to eliminate the uncertainty mentioned above. If we briefly refer to these relation-
ships, firstly, fuzzy relations are only useful in modeling an uncertainty that expresses the 
degree of relations of two objects. For this reason, intuitionistic fuzzy relations (Bustince 
and Burillo 1996) and intuitionistic fuzzy soft relations (Dinda and Samanta 2010) were 
suggested, but they were insufficient to express the correspondence between objects in 
the most accurate way because they do not handle indeterminacy degrees of member-
ship in these relations. For this reason, Deli and Broumi (2015) suggested NS-relations 
by making use of the NS-sets defined by Maji (2013). Later, the NS-relations given by 
Deli and Broumi (2015) were modified by Da (2021) in order to express the correspond-
ence between objects in a more practical way. This has been an important achievement 
in explaining the correspondence between objects. In addition, Q-NS-relations have been 
brought to the literature by Abu Qamar and Hassan (2018) in expressing the correspond-
ence between objects in two-dimensional uncertainty environments. Especially in order to 
express uncertainty problems in the best way, it is necessary to determine the correspond-
ence between objects in the most accurate way. Therefore, advances in this area are very 
important and many researchers have paid attention to this situation in their recent studies 
(Kanwal and Shabir 2018, 2019; Zheng and Deng 2018; Mordeson et  al. 2018; Kanwal 
et al. 2020). The importance of this article on the literature is as follows:

∙ Better detection of correspondence is given by examining the relationships between 
objects in uncertain environments based on Q-NS-sets, which is a more comprehensive 
mathematical model.

∙ The determination of the relations between the correspondences has been examined 
in a different way than the traditional way, and their superior sides have been emphasized. 
(For the only similar modern approach available in the literature, see (Da 2021))

∙ In particular, the importance of correspondence between objects is emphasized in 
order to get better results in decision-making problems.

In this paper, the Q-NS-set definition given by Abu Qamar and Hassan (2018) was mod-
ified by inspiring from Deli and Broumi (2015)’s definition of NS-set, and thus we provide 
the opportunity to express uncertainty problems in a more practical way. Moreover, Q-NS-
relations studied by Abu Qamar and Hassan (2018) have been analyzed using the definition 
we have suggested. To facilitate analysis, we organized our paper as follows: In section 2, 
we recall some basic notions in N-set, S-set, NS-set and (multi) Q-N-set. Then, the Q-NS-
sets proposed by Abu Qamar and Hassan (2018) have been modified. In section 3, we char-
acterize the idea of Q-NS-relation and present the composition and inverse operations of 
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these relations with some basic properties. In section 4, various types of Q-NS-relations 
are defined. In addition, the equivalence classes and partitions of Q-NS-sets are analyzed. 
In section 5, the concept of Q-NS-function is defined and some special types of this con-
cept are presented together with related theorems. In section 6, we present an application of 
Q-NSrelations in a decision-making problem. Also a comparison has been added. Finally, 
we conclude the paper in section 7.

2 � Preliminaries

In this section, we recall some basic notions in N-set, S-set, NS-set and (multi) Q-N-set. 
Then, the Q-NS-sets proposed by Abu Qamar and Hassan (2018) have been modified.

Throughout this paper, let P be a set of parameters and K, L, M be non-empty subsets of 
P. Also, let U be an initial universe, and 2U denotes the power set of U.

Definition 2.1  (Smarandache 2005) A N-set X on the universe of discourse U is defined 
as:

where −0 ≤ TX(u) + IX(u) + FX(u) ≤ 3+ and T , I,F ∶ U →]−0, 1+[.

Note that the set of all N-sets over U will be denoted by 2N(U).

Definition 2.2  (Molodtsov 1999) A pair (F, P) is called a S-set over U, where F is a map-
ping given by F ∶ P → 2U . For p ∈ P , F(p) may be considered as the set of p-approximate 
elements of the S-set (F, P), i.e.,

Firstly, NS-set defined by Maji (2013) and later this concept has been modified by Deli 
and Broumi (2015) as given below:

Definition 2.3  (Deli and Broumi 2015) A NS-set (F̂,P) over U is a set defined by a set 
valued function F̂ representing a mapping F̂ ∶ P → 2N(U) where F̂ is called approximate 
function of the NS-set (F̂,P) , i.e.,

where 0 ≤ T
F̂(p)

(u) + I
F̂(p)

(u) + F
F̂(p)

(u) ≤ 3 and T
F̂(p)

(u), I
F̂(p)

(u),F
F̂(p)

(u) ∈ [0, 1] called 
the true membership, indeterminacy-membership, false membership functions of F̂(p) , 
respectively.

Definition 2.4  (Abu Qamar and Hassan 2018) Let Q and U be two nonempty set. A Q-N-
set ΓQ in U and Q is an object of the form

(2.1)X = {⟨u,TX(u), IX(u),FX(u)⟩ ∶ u ∈ U}

(2.2)(F,P) = {(p,F(p)) ∶ p ∈ P}.

(2.3)(F̂,P) =
��

p, ⟨u, T
F̂(p)

(u), I
F̂(p)

(u),F
F̂(p)

(u)⟩ ∶ u ∈ U
�
∶ p ∈ P

�

(2.4)ΓQ =
�
⟨(u, q), TΓQ

(u, q), IΓQ
(u, q),FΓQ

(u, q)⟩ ∶ u ∈ U, q ∈ Q
�
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where −0 ≤ TΓQ
(u, q) + IΓQ

(u, q) + FΓQ
(u, q) ≤ 3+ and TΓQ

, IΓQ
,FΓQ

∶ U × Q →]−0, 1+[ 
are the truth membership, indeterminacy membership and falsity membership functions, 
respectively.

Note that the set of all Q-N-sets over U will be denoted by 2NQ(U).
Now, we modify the Q-NS-set definition given by Abu Qamar and Hassan (2018), 

inspired by the definition of NS-set proposed by Deli and Broumi (2015), as follows:

Definition 2.5  Let Q be a nonempty set. A pair (Γ̂Q,P) is called a Q-NS-set over U, where 
Γ̂Q ∶ P → 2

N1

Q
(U) , i.e.,

such that

where

and T
Γ̂Q(p)

(u, q), I
Γ̂Q(p)

(u, q),F
Γ̂Q(p)

(u, q) ∈ [0, 1] called the truth membership, indeterminacy 
membership, falsity membership functions of Γ̂Q(p) , respectively.

As can be understood from Table  1, the definition of Q-NS-set suggested in this 
paper is more general. It is aimed to generalize the definition of Q-NS-set in order to 
explain the correspondences between objects in a better way. Because a parameter that 
does not belong to the parameter set may have a relationship between other parameters. 
Not ignoring this situation can help us to express the uncertainty environments in the 
best way possible.

Note that the set of all multi Q-NS-sets over U and Q will be denoted by 2NSQ(U).

Definition 2.6  Let (Γ̂Q,P), (Λ̂Q,P) ∈ 2NSQ(U) . Then,

(i) (Γ̂Q,P) is a Q-NS-subset of (Λ̂Q,P) , denoted by (�ΓQ,P)�⊆(�ΛQ,P) , if �ΓQ(p) ⊆ �ΛQ(p) ; ∀p ∈ P , 
that is T

Γ̂Q(p)
(u, q) ≤ T

Λ̂Q(p)
(u, q) , I

Γ̂Q(p)
(u, q) ≥ I

Λ̂Q(p)
(u, q) and F

Γ̂Q(p)
(u, q) ≥ F

Λ̂Q(p)
(u, q) ; 

∀(u, q) ∈ U × Q.

(2.5)
(Γ̂Q,P) =

��
p, ⟨(u, q), T

Γ̂Q(p)
(u, q), I

Γ̂Q(p)
(u, q),F

Γ̂Q(p)
(u, q)⟩ ∶ u ∈ U, q ∈ Q

�
∶ p ∈ P

�

(2.6)Γ̂Q(p) =
�
⟨(u, q),T

Γ̂Q(p)
(u, q), I

Γ̂Q(p)
(u, q),F

Γ̂Q(p)
(u, q)⟩ ∶ u ∈ U, q ∈ Q

�

0 ≤ T
Γ̂Q(p)

(u, q) + I
Γ̂Q(p)

(u, q) + F
Γ̂Q(p)

(u, q) ≤ 3

Table 1   Comparison for definitions of Q-NS-set

Definition 2.5 In Abu Qamar and Hassan (2018)

(Γ̂Q,P) =
{(

p, Γ̂Q(p)
)
∶ p ∈ P

}
 

where Γ̂Q ∶ P → 2
N1

Q
(U).

(Γ̂Q,K) =
{(

p, Γ̂Q(p)
)
∶ p ∈ K

}
 where 

Γ̂Q ∶ K → 2
N1

Q
(U) such that Γ̂Q(p) = � if p ∉ K.
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(ii) (Γ̂Q,P) and (Λ̂Q,P) are equal, denoted by (Γ̂Q,P) = (Λ̂Q,P) , if and only if 
(�ΓQ,P)�⊆(�ΛQ,P) and (�ΛQ,P)�⊆(�ΓQ,P) ; ∀u ∈ U.

