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Abstract:
In this paper I shall construct a function1' n having the following properties:

(1) VneZ,n#0,(n(n))! =M n (multiple of n).

(2) m(n) is the smallest natural number satisfying property (1).
MSC: 11A25, 11B34.

Introduction:
We consider:

N={0,1,2,3,...}andN*={1,2,3,... }.
Lemma 1. V k, p e N*, p # 1, k is uniquely written

in the form: k = tlan(l)(p) +...+¢ an(|)(p) where

n(i)
p-1

an(i)("): Ji=LLn>m>. . n>0and1<t <p-1,j=1,1-1, 1 <t; <p,n;,t;eN,
p-1

i=1,1,1eN".

Proof.

The string ( a,"),ex consists of strictly increasing infinite natural numbers and
an® —1=p*a,”, aneN", p is fixed,

a®=1,2"=1+p,a;”=1+p+p’... . Therefore:

*

.
N'= U (&, a-"1NN") where (2,”, 2,0") N (2,17, 2,57) = 0
ne N

because a,” <a, P <a,"P .

Letke N, N =U ((a,”, a,.,”)NN"),
therefore 31 n; e N : ke ( an 1)(" ), ay ml(p ) ), therefore k is uniquely written under the form

k

k=| — Jay 1)(") + 1| (integer division theorem).
()
a

n;




We note

k

k= =t - k=t an(l)(p)+rla I <an(1)(p)-
a®

n;

Ifr; =0, as an(l)(") <k< an(l)ﬂ(") —1 — 1<t <pand Lemma 1 is proved.
Ifr; #0,then3 ' n, e N" : rl[e an(z)("), an(z)ﬂ(p)] ;
an(l)(") > ry involves n; > ny, r; # 0 and an(l)(") <k< an(l)ﬂ(") — 1 involves 1 <t; <p — 1 because we have
t <( an(1)+1(p) -1-1):a,” <p,.
The procedure continues similarly. After a finite number of steps |, we achieve r; = 0, as k = finite, k € N
andk>r; >r,>...>r =0 and between 0 and k there is only a finite number of distinct natural numbers.
Thus:
k is uniquely written: k = t; an(l)(p) +r, 1<t <p-1,
r is uniquely written: r; = t, * a,»” + 15, n, <1y,
1<t <p-1,
1., is uniquely written: ry_; = t; *a,\” + 1, and r; = 0,

n|<n|-la 1§t|§pa

thus k is uniquely written under the form
k= t an(l)(p) R t) an(|)(p)
withn, >n,>...>n >0, because nj g N, 1 <t<p-l,j=LI1-1, 1<t4<p,I>1

Letk e N, k = tjan)® +. . . + tiayg,” with

o pni -1
An(i) P = 5

. *
i=L L, I>L,n,t;eN,i=11,n>n>...>n>0

1Stj5p71,j:1,|71,

—_—

<t

IN

p.
I construct the function n,, p = prime > 0, 1,,: N’ — N thus:

VneN nya,”)=p",



Mo taa ™ + . 12,0 ) =t Mpanny®) + - .+t Mpan ).

NOTE 1. The function n, is well defined for each natural number.

Proof

LEMMA 2. VkeN", kis uniquely written as k = tian® + . .. + tiay® with the conditions from Lemma

1, thus 3! t)p"P + ...+ 4 p" = Mp (tlan(l)(") +.. .+ an(|)(p) yand t;p"P+. ..+ 4p"” eN".