Example 2.7  Let’s examine the popularity of the computer a person wants to use. Let 
U = {u1, u2, u3} be the set of available computers, Q = {q1, q2} be the set of companies 
from which computers can be purchased and {p1, p2} be the set of parameters expressing 
the properties of computers. Suppose Q-NS-set (Γ̂Q,P) express the effect of parameters on 
the popularity of a computer in a particular company as follows:

Here, the T
Γ̂Qi

 , I
Γ̂Qi

 and F
Γ̂Qi

 represent the degree of true popularity, the degree of indetermi-
nacy popularity and the the degree of falsity popularity of a computer in a particular com-
pany, respectively.

3 � Relations on Q‑NS‑sets

In this section, we define the concept cartesian product (briefly CP) for two Q-NS-sets 
considering the modified Q-NS-sets, and thus we characterize the idea of Q-NS-relation. 
Then, we give the composition and inverse operations for these relationships with some 
basic properties.

Definition 3.1  Let (Γ̂Q,P), (Λ̂Q,P) ∈ 2NSQ(U) . Then, (Γ̂Q,P) × (Λ̂Q,P) = (Ω̂Q,P × P) 
is the CP of (Γ̂Q,P) and (Λ̂Q,P) , where (a, b) ∈ P × P , Ω̂Q ∶ P × P → 2NSQ(U) and 
Ω̂Q(a, b) = Γ(a)Q × Λ(b)Q , i.e.,

such that

where T
Ω̂Q(a,b)

(u, q), I
Ω̂Q(a,b)

(u, q),F
Ω̂Q(a,b)

(u, q) are the truth, indeterminacy and falsity mem-
bership functions of (Ω̂Q,P × P) such that T

Ω̂Q(a,b)
, I

Ω̂Q(a,b)
,F

Ω̂Q(a,b)
(u) ∶ U → [0, 1] and for 

all (u, q) ∈ U × Q and (a, b) ∈ P × P we have:

(Γ̂Q,P) =

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

⎛⎜⎜⎝
p1,

⟨(u1, q1), 0.55, 0.76, 0.25⟩, ⟨(u1, q2), 0.47, 0.35, 0.72⟩,⟨(u2, q1), 0.67, 0.44, 0.15⟩, ⟨(u2, q2), 0.78, 0.24, 0.67⟩,⟨(u3, q1), 0.85, 0.62, 0.45⟩, ⟨(u3, q2), 0.54, 0.74, 0.47⟩

⎞⎟⎟⎠
,

⎛⎜⎜⎝
p2,

⟨(u1, q1), 0.43, 0.46, 0.14⟩, ⟨(u1, q2), 0.48, 0.65, 0.67⟩,⟨(u2, q1), 0.23, 0.56, 0.75⟩, ⟨(u2, q2), 0.35, 0.74, 0.85⟩,⟨(u3, q1), 0.62, 0.25, 0.57⟩, ⟨(u3, q2), 0.89, 0.46, 0.32⟩

⎞⎟⎟⎠

⎫⎪⎪⎪⎬⎪⎪⎪⎭

(3.1)(Ω̂Q,P × P) =
{(

(a, b), Ω̂Q(a, b)
)
∶ (a, b) ∈ P × P

}

(3.2)
Ω̂Q(a, b) =

�
⟨(u, q), T

Ω̂Q(a,b)
(u, q), I

Ω̂Q(a,b)
(u, q),F

Ω̂Q(a,b)
(u, q)⟩ ∶ (u, q) ∈ U × Q

�

T
Ω̂Q(a,b)

(u, q) = min
{
T
Γ̂Q(a)

(u, q), T
Λ̂Q(b)

(u, q)
}
,
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and

Example 3.2  Let U = {u1, u2, u3} , Q = {q1, q2} , P = {p1, p2} , (Γ̂Q,P) be given as in Exam-
ple 2.7 and Q-NS-set (Λ̂Q,P) over U be given as follows:

Then, (Ω̂Q,P × P) = (Γ̂Q,P) × (Λ̂Q,P) is

where

and so on.

Definition 3.3  Let (Γ̂Q,P), (Λ̂Q,P) ∈ 2NSQ(U) . Then a Q-NS-relation from (Γ̂Q,P) to (Λ̂Q,P) 
is a Q-NS-subset of (Γ̂Q,P) × (Λ̂Q,P) , and is of the form (ℜ̂Q,K × L) , where K × L ⊆ P × P 
and �ℜQ(a, b) ⊆ (�ΓQ,P) × (�ΛQ,P) , ∀(a, b) ∈ K × L , i.e.,

such that

where

and

I
Ω̂Q(a,b)

(u, q) = max
{
I
Γ̂Q(a)

(u, q), I
Λ̂Q(b)

(u, q)
}

F
Ω̂Q(a,b)

(u, q) = max
{
F
Γ̂Q(a)

(u, q),F
Λ̂Q(b)

(u, q)
}
.

(Λ̂Q,P) =

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

⎛⎜⎜⎝
p1,

⟨(u1, q1), 0.76, 0.56, 0.85⟩, ⟨(u1, q2), 0.84, 0.65, 0.24⟩,⟨(u2, q1), 0.18, 0.56, 0.43⟩, ⟨(u2, q2), 0.72, 0.56, 0.62⟩,⟨(u3, q1), 0.45, 0.24, 0.37⟩, ⟨(u3, q2), 0.32, 0.54, 0.41⟩

⎞⎟⎟⎠
,

⎛
⎜⎜⎝
p2,

⟨(u1, q1), 0.36, 0.52, 0.44⟩, ⟨(u1, q2), 0.82, 0.54, 0.78⟩,⟨(u2, q1), 0.28, 0.68, 0.55⟩, ⟨(u2, q2), 0.66, 0.48, 0.59⟩,⟨(u3, q1), 0.25, 0.56, 0.74⟩, ⟨(u3, q2), 0.92, 0.64, 0.25⟩

⎞⎟⎟⎠

⎫
⎪⎪⎪⎬⎪⎪⎪⎭

.

(Ω̂,P × P) =
{
Γ̂Q(p1) × Λ̂Q(p1), Γ̂Q(p1) × Λ̂Q(p2), Γ̂Q(p2) × Λ̂Q(p1), Γ̂Q(p2) × Λ̂Q(p2)

}

Γ̂Q(p1) × Λ̂Q(p1) =

⎧⎪⎨⎪⎩

⟨(u1, q1), 0.55, 0.76, 0.85⟩, ⟨(u1, q2), 0.47, 0.65, 0.72⟩,⟨(u2, q1), 0.18, 0.56, 0.43⟩, ⟨(u2, q2), 0.72, 0.56, 0.67⟩,⟨(u3, q1), 0.45, 0.62, 0.45⟩, ⟨(u3, q2), 0.32, 0.74, 0.47⟩

⎫⎪⎬⎪⎭

(3.3)(�ℜQ,K × L) =
{(

(a, b), �ℜQ(a, b)
)
∶ (a, b) ∈ K × L ⊆ P × P

}

(3.4)
ℜ̂Q(a, b) =

�
⟨(u, q), T

ℜ̂Q(a,b)
(u, q), I

ℜ̂Q(a,b)
(u, q),F

ℜ̂Q(a,b)
(u, q)⟩ ∶ (u, q) ∈ U × Q

�

T
ℜ̂Q(a,b)

(u, q) = min
{
T
Γ̂Q(a)

(u, q), T
Λ̂Q(b)

(u, q)
}
,

I
ℜ̂Q(a,b)

(u, q) = max
{
I
Γ̂Q(a)

(u, q), I
Λ̂Q(b)

(u, q)
}
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If (ℜ̂Q,K × L) is a Q-NS-relation from (Γ̂Q,P) to (Γ̂Q,P) , then is called a Q-NS-relation on 
(Γ̂Q,P).

Definition 3.4  Let ℜ̂Q be a Q-NS-relation on (Γ̂Q,P) . Then,
(i) the domain of ℜ̂Q 

(
D̂M

ℜ̂Q

)
 is defined as the Q-NS-set 

(
D̂M

ℜ̂Q
,K1

)
 , where 

K1 = {a ∈ K ∶ ℜ̂Q(a, b) ∈ ℜ̂Q,∃b ∈ L} and D̂M
ℜ̂Q

(a1) = Γ̂Q(a1) , ∀a1 ∈ K1.
(ii) the range of ℜ̂Q 

(
R̂N

ℜ̂Q

)
 is defined as the Q-NS-set (R̂N

ℜ̂Q
, L1) where 

L1 = {b ∈ L ∶ ℜ̂Q(a, b) ∈ ℜ̂Q,∃a ∈ K} and R̂N
ℜ̂Q

(b1) = Λ̂Q(b1) , ∀b1 ∈ L1.

Example 3.5  Consider Example 3.2. Let

be a Q-NS-relation. Then D̂M
ℜ̂Q

=
(
D̂M

ℜ̂Q
,K1

)
 where D̂M

ℜ̂Q
(p1) = Γ̂Q(p1) for K1 = {p1} 

and R̂N
ℜ̂
=
(
R̂N

ℜ̂
, L1

)
 where R̂N

ℜ̂
(p1) = Λ̂(p1) , R̂Nℜ̂

(p2) = Λ̂(p2) for L1 = {p1, p2}.

Definition 3.6  The identity Q-NS-relation Î
(Γ̂Q,P)

 on a Q-NS-set (Γ̂Q,P) is defined as 
Γ̂Q(a)̂I(Γ̂Q,P)

Γ̂Q(b) if and only if a = b.

Example 3.7  In Example 3.2, the

is an identity Q-NS-relation.

Definition 3.8  Let (Γ̂Q,P), (Λ̂Q,P) ∈ 2NSQ(U) and (ℜ̂Q,K × L) be a Q-NS-relation from 
(Γ̂,P) to (Λ̂,P) . Then the inverse of (ℜ̂Q,K × L) , 

(
ℜ̂−1

Q
, L × K

)
 is a Q-NS-relation and is 

defined as:

Example 3.9  Consider Example 3.5. Then we have,

Theorem  3.10  Let (Γ̂Q,P), (Λ̂Q,P) ∈ 2NSQ(U) and 
(
ℜ̂1

Q
,K × L

)
 , 
(
ℜ̂2

Q
,K × L

)
 are Q-NS-

relations from (Γ̂Q,P) to (Λ̂Q,P) . Then,

F
ℜ̂Q(a,b)

(u, q) = max
{
F
Γ̂Q(a)

(u, q),F
Λ̂Q(b)

(u, q)
}
.

�ℜQ =
{
�ΓQ(p1) ×

�ΛQ(p1),
�ΓQ(p1) ×

�ΛQ(p2)
}
⊆ (�Γ,P) × (�Λ,P).

(ℜ̂Q,K × L) =

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

⎛⎜⎜⎝
(p1, p1),

⟨(u1, q1), 0.55, 0.76, 0.85⟩, ⟨(u1, q2), 0.47, 0.65, 0.72⟩,⟨(u2, q1), 0.18, 0.56, 0.43⟩, ⟨(u2, q2), 0.72, 0.56, 0.67⟩,⟨(u3, q1), 0.45, 0.62, 0.45⟩, ⟨(u3, q2), 0.32, 0.74, 0.47⟩

⎞⎟⎟⎠
,

⎛
⎜⎜⎝
(p2, p2),

⟨(u1, q1), 0.36, 0.52, 0.44⟩, ⟨(u1, q2), 0.48, 0.65, 0.78⟩,⟨(u2, q1), 0.23, 0.68, 0.75⟩, ⟨(u2, q2), 0.35, 0.74, 0.85⟩,⟨(u3, q1), 0.25, 0.56, 0.74⟩, ⟨(u3, q2), 0.89, 0.64, 0.32⟩

⎞⎟⎟⎠

⎫⎪⎪⎪⎬⎪⎪⎪⎭

�ℜ−1
Q
(b, a) = �ℜQ(a, b), ∀(a, b) ∈ K × L ⊆ P × P.

�ℜ−1
Q

=
{
�ΛQ(p1) ×

�ΓQ(p1),
�ΛQ(p2) ×

�ΓQ(p1)
}
⊆ (�Λ,P) × (�Γ,P).
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(i) 
((

ℜ̂1

Q
,K × L

)−1
)−1

=
(
ℜ̂1

Q
,K × L

)
.

(ii) 
(
�ℜ1

Q
,K × L

)
�⊆
(
�ℜ2

Q
,K × L

)
⇒

(
�ℜ1

Q
,K × L

)−1
�⊆
(
�ℜ2

Q
,K × L

)−1

.

Proof  (i) Since 
((

ℜ̂1

Q

)−1
)−1

= ℜ̂1

Q
(a, b) , then 

((
ℜ̂1

Q
,K × L

)−1
)−1

=
(
ℜ̂1

Q
,K × L

)
 ; 

∀(a, b) ∈ K × L ⊆ P × P.
(ii) �ℜ1

Q
(a, b) ⊆ �ℜ2

Q
(a, b) ⇒

(
�ℜ1

Q

)−1

(b, a) ⊆
(
�ℜ2

Q

)−1

(b, a) and thus

	�  ◻

Definition 3.11  Let (Γ̂Q,P), (Λ̂Q,P), (Ω̂Q,P) ∈ 2NSQ(U) and (ℜ̂1

Q
,K × L) , (ℜ̂2

Q
, L ×M) are 

Q-NS-relations from (Γ̂Q,P) to (Λ̂Q,P) and from (Λ̂Q,P) to (Ω̂Q,P) respectively, where 
(a, b) ∈ K × L ⊆ P × P and (b, c) ∈ L ×M ⊆ P × P , then the composition of the Q-NS-
relations (ℜ̂1

Q
,K × L) and (ℜ̂2

Q
, L ×M) denoted by ℜ̂2

Q
◦ℜ̂1

Q
 from (Γ̂Q,P) to (Ω̂Q,P) is 

defined as:

such that

where

Example 3.12  Let U = {u1, u2} be a set of televisions, Q = {q1 ∶ philips, q2 ∶ sony} be 
a set of brands, P = {p1, p2, p3} be the set of parameters that want to be examined for 

(
�ℜ1

Q
,K × L

)−1
�⊆
(
�ℜ2

Q
,K × L

)−1

; ∀(a, b) ∈ K × L ⊆ P × P.

(3.5)
(
�ℜ2

Q
◦�ℜ1

Q
,K ×M

)
=
{(

(a, c),
(
�ℜ2

Q
◦�ℜ1

Q

)
(a, c)

)
∶ (a, c) ∈ K ×M ⊆ P × P

}

(3.6)
�
ℜ̂2

Q
◦ℜ̂1

Q

�
(a, c) =

⎧
⎪⎪⎨⎪⎪⎩

⟨(u, q),
T�

ℜ̂2

Q
◦ℜ̂1

Q

�
(a,c)

(u, q),

I�
ℜ̂2

Q
◦ℜ̂1

Q

�
(a,c)

(u, q),

F�
ℜ̂2

Q
◦ℜ̂1

Q

�
(a,c)

(u, q)

⟩ ∶ (u, q) ∈ U × Q

⎫⎪⎪⎬⎪⎪⎭

T(
ℜ̂2

Q
◦ℜ̂1

Q

)
(a,c)

(u, q) =max
{
T
ℜ̂1

Q
(a,b)

(u, q), T
ℜ̂2

Q
(b,c)

(u, q)
}

=max
{
min

{
T
Γ̂Q(a)

(u, q), T
Λ̂Q(b)

(u, q)
}
,min

{
T
Λ̂Q(b)

(u, q), T
Ω̂Q(c)

(u, q)
}}

,

I(
ℜ̂2

Q
◦ℜ̂1

Q

)
(a,c)

(u, q) =min
{
I
ℜ̂1

Q
(a,b)

(u, q), I
ℜ̂2

Q
(b,c)

(u, q)
}

=min
{
max

{
I
Γ̂Q(a)

(u, q), I
Λ̂Q(b)

(u, q)
}
,max

{
I
Λ̂Q(b)

(u, q), I
Ω̂Q(c)

(u, q)
}}

,

F(
ℜ̂2

Q
◦ℜ̂1

Q

)
(a,c)

(u, q) =min
{
F
ℜ̂1

Q
(a,b)

(u, q),F
ℜ̂2

Q
(b,c)

(u, q)
}

=min
{
max

{
F
Γ̂Q(a)

(u, q),F
Λ̂Q(b)

(u, q)
}
,

max
{
F
Λ̂Q(b)

(u, q),F
Ω̂Q(c)

(u, q)
}}

.
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different brands of televisions. For i = 1, 2, 3, 4 , the parameters pi stand for “fun to watch”, 
“expensive”, “modern” and “easy to use”, respectively.