LEMMA 3.V ke N’ , VpeN,p=prime then k = tlan(l)(") +...1 1 an(h(p) with the conditions from Lemma

2 thus n,(k) = t;p" " + ...+ p"®

(+]-

It is known that

at+...+ta,
b

an
b

] V a;, b e N where through [a ] we

have written the integer side of the number a. I shall prove that p’s powers sum from the natural numbers

which make up the result factors

(tp™ .+ ¥ ) lis>k;

tup™ .+ 4 p™” tip™”
> + .
p P
tlpn(l)-l o+ pn(l)—l
tp™ .+ 4p™ tp™"
> + .
pn pn(l)
tp" 0+ o+ g
up™+ . gy tip""
> + .
) P
t pn(l)
tp’+ ...+
n(1)

p
Adding — p’s powers the sum is > t;(p""™" +

tl an(l)(p) +...+ t|an(|)(p) = k

t| pn(l)

t| pn(l)

n(l)

t pn(l)

n(l)

+p9)+. .+ 4L+ Y =

Theorem 1. The function n,, p = prime, defined previously, has the following properties:



(1) IkeN’, (ny(k))! = M p.

(2) mp(k) is the smallest number with the property (1).
Proof

(1) Results from Lemma 3.

(2) YkeN',p>2onehask=t a,;,”+...+ta,"
(by Lemma 2) is uniquely written, where:
ni,tiaN*,n1>n2>. ..m >0,

pn(i) -1

i=1,1, lSthp—l, j:1,|—1,1<t|<p.
— (k) =t,p" P+ .+ tp"" . Tnote: z=t,p" +. ..+ tip"".

Let us prove that z is the smallest natural number with the property (1). I suppose by the method of
reductio ad absurdum that 3y e N, y < z:

Y =Mp"
y<z—y<z-1-—(z1)=Mp~
z—l:z:tlpn(l)-ir...+t|p““)—l;n1>n2>...n| >1 and

neN,j=1,1 ;

z—1 17 -1
[ =tp" V" T + p" T -1 as = -1 because p > 2,
p ~“ p
z—1) -1
=tp Oty p D0 g p® T as =-1
| |
pﬂ( ) ) pﬂ( )

asp=>2,m =1,

z—1 tlpn(l) -1
)+ =typ" O gy pr DO R B
. il
p p
tlpn(l)-n(l)-l ot lp“('*l)’“(') ! because
0< t|pn(|) _1 < p*pn(l) _ 1< pn(|)+ 1 as tl < p;
z—1 t'pn(l) -
=gp"P oy g | —— | =
e 1p 1-1P prD



n(h-n(-) |

tip +top’ asm g >y,

z -1 tp"@ + .+ tp V-1
[ 0 ] = t;p’ H 0 = tip’.
p p

Because 0 < t,p" @+ ... +tp" "~ 1< (p-Dp"@+. ..+ (p-Dp" P +pp V-1 <

ny

G-D* 2prpo1s

i=n(l - 1)
pn(2)+1
(p-1) —— =p" @' _1<p"D_1<p" therefore
p-1
tzpn(z) +...+ t|pn(|) —1
n(1
p (1)
z—1 tp" "+ .+ p™ -1
- = =0 because:
pn(1)+1 pn(1)+1

n(1)+1

0< tp"V+. . . +tp"—1<p @ _1<p according to a reasoning similar to the previous one.

Adding one gets p’s powers sum in the natural numbers which make up the product factors (z — 1)! is:

M0t p") i "+ +p%) whence

t @ ) (p
1*n; =k or nj <k or 1 <k because
n; > 1 one has (z— 1)! # M p*, this contradicts the supposition made.

Whence n,,(k) is the smallest natural number with the property ( n,(k))! =M p~.

I construct a new function n: Z\{0} — N defined as follows:

-
n(x1)=0.

4 an=cp,“Y. . . p with e =1, p; prime,

pi=pjfori#j,o=1,i=1,s,nn)=max {n( o) }.
i=l,....,s P

\



Note 2. 1 is well defined all over.
Proof

(a) VneZ, n#0,n#=£l,nis uniquely written, abstraction of the order of the factors, under the form:

a(l)

a(s)
s

n=gp . ps " with e = £1, where p; = prime, p; #p;j, & > 1 (decomposed into

prime factors in Z, which is a factorial ring).