Suppose three users’ views on the televisions are given in the form of Q-NS-sets (Γ̂Q,P) , 
(Λ̂Q,P) and (Ω̂Q,P) as follows:

In this case, the relationships and effects between the desired parameters for televi-
sions of various brands can be expressed. For example; if (ℜ̂1

Q
,K × L) , (ℜ̂2

Q
, L ×M) are 

Q-NS-relations from (Γ̂Q,P) to (Λ̂Q,P) and from (Λ̂Q,P) to (Ω̂Q,P) respectively, where 
K × L ⊆ P × P , L ×M ⊆ P × P for K = {p1, p3} , L = {p4} , M = {p2} , then these Q-NS-
relations are defined as:

The Q-NS-relation (ℜ̂1

Q
,K × L) describes the effect of parameters in K on being “easy to 

use” where it measures the true, indeterminacy and falsity degrees for a “fun to watch” or 
“modern” television from various brands to be “easy to use”. Similarly, the Q-NS-relation 
(ℜ̂2

Q
, L ×M) expresses the effect of “easy to use” on being “expensive”, where it measures 

(Γ̂Q,P) =

⎧
⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

�
p1,

⟨(u1, q1), 0.23, 0.44, 0.36⟩, ⟨(u1, q2), 0.44, 0.55, 0.75⟩,⟨(u2, q1), 0.25, 0.47, 0.38⟩, ⟨(u2, q2), 0.77, 0.52, 0.84⟩
�
,

�
p2,

⟨(u1, q1), 0.15, 0.64, 0.53⟩, ⟨(u1, q2), 0.48, 0.62, 0.88⟩,⟨(u2, q1), 0.74, 0.34, 0.25⟩, ⟨(u2, q2), 0.12, 0.46, 0.77⟩
�
,

�
p3,

⟨(u1, q1), 0.65, 0.84, 0.14⟩, ⟨(u1, q2), 0.35, 0.57, 0.79⟩,⟨(u2, q1), 0.49, 0.57, 0.89⟩, ⟨(u2, q2), 0.91, 0.26, 0.72⟩
�
,

�
p4,

⟨(u1, q1), 0.53, 0.3, 0.25⟩, ⟨(u1, q2), 0.77, 0.87, 0.93⟩,⟨(u2, q1), 0.22, 0.32, 0.19⟩, ⟨(u2, q2), 0.39, 0.86, 0.24⟩
�

⎫
⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

,

(Λ̂Q,P) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

�
p1,

⟨(u1, q1), 0.53, 0.31, 0.91⟩, ⟨(u1, q2), 0.16, 0.72, 0.83⟩,⟨(u2, q1), 0.73, 0.88, 0.15⟩, ⟨(u2, q2), 0.61, 0.24, 0.43⟩
�
,

�
p2,

⟨(u1, q1), 0.33, 0.54, 0.74⟩, ⟨(u1, q2), 0.56, 0.79, 0.98⟩,⟨(u2, q1), 0.42, 0.18, 0.55⟩, ⟨(u2, q2), 0.67, 0.44, 0.74⟩
�
,

�
p3,

⟨(u1, q1), 0.66, 0.24, 0.61⟩, ⟨(u1, q2), 0.85, 0.77, 0.34⟩,⟨(u2, q1), 0.22, 0.37, 0.19⟩, ⟨(u2, q2), 0.81, 0.66, 0.26⟩
�
,

�
p4,

⟨(u1, q1), 0.62, 0.45, 0.44⟩, ⟨(u1, q2), 0.49, 0.55, 0.22⟩,⟨(u2, q1), 0.33, 0.73, 0.92⟩, ⟨(u2, q2), 0.15, 0.66, 0.44⟩
�

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

,

(Ω̂Q,P) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

�
p1,

⟨(u1, q1), 0.73, 0.45, 0.66⟩, ⟨(u1, q2), 0.77, 0.65, 0.84⟩,⟨(u2, q1), 0.78, 0.55, 0.84⟩, ⟨(u2, q2), 0.44, 0.22, 0.76⟩
�
,

�
p2,

⟨(u1, q1), 0.55, 0.42, 0.45⟩, ⟨(u1, q2), 0.88, 0.65, 0.22⟩,⟨(u2, q1), 0.32, 0.66, 0.18⟩, ⟨(u2, q2), 0.36, 0.84, 0.11⟩
�
,

�
p3,

⟨(u1, q1), 0.43, 0.44, 0.23⟩, ⟨(u1, q2), 0.33, 0.87, 0.92⟩,⟨(u2, q1), 0.59, 0.33, 0.38⟩, ⟨(u2, q2), 0.22, 0.64, 0.83⟩
�
,

�
p4,

⟨(u1, q1), 0.44, 0.62, 0.43⟩, ⟨(u1, q2), 0.11, 0.77, 0.42⟩,⟨(u2, q1), 0.22, 0.36, 0.69⟩, ⟨(u2, q2), 0.56, 0.64, 0.22⟩
�

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭

.

(ℜ̂1

Q
,K × L) =

⎧⎪⎨⎪⎩

�
(p1, p4),

⟨(u1, q1), 0.23, 0.45, 0.44⟩, ⟨(u1, q2), 0.44, 0.55, 0.75⟩,⟨(u2, q1), 0.25, 0.73, 0.92⟩, ⟨(u2, q2), 0.15, 0.66, 0.84⟩
�
,

�
(p3, p4),

⟨(u1, q1), 0.62, 0.84, 0.44⟩, ⟨(u1, q2), 0.35, 0.57, 0.79⟩,⟨(u2, q1), 0.33, 0.73, 0.92⟩, ⟨(u2, q2), 0.15, 0.66, 0.72⟩
�

⎫⎪⎬⎪⎭
,

(ℜ̂2

Q
, L ×M) =

��
(p4, p2),

⟨(u1, q1), 0.55, 0.45, 0.45⟩, ⟨(u1, q2), 0.49, 0.65, 0.22⟩,⟨(u2, q1), 0.32, 0.73, 0.92⟩, ⟨(u2, q2), 0.15, 0.84, 0.44⟩
��

.
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the true, indeterminacy and falsity degrees for a “easy to use” television from various 
brands to be “expensive”.

Now, the combination of these two Q-NS-relations described can help us understand 
the impact that a “fun to watch” or “modern” television from various brands can have on 
being “expensive”. Then, the composition between the Q-NS-relations (ℜ̂1

Q
,K × L) and 

(ℜ̂2

Q
, L ×M) is

T(
ℜ̂2

Q
◦ℜ̂1

Q

)
(a,c)

 , I(
ℜ̂2

Q
◦ℜ̂1

Q

)
(a,c)

 and F(
ℜ̂2

Q
◦ℜ̂1

Q

)
(a,c)

 represent respectively, the degrees of true, 

indeterminacy and falsity for a “fun to watch” or “modern” television from various brands 
to be “expensive”. For example, the term ⟨(u2, q1), 0.33, 0.73, 0.92⟩ for (p3, p2) means that 
the “modern” of (u2, q1) has a 0.33 truth degree of in being “expensive”, 0.73 indetermi-
nacy degree of in being “expensive”, 0.92 falsity degree of in being “expensive”.

Theorem  3.13  Let (Γ̂Q,P), (Λ̂Q,P), (Ω̂Q,P) ∈ 2NSQ(U) and (ℜ̂1

Q
,K × L) , (ℜ̂2

Q
, L ×M) be 

Q-NS-relations from (Γ̂Q,P) to (Λ̂Q,P) and from (Λ̂Q,P) to (Ω̂Q,P) respectively, where 
K × L ⊆ P × P , L ×M ⊆ P × P . Then

Proof  Since (ℜ̂1

Q
,K × L) , (ℜ̂2

Q
, L ×M) are Q-NS-relations from (Γ̂Q,P) to (Λ̂Q,P) and 

(Λ̂Q,P) to (Ω̂Q,P) respectively, then (�ℜ2

Q
◦�ℜ1

Q
,K ×M)�⊆(�ΓQ,P) × (�ΩQ,P) . Thus, for 

(a, c) ∈ K ×M , (u, q) ∈ U × Q,

Similar results can be shown for I(
ℜ̂2

Q
◦ℜ̂1

Q

)−1

(c,a)
(u, q) and F(

ℜ̂2

Q
◦ℜ̂1

Q

)−1

(c,a)
(u, q) . This com-

pletes the proof.	�  ◻

(ℜ̂2

Q
◦ℜ̂1

Q
,K ×M) =

⎧
⎪⎨⎪⎩

�
(p1, p2),

⟨(u1, q1), 0.55, 0.45, 0.44⟩, ⟨(u1, q2), 0.49, 0.55, 0.22⟩,⟨(u2, q1), 0.32, 0.73, 0.92⟩, ⟨(u2, q2), 0.15, 0.66, 0.44⟩
�
,

�
(p3, p2),

⟨(u1, q1), 0.62, 0.45, 0.44⟩, ⟨(u1, q2), 0.49, 0.57, 0.22⟩,⟨(u2, q1), 0.33, 0.73, 0.92⟩, ⟨(u2, q2), 0.15, 0.66, 0.44⟩
�

⎫
⎪⎬⎪⎭
.

(
ℜ̂2

Q
◦ℜ̂1

Q
,K ×M

)−1

=

((
ℜ̂1

Q

)−1

◦

(
ℜ̂2

Q

)−1

,M × K

)
.

T(
ℜ̂2

Q
◦ℜ̂1

Q

)−1

(c,a)
(u, q) =T(

ℜ̂2

Q
◦ℜ̂1

Q

)
(a,c)

(u, q)

=max
{
T
ℜ̂1

Q
(a,b)

(u), T
ℜ̂2

Q
(b,c)

(u)
}

=max
{
T
ℜ̂2

Q
(b,c)

(u, q), T
ℜ̂1

Q
(a,b)

(u, q)
}

=max
{
min

{
T
Λ̂Q(b)

(u, q), T
Ω̂Q(c)

(u, q)
}
,min

{
T
Γ̂Q(a)

(u, q), T
Λ̂Q(b)

(u, q)
}}

=max
{
min

{
T
Ω̂Q(c)

(u, q),T
Λ̂Q(b)

(u, q)
}
,min

{
T
Λ̂Q(b)

(u, q),T
Γ̂Q(a)

(u, q)
}}

=max

{
T(

ℜ̂2

Q

)−1

(c,b)
(u, q), T(

ℜ̂1

Q

)−1

(b,a)
(u, q)

}

=T((
ℜ̂1

Q

)−1

◦

(
ℜ̂2

Q

)−1
)
(c,a)

(u, q)
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4 � Partitions on Q‑NS‑sets

This section has been created to bring the various types of Q-NS-relations defined in the 
previous section to the literature. Moreover, the equivalence classes and partitions of 
Q-NS-sets are analyzed by giving them together with relevant important theorems.

Definition 4.1  Let ℜ̂Q be a Q-NS-relation on (Γ̂Q,P) , then
(i) (ℜ̂Q,K × L) is reflexive Q-NS-relation (briefly R-Q-NSR) if ℜ̂Q(a, a) ∈ (ℜ̂Q,K × L) , 

∀a ∈ P , (a, a) ∈ K × L ∈ P × P.
(ii) (ℜ̂Q,K × L) is symmetric Q-NS-relation (briefly S-Q-NSR) if 

ℜ̂Q(a, b) ∈ (ℜ̂Q,K × L) ⟹ ℜ̂Q(b, a) ∈ (ℜ̂Q,K × L) , ∀a, b ∈ P (a, b) ∈ K × L ⊆ P × P.
(iii) (ℜ̂Q,K × L) is transitive Q-NS-relation (briefly T-Q-NSR) if 

ℜ̂Q(a, b) ∈ (ℜ̂Q,K × L) and ℜ̂Q(b, c) ∈ (ℜ̂Q,K × L) ⟹ ℜ̂Q(a, c) ∈ (ℜ̂Q,K × L) , 
∀a, b, c ∈ P (a, b), (a, c), (b, c) ∈ K × L ⊆ P × P.

(iv) (ℜ̂Q,K × L) is a Q-NS-equivalence relation (briefly Q-NSER) if it is R-Q-NSR, 
S-Q-NSR and T-Q-NSR.

Example 4.2  Suppose a Q-NS-relation (ℜ̂Q,K × L) for (Γ̂Q,P) given in Example 2.7 is 
defined by:

This Q-NS-relation is a Q-NSER.

Definition 4.3  Let (Γ̂Q,P) ∈ 2NSQ(U) . Then the Q-NS-equivalence class of Γ̂Q(a) is defined 
as

Example 4.4  Consider Example 4.2. Then have [Γ̂Q(p1)] = {Γ̂Q(p1), Γ̂Q(p2)} = [Γ̂Q(p2)].

Lemma 4.5  Let (Γ̂Q,P) ∈ 2NSQ(U) and (ℜ̂Q,K × L) be a Q-NSER on (Γ̂Q,P) . Then,

Proof  (⇒) If Γ̂Q(a1) ∈ [Γ̂Q(a)] , then Γ̂Q(a1)ℜ̂QΓ̂Q(a) . Moreover, since (ℜ̂Q,K × L) 
is a Q-NSER (i.e., using the transitive property), then Γ̂Q(a1) ∈ [Γ̂Q(b)] . Thus 
[�ΓQ(a)] ⊆ [�ΓQ(b)] . Similarly [�ΓQ(b)] ⊆ [�ΓQ(a)] . Hence, [Γ̂Q(a)] = [Γ̂Q(b)].

(⇐) Since (ℜ̂Q,K × L) is a Q-NSER (i.e., using the reflexive property), then 
Γ̂Q(b)ℜ̂QΓ̂Q(b) . Hence Γ̂Q(b) ∈ [Γ̂Q(b)] = [Γ̂Q(a)] which gives Γ̂Q(a)ℜ̂QΓ̂Q(b).	�  ◻

Definition 4.6  Let (Γ̂Q,P) ∈ 2NSQ(U) . Then, a collection of nonempty Q-NS-subsets 
� =

{([
Γ̂Q

]
i
,Pi

)
∶ i ∈ I

}
 of (Γ̂Q,P) is called a Q-NS-set partition (briefly Q-NS-PRTN) 

of (Γ̂Q,P) such that (Γ̂Q,P) =
⋃̂

i

��
Γ̂Q

�
i
,Pi

�
 and Pi ∩ Pj = � , whenever i ≠ j.

Example 4.7  Let U = {u1, u2, u3} , Q = {q1, q2} , P = {p1, p2, p3} and (Γ̂Q,P) is a Q-NS-set 
over U defined as:

(ℜ̂Q,K × L) =
{
Γ̂Q(p1) × Γ̂Q(p1), Γ̂Q(p1) × Γ̂Q(p2), Γ̂Q(p2) × Γ̂Q(p1), Γ̂Q(p2) × Γ̂Q(p2)

}
.

(4.1)[Γ̂Q(a)] =
{
Γ̂Q(b) ∶ Γ̂Q(b)ℜ̂QΓ̂Q(a),∀a, b ∈ P

}
.

[Γ̂Q(a)] = [Γ̂Q(b)] ⇔ Γ̂Q(a)ℜ̂QΓ̂Q(b); ∃Γ̂Q(a), Γ̂Q(b) ∈ (Γ̂Q,P).
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Suppose P1 = {p1, p3} , P2 = {p2} , where 
([

Γ̂Q

]
1

,P1

)
=
{[

Γ̂Q

]
1

(p1),
[
Γ̂Q

]
1

(p3)
}

 and ([
Γ̂Q

]
2

,P2

)
=
{[

Γ̂Q

]
2

(p2)
}

 are Q-NS-subsets of (Γ̂Q,P) such that 
[
Γ̂Q

]
i
= Γ̂Q for i = 1, 2 . 

Since P1 ∩ P2 = � and 
([

Γ̂Q

]
1

,P1

)
∪̂
([

Γ̂Q

]
2

,P2

)
= (Γ̂Q,P) , then

is a Q-NS-PRTN of (Γ̂Q,P).

Definition 4.8  Let (Γ̂Q,P) ∈ 2NSQ(U) . Then, the elements of Q-NS-PRTN are called a 
Q-NS-set-block of (Γ̂Q,P).

Theorem 4.9  Let (Γ̂Q,P) ∈ 2NSQ(U) and 
{([

Γ̂Q

]
i
,Pi

)
∶ i ∈ I

}
 be a Q-NS-PRTN of (Γ̂Q,P) . 

The Q-NS-relation defined on (Γ̂Q,P) as Γ̂Q(a)ℜ̂QΓ̂Q(b) is a Q-NSER if and only if Γ̂Q(a) 
and Γ̂Q(b) are elements of the same block.

Proof  (i) It is clear that any element of (Γ̂Q,P) is in the same block itself. Thus 
ℜ̂Q(a, a) ∈ (ℜ̂Q,K × L) and (ℜ̂Q,K × L) is R-Q-NSR.

(ii) If ℜ̂Q(a, b) ∈ (ℜ̂Q,K × L),then Γ̂Q(a) and Γ̂Q(b) are in the same block, i.e., 
ℜ̂Q(b, a) ∈ (ℜ̂Q,K × L) and so it is S-Q-NSR.

(iii) If ℜ̂Q(a, b) ∈ (ℜ̂Q,K × L) and ℜ̂Q(b, c) ∈ (ℜ̂Q,K × L) , then Γ̂Q(a) , Γ̂Q(b) and Γ̂Q(c) 
are in the same block, i.e., ℜ̂Q(a, c) ∈ (ℜ̂Q,K × L) and so it is T-Q-NSR.	�  ◻

Remark 4.10  The Q-NS-relation given in Theorem 4.9 is called a Q-NSER determined by 
the Q-NS-PRTN � . For example, the Q-NSER determined by 
� =

{([
Γ̂Q

]
1

,P1

)
,

([
Γ̂Q

]
2

,P2

)}
 in Example 4.7 is as follows:

Theorem 4.11  Let (Γ̂Q,P) ∈ 2NSQ(U) . Corresponding to every Q-NSER defined on (Γ̂Q,P) 
there exists a Q-NS-PRTN on (Γ̂Q,P) and this Q-NS-PRTN precisely consists of the Q-NS-
equivalence classes of (ℜ̂Q,K × L).