Then 3! n(n) = max { nyu(w) } as s = finite and np(0i) € N’
i=1,s

and 3 max {n,u(e;) }

i=1,...,s
®)n==1—E!n(n)=0.
Theorem 2. The function n previously defined has the following properties:
(1) M(n))!=Mn, ¥V neZ\{0};
(2) m(n) is the smallest natural number with this property.

Proof

a(l)

(2) n(n)= max { ne(a) },n=g*p"". .. p (n#x1),

i=1,...,8
My (a))! =M 0,
(nP(S) (as))' =M ps“(s).

Supposing max { nyi@i) } =np (o) = (Mp (i) ) ! =
izl seeesS io i()
%io) .
Mpioy » Mp (o ) €N and because (p;, p) = 1,1 #}j,

then (n, (o )! =M p"?, T=Ts.
. 0
1o

Also (n, (05 ) =Mp,“D .. p .
ip 0

Ip
b)n=x1->nn)=0;0!=1,1=Meg*1=Mn.

2)@n#+1—-n=p Y. p"® hence n(n) = max ny
i=1,2

Let max { npa(a) } =mp (o ), 1<i<s;
. . 0
1=1,s 1o

My (i )is the smallest natural number with the property:
. 0
Iy



Qi(0)
My (o )! =Mp; —ayeN,y<n, (o ) whencw
iy O 0 T

Qo Q; Qio O

v!#Mp; then y!#Me*p;...p;i...ps =Mn whence
0 0

n (o ) is the smallest natural number with the property.

pio 1o

(b)n==+1 — n(n) =0 and it is the smallest natural number — 0 is the smallest natural number with the
property 0! =M (£ 1).

NOTE 3. The functions n, are increasing, not injective, on N — {p® |k=1,2,3,...} they are surjective.

The function 7 is increasing, it is not injective, it is surjective on Z \ {0} — N\ {1}.
CONSEQUENCE. Let n € N*, n > 4. Then n = prime involves n(n) = n.
Proof

“ 2
—

n = prime and n > 5 then n(n) =n,(1) =n.

113 2
«—

Let n(n) = n and assume by reduction ad absurdum that n # prime. Then
(@ n=p"Y... p ¥ withs>2, 0;eN", i=1,s,

n(n) = max { Ny (o) } = np (4 )< p; <n
i=l,s i ° 00

contradicting the assumption.
(b) n=p,"" with o; > 2 involves n(n) = () <ps * o <p,"P =n
because a; > 2 and n > 4, which contradicts the hypothesis.
Application
1. Find the smallest natural number with the property:
n! =M 23 * 377 * 713,
Solution
NG 2’ # 37 % 7%) = max { ny(31), 13(27), n+(13) }.
Let us calculate n(31); we make the string
(@ men’ =1, 3,7, 15,31,63, . ..

31=1%31 > y(1*31) =1 *2°=32.



Let’s calculate 13(27) by making the string

(@ pen” =1, 4, 13,40, ... ;27 =2%13 + 1 involves 13(27) = n3(2*¥13+1%*1 ) =

2% m3(13) + 1*¥ m3(1) =2*%3° + 1 *3' =54 + 3 =57.

Let’s calculate n7(13); making the string

(@ en =1,8,57, ... 13=1%8 + 5%1 = nz(13) =1 * 17(8) + 5* (1) =

1%7% + 5%7' = 49 + 35 = 84 — n(+ 2*! * 377 * 7'%) = max { 32, 57, 84} = 84 involves 84! =
M(£ 23" * 37 * 713y and 84 is the smallest number with this property.

2. What are the numbers n where n! ends with 1000 zeros?

Solution:

n= 10", (n(n))! =M 10" and it is the smallest number with this property.

N(10'°%%) = (21905190 = max { 11,(1000), ns(1000) } = n5(1000) =

ns(1%781 + 1%156 + 2%31 + 1) = 1*#5° + 1*5* + 2*5% + 1*57 = 4005, 4005 is the smallest

number with this property. 4006, 4007, 4008, 4009 also satisfy this property, but 4010 does not because
4010! =4009! * 4010 which has 1001 zeros.
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