(Γ̂Q,P) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ̂Q(p1) =

⎧⎪⎨⎪⎩

⟨(u1, q1), 0.92, 0.23, 0.33⟩, ⟨(u1, q2), 0.54, 0.74, 0.22⟩,⟨(u2, q1), 0.18, 0.38, 0.26⟩, ⟨(u2, q2), 0.66, 0.45, 0.34⟩,⟨(u3, q1), 0.22, 0.87, 0.11⟩, ⟨(u3, q2), 0.45, 0.85, 0.55⟩

⎫⎪⎬⎪⎭
,

Γ̂Q(p2) =

⎧
⎪⎨⎪⎩

⟨(u1, q1), 0.35, 0.68, 0.49⟩, ⟨(u1, q2), 0.77, 0.95, 0.22⟩,⟨(u2, q1), 0.51, 0.27, 0.19⟩, ⟨(u2, q2), 0.76, 0.48, 0.59⟩,⟨(u3, q1), 0.22, 0.59, 0.42⟩, ⟨(u3, q2), 0.29, 0.64, 0.27⟩

⎫
⎪⎬⎪⎭
,

Γ̂Q(p3) =

⎧⎪⎨⎪⎩

⟨(u1, q1), 0.16, 0.65, 0.84⟩, ⟨(u1, q2), 0.88, 0.54, 0.26⟩,⟨(u2, q1), 0.33, 0.56, 0.52⟩, ⟨(u2, q2), 0.15, 0.58, 0.44⟩,⟨(u3, q1), 0.23, 0.86, 0.17⟩, ⟨(u3, q2), 0.39, 0.65, 0.52⟩

⎫⎪⎬⎪⎭

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭

{([
Γ̂Q

]
1

,P1

)
,

([
Γ̂Q

]
2

,P2

)}

ℜ̂ =

{
Γ̂Q(p1) × Γ̂Q(p1), Γ̂Q(p2) × Γ̂Q(p2), Γ̂Q(p3) × Γ̂Q(p3),

Γ̂Q(p1) × Γ̂Q(p3), Γ̂Q(p3) × Γ̂Q(p1)

}
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Proof  Let [Γ̂Q(a)] be Q-NS-equivalence class with respect to a Q-NS-relation (ℜ̂Q,K × L) 
on (Γ̂Q,P) . Here, we can denote [Γ̂Q(a)] as (Γ̂Q,Pa) for 
Pa =

{
b ∈ P ∶ ℜ̂Q(b, a) ∈ (ℜ̂Q,K × L)

}
 . Thus, we have to show that the collection {

(Γ̂Q,Pa) ∶ a ∈ P
}

 is a Q-NS-PRTN � of (Γ̂Q,P) . For this we must show from Definition 
4.6 that the following two conditions are satisfied:

(i) (Γ̂Q,P) = ∪̂a∈P(Γ̂Q,Pa),
(ii) Pa ∩ Pb = � for a ≠ b.
Since ℜ̂Q is a Q-NSER (i.e., using the reflexise property), ℜ̂Q(a, a) ∈ (ℜ̂Q,K × L) , 

∀a ∈ P , i.e., (i) is implemented.
Let p ∈ Pa ∩ Pb for (ii). Since Γ̂Q(p) ∈ (Γ̂Q,Pa) and Γ̂Q(p) ∈ (Γ̂Q,Pb) , then 

ℜ̂Q(p, a) ∈ (ℜ̂Q,K × L) and ℜ̂Q(p, b) ∈ (ℜ̂Q,K × L) . Then, using the transitive prop-
erty of ℜ̂Q , we have ℜ̂Q(a, b) ∈ (ℜ̂Q,K × L) . Moreover, using Lemma 4.5 we have 
[Γ̂Q(a)] = [Γ̂Q(b)] . However, since Pa = Pb is obtained from here, then this is a contradic-
tion, i.e. Pa ≠ Pb , hence Pa ∩ Pb = �.	� ◻

Remark 4.12  The Q-NS-PRTN in Theorem 4.11 where we construct all the Q-NS-equiv-
alence classes of (ℜ̂Q,K × L) is called the quotient Q-NS-set of (Γ̂,P) and is denoted by 
(Γ̂Q,P) ⧵ (ℜ̂Q,K × L).

5 � Functions on Q‑NS‑sets

In this section, the concept of Q-NS-function is defined by using the Q-NS-relations given 
in this paper. In addition, some special types of this concept are analyzed together with the 
related theorems.

Definition 5.1  Let (Γ̂Q,P) and (Λ̂Q,P) be two nonempty Q-NS-set. Then a Q-NS-relation 
�Q from (Γ̂Q,P) and (Λ̂Q,P) is called a Q-NS-function if every element in the domain has 
a unique element in the range. We write �Q ∶ (Γ̂Q,P) → (Λ̂Q,P) . If Γ̂Q(a)�QΛ̂Q(b) then 
�Q(Γ̂Q(a)) = Λ̂Q(b) ; ∀a, b ∈ P.

Example 5.2  Reconsider Example 3.2. Then, the Q-NS-relation �Q forms a Q-NS-function 
from (Γ̂Q,P) to (Λ̂Q,P) as follows:

Definition 5.3  Let �Q ∶ (Γ̂Q,P) → (Λ̂Q,P) be a Q-NS-function. Then,
(i) �Q is injective Q-NS-function (briefly I-Q-NSF) if Γ̂Q(a1) ≠ Γ̂Q(a2) implying 

�Q(Γ̂Q(a1)) ≠ �Q(Γ̂Q(a2)) ; Γ̂Q(a1), Γ̂Q(a2) ∈ (Γ̂Q,P).
(ii) �Q is surjective Q-NS-function (briefly S-Q-NSF) if �((Γ̂Q,P)) = (Λ̂Q,P).

�Q =

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

⎛⎜⎜⎝
(p1, p2),

⟨(u1, q1), 0.36, 0.76, 0.44⟩, ⟨(u1, q2), 0.47, 0.54, 0.78⟩,⟨(u2, q1), 0.28, 0.68, 0.55⟩, ⟨(u2, q2), 0.66, 0.48, 0.67⟩,⟨(u3, q1), 0.25, 0.62, 0.74⟩, ⟨(u3, q2), 0.54, 0.74, 0.47⟩

⎞⎟⎟⎠
,

⎛⎜⎜⎝
(p2, p2),

⟨(u1, q1), 0.36, 0.52, 0.44⟩, ⟨(u1, q2), 0.48, 0.65, 0.78⟩,⟨(u2, q1), 0.23, 0.68, 0.75⟩, ⟨(u2, q2), 0.35, 0.74, 0.85⟩,⟨(u3, q1), 0.25, 0.56, 0.74⟩, ⟨(u3, q2), 0.89, 0.64, 0.32⟩

⎞⎟⎟⎠

⎫
⎪⎪⎪⎬⎪⎪⎪⎭

.
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(iii) �Q is bijective Q-NS-fuction (briefly B-Q-NSF) if it is both I-Q-NSF and S-Q-NSF.
(iv) �Q is a constant Q-NS-fuction (briefly C-Q-NSF) if all elements in D̂M�Q

 have the 
same image.

(v) �Q is an identity Q-NS-function (briefly ID-Q-NSF) if the Q-NS-function Î�Q 
on a Q-NS-set (Γ̂Q,P) is defined by Î�Q ∶ (Γ̂Q,P) → (Γ̂Q,P) as Î�Q (Γ̂Q(a)) = Γ̂Q(a) ; 
∀Γ̂Q(a) ∈ (Γ̂Q,P).

Definition 5.4  Let �Q ∶ (Γ̂Q,P) → (Λ̂Q,P) , �Q ∶ (Λ̂Q,P) → (Ω̂Q,P) be two Q-NS-
functions. Then �Q◦�Q ∶ (Γ̂Q,P) → (Λ̂Q,P) is also a Q-NS-function defined by 
(�Q◦�Q)(Γ̂Q(a)) = �Q(�Q(Γ̂Q(a))).

Definition 5.5  Let �Q ∶ (Γ̂Q,P) → (Λ̂Q,P) be a B-Q-NSF. Then the inverse Q-NS-relation 
�−1
Q

∶ (Λ̂Q,P) → (Γ̂Q,P) is called the inverse Q-NS-function.

Theorem 5.6  If �Q ∶ (Γ̂Q,P) → (Λ̂Q,P) is B-Q-NSF then �−1
Q

∶ (Λ̂Q,P) → (Γ̂Q,P) is also a 
B-Q-NSF.

Proof  Let Λ̂Q(b1) ≠ Λ̂Q(b2) ; Λ̂Q(b1), Λ̂Q(b2) ∈ (Λ̂Q,P) . So, this we should prove 
�−1
Q
(Λ̂Q(b1)) ≠ �−1

Q
Λ̂Q(b2) . Let �−1

Q
(Λ̂Q(b1)) = Γ̂Q(a1) , �−1

Q
(Λ̂Q(b2)) = Γ̂Q(a2) : i.e., 

Λ̂Q(b1) = �Q(Γ̂Q(a1)) , Λ̂Q(b2) = �Q(Γ̂Q(a2)) . Since �Q is B-Q-NSF, �Q(Γ̂Q(a1)) ≠ �Q(Γ̂Q(a2)) 
implies Γ̂Q(a1) ≠ Γ̂Q(a2) . Thus �−1

Q
 is B-Q-NSF.

Since �Q is S-Q-NSF, then ∃Λ̂Q(b) ∈ (Λ̂Q,P) such that �Q(Γ̂Q(a)) = Λ̂Q(b) implies 
Γ̂Q(a) = �−1

Q
(Λ̂Q(b)) ; ∃Γ̂Q(a) ∈ (Γ̂Q,P) . Thus �−1

Q
 is S-Q-NSF. Hence, �−1

Q
 is B-Q-NSF.	� ◻

Theorem 5.7  Let �Q ∶ (Γ̂Q,P) → (Λ̂Q,P) , �Q ∶ (Λ̂Q,P) → (Ω̂Q,P) be two B-Q-NSFs. Then,

(i) �Q◦�Q ∶ (Γ̂Q,P) → (Λ̂Q,P) is a B-Q-NSF.

(ii) 
(
�Q◦�Q

)−1
= �−1

Q
◦�−1

Q
.

Proof  (i) Let Γ̂Q(a1) ≠ Γ̂Q(a2) ; Γ̂Q(a1), Γ̂Q(a2) ∈ (Γ̂Q,P) . So, this we should prove 
(�Q◦�Q)(Γ̂Q(a1)) ≠ (�Q◦�Q)(Γ̂Q(a2)) . Since �Q , �Q are B-Q-NSFs; then 
�Q(Γ̂Q(a1)) ≠ �Q(Γ̂Q(a2)) , �Q

(
�Q(Γ̂Q(a1))

)
≠ �Q

(
�Q(Γ̂Q(a2))

)
 . Thus (�Q◦�Q is B-Q-NSF. 

Since �Q is S-Q-NSF, then ∃Λ̂Q(b) ∈ (Λ̂Q,P) such that �Q(Λ̂Q(b)) = Ω̂Q(c) ; 
∃Ω̂Q(c) ∈ (Ω̂Q,P) . Also; since �Q is S-Q-NSF, then �Q(Γ̂Q(a)) = Λ̂Q(b) ; ∃Γ̂Q(a) ∈ (Γ̂Q,P) . 
Moreover; since (�Q◦�Q)(Γ̂Q(a)) = Ω̂Q(c) , ∀Ω̂Q(c) ∈ (Ω̂Q,P) ; then �Q◦�Q is S-Q-NSF. 
Thus, �Q◦�Q is B-Q-NSF.

(ii) We have from Theorem 3.13 that 
([

ℜ̂Q

]
2

◦

[
ℜ̂Q

]
1

)−1

=
[
ℜ̂Q

]−1
1

◦

[
ℜ̂Q

]−1
2

 . Hence, 
since �Q , �Q , �Q◦�Q are B-Q-NSFs, then (�Q◦�Q)−1 = �−1

Q
◦�−1

Q
.	�  ◻

6 � Decision making in an uncertainty problem

In this section, we propose an application with the help of Q-NS-relations in order to deter-
mine the decision-making process of an uncertainty problem in the best way.

Suppose the current encountered uncertainty problem is given as follows:
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Suppose a private school wants to choose the student that best suits the desired 
parameters for a science competition. For this, let U = {u1, u2, u3, u4} be the set of four 
students who make it to the final, Q = {q1, q2} be the set of nationality of students and 
P = {p1, p2, p3} be the set of parameters required by the school administration. For 
i = 1, 2, 3 , the parameters pi stand for “successful”, “determined” and “hardworking”, 
respectively.

Let’s assume that two juries selected by the school administration express their eval-
uations for students with the help of the Q-NS-sets (Γ̂Q,P) and (Λ̂Q,P) as follows:

and

Considering the evaluations made by the jury members, we propose the algorithm given 
below in order to determine the student with the best relationship between the parameters:

Step 1: Input the Q-NS-sets (Γ̂Q,P) , (Λ̂Q,P) ∈ 2NSQ(U).
Step 2: Construct a Q-NS-relation (ℜ̂Q,K × L) from (Γ̂Q,P) to (Λ̂Q,P) as requested 

for K × L ⊆ P × P.
Step 3: Calculate the score values of the relation between the parameters in the 

determined relation ℜ̂Q using the formula:

(Γ̂Q,P) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎝
p1,

⟨(u1, q1), 0.23, 0.56, 0.15⟩, ⟨(u1, q2), 0.56, 0.67, 0.33⟩,⟨(u2, q1), 0.33, 0.94, 0.50⟩, ⟨(u2, q2), 0.24, 0.33, 0.12⟩,⟨(u3, q1), 0.43, 0.55, 0.81⟩, ⟨(u3, q2), 0.45, 0.84, 0.58⟩,⟨(u4, q1), 0.42, 0.58, 0.75⟩, ⟨(u4, q2), 0.38, 0.61, 0.29⟩

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝
p2,

⟨(u1, q1), 0.43, 0.56, 0.27⟩, ⟨(u1, q2), 0.47, 0.55, 0.33⟩,⟨(u2, q1), 0.32, 0.66, 0.43⟩, ⟨(u2, q2), 0.55, 0.74, 0.27⟩,⟨(u3, q1), 0.22, 0.87, 0.43⟩, ⟨(u3, q2), 0.42, 0.76, 0.45⟩,⟨(u4, q1), 0.87, 0.27, 0.41⟩, ⟨(u4, q2), 0.24, 0.17, 0.56⟩

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝
p3,

⟨(u1, q1), 0.55, 0.44, 0.11⟩, ⟨(u1, q2), 0.24, 0.67, 0.31⟩,⟨(u2, q1), 0.22, 0.37, 0.65⟩, ⟨(u2, q2), 0.11, 0.58, 0.63⟩,⟨(u3, q1), 0.27, 0.38, 0.19⟩, ⟨(u3, q2), 0.41, 0.52, 0.48⟩,⟨(u4, q1), 0.66, 0.58, 0.66⟩, ⟨(u4, q2), 0.69, 0.42, 0.86⟩

⎞⎟⎟⎟⎠

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

(Λ̂Q,P) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎝
p1,

⟨(u1, q1), 0.28, 0.43, 0.19⟩, ⟨(u1, q2), 0.84, 0.36, 0.28⟩,⟨(u2, q1), 0.92, 0.44, 0.41⟩, ⟨(u2, q2), 0.22, 0.61, 0.11⟩,⟨(u3, q1), 0.38, 0.54, 0.85⟩, ⟨(u3, q2), 0.84, 0.36, 0.54⟩,⟨(u4, q1), 0.44, 0.58, 0.55⟩, ⟨(u4, q2), 0.94, 0.44, 0.26⟩

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝
p2,

⟨(u1, q1), 0.66, 0.52, 0.63⟩, ⟨(u1, q2), 0.44, 0.56, 0.87⟩,⟨(u2, q1), 0.76, 0.44, 0.37⟩, ⟨(u2, q2), 0.57, 0.38, 0.74⟩,⟨(u3, q1), 0.11, 0.65, 0.38⟩, ⟨(u3, q2), 0.23, 0.76, 0.55⟩,⟨(u4, q1), 0.64, 0.37, 0.64⟩, ⟨(u4, q2), 0.25, 0.87, 0.56⟩

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝
p3,

⟨(u1, q1), 0.55, 0.27, 0.18⟩, ⟨(u1, q2), 0.44, 0.39, 0.44⟩,⟨(u2, q1), 0.23, 0.92, 0.26⟩, ⟨(u2, q2), 0.33, 0.25, 0.47⟩,⟨(u3, q1), 0.17, 0.72, 0.42⟩, ⟨(u3, q2), 0.41, 0.11, 0.42⟩,⟨(u4, q1), 0.66, 0.47, 0.33⟩, ⟨(u4, q2), 0.47, 0.59, 0.32⟩

⎞⎟⎟⎟⎠

⎫
⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

.

(6.1)Θ
k,l

ℜ̂Q

(ui, qj) = T
ℜ̂Q(pk ,pl)

(ui, qj) + I
ℜ̂Q(pk ,pl)

(ui, qj) − F
ℜ̂Q(pk ,pl)

(ui, qj)
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for all (ui, qj) ∈ U × Q and (pk, pl) ∈ K × L ⊆ P × P . Step 4: Input the all score values in 
matrix form:

where

is a mapping given by Δk,l

ℜ̂Q

∶ U × Q → [−1, 2] . Here 1 ≤ k ≤ k′ , 1 ≤ l ≤ l′ and 1 ≤ i ≤ n , 

1 ≤ j ≤ m.
Step 5: Calculate the total value 

⨄
ℜ̂Q

(ui, qj) of element (ui, qj):

Step 6: Find r, s, for which 
⨄

ℜ̂Q
(ur, qs) = max

�⨄
ℜ̂Q

(ui, qj)
�

.

Remark 6.1  If there is more than one value (ur, qs) , any of these objects can be selected.

Now, using the evaluations of the jury members, a Q-NS-relation ℜ̂Q from (Γ̂Q,P) to 
(Λ̂Q,P) is given in line with the requests of the school administration as follows:

The matrix form of the score values expressed in the algorithm for the current uncertainty 
problem is as follows:

(6.2)

M
ℜ̂Q

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Δ
1,1

ℜ̂Q

(u1, q1) ⋯ Δ
1,l�

ℜ̂Q

(u1, q1) ⋯ Δ
k� ,1

ℜ̂Q

(u1, q1) ⋯ Δ
k� ,l�

ℜ̂Q

(u1, q1)

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮

Δ
1,1

ℜ̂Q

(u1, qm) ⋯ Δ
1,l�

ℜ̂Q

(u1, qm) ⋯ Δ
k� ,1

ℜ̂Q

(u1, qm) ⋯ Δ
k� ,l�

ℜ̂Q

(u1, qm)

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮

Δ
1,1

ℜ̂Q

(un, q1) ⋯ Δ
1,l�

ℜ̂Q

(un, q1) ⋯ Δ
k� ,1

ℜ̂Q

(un, q1) ⋯ Δ
k� ,l�

ℜ̂Q

(un, q1)

⋮ ⋱ ⋮ ⋱ ⋮ ⋱ ⋮

Δ
1,1

ℜ̂Q

(un, qm) ⋯ Δ
1,l�

ℜ̂Q

(un, qm) ⋯ Δ
k� ,1

ℜ̂Q

(un, qm) ⋯ Δ
k� ,l�

ℜ̂Q

(un, qm)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
nm×k�l�

Δ
k,l

�ℜQ

(ui, qj) =

{
Θ

k,l

�ℜQ

(ui, qj), (pk, pl) ∈ K × L ⊆ P × P

0, otherwise

⨄
ℜ̂Q

(ui, qj) =

k�∑
k=1

l�∑
l=1

Δ
k,l

ℜ̂Q

(ui, qj).

ℜ̂Q =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎝
(p1, p3),

⟨(u1, q1), 0.23, 0.56, 0.18⟩, ⟨(u1, q2), 0.44, 0.67, 0.44⟩,⟨(u2, q1), 0.23, 0.94, 0.50⟩, ⟨(u2, q2), 0.24, 0.33, 0.47⟩,⟨(u3, q1), 0.17, 0.72, 0.81⟩, ⟨(u3, q2), 0.41, 0.84, 0.58⟩,⟨(u4, q1), 0.42, 0.58, 0.75⟩, ⟨(u4, q2), 0.38, 0.61, 0.32⟩

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝
(p2, p1),

⟨(u1, q1), 0.28, 0.56, 0.27⟩, ⟨(u1, q2), 0.47, 0.55, 0.33⟩,⟨(u2, q1), 0.32, 0.66, 0.43⟩, ⟨(u2, q2), 0.22, 0.74, 0.27⟩,⟨(u3, q1), 0.22, 0.87, 0.85⟩, ⟨(u3, q2), 0.42, 0.76, 0.54⟩,⟨(u4, q1), 0.44, 0.58, 0.55⟩, ⟨(u4, q2), 0.24, 0.44, 0.56⟩

⎞⎟⎟⎟⎠
,

⎛⎜⎜⎜⎝
(p2, p3),

⟨(u1, q1), 0.43, 0.56, 0.27⟩, ⟨(u1, q2), 0.44, 0.55, 0.44⟩,⟨(u2, q1), 0.23, 0.92, 0.43⟩, ⟨(u2, q2), 0.33, 0.74, 0.47⟩,⟨(u3, q1), 0.17, 0.87, 0.43⟩, ⟨(u3, q2), 0.41, 0.76, 0.45⟩,⟨(u4, q1), 0.66, 0.47, 0.41⟩, ⟨(u4, q2), 0.24, 0.59, 0.56⟩

⎞⎟⎟⎟⎠

⎫
⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

.
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The total values of (ui, qj) , which is the sum of the rows of the matrix M
ℜ̂Q

 , are

Finally, for 
⨄

ℜ̂Q
(u3, q2) = max

�⨄
ℜ̂Q

(ui, qj)
�

 , we determine that the student (u3, q2) gets 
the highest value. In other words, through the evaluations made by the jury members, it 
was determined that the relationship between the desired parameters was stronger in stu-
dent (u3, q2) than other students. Therefore, it is recommended that the student (u3, q2) , 
whose relationship between parameters is more compatible, participate in the science 
competition.

A comparison Here, since the Q-NS-relations were first proposed by Abu Qamar 
and Hassan (2018) in 2018, the algorithm given in this paper and the decision-making 
approach given in Abu Qamar and Hassan (2018) are compared. For this, both decision-
making approaches have been applied to the solution of the uncertainty problem given 
in this section, and a comparison table has been created as follows:

It is clear from Table 2 that differences were found in the results obtained between 
the proposed mathematical approaches. Especially when we apply the decision-mak-
ing algorithm given in Abu Qamar and Hassan (2018) to the uncertainty problem given 
in this section, it is seen that it cannot determine the best student. Moreover, the fact 
that there are some " = "s in the ranking among students is another disadvantage of the 
algorithm given in Abu Qamar and Hassan (2018). Therefore, we recommend using the 
algorithm given in this paper in order to express the decision-making process in uncer-
tainty problems in a better way.

M
ℜ̂Q

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0.61 0.57 0 0.72 0 0 0

0 0 0.67 0.69 0 0.55 0 0 0

0 0 0.67 0.55 0 0.72 0 0 0

0 0 0.10 0.69 0 0.60 0 0 0

0 0 0.08 0.24 0 0.61 0 0 0

0 0 0.67 0.64 0 0.72 0 0 0

0 0 0.25 0.47 0 0.72 0 0 0

0 0 0.67 0.12 0 0.27 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
8×9

⨄
ℜ̂Q

(u1, q1) = 1.9,
⨄

ℜ̂Q
(u1, q2) = 1.91,

⨄
ℜ̂Q

(u2, q1) = 1.94,
⨄

ℜ̂Q
(u2, q2) = 1.39,⨄

ℜ̂Q
(u3, q1) = 0.93,

⨄
ℜ̂Q

(u3, q2) = 2.03,
⨄

ℜ̂Q
(u4, q1) = 1.44,

⨄
ℜ̂Q

(u4, q2) = 1.06.

Table 2   Q-NS-relations approaches to decision making

Paper Result of algorithm in the paper The ranking order of objects

In Abu Qamar and Hassan 
(2018)

{(u2, q1), (u3, q2)} (u2, q1) = (u3, q2) ≥ (u1, q2) ≥ (u1, q1) =

(u4, q1) ≥ (u2, q2) ≥ (u4, q2) ≥ (u3, q1)

This paper {(u3, q2)} (u3, q2) ≥ (u2, q1) ≥ (u1, q2) ≥ (u1, q1) ≥

(u4, q1) ≥ (u2, q2) ≥ (u4, q2) ≥ (u3, q1)
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7 � Conclusions

In this paper, Q-neutrosophic soft sets, which are a generalization of neutrosophic soft sets, 
have been modified to better explain the correspondence between objects in the uncertain 
environment and the concept of the Q-neutrosophic soft relationship has been analyzed. 
The concept of Q-neutrosophic soft relationship is exemplified in the study that it can be 
very useful in solving uncertainty problems since it expresses two-dimensional informa-
tion with a truth membership function, an indeterminacy membership function and a falsity 
membership function. In particular, the presence of a parameterization tool in the defined 
hybrid set is very useful in expressing the uncertainty problems encountered in real life. 
In addition, the concepts of inverse and composition of Q-neutrosophic soft functions and 
relations are studied in detail, together with related theorems and properties. Moreover, 
equivalence classes and partitions of Q-neutrosophic soft relations are defined and some 
properties are given by exemplifying related real-life uncertainty problems. In the last part 
of the paper, a very useful algorithm in solving uncertainty problems is proposed by using 
Q-neutrosophic soft relations and a comparison is given for the proposed algorithm.

Q-neutrosophic soft relations presented in our paper can be re-evaluated by generalizing 
neutrosophic soft sets on many mathematical models such as Q-neutrosophic soft expert 
set (Hassan et al. 2018), generalized Q-neutrosophic soft expert set (Abu Qamar and Has-
san 2018a), multi Q-single valued neutrosophic soft expert set (Khan et al. 2019). Q-neu-
trosophic soft relationships allow two-dimensional information to define relations between 
inconsistent and uncertain data. In this way, Q-neutrosophic soft relationships can be used 
to manage the decision-making processes in uncertain environments that can be encoun-
tered in many fields such as medical diagnosis, physics, engineering.
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